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TRISTRAM DE PIRO

ABSTRACT. This paper continues the work in [4], in which it was

proved that given (p, J) satisfying the relations;

with compact support, the fields (E, B) defined by Jefimenko’s
equations exist. We prove here that the fields (F, B) are quasi split
normal, so that the methods of [1] apply.

Lemma 0.1. For charge and current (p,J), the relations;

are invariant under transformations of the base frame by a velocity
vector v, with |v| < c.

Proof. The proof that (i), (i7), (iv) hold for the transformed quantities

(¢, T) is done in [3]. We check that (i) holds for the standard boost
vep, with 0 < v < ¢. We have that;

/

p=(p— L)
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V') + 25 =0

as required.

Lemma 0.2. Symmetry Lemma

For charge and current (p,J) on R*, satisfying the conditions of
Lemma 0.1 and the continuity equation, if we define the processes;

(Phjl) and (P2a72) by;

pi(z,t) = p(T.t) + p(@, 1), (T,t) € R*
T1(z,0) = J(7, 1) — J(T, —t), (T, 1) € R
pa(x,t) = p(T,t) — p(T,—t), (T,t) € R*
Jo(z, %) = J(7,t) + J (7, —t), (T,t) € R*

Then the relations of Lemma 0.1 are still satisfied for the two pro-
cesses, together with the continuity equation. Moreover, we have that
the initial conditions have the property that;

pr0=0,Ji0=0, po=0, Jio=0

and we can recover the original process as p = %, J = %

If we can prove the fields (Ey, B1) and (Eo, By), obtained from Je-
Jimenko’s equations exist, and are smooth of very moderate decrease,
then so are the fields (E, B) obtained from Jefimenko’s equations.

Proof. The proof is straightforward, noting the sign reversal in the time
derivative for —t.

O

Lemma 0.3. Let {E, B} be the electric and magnetic fields defined

from the charge and current (p,J) satisfying the relations;

(i) D?(p) =0
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(ii) O2(J) =0

(iii) V(o) + 2% =10

Then the fields E and B are smooth and of very moderate decrease.

Proof. The existence and smoothness of the fields follows from the re-
sults of [4]. In particular, we obtain that [(J*(E) = 0, from the property
(iii) and a result in [3]. We claim that the initial conditions Ey and 22|,

are of very moderate decrease, and that the 9 components of D(E)g
are of very moderate decrease. By Jefimenko’s equations, noting that

the retarded time ¢, = m and using (ii7), we have that;

Fnl 7/ ~ 92 Ttr) (— —\" 77‘ r
Eo(r) = 7 [, (222 (7 — 7 + 208 (7 — 7y — T8 jar

dmeg JV LT clr—7 lr—7r

T tr) (= F( ) (— Tolr
47r60 fv pf t|2)<7" —7) + act|1‘ 7] (F—7)+ V(|r)(r |t )]dT

while by Kirchoft’s formula, with the support of {po, % lo, V(po), 8%—&”) lo}
supported on a ball B(0, s), we have that;

PP 1) = =z [imr ey —Cte 210(@) +po(y) + Dpo (@) - (—7)dS(7)

= w777 Jine o T = T1%10(0) + po @) + Dpo() « (¥ — 7)dS ()
27 t,) = e Sspr o IT— P15 10@) + 210(@) + D(210) @)

(7 —7)dS(p)

V)7 t) = i e T = T175200(@) + v (00) (@)

+D(7(p0)) (@) - (7 — 7)dS(7)

so that;

E 1 mﬁm(w [7—7) [7—7 |3 lo(@)+po(H)+Dpo(¥)-(T—7")dS (7)) v
O(T) T 4meo V [F—7]2

2
(e Jsmet rr) T 15 o<y>+/|8 210(@)+D(%210) @)-F—7)dS @) _—

+

c|F—T7
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(2 Jsn e vy P71 752 10 @)+ (00) () + D (v (0)) (@)-(F—T)dS (7))

o |d7’

+

=
= 0 ol S IT = T19%10(0) + po(@) + Dpo(@)

(7 —7)dS (@) (T —7')

Hmm Jomer e T = T15210@) + 210(@) + D(2)]o(D)

(¥ —7)dS([@))(F —7')

+mmm Ssne i IT = T155210@) + 7 (00) (@) + D(7(00)) (D)
(Y —7)dS(y)))dr’

= Eo1(T) + Eoa(T) + Eo3(7)

where V' = Uycp ) Ha and Hy is the hyperplane defined by;
{7 |ld=7|=7-7|}

We have that for 7 sufﬁmently large and using Lemma 0.5, together
with the continuity equatlon Plo=—v .J and;

9
max s (|5 ol [pol, [Dpol) < M;

that;

[Eoa(F)] < |4n60 Wl mfw 7 [F— r\)ﬂB(Os)‘T 7"|at| ) + po(¥)

+Dpo(y) « (¥ —7)dS([@)) (T —7)]dr’|

= \ﬁ fv[(m f(SB(?’,\?—?’DﬁB(ﬁ,s) 7 =71 I (@) + po(@)
+Dpo(¥) - (¥ = 7)dS @) (T —7)]d7'|

< i Sy o7 = Py + AmM 4 A+ P o)
< 47reo fv [F— F/|4 + |*E|i’\|5>d7/

o E|r—7 —7| /
= 47reo Ji( |7’ e )dr




6 TRISTRAM DE PIRO

Jo (B + 2o )dr

[7—7|4

— 4d7eg

We have that, for 7 € V, there exists d € B(0, s) such that 7 € Hy,
in which case;

F=7>rg

where r; is the shortest distance d and H7. We have that, for suffi-
ciently large |7;

|7—d

<

af
Il

o

v

Vv

r=7=
and, using polar coordinates for the second integral, with r = |F|;
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K

T

where {D,E,G, H, K} C Rsq, so that Eq; () is of very moderate
decrease.

