THE CONTINUITY EQUATION AND PARTICLE
MOTION

TRISTRAM DE PIRO

ABSTRACT. We define a diffusion using nonstandard analysis and
the formula, used in [3];

pu = J (x)

where p is charge density and .J is current, to define the individ-
ual particle velocities, with the initial charge distribution given by
po. We prove that given .J, with p’ defined by the diffusion, that
the continuity equation;

% 1 din(T) =0

is satisfied. It follows inductively, as pj, = po, that p = p’. The
result is useful for answering questions arising from [6].

1. THE CONTINUITY EQUATION

Definition 1.1. We let S(R® x Rsg) = {f € C®(R? x Rsg) :
there exist constants C7, Dy >0 with TGZ;) and ]%|§

. for[z| > Dy}

5‘2’

~|

Lemma 1.2. Let {p, j1,j2,73} C S(R? x Rso), with J = (j1, ja, j3),

such that the pair (p,J) satisfies the continuity equation;

9 — _div(J)

t

Then, forty € Rso, there exists a constant co > 0, such that p+co >
1 and (p + ¢y, J) satisfies the continuity equation on R® x (0, o).

Proof. As p € S(R? x Rsy), taking I = 0, there exists a ball B(0, 7o),
ro > 0, and Cj with |p| < ;—FQ As p € C(R? x Rsg), p is bounded
on B(0,79) x (0,t0) and therefore on R? x (0,¢). In particularly, there

exists a constant d > 0 with |p| < d on R? x (0,ty). Then p+d > 0,
1
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p+d+1>1, and clearly (p+c) =% = —div(J) on R* x (0,%,), where
¢ =d+ 1, as required.

n

Definition 1.3. Let (p,J) satisfy the continuity equation on R* x
(0,t0), with p > 1. Fiz {n,v} positive infinite, with n odd, v an inte-
ger, € infinitesimal. We let;

T LJO<J<1/2 1[% "'/’1)
7;,0 - Uogjg[tou][zl/" )

i ’L 1 —1

o,
N |+
AN

We define the integer part [, for x € R, by;

] =max(y:y € Z,y<z)ifr >0

] =min(y:ye Z,y>x) ifv <0

and extend the definition to *R by transfer. If Z € *R®, we define,

( o =7, where y; = B Note that |(2),] < [2], as |E22) < |z, for
1<i<3.

We define

77]<£C1,SL'2,£C3,t) = 7*([1%?]}7 [If/\gﬁ}y [mi/\gﬁ]v @)

pulr, w2, 03,1) = pt (P00, 2L Bl )

where {p*, T} are the transfers of {p,J} to (R*)> x T2
For7 € R}, with “[ =, for 1 <i <3, we let;

]\/’675 — [p”](fvo)]

€
*
Me - ZEGR%%:%JSZ'S?) Ne,f

Forx e R% finite, with [x’—\/‘%ﬁ] =, for 1 <1 < 3, define a trajectory
Sz inductively on T, o by;
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o — 4 Jn(5z
5.(11) —5.(1) = %%, for0<j<[tv]—1

Lemma 1.4. Forty finite, there exists a constant G > 0 with |Z—;’\ <G
on R x [0, t].

Proof. As p>1,and J € S(R? x R), for B(0, 1), using smoothness
of J on B(0,1) x [0,1], and the fact that \%| < 1, that there exists a

constant G with |j| < G, on B(0,1) %0, tg]. Moreover, asj € S(R?x
R~o) and | | <1, we can find a constant G, with |J\ < g <Gion

B(0,1)° x [0 to]. Then the result follows by transfer.
U

Definition 1.5. Let R = {7 € R% : % = z;, forl <i < 3, withT finite}.
Let T, ={t €T, : [tv] =tv}
Lemma 1.6. Trajectories are bounded

Let ¥ € R, and let sz be a trajectory, then there exists a constant
D e R, with D > 0, such that;

5:(2)| < D, for 0 <j < [tv].

Proof. We have, using Lemma 1.4, that;
|§5(,l,) - §§(0)| = |Z;§k§j—1(§f(%) - gf(%)”
< Y ochejor [5=(EEL) — 55()]
=3 Zo<k<] 1 |%|
< 8 <Gty
so that;
[5:(2)| < [52(0)] + Gto

=2+ Gty=D
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where |‘;—:] <G on R} x Ty

O
Lemma 1.7. We have, for ty finite and fived {T,7y} C R?, 1 <i < 3,
that ];Oo(y) jl”( )+e€;+0;, where |e;| < D;[Z|, [0;] < F|,z]2 Z=7—7,

and D;, F; 2_ 0, and (];00, JZOO, JZ—OO) = Z|to Moreover, varying {Z,y}
in a ball B(0,r), we have that Jp—oo(y) = 3;)00( T)+ €35 + 0izy, where
leizgl < HZl, 0izg] < K2, and H,,K, > 0. For {7,5} C
B*(07 T)’ (];;;)0 )ﬂ(y> = (];’00 )TI(T)—FETM,E@—’_(;U%E@’ where ’67]117§75| S HT|§77|7
0nizgl < Ko|Z,[?. We have, for ty finite and fived {7,5} C R?, 1 <
i <3, that |22 (7) — J“)( )| < M;|z|, M; > 0. Moreover, varying {T,y}
in_a ball B(0,r), we have that M; < L,, L, > 0. For {z,y} C B*(0,r),
](J;—;)O)n('y)—(ﬁf) (T)| < L,|z,|. Finally, there exists a constant A, > 0,
with |(2)(y,t) — (J/;)( t)| < A.|Z|, for {z,y} € B(0,r) and 0 <t < ty,
ond with (4),(5.1) ~ (4),(2.] < A=), for (2.5} C B'0.r) nd
0<t<t.

Proof. For the first part, let f;(t) = J’O(x +t(y — 7)) and g;(t) =
fZ( ) fz( ) f( )t Then gz(o) =0, gz( ) gz(o) = gz(l) - fz(l) -
fi(0)—fi(1) = ]’ =(y) — 2£(T) — ¢;. By the mean value theorem, we have
that 6; = ¢;(1) — gl(O) = ¢i(c), for some ¢ € (0,1). We have that g}(t) =
[i@) = fi (0t = fi(t) = = [ (), so that |gi(c)] < mazeeoyfi'(c)c| <
mazeco)|fi (c)|. By the chain rule;

il = 1AW =17 )y @ -7) < |V (22)lyl[2] = D]
where D; = | v/ (g—;) 7l

10;]| < mazeeon]fi(c)]

= mazeeo.)|(V (53 la+tg-z) » (1 — T))'(¢)]

A(%0) _
= mamcE(O,l)’ 2?:1(v<¢)|x+c(y T) " Z)Zj|

(-720

1o}
< |Z|maxce 0,1) 23 1 | v (AL)‘:H—C(@/ z) " - Z|

< |zZPPmazce(o ) Z?:l Gij(c)
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=2
= Fiz]

(JZO

where Gi;(c) = | v (5= Dletetg-n| and Fy = mazecqn) -1 Gii(©)

For the second part, we can use the proof of the first part, the fact
that B(0,r) is convex, and take;

J'LO
)
T:maxﬁeB(OT Z] 1|V( 8:@ )|W|

H, = max@eB(ﬁ,r)\ \Y (;_0) wls
For the third part, we obtain, by transfer, on B*(0, ), that;
Ji,0\s (7\ __ (Ji,0 *

(P_O) (y) - ( 00 ( )) +€z:vy +5za:y

where |ef .| < H,|Z | < K,[z*]?

©,T,Y ‘ |za:y

In particular, we have that;
(%)n@) = (];T.O)n(f) + €nizy T Onizy
where |eiz5 < H:(Zy], [0yi55] < K[Z [

For the fourth part, with notation as above, we have by the inter-
mediate value theorem, that;

1fi(1) = fi(0)] < mazceon]f'(c)]

= MAXcc(0,1) |V( )|a:+cy 7 (7 —7)

< mazee(o,n)| V (%)|§+C(§—E)||§|

= M;|Z|

where M; = max.coq)| <V (%)|§+C(§_f)\. For the fifth part, using

again the fact that B(0,r) is convex, and using the proof of the fourth
(%2)]w|. For the last part, we

part, we can take L, = margep(o,)
have, by transfer, on B*(0,r), that;

(22)"(g) — (B2(@))"| < L[="|
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In particular, we have that;
(@) — (@) < Lo,

as required. For the final part, let A, = maxgep(o,r)0<t<t, |v(%) -
to deduce, as before, that;

(E)2(7.6) = (2)y(@ )] < A5, |, for 0 <t <t

Lemma 1.8. Trajectories are injective on Initial Conditions
For {Z1,Ts} C R, with Ty # Ta, then we have that;

52, (2) # 5 (3), for 0 < j < [tv]

Proof. Suppose not, and choose t; = 31 least, with 1 < j; < [tv], such
that Sz, (t1) = 3z, (t1), so that 3z, (61 — V) =+ 53,(t1 — 1). By the defini-
tion of trajectories, we have that;

gfl (tl) _552@1) = 551 (tl - ;%) _EEQ(tl - %)

+l(7n(351(t1—%)7t1—%) . 7n(§52(t1—%)¢1—%))
v oy (37, (l1—1) 61— 1) pn(Bzy(t1— 1) t1—1)

=z+1(f+0)=0

where, with the constants {H,, K,, D, _1} determined by Lemmas
1.7 and 1.6;

Z =55 (ti — 1) = 55,(ti — 1), |f] < DIz, 18] < FJ|z,|% for some
{D,F} C Rand D,F >0, D = 3Hzp, ,, F'=3Ksp _,. It follows
that; ’ y

R >l

74+1=—

| 2

-
< #2

12| = J

=| « DIzl | Flz|?
|z < =2 + -
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1§ D|z |+F|277\2N0

v E| v|z

which is a contradiction.

Lemma 1.9. Trajectories are S-continuous on initial conditions

Let {T1,Ty} C R, with Ty ~ To, then for finite t € T,, we have that
8z, (1) == 85, (t). Moreover, |sz, (t) — sz, (t)] < (e2:"t+1)|T —T|, where
Ap, is the constant from Lemma 1.6.

Proof. We have, using the definition of trajectories, with constants
{Dy, Ap,} from Lemmas 1.6, 1.7 and the remark in Definition 1.3 that,
for 0 <i < [tv] — 1;
|ST1(%)_852(H_71)| = |Sfl(%)_sz(%‘,)—i_%(%(fl(%)v li)_Z_Z(E?(l%)u %))|
i i In (= (i) i J iy i
< sz, (5) = sm (D + S IGEH@E (), ) — 22(@2(5), 1)
i Ap, i i
S |SE1(;) - 352( )| + > |(Sf1(;> - 852(;))7”
A i i
= (14 7152, (5) = sz(3)n

< (14 22|55, (2) — sz, (1))

T — To| = € ~ 0, then, by a simple
< [tv];

Suppose that |sz, (0) — sz,(0)] =
induction, we obtain that, for 0 <

|52, (2) = 52, (1)) < (14 220)i1e, (¥)

We have that ((14228)i-1) = ((1+ADt) )T, with (1422) o eAp,
so that, as % is finite, (1 L4 eyl o~ GADt(lul , which is finite, so

that, as € is infinitesimal, |71 (%) — T2(%)| 2 0, as required.

For the final claim, we have by (%), that;
|57, (1) = 55, (8)] = |57, (1) — s, ()]
< (1+ 22wz, — gy

~ €ADt [tV'];l |fl — EQ|
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~ €ADtOt’fl - fgl
It follows that;

sz, (t) — sz, (t)| < (e4P:° +1)|T1 — T| as required.
U

Definition 1.10. For T € R} finite, with % =z, for1 <1 <3,

to € T, finite, define a reverse trajectory Sz, inductively on [0, @] by;

- - Tn(5z(L), 1204 _ 1y ,
Sz,to(%l) - E,to(%) - ll/p:(gy(l)7[t0”] 1)7 fO?" 0 S J < [tOV] -1

Lemma 1.11. Trajectories are essentially onto For ty € T, finite,
¥ € R} finite, there exists T € R}, with T ~ 7, and Ty € R} finite,
with sz, (tg) = T. Moreover;

T ¢ B 4 Fy, Fe'o
-7 < (€ +2)(% + £) +

v

Proof. Let 554, be the reverse trajectory defined by 7’ and t;, where
[yir/7]
V1

T, = Sy to([t‘ff]). By the proof of Lemma 1.6, 7; is finite. Let @

be defined by 1\}‘” = x9,, so that ; ~ %, and 7, is finite. Let
< ([to?]

