DE BROGLIE’S HYPOTHESIS AND THE WAVE
EQUATION

TRISTRAM DE PIRO

ABSTRACT.

Lemma 0.1. We have that,

% n _ nlr : .
f—% cos"(y)dy = T if n is even
[nT—l!]22n

fi cos"(y)dy = —=——, if n is odd

2

Proof. Let I, = f_%z cos"(y)dy, then for n > 2, we have that, using
2
integration by parts;

I = ffg cos"(y)dy

=500~ Deos2(y)sin? )y

=n—1Iho—(n—1)1,
so that, rearranging;

_ n—1
[n - n [7172

and, using the fact Iy = w, I} = 2, we have that, for n even;

n!
-[n = W’ﬂ'

and, for n odd;

[, = =2

n!
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Lemma 0.2. Letn € N, € > 0, and let Tn,e be defined by;
Yre(T) = %cos"(%), for x € [—€, €
Yn.e(z) =0, otherwise
Then vy, has the following properties;
(). Yne € C"HR).

(4). Yne > 0.

(144). [ ne(@)da = W, n even

—1
[n2 !}2277,—0—1

fR Yne(2)dx = “2———, n odd

(1) Yn.e is supported on [—¢, €.

T T

Proof. (ii) is clear as cos(y) > 0 for y € [, 7], (iv) is clear by the
definition of v, .. To prove (i), it is sufficient to show that;

cos™(Z£)™)(e) = cos™(Z£)™ (—e) =0

for 0 < m < n—1. We can prove this by induction on n, as for
n = 1, we have that;

cos(52)(€) = cos(5) = cos(57)(—¢€) = cos(—5) =0

and, if the inductive hypothesis holds for n € N/, then, for 1 <m <
n;

cos”“(g—f)(m)(e)

= —[Z 08" (52)sin(5E)) ()

- _“(’;‘:1)[ 21:_01 C,T_lcos”(g—f)(m_l_k)sm(g—f)(k)](e)

=0

and similarly;



DE BROGLIE’S HYPOTHESIS AND THE WAVE EQUATION 3
cos"TH(EE) ™) (—e) = 0

while, clearly;

cos" T (Z2)(€) = cos" T (5E)(—€) =0

To prove (iii), we have that, for n € N;
S Yne(x)da

=10 cos™(E)

=L % cos™(y)2dy, (y = %)

= 2 [, cos(y)dy

so that, using Lemma 0.1, for n even;

fR Yn.e(z)dr = %Wﬂ'

_ n!
= TP

and, for n odd;

1!]2271

S me(@)dz = 255

[ngl !]22n+1

7n!

Lemma 0.3. Let 0, (x) be defined by;

2n71[ﬁ!]2
On(T) = ——2—"Vn.e, for n even

and by;
5n(x) = @%7”757 fOT n Odd

Then the properties (i), (ii), (iv) of Lemma 0.2 hold, with (iii) changed
to;
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(1) . [ ne(x)dz =1, neN
and, forn € N';
lime_00p,e =0

in the sense of distributions, where 0 is the Dirac delta function on

R.

Proof. The first claim is clear as we have just normalised ~, .. For the
remaining claim, let f € C°(R), and write;

f=r"+f

where;

fH(@) = flx), if f(z) 20

f1(z) = 0 otherwise

S~ (@) = f(x), if f(z) <0

f~(z) = 0 otherwise

Then, using properties (i7), (i77)’, (iv) of d,, and continuity of f;
min_e g frHmin_cgf~ < 0 (f) = f_ee (SM(QL’)]”JF(a:)dathf_e6 One(x)f~(x)dx
< max—e fH+mazi_cqf”

with;

limeomini_c g [T +min_cqf~ = limeomazi_cq f* +mazi_qf~
= f(0)

so that lime00,.(f) = f(0) = 0(f), as required.
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Lemma 0.4. We define the time derivative d, of the delta function §
to be;

L6(z — vt)
where v s the velocity, so that;
9, = —vd’

in the sense of distributions. Similarly, we define the time derivative
O Of the approximations by,

%5%(:6 — vt)

so that, by the chain rule;
O ei(4) = =00, ()

Then;

lime 00, ., = 0

in the sense of distributions.

Proof. For the claim, let f € C2°(R), then, using integration by parts,
(1v) of Lemma 0.3;

O es(f)=—v [0, (x)f(x)dx

([, [ Buel@)  (2)d)
=0 [ Gne(2) f'(2)do
so that, using the main result of Lemma 0.3;
lime 00, .+ (f)
= vlimeo [ 0n(x) f'(x)dx
= vf'(0)
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= —0d' ()
= 5(f)

as required.
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