We have that;

Eos(F) = 5 [, (C(F,7)) (7 —T)dr’

where, by the wave equation and continuity equation for p;

CF ) = mame Jone irorims T 1 5210 @) +210 @) +D %o ()
(¥ —7)dS(y)

= 7 Jsne o pnn@s T =1 77 0(@) + %10(@) + D(%10) (@)
(7 —7)dS5(y)

and;

[Eop(T)| < 4o [y ID@ )T + o= [y, E(F,7)(F —7)dr'| (AB)
where;
D(T,7') = geam=m Jsn rorpnp.s 7T €700 () —div(J)]o(7)dS (7)

o)y — 1 _
E(r,T) = Incfr—7 P faB(W,W—m)nB(O,s)

D(div(J))|o) (@) « (7 — 7')dS(7)

We have that, using Lemmas 0.5 and 0.6, that;

|D(F,F')‘ < W(V _,‘r */|2 + [F— /\)

D
[7T—7"]4

so that, using (AB) and following the method for Eq,(7) above, we
have that;

[Eo2()] < 505 Jy o™ + g | Jy [EE )7 = 7)dr|
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S % 47reo|fV T_T)dTI| (GH)

for some constant H € R~q. For the decay in the last term, we have
that, using lemmas 0.5 and 0.6 again;

|E(_ _l)| —= 47rC|7“ 7 |5|f§B 7, |[7—7|)NB(0 |D(d21)(7>)‘0)(y) .de(y>’

+m| faB(r' [F—7|)NB(0,s) |D(dw(=_]))|0>@) TdS()]

so that, from (GH), and using the method above;

|E072(F)’ S % 47r€ fV ’E 7” T )’dT
H 1 C|
< 7 + 4meg fV(47rc|r 7|4 + 47rc\FiF’|5)dT/

< K
where {C, H, K} C R, so that Eqo(T) is of very moderate decrease.

A similar argument establishes that Eg3(7) is of very moderate de-
crease, using repeated application of lemma 0.5, so that Eo(7) is of
very moderate decrease. By differentiating under the integral sign and
using the chain rule, we have that;

82p =/ ap
i) (— v =L ) - \v4 7ty
%t ’0 471'60 f(/ |,,, 1""2) (T’ 71/) 2 (T 7”/) (ﬁf)sﬂ )]dT

We have that {g': : gz': WV ( at)} satisfy the wave equation, with the
initial conditions determined by the corresponding derivatives of the

initial conditions {po, gt| } noting for example that the initial condi-
tions of 82? are 62t|0 = 2 (p)|o and 63t|0 = ? 2 (%b) both of

which have compact support. We can then use Kirchoft’s formula, as
above, and establish the very moderate decrease of % o(T).

Again, differentiating under the integral sign and using the chain
rule, we have that, for example;

E|0 4m0 cIr F—7 3 [F—7

S =22 (7 — 7Y (ry =)+ A2 (1,0, 0)— 3858 (7 — 7

y



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 109

(ry—r}) — 1228 (7 — 7Y (ry — r}) + 245220 (1,0, 0) — 2248 (7 — 77y

c |[F—7]2
(r —r}) — 1L () — ) — OEL () — 1)) dr

We can then use the same reasoning as above, that {m, 322t V(% a0)}
satisfy the wave equation, and use Kirchoff’s formula noting that the
decay in 7, for fixed 7, is greater than in previous cases, to establish the

oE s OE| OE :
very moderate decrease of 5Z|o, and similarly for {a_y“)? S2lo}. Finally,

we use the vector version of Kirchoff’s formula for E, to obtain for ¢ > 0;
E(Ft) = 25 Jspren A% 10@) + Eoly) + DEo(y) - (7 —T7)dS(7)
and, for t < 0;

E(T.t) = 5w Sy —t 5 10(@) + Eoly) + DEo(y) - (7 — T)dS(7)
and we can see that, for ¢ > 0, sufficiently large |F|, depending on ¢;

[E(F1) <

— Ar 2t2

T At (et + 5y + )

7 [r|—ct

< Dt

|7

for some {C4,Cy,C3, D} C R~g, where %—ﬂo is of very moderate de-
crease Cy, Ey is of very moderate decrease C; and Cs = max;<; j <3Cij,

where 376; is of very moderate decrease Cj; € R, so that E(7,t) is of

very moderate decrease for ¢ > (. Similarly, E(7,t) is of very moder-

ate decrease for ¢ < 0. The proof for B is similar, using the fact that

v x J =0, so that (J?(B) = 0, and using Jefimenko’s formula for B.
O

Lemma 0.4. Addendum to Uniqueness of Representation of Arcs Lemma

Given @ € B(0,s), with @ # 0, there exists, up to a set Bl of
measure zero in B(0,s), a unique v € V = UdeB(ﬁ,s) H,, such that
B(v, [v —F|) passes through @, with B(0,|a|) and B(v,|v —F|) sharing
a common tangent plane at a. It follows that we can define a map
v: B(0,s) \ Bl — V \ Hg which is a homeomorphism onto its image.

Proof. The proof is straightforward, given a generic @ # 0, the line [y 5
intersects the hyperplane Hg in a unique point v, unless lpz and Hz
are parallel, in which case @. (T — @) = 0. Letting 7 = (ry, r9,r3), this
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locus is defined by;
2 2 2\ _
ayry + agry + asrs — (af + a3 +az) =0
ff 2 2 2 _
iff al — ayry + a5 — agre + a5 —azrs =0
if (00— 5+ (a2 — %)+ (0 = 52 = F + 7+ 5
1 2 2 2 37 2/ T 1 4 4
7

which is a sphere centred at I, with radius 7‘ Clearly, the intersec-
tion of this sphere with B(0, s), Bl, is a set of measure zero in B(0, s).