T = 5z,("%%), where 55 is the forward trajectory defined by Zy, see
Definition 1.3, so that, again by Lemma 1.6, T is finite. We claim that
T ~7, (f), so that T ~ 7 by transitivity. We have, using Definitions
1.3, 1.10 and Lemma 1.4 that;

|§§',to(@) - gfo(},”

< |71 = To| + [55,(0) — 55, (;.)|

=y, for 1 < i < 3, so that ¥ ~ ¥ and ¥ is finite. Let

’11

3 4 F
< G+Ho=0(x)

Then, by Definitions 1.3 and 1.10, using the bound Dy, 3 7, from
Lemma 1.6 and the constant N = AD from Lemma 1.7, we have,

for 0 <j < [tov] — 2;

to, 7,
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[0 (12 — 2Ly — 5 (122))
Cm lor] gy = iy 1 T (B Yy T (s, (oM 2L iy
= a5 )+ G i = it Ty

< (512 — 1y — 5 (EL))] 4 N(55,, (04 — 2Ly _ 5 (32
< (B (1 — 2y — 5 (BEL))| 4 N (5, (B0 — 2Ly _ g (1Y)
< (B g2 — 1y — 5 (1EL))| 4 N(jgy, (oA 2L

a0 = DI+ By = ) =525

AN

= (14 )|y (8 = 2) = 5, (181)) | + Xy o (122 — 2£)
Sy (124 — 1))
< (1+2)|(5p 4 (8 — 1) — 55, (22)| + 2F

It follows, by a simple induction, and the formula for a geometric
progression, that;

5.0 (L) — 55, (12

< (1+ Dyior=2) (5 (o) — 5 (L)) 4+ 60 01+ D)F)

_ (1+%)[tou}—2|(§?/7t0<[tiu]) Smg( ))|+5u((1+ )[tol/] 2 — 1) (%%)

where § = % We have that 5—” = E ~ (), and by the proof of Lemma

o [tov]

1.9, (14 M)ltor)=2 ~ ¢ el = Oto It follows, using (%) and (*x), that;

(14 Myltor]=2 _ 1) ~ (e — 1)~

N

(1 + %)[tou]-?’(sy to([t,O/V

) = Sa () < (€ +1)(5+7) =0
|§?/,t0<%) - gwo([_” ~0 (* * *)
We have, using Lemma 1.6 and Definition 1.10, that ¥’ = 55 ,,(0) ~

Sy (1) and T = 550([“;”]) so that, by (x * %), ¥ ~ T, proving (1). For
the final claim, using the above calculatlon,
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15540 (1) = T| = By 10 (2) — o (12))]

< (0 +1)(3 4 D) 4 e

5500 () = T = ISyre () = 570 (0) <
=5 __ 77 3

v -yl <

so that;

7 =T < [Sy00(2) =T+ [Sy 40 (2) =T + 7 — 7

e R ) A e
_(e t0+2)(%+5)+1¢e’jto

U

Lemma 1.12. Let {7,535} C RN *B(0,r), T # ¥y, with v > n and
r € Rso, then for finite t € T,, there exists a constant Cy, € Rso,

. . — — Ct T
uniform in {Z,y}, such that |sz(t) — sz(t)| > i

Proof. First, fix {z,5} € RN*B(0,r), T # ¥, we claim that for any
infinitesimal € > 0, |s3(t) — s5(t)| = =, (x). Given this, we have that
|sz(t) — s3(t)|/1 > = for all infinite n € *A/. By underflow, the internal
set {n € *N : |sz(t) — sy(t)]y/n > +}, must contain a finite element
Cizy € N, for which |sz(t) — sy(t)| > % To prove (x), suppose that
|sz(t) — sg(t)| < ~=, (1), for some € > 0 infinitesimal. Let 7 = sz(t)
and Ty = sz(t). By Lemma 1.6, T and Ty are finite. We extend the
definition of a reverse trajectory in Definition 1.10 to include arbitrary
finite starting points in Rg By a simple adaptation of Lemma 1.9;

[57,4(8) = 57,0 (B)] < (420" +1)[71 — o]
< (M 1)

By the definition of a trajectory, a reverse trajectory and T;

1T = sz,.4(1)] = |52(0) — s3,,4(0)]
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|s2(t) = 52,,4(0)] = |71 =71 = 0

By a straightforward adaptation of the calculation in Lemma 1.11,
replacing trajectories by reversed trajectories, we have that that;

|sz(5) = sz,.(1)]

< (14 2 sz () — sz, ()| + (1 + )12 — 1)
< (N 1)[s2(t) — sm (D) + L(eV +1)

where N = Ap, .

|53(0) = 53,4(t)] < |55(0) — 55(2)] + |sz(2) — 53,4(0)]
<2 (N 1) |sx(t) — sma (L)) + E(eN 4 1)

< L (N4 1) (|53(t) = 57,4 (0)] + 572,0(0) = sz (D) + Z (N +1)
<A HDED + TV )

= L(5+ 3N

to obtain that;

T — sz,.4(t)] < £(5+3eN) (1)

Similarly, we obtain that;

[T — szme(t)] < 5(5 4+ 3eMN) (111)

so that, using (1), (1), (T11), using the fact that 2F(5+3eV"!) < 77%7
and with the choice v > n;

1T =7 < |7 — sz,4(t)] + [T — Sz, (t)| + [571,6(t) — Sz0.4(1)]

< 2EB(5+3eMN) + <

NI

F N°t _€_

§2n(5+36 )+\/ﬁ
=2 e
=0+ 5
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1

which contradicts the fact that {Z,y} C R, with T # ¥, so that
T —7gy| > \/Lﬁ, proving (x). It follows that for the internal function

fir i (RN*B(0,7)) x (RN*B(0,7)) \ A — *R, defined by;

fer(@,9) = /nlsz(t) — s3(t)]
has the property that;

fir > € for all infinitesimals e. By underflow, similarly to the above
argument, we can find a constant C;, € R~¢, uniform in {Z,7}, with
fir > Cy, as required. 0

Definition 1.13. We define;
R, ={T € RS : [x;\/N] = x;/7, for 1 <i<3}

T, = UOSjgzﬂ—l[%7 ]%1)

We extend the definition of trajectories, For T € R, by defining;

sf(]%l) = SE(%) + %% (mod Rf;), for0<j<v?—2
n\Sz )

R R .
NN

where for v € R*, we define x(modR,), to be the unique y € R,, for

which x —y = ny/n, with n € *Z, and for T € (R*)*, we extend the
[tv]

definition coordinate wise. Fort € T, we define sz(t) = sz(=").

ForteT,\ [”2_1,1/), we define a point sz(t) to be critical, if;

14

|sz(t) — sz(t+ 1) > 1

Lemma 1.14. For = € R% infinite and finite ty € T,, we have that
sz(to) is infinite.

Proof. Enumerate the x-finite set of critical points in the trajectory sz,
by {s; : 1 < i < k}. For any such critical point s;,, we must have,
using Definition 1.13 and the bound G in Lemma 1.6, that |(s;,):| >
% — %, for some 1 < ¢ < 3. In particularly, such critical points in
the trajectory are infinite. If sg(@) is a critical point, the proof is

complete. Otherwise, let s;, be the greatest element in the x-finite set
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consisting of critical points with the corresponding time ¢;, < M, and

use the proof of Lemma 1.7, to conclude that |s;, — sf([to—yy])] < o T
particularly, as % is finite, sz(fo) is infinite.
U

Definition 1.15. For t € 7T,, we define the range of the trajectories
Rt by7

Ry = {sz(t) : T € R}}

It is easy to see, as R, is x-finite, and the definition of the trajectories
is internal, that Ry is *-finite. Moreover, as {t € T, : [tv] = tv} is -
finite, we have that | J,.; R; is *-finite.

Lemma 1.16. For all S C *R?, with S *-finite and S infinite, there

exists kg € *N, kg odd and infinite, and Ty € *R>, with |Ts| < =

kg’
such that if;

Vﬁsﬁs:{fs—i—@:wi:L _ngg (n571)71§i§3}

s’ 2 2

then for allv € Vg zg,
v =] # [0 =T, ().

and {T1, T2} C S, with Ty # T, we have that

Proof. For S = {si,...s,} finite, then {w € R® : |w — s;| = |w —
sjl, for somes; # s;} forms a finite union of hyperplanes H; C R3,
1 < j <r. Choose m € N, with m even, m > n, and let;

i (m—1)
VT3

j< 1 <i<3)

Wp=1{Z:2 =

IN

We have that Wy, N U, <<, Hj is a finite set of points {p1,...,ps}.
Let t = min{d(z, UlSjST}I;) :Z € Wi, \{p1,...,ps}}, and choose
y € B(0,)\), with A < min(t, L, such that § — p; ¢ Ui<j<, Hj, for
1 < j < s. Then, it is clear that (y + W,,) N Ulgjng_j = (. By
construction, {m, 7,7 + W,,} has the property (x), relative to S. We
can formulate the above property (x) for finite sets in the language Lg,
using second order logic, developed in [8]. By transfer to *R, for any
given x-finite set S, we can find { kg, Ts, Vi.s z4 }, With the same property
(%) relative to S. As m > n, with m € N odd, where n = Card(S), in
the property (x) for finite sets, kg > *CardS, with kg € *N odd and

infinite.
O
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Lemma 1.17. Let S = |,y Ry, then there exists x € *N, k odd and
infinite, with T, € *R®, |T.| < % ~ 0, such that if, as in Definitions
1.8 and 1.13;

Ree =U egnicepn G )
R, ={z € R} : [x;v/K] = xi\/k, for 1 <i<3}

then every y € T, + R, has a nearest neighbour in Ry, that is there
exists w; € Ry, with the property that;

[y —wy| < |y —Z| for every Z, € Ry.

Proof. By Lemma 1.15, S = |, R; is *-finite, and by Lemma 1.16,
we can find £ € *N, & odd and infinite, with T, € *R*, [T,] < L,
and the property that there do not exist {T,To} C S, with [ — | =
|y — T3|, for a given § € T, + R,, (%). In particular, the property
(%) holds for R;, when t € 7,. Let Dy = {|y — Z| : Z: € R}, then
D, is x-finite, hence has a least element p. Choosing w; € R;, with
|y — w;| = p, it is clear, by the property (%), that w, has the required
property. U

Definition 1.18. Let notation be as in the previous lemma. Let w €
Ry, then we define the x-finite sets Iy and Py, by;

I5: ={7 € R: sz(t) = w}

Pwt € I, Py << T, T E Iy

Jst =4{Z € Ty, + Ry, Z is a nearest neighbour to w}
where << is the lexographic total well order on Iy ;.

For w € Ry, we define \g; = *Card(Jz:). We define p, on T, +
R x T, by;

3 _
52Pn(%,t10)
3
N2 Aw,t

Ps(Tr + T, %) =

where Wy s the nearest neighbour to T, +T in Ry, and 0 < j < 1% —1,

[2i7/K] = xiv/K, for 1 <i < 3.
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pn(frﬂ + 7, t) = pﬁ(ffi +v, @)

where y; = [Ii/‘%a, T € Ei.

Lemma 1.19. Fory € }_%2 and t € T, finite, with v >, then |Ig 4| =
1, where x; = [yi—\/‘?], for 1 <i <3, and p(T. + 7,t) is finite and not
infinitesimal.