For 7 € B(0, s), with |y] = w, 0 < w < s, we have that, for A € R;
Ay =7l = Xy — 7|

iff wA—1|=|\y—7|

iff w?(A —1)% = (A1 — 71)° + (Mo — 12)% + (Ays — r3)?

iff Nw? — 20w + w? = Nw? — 2)7 .7 + [7]?

iff N(—2w? +2y.7) = |7 — w?

iff A = L

The exceptional locus Bl N §B(0,w) corresponds to the locus;

which is a plane intersecting the sphere 6 B(0,w) in a circle C,,. We
define the map ~, for 7 € B(0,s) \ Bl by;
_ 72—|7)? —
(@) = %ﬂwy
The fact that ~ is bijective and onto V' \ Hy follows from the orig-
inal uniqueness of representation of arcs lemma in [4], noting that we
excluded the case that an arc passed through the origin 0 € B(0, s).

The above argument allows us to define the map ~, which is continuous
with a continuous inverse.
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Lemma 0.5. First Corollary to Hyperplane Lemma

We have that there exists C' € Rq such that for f smooth and hav-
ing compact support on B(0,s);

| Jsn j—rpp.g VIO@AS@) < 75

for 7 disjoint from B(0,3s).

Proof. The result is obvious if the arc dB(7, [F — 7'|) is disjoint from
B(0,s), so we can assume that there exists d € B(0,s), with d €
IB(7, | —7|), in particularly;

|d —7|=F —7|

so that 7 € Hy and Hy is disjoint from B(0, s), otherwise we could
find d' € B(0, s) with |[d—d'| = |F—d'|, so that |F—d'| < 2s contradicting
the hypothesis that 7 is disjoint from B(0, 3s).

For7 € Hy, d € B(0, s), we can use the representation of arcs lemma,
see [4], to show that without loss of generality, i 4 passes through the
origin of B(0,s). We let T; be the tangent plane to §B(7,|F — 7|) at
d, so that by the hyperplane lemma in [4], (*), we have that;

demB(ﬁ,S) vV (f)@)du =0

where dy is Lebesgue measure. Changing coordinates, let 7 have co-
ordinates (0,0, R), where R = |F — 7|, let d have coordinates (0,0, 0),
and let Ty correspond to the plane z = 0. The hyperplane T} intersects
6B(0, s) in a circle S of radius w < s, S C z = 0 and we have that the
original ball B(0, s) shifts to B(@, s), where a = (0,0, a) and a < s with;

Jeconp@e V(O @dr =0 (x)

Let 0 B(7, R) intersect d B(@, s) in the circle T of radius w < w’ < s,
and suppose that T is centred at (0,0,b) with b < a. We have that;

IThere we assumed that the hyperplane passed through the origin of a ball
B; we can always make this assumption by choosing the ball B to contain the
original support V, setting f to be zero on B\ V and centering B at a point on
the hyperplane.
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b= R — Rcos(0)

where 0 < ¢ and tan(¢) = 5>, with a < s. For R sufficiently large,
R > 2a;

S __ 2s
tan(¢p) < ~E—TR

Nk

and as tan~! is increasing, cos is decreasing for small § > 0, using
Newton’s theorem;

0<¢< tan*1(2—§

cos(0) > cos(tan™ (%))

b < R — Rcos(tan™'(3))

1+(§)2
= R —R(1-3(%)*+O(z))
=% +O0(s)
< Z (wx)

for some F € R~o, R > 1. Let pr be the projection from R3 to z = 0
restricted to 0 B(7', R) N B(a, s), then, using (x), (xx*);

| Sssir mnsms V() @AS@)

— | fynir mies VDT = [-_opns VD@ du(@)

=1 Lo P (D@Ar S @) — [y V()@ A(@)
< | oo (o 7 (@) = V()(@)duu()

Lo o 7 (@ dpr=S(@)) — du(@)| (HH)

For {Z,y} C B(0,s)}, we have, by the MVT, that;

V(N@E =@ < (DTl + D))l + DV ())s])[T =7l
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< 3mazy g | DV (D) B)I1Z - 71
— 3M]z - |

as V(f) is smooth with compact support, so that, using (xx), for
T € z=00N B(a, s), we have that;

pr = 7 (f)(@) — v (f)(@)] < MLE
and;

ooy (7 7 (@) = V() @)du(@)]

3M Ens?
S TR

To compute the change of measure, we use the parametrisation
prt:2=0— 6B(T, R);

[NIES

)

prt(z,y) = (z,y, R — (R* — 2* — ¢?)

so that, using Newton’s theorem:;

-1 _ T
bry = (1707 (Rz—z2—y2)%)
pryt = (0.1, )

(R2—a2—y?)2
|d(pr=*5(z)) — du(@)| = [(lpry* x pryt| — 1)|dzdy

=== 7 Ul — ldedy

(R2-a?-y)3 " (R2-a2-y?)}

= (1 + )3 — 1ldady

= |1+ § =4 + Ol4) — 1]dady
= [t + Ol dady

< [ + O(3)dady

< %dazdy
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for some F' € R, so that;
| [econp@e P~ 7 (@) d(pr=S8(T)) — dp(®)]

< ™ mazse gl v ()0

Hrns*F
R2

and from (HH );

y Yy ms? ns?
| féB(F’,R)ﬂB(a,s) v (f)(@dS(@m)| < 3M§ 4 HR2 3

C
<%

Lemma 0.6. Second Corollary to Hyperplane Lemma

We have that there exists C' € Rq such that for f smooth and hav-
ing compact support on B(0,s);

| fsp frrpos@.s PV ())@AS@)| < ﬁ
for 7 disjoint from B(0,3s).

and with the same hypotheses on T;

| féB(F’,|F—F’|)ﬂB(6,s) D(g) (?7) . de@)H S |?E’;/|
when g is a partial derivative of f smooth and having compact sup-

port on B(0, s);

Proof. For the first part, we use the notation in Lemma 0.5. We let;

h(z,y) = \/R2+:L'2—I—y2—R:O(%)

be defined on T} correspond to the plane z = 0. Using similar trian-
gles, b(x,y) = h(x,y)cos(f), where 6 is the angle subtended by a line
drawn from 7’ to the point (z,y) in the plane z = 0. We have that;

b(l’,y) - h(l’,y) = h(l’,y)(COS(e) - 1)
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— Bz, y)(1+ 0(6) — 1)
= h(z,y)(O(3))
- 0()

using the fact, proved above, that 6 = O(}%). By Taylor’s theorem,
we have that, for (x,y) € Ty;

+(b(z,y) = h(z,y))D(V(f))(2,9,0) + O()

= D(V(N))(,y,0) + h(z,y) = D(V () (2, y,0) + Ozs) + Olz)

= D(v(/))(@,y,0) + h(z,y) 5 D(v(f))(@,y,0) + O(5z) (AA)

We can now vary R as the coordinate z, and extend h(x,y) to a
function /22 + 42+ 22 — z on B(0, s). We can then use the original

hyperplane lemma to justify integration by parts on the plane T}, so
that;

fzzomB(a’s) D(V(f))([)’}, y7 O)d/,L(ZL’, y) = 6 (BB)
where 0 is the three by three zero matrix, and;
J oy M, 0) 2 DI/ (1)) ., 0)d(a, )

= [o—onpas 52 P(V (1) (2,9, 0) f(2,y,0)du(z,y) (CC)

We have that;
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oh __ z 1 — 1

9z |\ [r2iy2422 1= O<z2)

2*h _ 1 _ 22 a4y 0(%)

822 2124 .2 s = A 23
\/SE +y°+z (x24y2+22)2 (z2+y2+22)2

oh _ 3ttt _ o1

025 (e2y2422)3 o)

?h —zz _ 1

0z0x (z2+y2+z2)% - O( 22 )

0%h —2y _ 1

020y (x2+y2+z2)% 0(22)

2

33h —z 3zx 1
8282(13 (12+y2+22)% ($2+y2+22)% (z2)
3h —z 32y 1
020%y (z2+y2+22)% (332+y2+z2)% (22>

83h 3zzy - 1
020x0y ~ ($2+y2+z2)% - 0(24) (FF)

so that, fixing z = R;

1 o —onpas 2@ 4, 0 ZD(V () (@, y, 0)du(z, )| < 4
and by (AA), (BB), (CO):

| feconpas P~ (DT (M) (@, y)du(z, y)|| <

for some {E, F'} C R+o.

The change of measure argument is the same as in Lemma 0.5, which
adds a correction of O(g5), so that we obtain the result.

For the second part, we can use the integration by parts argument,
to show that;

f(SB(F’,|F—F’|)ﬂB(6,S) D(g) @) " @dS@)
- f(SB(F’,\?—F’DﬁB(a,s) (g:vx + gyy + gzh(xa Y, O))(?)ds(y) + O(%)
= fZ:OﬁB(a7S) (gm<x7 3/; O)_'_wl (.CL', y7 O)h(l', ya O))x—’_(gy('x? y7 O)+U}2<l’, y7 O)h(.ﬁC, y? 0))y

+(g:(2,9,0) + ws(x,y, 0)h(x, y,0))h(x,y, 0))du(z, y) + Oz)
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= Joconpa.s (9:(2, 4,002 + gy(2,y,0)y + g:(x, y,0)h(=, y,0))du(z, y)
+0(7z)
= Joconpas (f(@.4,0)0(x)+f(2,5,0)0(y)+f(z,y,0)0(h)(z,y,0))dp(z, y)
+0(3z)
= [econps (@ 9,0)3(h) (2, y, 0)du(z,y) + O(3)
=O0(3)

where {wy, ws, w3} are the restrictions of third derivatives and ¢ is

a second derivative, for which 6(x) = d(y) = 0 and, by the above
calculation, (F'F), 6(h)(x,y,0) = O(%).

O

Lemma 0.7. Third Corollary to Hyperplane Lemma

We have that there exists C' € Rq such that for f smooth and hav-
ing compact support on B(0,s);

| Jspe =B 9GS @) < =

for 7 disjoint from B(0,3s), where g is a third partial derivative of f

and with the same hypotheses on T;

| s rrnpe.s P@)(@) - 7dS@)]| < ﬁ

when g is a second partial derwative of f smooth and having compact
support on B(0, s);
Proof. We have that;

b(xz,y) = R — Rcos(0)

where;

sin(0) = Y oy

R
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cos(f) = /1 — sin?(0)

_ z2+y?
=4/1 - 24

N R—a2y?

R

so that, using Newton’s theorem, for R sufficiently large;

b(z,y) = R— /R* — 2% — y?

=R—R(1+O(3))

)

We use the parametrisation;

= O(

o=

prt:2=0—= 0B, R)
pri(z,y) = (z,9,0(z,y))

= (z,y, R— VR —2* — *)

so that, using Newton’s theorem:;

-1 __ T
pry” = (1707 (R27m27y2)%)

pry_l - (Ou ]-7 4)

o

|d(pr=*8(x)) — dp(@)| = |(lprz" x pry*| = 1)ldzdy

— _ x _ Y _
= I , 3Dl = Lldrdy

1
(R2—a2—y?)2 | (R2—a?—y

22402 A1
=|(1+ ﬁzy_yz)é — 1|dzdy

_ R

= |(R2_m2_y2)% — 1|dzdy
_ R _

= ((R2—x2—y2)% 1)dzdy

= F(x,y, z)dxdy
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— O() (44)

Then, using Taylor’s theorem, (AA) and Lemma 0.5;

[ rp— )L A7)]

=| fzz()ﬂB(E,s) pr=*g(T)dpr=*S(T)