Proof. Using Definition 1.18, if Z € I_;, then Z € R and s:(t) = wWs.
If Z is infinite, then, by Lemma 1.14, sz(¢) is infinite, so that wz is
infinite, (*). By Lemma 1.11, as T, + T is finite, there exists 7; € R,
with sz, (t) ~ T, + T, in particularly sz (t) € Ry, and the nearest
neighbour wz to T, + T must be finite, contradicting (x). It fol-
lows that Z is finite. Now suppose that Iz ; contains two distinct
finite elements {Z1,Z2} C R, then, using Lemma 1.8, s5,(t) # sz,(¢)
and define distinct elements of R;, so that, by the definition of Iz_;,
Wz = Sz, (t) # sz,(t) = Wz, a contradiction. It follows that |z 4| = 1,
and, using the definition of Ry, and the first argument again, that p;_,
is finite, (). It follows, by Definitions 1.3 and 1.18, that p,(py_;,0) is
finite. Let W € Ry, and let C' = (3 + 2F)e™™ + 6. We claim that if

T € T+ R, and T is a nearest neighbour to w, then T € *B(w, %), (1)-
Suppose not, then there exists T € T, + Ry, such that |7 — wz| > \%,

where wz is the nearest neighbour to . By Lemma 1.11, using the fact
that v > /1, we can find ' € R, with;

77| < (e +2) (L + £ 4 e

< Z((3+2F)e™ +6)

which implies that |T — 7| < |T — Wg|, contradicting the fact that
wz is the nearest neighbour to Z, proving (). Using Lemmas 1.6 and
1.12, we can find C;, € R~y, such that if W’ € Ry, and |[w — w'| < 1,
then [ —@'| > <. It follow that if € T, + Ry, and T € *B(w, $%),
then 7 is a nearest neighbour to w, (). Suppose that C;, > C, then;

*Card({T € T\, + R, : W is a nearest neighbour to T})
=*Card((ZT. + R.) N *B(w, \%)) (1)

It ¢y, < C, then;
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*Card(T, + R. N *B(w, f;g))
<*Card({T € Ty + Rx : W is a nearest neighbour to T})
< “Card((F, + Re) 0" B(@, %) (1)

Observe that *D(w, 75) C *B(w,r) C *D(w,r), where *D(w,r) is
the *-cube of diameter 2r centred at w.

We have, with the usual definition of [,] the binomial theorem, and
r2k infinite,that;

*Card((Z, + R,) N*D(w,r))

=*Card((v+ R.) N*D(0,7))

= (2[rvE] +1—=08)2[rvE] + 1 = 62)(2[r\/kK] + 1 — 03)

= (2rvk + 7)) 2rvE 4+ 72)(2rvE + 73)

— 8r3k3 + 0,

where v; = x;, — [xi,\%\/ﬂ’ for 1 < ¢ <3, s0that 0 < v; < \/LE’ and

6; €{0,1},1<i<3,0< 7 <2, 0,] <50r°k. Tt follows, from ({17),
that;

and, from ({711), that;

3 3
8C} k2

e e, < Ay < 8L 40 (xx)
(2n)2 V21 n2 NG

It follows from (), that;

3 3 3
1 — K2 < K2 K2 — 1
7,% 03,3 - 17%)\ 3 83k 3 c3 n%
803+f39g nz(8 3 +60 ) w,t n2( 3 +0L) 873_;'_739 c
k2 VM n2 v (2n)2 V21 22 k2 V27
1 < K2 1
3 >~ 3 > 3
8C3+a 72 At 803 +8
22
3 3 3
where |a| = |50 ¢ | < 5002155 = 500?21+ ~ 0
kK2 Vn k2" K2
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6] = 1% 90\<2Mf7
K2

and, from (xx), that;

1 3 3 3 1
— K < K < K —
3 3 033 = n3am 3 3 P a3
8C3+1360 ¢ n2(8&F=+0¢ ) 7MWt 5" vp. )y 88— +lzfbc
k3 VA n2 Vi n 2m3 CtQ»T 22 k3
Van
1 3 1
a <
3 — 3 = 3
8C3+a n2 At SCt?;T+7
3
3 3 1
2 2 2
where |y| = |L50c,, | < 25C2, 155 = 25C2, 1+ ~ 0
K2 J2n T2 M )

As {C,C;,} C Rso, and {a, 5,7} are infinitesimal, in both cases,
3

we have that

is finite and not infinitesimal. It follows, using (),

12 At
Definition 1.18 and the fact that 1 < p, g < H, for some H € Ry,
that p.(Z. + 7, t) is finite and not infinitesimal as well. O

Definition 1.20. We say that an internal set V C T, + R3 is finitely
bounded, if there exists a constant r € R~ such that V C T,+*B(0,r).
We say that f is measurable on T, + R if;

f(@e+72) = [(Tx +7)

forz € R3 and y; = [Zi/‘/;], for 1 <i < 3. We let p, be the inter-
nal counting measure on R2>. By Definition 1.18, we have that p.; is

measurable on T, + R3 fort € T,. For f measurable on T, + R2, and
V C T+ R2 finitely bounded, we define the internal integral;

Jy fdus = _g Y se@rronv ] (@)

We let €, be the internal x-sigma algebra generated by the internal
sets;

{Vz:T €T+ Ry}

where Ve = {7 € T, +R2 : 0 <y —x; < \/L@ 1 <i <3}, and
let L(€,) be the o-algebra generated by €. We let L(u,) be the Loeb
measure on L(C,), associated to i, see [5] or [4]. For V € L(€,), we
say that V' is finitely bounded if there exists a constant r € R~o such
that V C T, +*B(0,r). For f measurable and finite on T, + R2, with
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standard part ° f, we denote the Loeb integral by;

Ji fdL(p)

Note that the Loeb measure L(j,) specialises to Lebesgue measure dp
on R3, see [1]. This implies that, for V € L(€,), finitely bounded, with
V = st Y (W), for W Lebesque measurable in R® and g S-continuous;

Jy 9@ dL(pe)(@) = [y, 9(° °T)

Lemma 1.21. The x-intersection W of an internal collection {V; : i €
I}, V; C T, + R, indexed by internal I, of x-closed sets, is internal
and x-closed. If the collection contains a finitely bounded set, then W
is finitely bounded. If f is measurable on T, + R3 and finite on V,
with V C T, + R3 finitely bounded and internal, then fv fdu, is finite.
Similarly, if f is finite on 'V € L(&), with |f| < D, D € Ry, then
[ S fdL () is finite.

Proof. The claim that W is *-closed and internal, follows by trans-
fer from the fact that a finite intersection of closed sets {V,...,V,,},
Vi C R%, 1 <i<nisa closed set. If some V] is finitely bounded, the
fact that W is finitely bounded follows from the fact that W C z, + V1,
with V; C *B(0,r), and r € R~g. For the final claim, choose *B(0,7),
with V' C Z, 4+ *B(0,7), and let S(r) = *[—r,7]> D *B(0,r). There
exists a constant C' € R~q, with |f|y| < C, otherwise, by compactness
and the fact that V is internal, f would not be finite on V. Then;

| [, fdpa] < [, |fldps < C [, dp,

% Card({Z € (T. + R,)NV?})
< G Card({T € (Tx + R) N T + S(r)})
= 5 Qrvr]+1)°
< G@rvk+3)°
< S(@2r +1)vk)
=C2r+1)>»
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which is finite, as required. The second claim, using the definition
of finitely bounded, the remark in Definition 1.20 and the fact that
*B(0,r) C st™(B(0,r + 1)), for r € R+, follows from;

| [y °fdL ()]
< Jy IPfldL ()]
< va dL(pur)

<D fzﬁst—l(s(ﬁmﬂ)) dL(pr)

o _ 4D7(r+1)3
=D fB(G,rJrl) dp = =5

where du is Lebesgue measure.

Definition 1.22. Transport of Open Balls

LetV CZ,+ R, V=%, + W, W = st (B(0,r)), for r € Rsy.
Let {tl,tg} C 7,:, with tl S tQ. Let SV = Rt NV and let;

Svirts = {5z(t2) 1 T € R, sz(t1) € Sy}

We define the transport Vi, 1, of V' to be the intersection of all V; C
T.+R3, where V; D Sy, 1y, Vi =T + Wy, Wi = st™1(Z;), for Z; open
in R®. Note that, by the remark in Definition 1.20, V; € L(C,), and,
as L(€,) is a o-algebra, Vi, 4, € L(C,) as well.

Lemma 1.23. For any p,. measurable A C R, which is finitely bounded,
we have that;

Ja Peditn = [ °pud L)

Proof. We claim, that p,, is S-integrable on A, for the *-o algebra C4 .,
generated by intersecting C, with A. As u,(A) is finite, by Definition
3.17 of [5], we have to check that;

(4). [, |pldp s finite.

(17). For B € Ca, with u.(B) ~ 0;
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S |peldpne ~ 0

For (i), we have, by Lemma 1.19, that p,|4 is finite. It follows, using
overflow to {n € *N : 3z € A, p.(x) > n}, that there exists a constant
D € Ry, with |pg|a| < D. Then;

Salpsldpe < C [, dpn
= Cpx(A)
which is finite, and;

fB ’pn|d,un S CfB d/%
=Cue(B) ~0
It then follows, by Theorem 3.20 of [5], that;

° fA Prdpv; = fA OpndL(IUN)

as required.
0

Lemma 1.24. Let notation be as in Definition 1.22, then the transport
Visis of V, is finitely bounded. Moreover, [, °p.s, dL(j,) is finite and;

Jv o dL(pin) = [y, prtrdL(pi)

Proof. For the first part, choose ¢ > 0, with V' C *B(0,7 + ¢). Using
the proof of Lemma 1.7, we have that, for sz, with sz(t1) € Sy;

|sz(t2)| < |sz(ta)| + Gt — 1)
§T+€+G(t2—t1) =F

We then have that, as T, is infinitesimal, that Z, + st~1(B(0, £ +
1)) D Sy, .., so that the transport Vi, ,, C T, + st (B(0, E + 1)) C
T, +*B(0,°(E +2)). As °(E 4 2) € R+, we obtain the result by Def-
inition 1.20. For the second part, keeping the same notation as above,
let W = (T, + R.) N *B(0,r + ¢), then W D V is internal and, by
Lemma 1.19, p,, is finite on W. By the argument in Lemma 1.21,
we can find a constant C' € R~o, with |p.+ |w| < C. In particular,



THE CONTINUITY EQUATION AND PARTICLE MOTION 21

|t lv] < O, so that [°p.4, |v| < C. It follows that;

| [y P dL(pin)] < [y °pwn AL (pr)|

< C [, dL(pu)

=C fin—o—st*l(B(ﬁ,r)) dL(pur)
4Cwr3
= C fy,y = 45

as required. We claim that if § € Ry, NV}, 4,, with sz(t3) = 7, then,
for all € € R, there exists Z € Ry, N(Tx+*B(0,74¢)) with sz (t1) = Z

and sz (t2) ~ 7, (1). Suppose not, then for every w € R;, N*B(0,7+¢€),
we have that |s;_(t2) —y| > 6, for all infinitesimals 0. Let;

Z ={py:we€ R, N*B,r+¢)}

Then, as R;, N *B(0,r + ¢) is *-finite, so is Z. Define g on Z, by
9(Pw) = |U— sp..(t2)|. Then, using the fact that |g| > J, for all infinites-
imals 9, by the usual underflow argument, we can find v € R+q, with
lg| > 7. Let K = (7, + st 1(A°) where A is the closed ball;

}

Then, A¢ is an open set such that § ¢ T, + st 1(A°). As T, +
stTHAS) D Sviytes Viety C T + st7HA) N Vi 4y, so that § € T, +
st™!(A°), a contradiction. For the next claim, let r,, = (1 — 1), then,
using the notation in Definition 1.25, we claim that Wy, , C V and
Wi torn € Viits, (8). The first part of () is clear. If W, = st™(Z;),
with T, + W; D Svi,4,, we have that =, + W; D Uy 4y, and, if
T € Wytsrn, we can find w € Uy y,,,, With T ~ w. Using the
fact that Z; is open, choose € € R~q, such that T, + *B(w,€), with
T+ B(w,e) C T+ W, so that T € T, + W,. It follows that T € V;, 4,,

proving (#). Using the result of Lemma 1.26, we have that;

A={zeR3: |z-°y| <

(]

thla’“n pnd,u% - thlth»Tn pﬁdﬂﬁ (mj)

so that, using (fff), Lemma 1.23, for all r,,, with n € \;

fv *prdL(pu) = fwtw.n °prdL(pu) + f(V\th,rn) °prd L(pur)
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~ S Prie + Jow, ) “PrdL(p)
S, SPrdL(pe) = [y,
= thl,