<| fzzomB(a,s) (pr—*g)(@)dp(T)|

H [ o—onp@s Pr~ " 9) @) d(pr=*S(@)) - du(7)]

= | Je—onp(an 9@) + b, ) 2 + (2, 9) 54 + O(35))du(®)|

H o 9@) + bz, 1) 2 + 02 (2, y) 54 + O() F(x, y, 2)dudy|
= | f o [P 1) 2L + V2 (2, y) 54 du(T)|

+| fzzomB(a,s) [b(xa y)% + b2($7 y)%]F(aj7 ya Z)dl"dy‘

We compute;

b(x,y,2) =2~ /22— a2 —y2=0(})

ob _ 1 _ z _ 1

8z 1 /22 _a?_y2 O(z2)
3_217 = — 1 + 22

022 \/22—:172—];2 (22,x2,y2)%

—z2—x2—y2+z2

e
$2+y2

(z2—a—y?)

=0(4)

23
c(z,y,2) =blx,y, 2)F(x,y,2) = (z—4/2%2 — 2% — yﬂ(ﬁ—l)

— _ _ 2
= ) 224 /22 —a? —y?

(22_x2
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....and use integration by parts on the hyperplane, justified by the
original hyperplane lemma, obtaining sufficient decay in the deriva-
tives....as above

O
Lemma 0.8. Wave Equation Decay
Let p satisfy the wave equation, (?(p) = 0, on R*, with compactly

supported on B(0, s) initial conditions {po, po}, satisfying the additional
constraints in this paper, let T be fixed, then;

Proof. The first part is essentially contained in the previous parts of
the paper. By Kirchoft’s formula, for ¢t < 0;

/.)(E, t) = ﬁ féB(f’fct) (pO - Ctlé() + DPO . (y - f))dS(y)

and at the retarded time ¢,;

p(T, 1) = #2753 féB(E,—ctT.)(pD — ctrpo + Dpo « (§ — T))dS(Y)
Using the continuity equation and Lemma 0.5, we have that;
J; 5B(%,—cty) £odS(7)

= JsB@—ct,) —div(J)odS ()

= 0(5)

[z—7|

Using the wave equation, and Lemma 0.6, we have that;
f 6B(T,—cty) podS(7)

= féB(E,fctr) 7% (po)dS(y)
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_ 1
- O(|E—F|2)

Using the continuity equation and Lemma 0.6, last part, we have
that;

féB(f,—ctr) D(po) . @dS@)
= féB(i,—ctT) —D(div(Jo)) - ydS(7)

=0(=)

[z—7|

Using the continuity equation and Lemma 0.6, we have that;

féB(f,—ctT) D([)O) ' de(@)

= 5B(E,—ct) —D(div(Jy)) « TdS ()
so that;

H(E, 1) = O) O+ O OUF—T) 40 +0 ()

|z—7|*

||

[z—7[°

as O(

):O(| ! |)+O(\ & )

T—T T—7|?

For the second part, we have that, by Kirchoff’s formula again, at
the retarded time ¢,;

p(T,t,) = @ JsB@. ety (o — ¢ty Po + Do « (7 — T))dS(7)
Using the wave equation and Lemma 0.6, we have that;
f(SB(E,—ct,«) ﬁodS@)

= féB(E,—ctr) 72 (po)dS(y)

= Ol=)
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Using the wave equation and continuity equation, and Lemma 0.7,
we have that;

féB(E;ctr) PodS ()

— fini ey & T (30)dS(7)

— ooy =€ 72 (div(T0))dS (D)

= O(=7)

Using the wave equation and Lemma 0.7, last part, we have that;
Jsn@ ety P(Po) «7dS(7)

= JsnE.—et) D 7% (p0)) « 5dS(7)

— 0(=%)

Using the wave equation and Lemma 0.7, we have that;
Jsn@ et D(po) « TdS(7)

= Jsn.—et) D( 7% (p0)) « TdS(7)

= O(p5p)

so that;

Definition 0.9. Opposites
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Fizing 7, we have, by Lemma 0.4, that up to a set of measure zero,
Ve = UdeB@s) Hy, where;

Hy={7:|F —d| = —-7|}

is parametrised by d € B(0,s). Given such a hyperplane Hgy, with
d € B(0,s), we let pg be the midpoint of d and T, and note that 7' is
defined by the intersection of lyz, the line connecting d and ¥ with H,.
For7 € Hy, we let 7 be defined by;

opp
Pl =T~ 207~ 73)

=2pg — T

We note first that, for ¥ € Hy;

T+ Topp
=7+ (2pa —7)

= 2p;

and secondly, that, using similar triangles;

F—7|=F—7_|

opp
so that;
1\ - =/ .
(7"—7”) +(71_Topp)
7 T—Top
|?77/ ‘ |?7?opp I

20— (7' +7,,,,)
=]

— 2?—2? (DD)

[F—7

...lemma; W;% = O(%) forT=(r,y,z2), y,z fized....

For v € Rso, we let Ey,(T) be defined by restricting the integral in
Jefimenko’s equations to the compact volume V N (|7 — 7| < v), Eq, is
the initial condition of the electric field defined by restricting the initial

(p,J) to (—v,00). The basis of the hyperbolic method in [4] was to



24 TRISTRAM DE PIRO

show that lim,_,oo B, = E. Observe, that if 7' € V N (|7 —7| < v) then

v
ﬂWEVﬂﬂﬂJﬂgm.

demma [T, 00, —T'| = O(lF_lﬂ)
...lemma, wave equation p with compact initial conditions,...p(7',t) +
p(Topp t) has higher order decay on V' than p(7,t).

L

...lemma, higher decay rate from restricting angle to O(\?I) in blow

up region (asymptotic cone).