= thl,Tn pl’idl’bl’i _’_f(‘/tl,tg\wtl,tQ,rn) p,{dL(ILLH)

opmdLO%) + f(th,tQ\th,tQ,m) OpndL(,UN)

7t2 sT'n

pnd'u% - Lw1vt2\Wf1»t2yrn) opHdL(/J/H)

thT‘n

(ﬁﬁﬁ:) fv *prdL(j1x) — f(v\th,,«n) *prdL(j1) + f(th,tz\WtLtz,rn) °prdL(py)

As maz(|pxlv]; |pelvi, ., |) < H for some H € R, we have that;

oy “PeL80)| < (4 Do) (VA Wi i,)
| f(VtLtz\Wzl,tz,rn) OpndL<,uH)| < (H + 1>L(/LH)((V21¢2 \thvt%?”n)) (* * *)

By the proof above, we have, for any 0 € R, that if z € V}, 4,,
we can find ¥ € T, + *B(0,r 4+ §) with Sp,.,, (t2) = T. Suppose that
T & Wiy, then if § € T, + *B(0,r,_1), we claim that we can
find ¥ € 7. + *B(0,r,), ¥ ~ ¥, such that 7 € JSE*/t (t2).t2, Where

y,t1

vk = [xi/k], for 1 < i < 3, (8tf), contradicting the fact that
T ¢ Wt1,t2,’/“na so that y ¢ f:‘i + *B<6a Tn—l), gl ¢ TH + *B(ﬁv ’f‘n_g),
T € Wi, 90 s1+6- To prove (Hft), let Wy be the nearest neighbour to
7', and let ¥ € Ry, with Spoy (ta) = wz. Suppose that |7 — 7| > e,
for some € € R, then, using the proof of Lemma 1.12, we have that
Wz —sp,, (t2)| = De, for some D € Rug. AsWy =T =T = 55 (I2),
we obtain a contradiction, so that i ~ 7. Asy € Z, + *B(0,7,_1),
and § ~ 7, clearly ¥ € T, + *B(0,r,), as required. It follows that
(Viyto \ Wiy torn) € Wiy torn_o1+6- 1t follows, using the final result of
Lemma 1.26, that;

L(MH)((W17t2 \Wt17t277'n>> < L(MH)(Wt1,t27Tn72,1+5)

= MH(Wtth,Tn—zJ-i-(S)

S D(1+5_71n72)
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An easier calculation shows that, for arbitrary 6 € R+, we can find
a constant F € R, with;

L(Mn)((V\Wthrn))
S E(14+68—r,) (%% %x)

Letting n — oo, and using the fact that 6 € R+, was arbitrary, the
results of (#11), (x * %) and (* x *x), we conclude;

thl,tQ °pdL(fiy;) =~ fv °prdL(fir)

and, therefore;

fwl’tz °prdL () = fv °prdL(fi)

as required.

Definition 1.25. Let {r,ry,r2} C R~o, with 1 < ro and {t1,t2} C T,
finite, with t; < to, then we define;

Uyr= RN (Tx +*B(0,r))
Viir =" Uger,, Jou

Wir =" Usen, Vo

Uty a0 = {8p,,,, (t2) 10 € Uy, 1}

%
‘/t1,t2,r - UEGUtl,tQ,r‘JE’Q

__ * 7
Wt1,t2,’r‘ - Ufe‘/tl,tQ,r‘/x

Utl,’l”l,TQ = Rt N (EK + *A(67 T1, TQ))

_x
Wlﬂ“lﬂ? - UEEUt,ertl

_ k
Wt1,7‘1,T2 - UEeVme
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Ut1,t2,7"1,7”2 = {Sﬁmzl (t2) Tw e Utlﬂ“}
I
‘/;‘/17t277‘177‘2 - UweUtl’tQ,r‘]W,h

.
Wt17t2ﬂ"1ﬂ"2 - UEEth,tz,er

where B(0,r) ={z € R®: |z| <r} and A(0,r1,m) ={Z € R®:r <
2| <12}

Lemma 1.26. We have that {Us », Vi, rs Uty oy Viy o} € *-finite,
{Wh, oy Wiy 150} are ., measurable, and there exists a constant C' €
R0, with (Wi, 1) < Cr3. Moreover;

S, Peiin = Jyp, . prdlp

We have that {Utw’lﬂ’z? thﬂ"l T2 Ut1,t2,7"1 T2 ‘/tht277’177’2} are *—ﬁm’te, {thﬂ“lﬂ“w Wt17t277’177’2}
are w,, measurable, and there exists a constant D € R~q, with p,, (Wi, t,,) <
D(T’Q — T1>, T > %, ro < 1.

Proof. The fact that Uy, , is *-finite follows from the facts that (Tx +
*B(0,r)) is internal, R; is *-finite, and an internal subset of a *-finite
set is x-finite. V}, , is *-finite as each Jg, is *-finite, Uy, , is *-finite
and a x-finite union of *-finite sets is *-finite. Uy, 4,, is *finite as it
is in internal bijection with Uy, ., and V;, 4, , is *-finite, for the sam
reason as Vi, . Wy, and W, 4, , are u, measurable, using Definition
1.20. For the next claim, choose wy € Uy, ,, then, for any w € Uy, ,, we
have that |w —wy| < 2r. It follows, from the proof of Lemma 1.9, that
there exists a constant E' € R, with [’ — s, , (t2)| < Er, for any
w € Uy ppr T €V, 4, r, then there exists W' € Uy, 4, » With @ € Jy 4,
and, by (f) in Lemma 1.19, we have there exists a constant F' € R+,
with |7 — @'| < in It follows, by the triangle inequality, and the fact

v
that \/%7 is infinitesimal, that [z — 3, (f2)| < Er + \/% <(E+1)r.In
particular;

th:t?v’” C *B(S%o,tl (t2)> (E + Q)T)
C *B("S%O,tl (t2), (E+ 3)r)

C st~ (B(°sp,, ,, (t2), (E +4)r))
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It follows that;
MK(th,tz,T) = L(Mﬁ)(Wthtz,T)

< L) (st (B sp, . (12). (E + 1)

_ An(E41)33
- 3

and;

/“LK(th,tQ,T) S CTS? where C' = M

We have, using Definition 1.18, that;

3 —
1« Z ﬁjpn(p@,tlao)
H% a:Eth,r T]%)‘E,tl

_ Z* p’l(zﬁ,tlﬂo)
xEV,sl,r ,rlj Aﬁ,tl

% Z Pn(ﬁw,tlao)
- weUty ,r 77%

% Z Pn (%,tz ,0)
- EeUtl,tQ,r 775

thl’r pﬂdun =

pn(Pw=, 14 :0)
— Taers o,

T 3
$6Vt1,t2,r n2A

Wt

3
%2 py (Pa 15 0)
L R A— thl - pﬁdﬂﬂ

1
e ADDCT Fu
Simﬂ%ﬂ% {Ut177'177'2 7_‘/151,7"1,7"27 Utl,tz,mﬂ"w W17t2,7’1,7’2} are *'ﬁnite7 replac—
ing *B(0,r) with *A(0,ry,r2)), and the same for {Wy, , ro, Wi, taryra |
being p,, measurable. For the last claim, we can cover A(0,r1,75) with

Ny, open balls B(T;, 5™ ), where each x; € A(0,r1,73), such that,

for ri > 2, each B(Z;, 25) C A(0, 3“%, 3”%), We have that;

Ny rpvol(B(T5, 257)) — vol(T') < vol (A(0, ?“T_”, 37“27_“))

W}}llere T is the set of overlaps, and clearly vol(T') < vol(A(D, 2172, 3r2=ri)),
so that;

5 3r1—rg 3ro—rqy
k) 2

— —r 200l (A0, —2,=—=2—-1))
UOZ(B(ziv ng ! )) S NT.?,.Q . (*)
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and a corresponding result holds for the transfers. We have that;

‘/;‘/177“177“2 - Ulgiger” V@,tlﬂ”

3vol(A(D, 212 22 y) )
27 Nry g )

where Vz, 4, , is defined by Z,+*B(Z;, ') and, by (), 7" < (
(x%). By the previous result, using (*x*), we have that;

th,tw‘lm - UlgigNTlm2 V@,thtm?”

V@',thtmr’)

Wiy 1 m0) < NH(U1§Z‘§N7

S
< NTl o TAT; (,ufi (‘/@ Jt1,te,r! ))

/3
< CNH T2 4%

AwC Ny g 3v0l(A(D, 2272 31211 y)

S 3 27 Nry ,ry

= 6Cvol(A(D, 212 3ra1y)

< 6mC (25 ) (4(rg +11) 4+ 16(ry — 11)?)
= 37C(ry — 1) (4(ra + 11)? + 16(ry — 11)?)
< 31C(ry — r1)(16 + 16)

= D(ry — 1)

where D = 96C.

O

Lemma 1.27. Let {Z,y} C R be finite, and t € T, finite, with T # 7,
then, for v > n?, there exists Cyzy € Rso, with;

(14 S5~ = —p)E = 7] < [sa(t) — s5(0)] < (1+ Tz 7]

Proof. The second inequality follows by a simple adaptation of the
proof of the last part of Lemma 1.9, noting that ((1 4+ <)MI-1 <

(1+ %)[”t]. For the second part, suppose that;
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[s5(t) = s5()] < (L + )7 = )7 — 7] (+)

v2

As in Lemma 1.12, using (%), letting 7' = sz(¢) and ¥ = s3(¢), we
have that;

[sz,4(t) = s (8)] < (1 + ) s(t) — sy(t)]
<L+ (A + )M = )z — 7]
)[vt]

1+ _
=(1- V—%)W — | (%)

By (1),(111), of Lemma 1.12, there exists E;z5 € R0, with;

maz ([T — sz, ()], [J = sy ()])| < =55 (ke %)

so that, by the triangle inequality, using (), (* * *);

_ | _ 2Bizy -
[z -yl <=+ (0= —p—)lz -7l (1)

: - = 1 1 :
If v > n?, then, using the fact that |7 — 7| > 75+ 80 that == < \/I;
v > 2Et’f,yl/%’r]% 2Et7§7g1j%

(15D = 1Sz
so that;
o Ctywt)
s L m - <0
v2

and, from (}), we obtain the contradiction, that |7 — 7| < |T — 7|
so (x) fails, and we obtain the result.

O
Lemma 1.28. With v > n?, let T € T+ R, be finite and let {t;,ts} C
T, be finite, with t; < ty, and t1 ~ ty. Let W, € Ry, and Wy € Ry, be

the nearest neighbours to T at ty and tz, then Py, 1 = Py, 41, -

Proof. Suppose, for contradiction, that [Py, ;, — Dg,s,| > € for some
€ € R~o. We have, using (}) of Lemma 1.19 that;

|5, 0, (t1) = S5, ,, (E2)]
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= |w; — wo|
< |[w, — 7| + [wy — 7|
< 271% ~ 0 () (can be improved for small ¢, — t)
where D = (34 2F)e™ + 6. We have that, using Lemma 1.7, that;

|55, 1, (t2) = 55, ()] < LT~ 0 (1)

v

as G € R~ and t; =~ 15, so that, using (x), (xx);

|5, 4, (t2) = S5, ,, (E2)]
< spy, 0, (B2) = S5, GO+ 555, (01) = s, (T2)] 220 (%)

By Lemma 1.27, we have that;

Ciy\—T[u — —
|8pm17t1 (t2> - Sﬁmg,tQ (tQ)‘ 2 ((1 + 72) bt — V%)‘pﬁl,tl _pﬁg7t2’

= ((1 + %)_[Vﬂ — L%)g

v

(1+C%)7[Vt]€ e 2

> 2 >

which contradicts ( * %), as required.
U

Definition 1.29. For {n,m} C N, with the rounding down convention
on [,], we define R, = {7 : % =ux;, for1<i<3}. ForT e R,
finite, we define a path 5, .,z inductively on Ty, by;

gn,m,i(jil> - gn,m,f(%) - %

,”—Z‘)z),forogjgm —1
For zinﬁmte {n,v} C *N, let5,, : R, x T, — Rf;, be defined by

S (T, L) = 5,,2(2), 0 < j < V2, where 5,5 is obtained by transfer

- . *J .
from Sy mz, using w5 and the usual wrap around convention. Denote
also by s, ., the p, X p, measurable version.

Lemma 1.30. For all infinite {n,v} C *N, finite (Z,t) € R} x Ty;
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(G alzer (%5l and (G255 ol

are finite, foz“ 1< §73, where, for f : R, x T, — Rf’], oy X [y
measurable, (%)77 and (%)U are the nonstandard derivatives. In par-
ticularly, 5,, is S-continuous, in the sense that, for {(z,t), (@', t')} C

Ry X Ty, with (T,t) ~ (T, 1),

S0 (T, 1) = 35,,(T, )

Proof. For {n,m} C N, letting the initial condition Z vary over R3,
we have, using the chain rule and the inductive definition, that, for
0 <k <m?—1, the functions 5y, ,n(T) = Spmz(T, %) are smooth. We
have, for 1 <7 < 3 that;

8§k+1,n,m o 8§k,n,m
ox; - Oz;
o (grad(ly) « S5z, grad() - =z grad () - )

|3§k+1,n,m ‘ < ‘ 05k n,m ‘
ox; — ox;

w(lgrad(Z) . B | 4 |grad(2) . B | 4 lgrad(Z) . )
< |Zezn| 4 Lmaz(lgrad(L)], |grad(2)], |grad(2 )])| Zez |
= (1+ ©)| Bz
It follows, by a simple induction, that, for 1 <17 < 3;
[ < (14 S g
= (14 &)
= (14 Z)m)=
< (% + 1), for £ <t t € Rao.

In particular, |M] < (e + 1) for 1 < j < 3.

Using the proof of Lemma 1.7, we have that, for {Z,7'} C RS2,
1 < j <3, that;
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|Skinm) i (@) = Skinn); (T)| < grad((Semm);)||T — T

ainm' 8777‘1%' 8inm' = -
< <| (Slé’x; )J’—i-’ (qu;; )J|_'_‘ (ng:; )]D|$/—CL"

< (e + 1) 4 (92 +1)F + (% + 1)) |7’ — 7

and;

[t (@) = Skam @ < 51 | Grnm) i (@) = Srnan)i (@)
< 3((e“ + 1)+ (e%2 4+ 1) + (eC2 + 1)) |7 — 7

In particular, it follows that, for 1 <i < 3;

VM (Sknm) (T + ) = V1S n.m) ()]

< B((e% 4 1)+ (€2 4 1)! + (% + 1)) /] |

=3((e" +1)' + (eP +1)" + (eP + 1))
It follows that for fixed {r, s} C R+
RE (VneN)Vm e N)(Vt,0 <t <s,t € TV, |z| <r

af € Ri”(agn’m)mli“ S Os

8371-
for 1 <7 <3, where Cy = 3((e“t +1)* + (92 + 1)* + (%3 + 1)*)

By transfer, the above statement holds in *R, in particular, For all
infinite {n, v} C *N, finite (7,t) € R} x T,, with [t| < s;

08,v
[(Z Inlzel < Csy (%)

and is finite, for 1 <17 < 3. We have, by the definition of a trajectory,
the nonstandard partial derivative, using the bound G; from Lemma
1.7 that;

05y
(5 vl

= GEpu (@t +3) = 500(T, 1)
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*J(Bn.w {Et)
(:um) “"]>| <G

For the next claim, we have, using the definition of a trajectory, that;

(82§n,u

9 Sn,v (T
Tnbt Iz = (M)n

ox;

A(f1:(5n.0 (T, O(f2t (5.0 (T, O(f3t (5.0 (T,
= (( (flt(ézw,i( t))))na( (th(ani( t)))>m( (f3t(8nxi( t))))n)

where f,(7) = J((;[ I and f, = (fie, for, faz)

We have, using Taylor’s theorem in the final step, see [7], and (x),
that, for 1 <75 < 3;

(AL E) = | S0 (Br(F + Z,1)) = f50(500(F, 1))

‘\/_((f]t (y1+01,y2+062,y3+33) — fi1 (y1,y2+02,y3+93)  fit(y1,y2+02,y3+03)— £t (y1,y2,y3+93)
91 ) P )

fit(y1,92,93+03) = fie(y1,92,93)\ 5
t(Y1,Y2,Y3 §3 it 123).5)‘

|(f]t(y1+51 ,y2-+02,y3+03) — fjt(y17y2+527y3+53) Fit(y1,y2+02,y3+03)— f5¢ (y1,y2,y3+03)
—_— 61 62 b

fgt(y1,y2,y3+53) fit( y17y2,y3))||\/—5|

o) I3,
= |(* aijl‘ (y1,y2+02,y3+03,t )7 am |(y1,y2,y3+53,t)7 s ‘(yl,ymys,t))H( o V)77|T,t‘

o)
< CS(‘*agi’ y1,y2+52,y3+53,t)| + | s ‘(y1,y2,y3+53, ‘ + | 8i;‘ yl,y2,y3,t)|)

< C (Zk 1 J,k t”)

where;

0= (61,02,03) =3,,(T+ \e}J) =500, 1), 7 = (Y1, Y2, Y3) = Sy (T, 1)

<

g;(@,1) = (229);

and we have transferred the fact that, for 1 < k < 3 and {t/,t"} C
Reg, U <t 1 < t";
j't’

Pt/ ) |
3$k

ng +
| 8:17k
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0j; 4

ZAg,t" dp

| oz, P! '7] t! sz |
pt’

95, L8
<1252 | gy | + |01 222 |
S Dj,k,t//Eji// —+ Evtl/Gj,k,t/’ — Hj,k,t”
for some {Djy i, Ejpr, Fjn, Gipans Hjg e} C Rso
It follows that;

O 5 (£t Gy @t
|( 8;7915 )77,1/|E,t| < Z] L |W>n|

3
< Cs Zj,k:l Hj ey

as required.

To verify the last claim, it is enough, by transitivity of ~, to show
that, for 7 finite, and € ~ 0, § ~ 0;

Sy (T +€er,t) ~5,,(T, 1)
STt +0) ~5,,(T, 1)

We can write € = f + 7/, where 0 < 7' < 7, then, using measura-
bilty, (*), and without loss of generality, assuming that r > 0;

|5, (T + €e1,t) — 5, (T, t)|
=[Sy (T + Z=€1, 1) — 5 (T, )]
< S B (T 4 e ) —5,,(F + Ley, 1)
—1 C

<y G

— Gir

=5 = 0
Similarly, writing 6 = £ + s, where 0 < s’ < %, and without loss of

generality, assuming s > (0, we can show that;

|§777V (f7 t —I— 5) - gﬁv”(f7 t)|
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G
< t+l«j+15 ~(

as required. O

Definition 1.31. Let {w;, w;} C Ry, with w; # w;, then we let H;;¢ C
*R3 be the internal hyperplane, defined by;

Hy,={z € "R*: |7 —w| = [z - wj|}
Fizing w;, we let H;; C *R3 be the internal hyperplane arrangement,
defined by;

e * ..
Hi,t - UTjeRth;ﬁﬁHw,t

We define an alcove Z C *R* \ H;; to be a x-connected component
of *R*\ Hi;, and, noting that w; ¢ H,, let Z; be the unique alcove
containing w.

Lemma 1.32. Let notation be as in Definition 1.31 and 1.18, then,
forx; finite;

Jzit = Zi N (T + Ry)

In particularly, Z; is x-bounded.

Proof. By Lemma 1.17, we have that Z, + R, C *R? \ H;;. We claim,
firstly, that Z; N (T, + Rx) C Jz,+. Suppose, for contradiction, that
we can find w € Z; N (T, + R,), with w ¢ Jz,;, then we can find
w; € Ry, with |[w — w;| < |w —w;|. It follows that any *-continuous
path from w to w;, would pass through H;;,, in particular Z; cannot be
s-connected. We claim, second, that Jz,; C Z;N(ZT,+ Ry). Suppose, for
contradiction, that we can find @ € Jz, ;, with w ¢ Z;N (T, + Ry), then,
letting Il z,, be the line connecting w and 7;, we must have that [z,
intersects one of the hyperplanes H;;;, otherwise we could construct
a *-connected space Z; U lyz, D Z;, contradicting the definition of a
component Z; as maximal. It follows that |w —7;| < |w — 7;| and T; is
not the nearest neighbour. For the final claim, if Z; is not x-bounded,
we can, using the transfer principle, for a given € € R+, find w,  such
that *B(wW,.,€) C Z;, and W, € T, + R is infinite. Clearly, we can
find 5 € (T, + R,) N *B(W,.,€) C Z;, so that 5 is infinite as well. By
the previous result, we have that 5 € Jz, ;, contradicting the fact in ()
of Lemma 1.19, that 5 € *B(7;, \%), so § is finite.

O
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Definition 1.33. Let notation be as in Definition 1.31, let Z; be an
alcove corresponding to a finite w; € Ry, let S;; be the x-finite set enu-
merating the x-convex components Vigy of 6Z;, with dim(Vig:) = 2,
corresponding to hyperplanes Hy,, so that 0Z; =~ UkeSit‘/ik»t' We de-
fine T}y, the relevant points to w;, by; 7

Tiy = {wp, e Ry : k € Sit, Vikr C Hz‘k,t}

_ We have that Z; is convex, so that, by the Krein-Milman Theorem,
Z; s the x-convex hull of the x-finite set V;, of extreme points, which
we refer to as vertices.

Lemma 1.34. Ifv € V,,, then there exist {Wg,, Wk,, Wg, } C Ti+, such
that;

U= Hikj,t N H’ik‘g,t N Hik‘3,t

Proof. Asv € V;; C 0Z;, we can find wy, € T}, with©v € Hy, .. Choose
a point p € Vi, with p # U, Suppose that v ¢ *Ukesi,t,k;éleik,ta
so that, as *Ukesi,t,k;éleik,t is *-closed, there exists € € *R.q, with
"B, €) N " Uses, , jor Hikt = 0, (x). As T € §Z;, we can find a *-
sequence (v,) C *B(v,€)N Z;, with n € *N, such that |v,, —v| — 0 and
ly, 5 N Hir t = D, (x%). As Z; is bounded, and using (**), there exist
points p, = l, 5 N* UkeSi,t,kyéleikat’ and, without loss of generality,
we can assume that p, = lg, 5 N Vigs for some k # k. By (%), we
have that |p, — U] > €, so the same is true for the x-limit ' € Vigs.
Clearly, v € l5, which contradicts the fact that v is a vertex. Suppose
that 7 € Hikl,t N Hik‘g,ta for ky 7§ k‘g, but v ¢ *UkESi,t,ké{kLkz}HikJ,
then, as dim(Vig, + N Vik,+) = 1, we can choose D € Vig, 4 N Vi, ¢, with
P # U again. Repeating the same argument, we can choose (7,) again
such that l5,5 N Hig,r = l5,5 N Hi,y = P, and obtain similarly a
contradiction.

O

Definition 1.35. Suppose that {t1,t2} C T,, with t; < to, and let Z;
be an alcove, corresponding to w; € Ry, , with w; finite. Fort, <t <o,
we define the shifted alcove Z;; to be the alcove corresponding to sz_ (t),
which we later abbreviate to wy. We define the shift to be simple, Zz’f;

(). Try = {sp(t) W € Ty, }
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(17). For every pair of vertices (0,v') € V4, x Vi, there exist unique
triples (ky, ko, k3) and (ki kY, k3) with;

v = Hikl,tl N Hik%tl N Hiks,tl
V' = Hipr 1, 0 Higg e 0 Hipy 4
(tii). U € Viy, iff the intersection Hi, 4 N Hypy 1 O Higy o of the shifted

planes defines a vertex v € V.