Lemma 0.10. 2o = 7 O([2])

[7—7| [F—7

Proof. Fixing 7 and 7, we have that;

opp
=2pg — T

_ 2(3—5?) _ 7
=d+7 -7 (A)
and;

™
so that, substituting into (A);

= _ = [F=7
Topp =T 7]

AT T

—F — \?‘frl?/ (B)

7|

By the same reasoning, we have that;

- = Ingp_F| -/
Topp,opp = T 7ol T opp
F— LTl

IFoppI opp

so that, substituting from (B);
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7 S N (il B T il =
Topp.opp =7 7 (12 W—ﬂm(r 7] ) (C)

[

Fixing 7, we have that, using Cauchy-Schwartz and Newton’s theo-
rem, that;

and, similarly;

_ 2<7 F>— 7|21 =L
= [1 - E ] 2

so that, using Cauchy-Schwartz, (%), and Newton’s Theorem again;

_ /l [F—7|
T HO(E)
= (l:' >>‘2 7 [20( ?‘é)]%
= [1=20(EH 1+ O(5) + o) (1 + o(Eh)2 =

= [+ 067
=1+0(i&) (PD)
It follows, from (C), (DD), that;
oo =T = (1+ O(E))(F = (1+ O(F))7)

= —O(£)7 + (1+ O(&))*7

|

so that;
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0
Lemma 0.11. Let T vary as (r,y, z) with y, z fired. Then for 7 € Vi;

|7 =T opp)1]
—1;1|>1 — O(l)_

|7F—7 r

Proof. First observe that, by the definition of opposites and the fact

that 7 — d(7) is perpendicular to Hy;

— - F—d(7’
(7 - r;pp) ' |@EE;’;| =0

where d(7') € B(0,s). It follows that, using Cauchy Schwartz and
the observations on opposites above, that;

(7 = Toppi| = (7 = 7,,) - 21
= (7 = Thp) « (&1 — 553

< [F = Ty llen — =553

= |7 =7) = (T = DIIEr = 25551
<2 ~ 7l — 55

so it is sufficient to show that;

- r—d(7’
|€1 - \?—E((?’))‘ = O(%)

We have that;

5 _ r=dr)
—d()
= (1 — L il —d —d y & T d
0.0 = et "~ oy~ a2 = da)
= ! ([(r = d1)? + (y — do)® + (2 — d3)?]2

[(r—d1)2+(y—da)2+(2—d3)?] 2
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—(T - dl)ay - d27z - d3)

so then, using the fact that |d| < s, uniformly in 7, and Newton’s
theorem, for sufficiently large r;

T—d() |
[F—d(7)

< 1 —d,)? —d,)? —d 211
S oarroarreaygd U = d)" 4 (y = o)™+ (2 — o)

—(r —d1)| + |y — do| + |z — d3])

ler —

= o ) )+ (e ds)?) ()
T (- (y—d2)+(e—ds)?]2 [(r—d1)2+ (y—d2)2+(s—da)?]
CyYZ(l""O(%)):} ‘T(1+O(%))%_r+d1‘

’ r(1+0(1))2

_ Gy,:(1+0(1)) + r(14+0()) —r+d1|(1+0(3))

s s

<

< Dys  [00)+1+0(2)

T s

< By
- T

where {C, ., D, ., E, .} are constants depending on {y, z}.
U

Lemma 0.12. Reynolds Transport Theorem for Hyperplanes and Spheres

Let f : R* = R be a smooth function such that uniformly int € R,
f(z,t) is supported on B(0, s), for some fivred s > 0. Let H; be a varia-
tion of the hyperplane Hy, obtained by translating Hy by the vector tv.
Then we have that;

%|t:0 th f(f, t)dA
= [u, G @ 0)dA+ [, v(f)(Z,0).vdA
Let 6B, be a variation of the sphere § By = 6 B(Zy, cty), obtained by

altering the radius of 6By to ct and keeping the centre Ty fixed. Then
we have that,

%h:o féBt f(@,t)dS(t)
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= Jig, L@ 0)dS(0) + [;, V(f)(T,0) . cndS(0) + [;, 2EDAS(0)

where T is the unit normal to the sphere §By.
For a variation 0 B_. of 6By, with t < 0, we have that;
dili=o fsg_, (@, 1)dS(t)

:f(SBO g—{(f,O)dS(O) _f(SBO V(f)(Z,0) . cidS(0 de 2ft:§0)ds( )

Proof. We have that;
Lo [y, f(@1)dA
= limpot ([, F(@ h)dA— [, f(T,0)dA)
= limn—o3 ([, (f (@ h) = (T, 0))dA+ [, f(T,0)dA~ [, f(T,0)dA)

Checking the conditions of the Moore-Osgood Theorem, we have
that;

(7). For A’ fixed, using the DCT;

limpsog: [y (F(@.h) — f(@,0)dA= [, 9 (z,0)dA

(71). For h fixed, using continuity;

limw oy [y, (F (@ h) = f(Z,0)dA = [, HERIED g4

(#42). The limit in (7) is uniform in A/, as;

limp_o3(f(T,h) — f(z,0)) = af L(7,0) uniformly in 7 € B(0, s)

because f is smooth, so gtéc( ,t) is bounded on B(0, s) x (—¢, €) and

we can use the MVT. It follows that;

- limh,h’%O%(th,<f(f7 h) - f<j7 0))dA
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T af (—
- lzmh’%(] fH , E('xv O)dA

—fH %{x()dA()

We have that, using the fact that the Jacobian of a translation is the
identity and Taylor’s theorem:;

limyot ([, f(T,0)dA ~ [, f(z,0)dA)

= limnso3, ([, (f(T +17,0) — f(,0))dA)

= limpoy ([, f(@.0) + h v (f)(7,0) .7+ O(h?) — f(z,0)dA)
= limp 03 ([, B 7 (F)(Z,0) . T+ O(h*)dA)

= limhﬁo(fHo(V(f)(f, 0). v+ O(h)dA)

= fu, 9 . TdA

so that we obtain the result.