If w;, € Ty, we define the centre ¢;;, = 220,

2

Lemma 1.36. We have that there exists Sy, € R, with,

|(We) ]| < Sity

Proof. We have that ¢;;; € H;;; and for 7 € H,;;, we have;
<Z-—- Eijyt,wjt —w; >=0

so that with coordinates Z = (21, 22, 23), Wjr = (Wj11, Wjor, Wist), Wi =
- _ _ (winttwjie Wizt twjize Wizt +w;se
(Wi, Wige, Wist), Cije = (Cijers Cijea, Cijs) = (—rgrt, =220, =B 2d3)

the equation of the plane H;;, is given by;

S (Wi — Wik ze = Sy Cijen(Wike — Wike)

By (i), a vertex v; € H,, with coordinates Uy = (v14, vat, v3t), given
by the intersection H;x, 1N Hk, tNHig, ¢, is the intersection of the planes;

Zzzl(wklkt - wz‘kt)vkt = Ziq Cikltk<wk1kt - wikt)

2 2
. 23 (Wikt +Why ket) (Why kot —Wikt) 23 Wikt~ Wikt
- k=1 2 - k=1

2

Zizl(wkgkt - wz’kt>vkt = Zi:l Cikztk(wkgkt - wikt)

2 2
- 23 (Wikt+Whokt) (Whokt —Wikt) ZS Wiokt ~ Wikt
- k=1 2 - k=1 2

Zzzl(wkgkt - wikt)vkt = Ei:l cikstk(wk3kt - wikt)

2 2
o 23 (Wikt+Whgkt) Wiyt —Wikt) ZS Wiakt ™ Wikt
- k=1 2 - k=1 2
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which we can write in matrix form, as;

Aikl kzkgtﬁt = dikl kokst

where, for 1 <1<3,1<k<3;

2
Wikt

— w
(Aiklbk?»t)lk = Wikt — Wikt (diklkzkgt)l = Zi:l %

By the intersection property, we have that;

_ -173
Uy = (Aik1k2k3t> diklkgkgt

and, letting ()!, denote the nonstandard derivative;

(Et):/‘tl = ((Aiklkzkst)_lzlihkzkst):/|t1

= V((A’L'klekg(t+%)>_1aik1k2k3(t+%) - (Aiklkzk?,t)_laiklbkst)|t1
- V((Aiklkzkg(t—i-%))_l - (Aik1k2k3t)_1)8ik1k2k3(t+%)

+(Aik1k2k3t)71(diklkgkg(t—&-%) - dik1k2k3(t+%)))|t1

= (((Aiklkzk:at)_l)lydiklkgkzg(t-i-%) + (Aiklkzk?,t)_l(dilﬂkzkst)/u)’tl

FAikgigia) ™ 1A )"\ (5
= (T2 Vo Dy kg0 1) + (G 2295 (ikakarsn )y ()

det(Aiky kokgt

We have, using Lemmas 1.7 and 1.9, that for 1 <[ < 3, there exists
D, 1, € Ry, with;

v e
|(8¢k1k2k3(t1+%))l| = |Zi:1 klk(tﬁ%)z ik(tﬁ%)’

= 3llows, (1 + 9P = logg, (1 + D)l

= 31105, (0 + DI+ [0, (04 DD (opy, (b + D] = lopg, (01 + D))
< Dyt llog (4 D) = lop, (2 + 1))

< Dy 1alpg, (b +3) = 05y, (0 +3)]

Ap °(t1+2

)
ty+1 = =
S Dyyre 1w P, pm,’
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Choosing k sufficiently large, using Lemma 1.32, (1) of Lemma 1.19
and the fact that wy, , € T+, we can find 7 € Hyy, 4, vvlth |Z—wi,| < (’:}1

By the definition of Hj, ; and the fact that |ci, — Wiz < |2 — Wig) <

€+l we must have that Wk, + — Wig| < E{(Chad) , and, by Lemma 1.27;

VT B
C 1 C 1% 4(C+1 ° L@
|pwl —pwk ’ < \/t )2(1 + tl)[ t] < (\/JT; )(eCtz by 1) — \/’%z

It follows that there exists Ky, € R~o, with;

= Ap 1 °(t43) g0 i
|(dik1k2k3(t1+%)>l| < Dtl—‘,—%,le t+% (\/;‘L; )< o t+ 1) \/l%l (ﬁ)

We have, using Lemma 1.30, that;

3 wilktfwfkt /
|((dlk1k2k3t) ) |t1| |(Zk:1 T)y’h’

= |y, et |
1

— |sz ) (w?k(t+%) Wike) 2( kyk(t+1)" klkt)|t1|

ik(H_l)+wikt)(wik(t+l)7wikt)7(wk k(t+l)+wklkt)(wklk(t+ 1 )7wklkt)

., e : 0 T |
- k=1 2 t1
ik(t1+;)+w¢kt1)(wikt),/,hl—(wk k(t1+;)+wklkt1)(wklkt)ﬂtl

(w
_ |22:1 v ; 1 7 |

~ | S Wik (Wike) ey — Whgtty (Wt ) 14|

=| Zzzl(wiktl (Wike )y, |6y =Wty (Wit )y [ Wk ety (Wit ), |6y =Wty (Wriet )3 ||
= |(opy, (t1) = 05y, (81)) (0, ()] + (09, (1) = 0py, ()1 ]0pg, (E1)]

< lopg, (t) =05y, (E)ll(op, ()]0 [ H(op,, () =0p,, () ]ullop,, (2]

< o gy — B, 105, (D)) + Guas (05, (6) = a5, (D)l

< P 2 (03, (), + Gurl (954, (1) = 0, (1)1l

Mi v
S %Nitl + \/gGl,h maxEG*B@mkl ,WH—I)(’(%; It )17,1/

Z,t1

ilt ilt Kit
S \/l*l Nltl + \/_Gl tl Hl’l’ll \/l>l = \/lﬁl (T)
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so that;

[(@iararat )l | < Sy T = 2 (1)

where {Hlm, ilty s Kilt” Nz’t,, Gl,tl} C Rso, Ta = |ﬁ@ - ]_?ml |
We have that;

det(Aiklkgk‘g,h) - Zilﬂtl . (Zithl X Z’L‘ki?,tl)
where Zikjt = Wy, t — Wiy, for 1 < j <3
We have that;

Zikg(t—l—%) x Zik:g(t—i—%) - Zikgt X Zikgt
= (Zik‘g(t—f—%) - Zz‘l@t) X Zikg(t+%) + (Zik3(t+§) - Zil%t) X Zz‘th (*)
so that, using (x);

d€t<Aik1k2k3(t+§)) — det( Ay kakst)

Azkl t+1) (_ikg(tJr%) x Zikg(t+%)) - Ziklt . (Zikzt X Ziks:ﬁ)
= (
Zik3(t+%) - Zikgt X Zik3t)
= ( ika(t4+2) X Zik3(t+§)) — Nyt - ((Zu@(wﬁ)_

Djpyt) X Dty + Bigyer 2y = Dingr) X Digge) (1)

ik (t+1) T Aiklt) . (

ika(t4+2) X Aik3(t+%)) - Ziklt . (Zikg(t+%)x

|
P

iki(t+1) — Aigyr) « (

|
|

By Lemma 1.30, and using the argument (}) above, we have, for
< Jj <3, that;

|A1kt|_ zkt

|Zz‘kj<t+g)— Al = I3 (5, — Bps, el < 755

where {Mi,s, Lik;t} C Rso. It follows, from (1), that;
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|d€t(Aik1k2k3(t+§)) — det( Ak kokst) |
<| (Zilﬂ (t+1) _Ziklt) | ’Zikg(tJr%) | ’Zikg(t+%) ’+|Z’iklt‘ | (Zikz(t+%) _Zikzt) | |Zik3(t+§) |
+|Zik1t||(zik3(t+5) — Dikst)| [ Dt

< Lo (Migyt Mipge Likyt + Mgy Mgy Likot + Mg, My, Likst)

3
vn2
_ Oikykokst ()
=== (1)
vn?2

where O kokst € Ro. In particularly;

|(det(Aikykost) )| < %— (M)

It follows that if t = 5 < ty;
|d€t(Aik1k2k3(to+t)) - det(Aik1/€2k3to)|
- ‘ Z (det( Zklkzkg(t()-f—%)) - det(Aiklkgkg,(to-‘—%))”

% —1
S Zf:() ‘det(Aiklekg(t(rk%)) - d€t<Aik1k2k‘3(t0+%)>’

Oik1k2k3(to+l‘)
v

<+ .

vn?2

< $Oik kokstoty _ WOk kokstoty _ 1Oikikokstoty
= = = 3

y’r]f 1/7]7 77?
fOI' maxogigs—l(Oiklk‘gkg (tO_’_%)) S Oiklk‘gk‘gtoh and Oik1k2k3t0t1 S 7?'>0'

so that;

Oi
|det (A kokst) — det(Aikykaks0)] < M

772
...Correction. det(Azklekgo) # 0, with coordinates - \f’ i € Z,implies
that |det( Ak koks0)| = <5, where M € Z.,. Same argument as below,

find ¢y € R~g, such that all triples (kikoks) with det( Ak koks0) 7# O
remain vertices fot 0 < ¢t < t3. Continuity argument, to exclude con-
tribution of vertices with det( Ak kokst) = 0, for some 0 < t < ty....
We have that ]det(Aiklekgo)\ = i%, so that, choosing some t3 € R+
U

for 0 <t < min( ,t3), with £ € R+, we have that;

Qolkl kok30ts3
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|d6t( Zk1k2k’3t)| S (ﬁﬁﬁ)

277
. . . 1
We restrict attention to 0 < t; <ty < mm(—201_161}€2I€3m3 , t3).
We have , letting ||, || denote the maximum modulus matrix norm,

and using the property, by transfer, from Lemma 1.37, that in *R?;
| Av| < 3v/3]|A|l[7]
[(cof (Aikskaksts) el = [lcof (Aims kot ]
= mal"lgl,kg:%(|00f(Aik1k2k3t1)lk|)
= maxi <y p<s(|(—1)F (Wey e — winre) (wkg(l,)a(k’)t — Wig(kt) — (Wl )kt
_wikt)(wkla(k)t - wia(k)t)D

I <3,k = ,uk(k S Ak), A = {1,2,3}\{k},
{1,2,3}\ {i}, 0 : Ar, = Ay, 0 # Id, 0? = Id, and

where for 1 <
I = [Ll(l S Al), A;
similarly for A;.

k,

We have, using the calculation in (f), for some C' € R+, 1 < k,1 < 3,
that;

(= 1) (why e = Wik (Wi o (73— Wi (hrye) — (Wer ekt — Wikt (Whyor ()t
—Wio(k)t)|

< Wi e —=wikee | [We, o ()t = Wior ()| [ W ot = Wit || Wy () — Wior (e

24(C+1)?

so that;
||<Cof(Aik1k‘2k3t1) |t1|| < : C+1 (WW)
It follows from (%), (88), (§££8), and using Lemma 1.37, that;

|Cof(Aik1k2k5t1) (diky kokat)y |t1‘ < 2.24(C+1)2 ztlﬁ?
dEt(Azk1k2k3t1) 77\/77
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- 48(0 + 1) ity — Qltl ( )

We have, using the chain rule, that;

cof (Aiky kokst
(det(Azklekst) ) |t1 ikikoks(t1+1)

. 1 (cof (Aikykokat)D)ilty \ 5
= ((—dEt(Azklkgk D ) lncof(A zk1k2k3(t1+§)) + det(Airy hyhgty) )diklkgkg(n-i-%)

(det(Aiky kokgt))ylty (cof (Aikykokzt)D)blty \ 5
= —_ CcO .
( det(Aiky kokgty )det(AiklekS(tl+ 1 )) f( ik1kaks(t1+= )) + det(Airy kpkaty) ) ’Lklkgkg(lﬁ—i-%)

(©)

By (&), (#11), (8888), (1), and using Lemma 1.37 we have that;

(det(Aikykokgt))lty T
Of( Zk:lkgkg t1+ )) )diklkzkg(h#»%)l

ikykak3ty )det(Aiklekg,(tlJr 1))

(det(A; Dol 5
< 3\/_|| det(A : Lot o cof(Aiklekg(t1+%))T|||dik1k2k‘3(t1+%)|

7~k1k2k3t1)det(Azklkgkzg(tl-F )

. (det(Aspy kokat))ylt T
3\/_’det zklksztlz);EtQ(Xitkl:2;3@“%))‘|dik1k2k3(t1+%)”|COf(Aik1k2k3(t1+%)) |