For the second part, we follow the proof of the first part up to (%),

replacing H; with B;. Then, we have that, usmg the fact that the
change of measure dS(h) = %qu = t°+h) 0o-dSy, and Taylor’s
theorem;

limpo3,([s5, f(T,0)dS(h) = [55, f(T,0)dS(0))

= limnop([sp, f (T + chZ=2e o><t0+h dSo — [5p, I(F,0)dS(0))

|z—ol’

= limn ot (55, (f (@ 0)+ch v (£)(F, 0)7+O(h)) (L) £(7,0)dS(0))
= limy o2 (fy, ch v (f)(T,0) + 7 + O(h*)dS(0))

Hlimnsog [y, (F(@,0) +ch v (f)(T,0) .7 + O(h?))(2H)dS,

= J5p, V(f)(Z,0) . cRdS(0) + [;, 2EDdS(0)

as required.
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For the last part, we have that, with s = —t, ds = —dt, and using
the second part;

%‘tzo fJB,C (t—to) f<f7 t)dS(t)

- ds 5=0 f&Bc(g_H ) f(@,—s)dS(—s)

= - §Bo g}sc(x 0)dS(0 "’fw £)(®,0).cndS(0 +f53 g,o)dsm)]
~fsp, — S @, 0)dS(0)+ [;5, V()@ 0)cdS(0)+ [5, 2LE2dS(0)]
= faBo g{ (7, 0)dS(0 faB - cndS(0 féB {z 0ds(0)]

as required.

O

Lemma 0.13. Convergence of opposite centres, angles and improved
version of Lemma 0.10

We have that,

il _WOPP Il
< T ol >~ ~1 Ol
and;

d(7) = d(7,,,) + O(57)
and,
=T+ O(57)

Proof. For the first claim, by the definition of opposites, fixing 7, we
have that;

FIOpp =7 - Q(F/ - p_d)

= —7 +2pg

where d € B(0,s). Then, using the definition of pg, the calculation
above and Newton’s theorem:;
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< G, 72 >
71 P
_ 1 = =
= Tl S o =~

. | 2<F,7m>
] T 2T,
_ I <7 d+7>

ool T

7
opp‘
7]

-

as d € B(0, s) with s fixed, and, by Cauchy-Schwartz;

7||d+7
le] < [T ||d47]
|T ||ropp|

BY

47|

Topp]

(Fr)

opp

P

bS]

i

S O

as;
7| = |7 —d + d
< |7 —d| +1d]
= [Fopp = dl + |d]
< |Toppl + 2|d|
and similarly;

Toppl < 7| +2/d|
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which gives the result.

For the second claim, let lp intersect dB(0,1) at p and log, in-

tersect 0B(0,1) at q. Let S be a great circle containing the points
{p, —p, ¢} and suppose, without loss of generality, that p is situated at
(—1,0), —p is situated at (1,0) and ¢ is situated at (cos(), sin(f)), in
coordinates on S. By the first result, we have that;

< p,q >= —cos()

= —1+0({&)
so that;
1 — cos(0) = O(7)

and;

N|=

lg = (=p)| = (sin?(6) + (cos(0) — 1)*)
= (1 — 2cos(6) + 1)z

= V2(1 - cos(0))?

= vao(t?)

1)

Now o intersects 6 B(0,w) at d(7), for some w with 0 < w < s, so
rescaling;;

=
N =

_o(

R

D=

1o, N B0, w) = (=dF)| = wO({5?)
1
=0’
By similar triangles, we have that span(7,,,) intersects B(0,w) at
a further point ¢(77,,,) with;

o7, ) — d(7)| = O(LL#)

opp
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Let e(7,,,) be the closest point on span(77,,,) to d(7'), so that ly; . )
is perpendicular to lg ae)- As c(T,,) € span(T,,,) as well, we must
have that;

e(Fhyy) — d(F)] < [efF,) — d(F)] = O(EL), (1)

opp opp

and, by Pythagoras’ theorem;

_ _ _ _ _ - 1
|d(T,,) — d(T)] = (|e(T,,) — AT + le(T,,) — dT,,)1%)2, (Q)
Let 6 be the angle between l;/opp’d(;/) and l?’owd(ﬂpp)v then;

€T ) = ATy )| = [P, — A (1 = co5(6)

opp opp opp

=17 —T|(1— cos(h))

opp

=7 —7|(1 — cos()), (R)

whereas, by (1);

- le(Topp) —d(™)]
sin(0) = TS

opp

so that, using Newton’s theorem;

cos(f) = /1 — sin?(0)
)
1 —cos(8) = O(

- ]. +O( ‘Flg

[

7| )
P

and, from (R);

€(Thyp) — (T,

opp opp
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= [7 — F|O(Ls)

™l

= O(L&h)

so that, using (Q);

as required.

For the final claim, we have that;

/ =/ /

_ o =
" = Toppopp — T (rO;Dp Q(TOP;D D d(?épp))

=7 - F:)pp + 2(Flopp - ]_Qd(ngp))

d(?’opp)+?)

=T =Ty + 2T, — 2(—%

opp opp
=7 +7 d(?' )—F

opp opp

so that, rearranging;

d(r,,,) =7 +7,, —T— (7 =T, )

opp opp opp,0pp
whereas;
—I\ =t |7 —7| =
d(?’ ) =7r — ‘7/| r

) = 4+ Ty =T = (7 = T

opp,opp

=T = Ty = T+ (F = Tl o)

=T— (F/ - Q(TI - ﬁd(?’))) - ‘T|?/‘r 7 + (?I -7 )
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771
i

T A (LGSR R e Ry

7] opp,opp

T — (=T + 2Dy)) —

[ + (T/ - Fi)pp,opp)

/| F/_'_(F,_F/ )

opp,opp

=7 —d(F) — |?Lfll(l?/)|F/ 4 (7 -7 )

opp,opp

Now, use the second result.