Ok kokst 3 Kty 24(C+1)2
< 1727301 1
< 3v3 n3 4n N

= 288\/§(C + 1)20ik1k2k3t1K’ilt1 <A>

(= det(A

We have, using (), (48), Lemma 1.37, that;

|( (cof(Aiklekg,t)T)Htl )E |
det(Aiky kokgty) ikikoks(t1+1)

< 33|l ”“:,’:f,fj;;j [ 1)
= 3V3l o ik ka1 1) |11 (0 (Aot ) ), L]
< 3\/§2H§K%H(COf(Aiklkzkgt)T)’ultlH, (B)

We have that;

[[(cof (Askararst) )]l = [1(cof (Aiskarae)y

= maxy<k<3(|(cof (A kokst)ir) 1. ])

= mazi < k<3 ([[(= 1) (Why o — wikee) (W o (k) — Wio (k1)) — (Wo kit
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_wikt)<wkla(k)t - wicr(k)t)]/|t1 |)

We have, using the product rule, the calculations in (f) and (f), that
for some {C}, D;} C Rso, 1 < k,1 < 3;

(= 1) (i ot = wikee) (W o (k)= Wi (ry2) — (W (kg bt — Wikt (Whyor ()t
~Wig(kyt)]1, |

= [(=1)" " (wr, wr—wire) | (wkg(l/)a(k’)(tl—i-%)_wia(k’)(tl-i-%))+(_1)l+k(wkl/k’t1
—Wikrty ) (W o k)t = Wio(kr)t) |ty = (Wartkyykt = Wike)' 6y (Wi (114 1) —
ww(k)(tﬁ%)) - (wa(kl)ktl - wikt1)<wkla(k)t - wia(k)t>/|t1‘

< |(wkl/k't - wik’t>/|t1||wka(l/)o(k’)(t1+%) - wia(k’)(t1+%)| + |wkl/k’t1
_wik’h“(wka(ﬂ)a(k/)t - wia(k’)t)/|t1| + |(wa(kl)kt - wikt)/|t1|

|wkla(kz)(t1+§) - wia(k)(t1+%)’ + [Wokpykts — Wikty || (Whyo(kye — Wio(k)e)' |t |

< gDy _ 4G1Dy
— VIV n

so that;

[(cof (A kakst) " )0 ] < 46'17171 (X)

and, from (B);

(cof (Aikykokst) D)o ley \ 5 3 Kiit, 4C4D
|( det(Alikfkjkgtl) )dik1k2k3(t1+%)| S 3\/§2n2 \/ﬁl i] 1

= 24V/3Ky, C1 Dy

so that, using (A), (C);

|(M)/‘ p |
det(Aigy kokst) viti ik1kaks(t1+-)

S 288\/§<C + 1)2Oik1k2k3t1 Kiltl + 24\/§Kilt1 ClDl = Ritl

and from (D), (E), that;
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|(T) |1, ] < Qity + Riry = Sty

as required.
O

Lemma 1.37. Let ||,|| be the mazimum modulus norm on matrices
and |,| the usual vector modulus. Then, for X\ € R, v € R?, we have
that,

[IAA[] = [Al[]A]l

|Av| < 3V3||All[v
Proof. The first claim is clear. We have, for 1 < ¢ < 3, and w; =
Z;’:l Bji€j, W = 23:1 p;€;, where B;; € {—1,1}, p; € {—1,1} noting
that ;| = [w] = V/3, that;

|A@)] = [(laril; [azil, |az]) « wi]

< [(lawil, [azil, |asi])|[wi]

= V3|(lavil, lazil, [az])]

= V30, lail?)?

< V3(Z- 141172

= 3[[A]|

so that;

|A7] = | 2, viA (@)

< Y il Al

< 3| Al X5 vl

= 3[[A[|[v . w|

< 3|[All[v][w]
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= 33 4|[7]

O

Definition 1.38. Let 5,, : R} x T, — *R* be as in Definition 2.29,
and let 5,,(T,t) be written in coordinates as (wz1, Wzar, Wzs). We let

dyy : R X T, = *R* be defined by;

3 e — Wz wcv Wz wz Wz wg

dy o (To, T1, T, T3, 1) = (D54 1“2 S 2“ S Sktg ARk
and A, : Ry? x T, — *RY be defined, for 1 <1,k <3 by;
(Zn,u(f(]?f17f27f3a )ik = Wzt — Waokt

Let U C R)? x T, be the x-finite set for which det(A A,,) # 0, and

= {(T0, 71, T2, T, ) ¢ (Fofh, TUAT, PR AL D) € U W de-

ﬁne Tpnu: V — *R3 by;

anl’(j(” T1, T2, T3, t) = (Zﬂ,v)_lc_lﬁ,u

Lemma 1.39. Using similar notation to Lemma 2.30, we have, for
1<i4,5 <3, that,
9°T,., =
( 83)1';8715 )7)7’/ ‘ (E()vfl ,T2 753715) = O

Proof. Let 15 : R;? x T, = R}? x T, be the elementary permutation
which permutes {71, 72}, and fixes {T3,t}. We have that;

(Zn,u(Tm(fo,Tz,fl,f:a,t)))lk = (Zn,u(fo,@,flj:;, )ik
= Wz, okt — Wrokt

= (Zn,u(fo, T2, T1, T3, 1)) ra()k

and, swapping the first two rows;

d€t<zn,l/) (T12 (T(b f27 fl; f37 t)) = det(zn,u) (f07 f27 fl? f37 t)

= —det(A,,)(To, T1, Ta, T3, 1))
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It follows that 715 leaves U invariant. Moreover, as, for (T¢, T1, T, T3, 1) €
U, (Zn,y)_lam,j 70717075, defines the point intersection of the three hy-
perplanes {Hzyz,: : 1 < k < 3}, which are permuted by 715, we have
that I'; , o 7o = I'y) ,. It follows that;

or
( 8?11 >V °© Tl2|(fo,fl,52@3,t) - V(Fﬂal’|(fo,fz,fl,f:;,(t—l-%)) - Fn,V|(fo,iz,§1,53,t))

= V(Fn,u © 7_12|(§o,§1,§2753,(t+%)) —Iy,o 712|(fo,fl,fz,fs,t))

= (Fr] v O 7_12) ‘(mo,xl,xg,wg,t)

or
= ( 87175’V)V|(5031,5233,t)

anu

so that (5k%), 0 12 = (8816 ), as well.

If follows that, for 1 < 7 < 3;

9Ty o',y
am:étkfo,fl,@,fg,t) = %(( 3 ) © T12) | @021 70 73,0)
ar a0
= Val((= ) O712)|(EO)<51J+?>32§3¢) = ((5g5)v © T12) | @051 2,73.,0))
T Ay
— VIS gy 2, — (D300
77 K K
o°T
= (Gapsi Inwl @212

92T
((a@n@t)n v © Tl?)'(fo,fhfz,fs,t)

0Ty, _ 0%y,
so that e, = Buaiii © T2 (N).

As A, A, = Id, we have that;

- =1
0(Ap 4, )
5 o 7 T ) = O

Ox1;
so that;
p— _71 J— _
(311]) (A )|(Eo,fl,fz,f:s,t)An,u|(fo,§1+%7§27537t) An,V|(§o,f1Ez,x3, )(t%cu) (A )|(a:o,x17x27x37t)
=0

and;
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(G ) 200) = Al o0 A 1

dzy; /M1 (T0,T1,T2,T3,t) — n.w | (To,21,82,3,)\ 9z, ;01 (To,T1,%2,T5,t) n v (fo,fﬁ-%,@,fs,t)
—1 — —1

= _An,u|(Togflyf2537t)Bﬁ»V (fl,t)An,u (K)

(Zo,T1+ % JT2,T3,t)
where;

((Eﬁ,l/”@ht))lk - (aa_gi (Elyt))k

((Eﬁﬂ/”(ﬁ,t))lk =0,for2<1<3

Similarly:;

A
(G )

(Z0,%1,T2,T3,t)

—1 — —1
= % (_An,u ‘ (To,Z1,%2,T3,t) BW,V | (1 7t)A’I7,IJ ’(

(P)

G
To,T1+ 5 T2,T3,t)

We have, using the product rule, that;

9T, 9?4, dn,)
(axlja;)7771/‘(50@13233715) = ( 89;]1;3;” )T),V‘(fo,fl,@i&t)
A" - -1 od
= %((( a;;ll]y )77|@0@1’52’53’25))%7’”|(EO,51+%,§2,53¢) (An,ul(fo,fl,fz,f&t))( 3;1: )77’(50»51@2,53,1‘/))11
A, oA, od,.,

= (8xljat)777VI(50751’52’53’t)dn’y|(fo,fl+%,§2,§37(t+%))+( 8131]' )n|(§0,fl,fz,fg,t)( ot )V|(EO,E1+%,EQ,ES¢)

oA od —1 8%d
(vl @0 7270 (G )l o0 2 2.1 29 F AR @071 72.70.0) (57,5 | @0 70 72 75.0)

(L)

By symmetry, we have that;

9Ty
( 8302]5;5 )777’/ ‘ (TOafl ,T2 753715)

o1
J— 9 A"?vl’

= oA, , od
- (m)mv|(fo,fl,f2,fs7t)dn,1/| - T

+< 8I2j )T]’(EO)El»EQ»ES’t)( ot )V‘(

I LY I 1 B T Tt L E
(To,Z1,T2+ 5 T3, (t+)) To,T1,T2+ = T3,t)

oA, , od ——1 0%d
_{_(_8;,,11 )u ’ (T0,Z1,T2,T3,t) ( 3;2’;’ )77 | (To,T1 7527537(,5_;,_%)) +A777V | (Z0,Z1,T2,T3,t) ( 3@]75; )n,u | (T0,T1,T2,T3,t)

(M)

Combining (L), (M), (N), we obtain that;
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024" oA, ody .,
(W:ét)n, (To,71,%2,73,t) n,u|($0 m1+f,m2,m3,(t+ ))+( axzj )n|(fo,51,§2,53,t)( ot ) ’(Io x1+f,x2,§3,t)
oA, ody.,, 1 0%d,.,,
+(T)V|(fo,fl,fz,fs,t)( 1 )n|(§0,§1,§2£3,(t+ ) + n, le (Zo,%1,T2,T3,t )(m)n,llkfo,fl,fz,fs,t)
82A = A"
(312 Bt) Tl?l(fg,fhfz,fg,t)dn,l/ o T12|(.’,E0,I1,I2+\/—,I3,(t+%)) ( 8;;2]; )77 ©

ad
7'12|(f T1,T2,T t)(ﬁ)uoﬁﬂ T T Fod L F
0,Z1,%2,T3, ot (mo,m,zer\/%,xs,t)

——1

04, od 1 0%dy,.
+(=F )07—12|(w0,z1,w2,z3,t)(3x2 Jn® 7—12|m0,:c1,x2,a:3,(t+ +An,y°ﬁ2|(fo,51,52,53,t)(W:’m)n,

7-12‘(50@173327363715) (O)

We have that;

— - _Tl 2

di © 7_12|(Eo,f1,fz,is,t) = dml/|(fo,§2,§1,fsat) |(9607x1,w2,w5,t)

where, for a vector 7 € *R?, 52 is obtained from T by swapping the
first and second entries. A similar calculation shows that;

(aﬁw

ot )I/ o 7-12|(fo,§1,§2,53,t) - (%

T2,
ot )V |(xo,w1,w2,$3,t)

We have that;

— —T12
Aml’ © Tl2|(fo,f1,f2,f3,t) = An,u (%0,T1,%2,T3,t)

T12

where, for a matrix A € *R?, A" is obtained from A by swapping

the first and second rows.

It follows, as A, A,7 , = Id, that;

I =101 = (znyz;i) o T12

= (Zﬂvl’ @) T12>(Z;11, e} 7'12)

T2 1
- Anvv(An,V

0712)

so that;

—1 —1

A, 0 Ti2 = (ZTH)_l = (zn 1/)7'12

7]7” 7]7”
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where, for a matrix B € *R”, B,,, is obtained from B by swapping
the first and second columns.