Lemma 0.14. Wave Equation and Opposites
Let p satisfy the wave equation, (0?(p) = 0, on R*, with compactly

supported on B(0, s) initial conditions {po, po}, let T be fized, and, with
the above notation, let {T, Ty} be a pair of opposites, then;

Proof. By Kirchoft’s formula, for ¢ < 0;
P(T1) = = s (0 — ctio + Dpo (7 — )AS(D)
so that, using the last part of Lemma 0.12 and the product rule;
P(T,1) = [535 Jsn@.—en(Po — ctpo + Dpo « (J — T))dS ()
+ i féB(i;ct) (—¢po)dS(7)

_2471*0127&3 féB(E,fct) (,00 B Ctpo + DPO - (y - E))ds<y>
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—5m Jsp(z ety (V(P0) s+ (=t o) a7 (D pos(—7)) ) dS (7))

where 7 is the unit normal to the sphere § B(Z, —ct). Similarly, mak-
ing the substitution for the opposite;

P Topprt) = e S (Fopy—cty (PO — €tPo + Dpo « (T — Topp))dS(7)
F 577 S350yt (—C00)AS (7)

25 f&B(fopp,—ct)(p ctpo + Dpo « (J — Topp))dS ()

— e f5B(§oppr—Ct)(v<IOO) » + 7 (=ctpo) « ey, +7(Dpo« (Y

_EOPP)) opp)dS( )] (A)

Let pr be the projection from the sphere § B(Z, —ct,.) onto the hyper-
plane Hyg) and let pro,, be the projection from the sphere 0 B(Zp,p, —ct,
onto the hyperplane Hy,,,), let du(y be Lebesgue measure on the hy-
perplanes, then by the change of variables formula, we have that;

A, te) = [z Jrye, P~ (P0 = ctefo + Dpo « (§ — 7)) dp(7)
oz Sy, P (= cpo)du(y)

~2t5 f, P (o = etipo + Dpo « (5 — T))dpa(y)

— 1w S, P (V(p0) « 1+ (=ctopo) « T+ 7(Dpo - (5 — 7))
cn)du(g)] + e

and;

PTopp: tr) = |5z Jpa,s, (00 = oo + Do« (F = Topp))dp()
+@ fHd@DW (—cpo)du(y)

25w fHd<E (Po = ctrpo + Dpo « (Y — Topp) ) dpi(Y)

_@ fHd(fom (V(po) « Mgy + SV (—Ctrfo) « Cryy, + 7 (Dpo « (T

_fopp)) " Cﬁopp>dlub(y)] + Eopp (B)
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where € and €,,, are the error terms;

(et Juay, P (po—ctopot Dpos(5=7)) (pr~ 1 (dS (7)) —du())
tirezm Sy, P (—cpo) (pr (dS () — du()
—2@ fHd@ pr="*(po—ctrpo+Dpo(§—7))(pr~"*(dS(Y)) — du(7))
—iremz S, P (V(p0) « 7+ (=ctopo) « T+ 7(Dpo - (7 — 7))
) (pr=t*(dS (7)) — du(7))]
and;
€om = |5mergy fHd(z (Po = ctrpo + Dpo « (T = Topp)) (1o (AS (7))
—dp(y))
e S (i) prag (4S(T)) — du())
R Sy f0= it Do o)) 07 (450~ 5
_@ fHd(fo >(V(P0) op T N (—Ctrpo) « My, + 7 (Dpo « (T
~Topp)) » Topy) (P " (AS(Y)) — dp(7))] (C)

We simplify the error term € + ¢, first, recalling from Lemma 0.5
that;

(pr=1*(dS(y)) — dp(y)) and (pro,;" (dS(y)) — dp(y))

are order O( ‘EEHQ ). We translate T'r the hyperplane Hy,, ) to Haa)

by the vector O(@ﬁ), recalling from Lemma 0.13 that d(T) — d(Tpp) =

O( H 2) and noting there is no change of measure

so that;

e = O(m)O() + O(t)Ol) + Ol O o)

-7 |z—7|2
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—1,%

_ﬁ%thrd@[pr “(V(=ctrpo)scn-+57(Dpos(Y—T) )ucht) (pr S(®))

—du(y))]

— ez Sy, P77 (T (= ctofpo) e +7 (D pon(—7))wct) (pr="(dS (7))

€opp = O(|$ T|4) + O [Zopp| )

[z—7}>

1,%

—dp(y))]

€ + €opp = O(ms) + O(5ks) + O (122221

F

_@ fHd@ [pr=1*(7 (—ctrpo)scn+57 (D pos(§—T) )ucht) (pr S(@))
—dp(y))]

= gmemiz Sy, [T D705 (V7 (=l )Ty +7 (D p0s (T —Topp) )€y ) (1
—du(y))]

By the proof of Lemma 0.13, we have that on the respective spheres
restricted to B(0, s), that;

.......... Strategy; Reduce to hyperplanes and cancel 7 and 7 nopp in pairs
at t,, using Lemma 0.13, obtain \7(D(p) . T — T,pp in one term, use the
extra derivative on p and Lemma 0.6 with the higher decay in the z
variable.

4

Lemma 0.15. Let the fields {E, B} be as in Lemma 0.3, then Ey(T)
and By(T) are of moderate decrease in the sense of [2]?

_47r012t3 fHd(fopp) [pro_pﬁ (v(_CtTIOO)'CﬁAOpp—i_V(DpO'(y_EOPP)) Cnopp)( o_p%n*

—1,%
Opp

(dS(®))

(dS(®))
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aHch(E) 3i+j+k(§)
Moreover, the fields {axiayjazk, 6ziayjazk} are of moderate decrease

2+1i+j+k in the sense of [2]7

Proof. .......... Using the hyperbolic method and further refinements of
the hyperplane method, keeping track of the change of measure.

4
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