Similarly, we have that;

oA AL
(5w 0 Ti2 = (58 )0 )

We have, using Lemma 2.30, that;

%1]‘ (37],1’ | )77 ’ (50,51 ,EQ,ESt))

2 2 2 2 2 2
9 (Z?) Wkt~ Wagkt 23 okt~ Wkt 23 wf3kt_wiokt)
Oz k=1 2 ’ k=1 2 ) k=1 2

2
Wz

3
- %(Zkﬂ glkt ;0,0) @)

oz, (8):07 (1)
= (i(lT% 07 O)’fl

- (%a%(o-fl (t)) . (Ufl+;ﬁ<t) + 0z, (t))a 0, O)|51

05y, —
=~ ((Far Inl@ o « Snvl@n, 0,0) (F)

Similarly, using (F'), we have that;

5 —
%jat (dnﬂ/ ‘ )77711 ‘ (To,T1,T2,T3t)

= 5i((5a5 (0 (1) - (%ﬁ%(t) + 0z (t+7)),0,0)[z)

95, 95,

050 = :
~ ((Fesnwl@n «Snvl@n + (Gl - (Gl @), 0,0) (G)

It follows, by symmetry, that;

%2]' (EZW:V )l @o,21,72.73))

5 (1) - (0, 5 () + 02, (1)), O)l,

Inl@2,) * Sl @2,t),0) (FY)

|

:(07%

¥ Q

~ (0, (G
and;

% (EU,V | )77 O Ti2 ‘ (Zo,%1,T2,T3t))
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= % (3777’/ ’ )77 | (To,T2,T1,T3t))

= (0,35 (0m,(t) « (o, = (8) +02,(1)), 0)f,

95,0 -
=~ (0, Gz Inl@o) « Snal@n: 0) (F7)
Similarly:;

32
m( n,u|)n7u|(§0,§1,fz,§3t)

= 5:((0, 355 (om, (1)) - (Um%(t) +05,(t+ 7)), 0)lz)l

49

025, — e 05y
= (07 ((W%})%Vk@,t) . 877,11’(52,75) + ( dz; ) |(£K2 )" ( )V|(E2,t))7 0) (G/>

and;

2
%jat (dmy | )77"/ © T2 | (To,T1,T2,T3t)

2
= 8$82]8t (dW:V ‘ )77:1’ ‘ (EO 12,71 7f3t)

- %((0’ %a?c (Uffl (t» - (051_,_%“) + 0z, (t + %))7 O)lfl)lt

0%3,, - 05y, OSn,v
~ (0, (Gt Invl @ Snvl@ o + (G nl@n - (Fi)l@n), 0) (G7)

By symmetry, using (K'), we have that;

A} — — .
( 8:;2];” )77|(E07517§2v§37t) = _A777V|(50751752753775)0777V|(§27t)‘/477,1/|(f0’fl’§2+\i}7§37t)
n
(K7)
where;

(Cra)l@an)zr = (5 @t

((Unw)|(@,t))zk =0,forl=1o0rl=3

and;
314"
(6;1: ) 07-12|mom11213t)
——1
= _Any o 7_12| (Zo,T1,T2,T3, t)CnV o 7_12’ (T2,t) Any o 7—12‘ — 71752_’_& Tat
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_71 J— —_—
= _(An,u)Tm|(fo,fl,fz,@,t)On,V|($1, (A v )7’12|

and, similarly;

62A
(BwQ ot )77, © 7—12|(Jfo7131,r2,x3,t)

—1
- %(_( n,u)ﬁz‘(fojl,@@g,t

It follows from (O), that;

9 1

oA oI ) 7
at( n’y’<$0,$1,$2,$37t) 7771"(331775) n’U|(EO751+%,527E37t))V n,v

(A, | @71, @3715)37,1/ @)

oAt
—(

%))7 07 O)|§1)

—1
_An,u|(5031,52,f3,t)(%((%%(051 (t))'(o-flJrﬁ (t)_‘_o-fl (t_‘_%))a 07 O)lfl)lt)

—1

Al

—1

)67771/ | (T1,t) (An,y)Tm |

e
(xo,x1+7]ﬁ7332

o ol @omrmamat) (o (0o, (t + )« (0,

vl
—1

(

_ € _
xoﬂcl,x2+ﬁ,9«“37t)

ad
o) (P,

= % ((An,u)ﬁz |(fo,51 ,52,53,15)67771/ | (T1:t) (An,u)‘f'm | (To 1 ’E2+%@3’t))

(( v )7’12| (%0,T1,%2,T3, t)an71/|($1 t)(z )T12|

Cancelling terms, it follows that;

W arest

E(An,u|(io,fl,52@37t)§7hl’|(501, t)

—1

+(A7] l/| (T0,71,%2,T3,t) 777V|(x17t) n V|(£B0 T+

—1

77’”| (Zo, I1+f z2,T3,

v’

—1

e
$07$17$2+ﬁ7$37t

7 2,23,

t) )Vdan

ady
) (Zae),|

= %((Amu)Tu|(fo,fl,f2,53’t) 777;/‘(51,15) (An’V)TIQ‘ (Zo,71 $2+f 3 t))

S e; _
(3307901,!132-*-%71"3715)

K//)

—5T12
vemw

35712

ven,v

Oy 1
(e

)v (P')

(To, 71 +% T2, T3, (t41))

e
(xo,x1+7]ﬁ73327333,t)

(t+ 1) 4 oz (t +

(EO \T1 7§2+% 7537(t+ % ))

o €
(@0, 71,2+ 7 T3,t)

azﬂj)V)le’(50,51@2,53,15)((07%%(Ufl(t—i_%))'( — +\}<t+ >+0'51(t+

(50,51+%752,53,(t+%))

o
(wo,w1+ﬁ7w27$37t)

(EO 751 7§2+% 7537(t+ % ))
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odn v
) (Cae

(( v )T12| (%0,T1,%2,T3, t)UW/|($1 t)(z )T12|
(0")

e '
(T, 71,2+ f5 T3, (wo,m,xz-ﬁ-ﬁvm,t)

so that, by the product rule;

—1 — —1
(% (An,zx ’ (%0,T1,%2,T3,t) Bﬁvl’ ‘ (flvt))VAW7V|

_71 E—
1 ))+An,u | (ZTo,@1,T2,T3,t) B’?»V (T1,t)

_ 5 _
(To, 1+ 75 T2, T3, (14

9 = —
3_( 77’”| mo,m1+7,x2,x3,t))l’)dn’y|

(fo,fl+\i}752’f3’(t+%))
ddy.v
77$27$37t))( 87; )V|
1

— 1 N
= (% ((An,V)Tm |(fo,51 ,52,53,15) v ‘ (fht))l/(An,u)TlQ ’

——1

- 1 —T
+(A77 u)T12| (%0,T1,%2,T3, t)Cn V|(I1 t)%((An u)T12| ) )d »

(To,Z1 af2+7 T3,t) my (50751,524-%,53,@4—%))

Adp v\ 1+
(e

+(An,u|(fo,§1 \T2,T3,t) TI V|($1:t) 7, V|(w0 F14 (EO,§1+%,§2,§3,t)

(To,T1 $2+f7$3,(t+ )

(( nv )7'12|51307501756271337 777l/|(9617 (Z )’7'12|

(O//l)

e 'y
Io,x17r2+ﬁ,xs7t (xoyw1,wz+ﬁ,l“3,t)

and, noting that;

_71 p— _ p—
An,y|(50,51752753715)B7I7V|(§17 (A )7’12| xo,ﬁ,fz,fs,t)cﬂﬂl|(§1,t)
we obtain;
— 1 — — —
(32("477,1/’ (To,71,%2,%3, )anV‘(fl,t))l’An,V’(50’51_’_%7527537“_’_ +An V’ (@0,71,7273.8) B | (@1,0)
—1 p—
51 (A ) ),y

_ e _ '
(To, 1+ T2, Ta,t) (xo,x1+7%,$271‘37(t+%))

—1 — —1
+(A77,V | (To,T1,%2,T3,t) B"]vl/ | (51715)"471,1/ | o 7f1+%752 T3,t)
— — —1

= (% (An,l/ | (To,%1,Z2,T3,t) anl’ | (Z1 ,t))V (An,y)Tm |

ody., )
) ot )”|(fo,fl+%,@§3,t)

(Zo,Z1, 962+f $37(t+ )

1

F) =712 B
n, I/‘ (%0,%1,%2,T3,t) nu‘(xh 8_((AT7 V)T12| (Fo,71, Zz—l-f T3 t)) ) n,v (50’51’52_’_%33’@_’_%))

+A_

! ad
+An u‘ (%0,T1,%2,T3,t) T],V|(§1,t (An 1/)7'12‘ z o= &= ))(#)7/—1%

S
(@o, @1, T2+ 5 Tt (@0, 71,72+ £ Tat)
(O///I)

As;
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e 7'
( n,V )7'12| t))l/ 'ryli|

= e T I 1
(To, 11,12+f,963, (To,Z1,T2+ 75 T3, (t+ 7))

-1

)|
((a(A,,V)) ) | d "
ot v)Ti2 (Zo, xl7x2+7 Z3,t) Y (xo,xl,x2+f7$37(t+ )
— ( n,v)) | €
at vl (Eo,ihizﬁ-ﬁ,fs,(t-kﬁ))
_ Odyy
( 77V)7—12| (0,71, x2+f T3 t))( 87;’ )17;12|
ady .
)] )(F5e)|

we obtain that;

= (A - d -
( (507517§2+%7537t))y 77”/|(Eo,fl,f2+%7i3?(t+%))

o e; _ v
960,961,9624-%7333%) s

o
(fro,wl,IQJrﬁ,xs,t)

e
(ZTo,Z1, x2+f ,Z3,t) (360@17&72-&-%,333715)

(%(An,lx’(50751,52@3775)377711‘(flﬂf))VAn,zz|(§07§1+%752j37(t+ +Ar] y|(a:o T1,T2,T3,t )Bn,y (Z1,t)
m
a d =
ot (Aﬂ:l’| mo,m1+7,x2,x3,t)>V)dn’y|(fo,fl+%,f2,53,(t+%))

ady B
+(An,v|@0@13273337 ’77”|(f’31:t) m, V|(gc0 ;p1+7,x2,x3,t))( 877]5 )V|(§031+%,@@3,t)
_ (O At _
- (E(An,u‘(fo,fl,fzisﬂf)Bn:V‘(fli))VAn,u (50751752+%7§37(t+l))
—1 — 8 -1
+A7””‘(EO’EI’@’%’”BW’V|(El’t)E((An"/)|(50§132+%7E37t)) 2 n’”' (To, 71 »’02+7 T3, (t+ 1))

)(Ynary |

_71 — —_—
+A,, | @o 71 72.75,0) Bl @1.0) (A, )|
(O/////)

=
(To,71, I2+7 \T3,t) (@0, 21,2+ 7 Tat)

Rearranging, we obtain;
9 (A oo mamans Bl e . i . -
Bt( v | (To,Z1,%2,73,t) P, V| 501775))”[ n’yl(foﬁlJr%,fmfs,(twL%)) 777V|(§O7§1+%’§27§37(t+%))

]

77"/’ $0,$1,$2+f,x3,(t+ ) 77’ |$0151152+%753,(t+%))

o (7! d
+An7,,\@0,f1 F,70.0) Bl @10 [E<An,l/|(50751+%,§2,§3,t)>”d’7”’|(foil+i¢%@@3v(t+%)) B
24" . d
8t(A777V| (@01 T2+ Tsyt))"dn’ |(”30 Tt 1 ))]
ddy .
+A77 V‘ (To,Z1,Z2,T3,t) n,u‘(ﬁ,t)[An,l/’(50,514-%,@,53,15))( 87"57 ) |( B

V= = | ¢ — —
fﬂo,m1+ﬁ@2,fﬂ3,t)

_ 637”, _ _N 1
n’”’(fo,fl,f2+%@3,t)>( ot )’"(fo,fl,fﬁ%@s,t)] =0 (0"™)
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so that, using the product rule twice;

A Byl )W[T . T .
8t( n,u’(moﬂh,rz,rs,t) 777'/‘(11,15))1/[ 7771/‘(fojl-yﬁ,ig,fs,(t-i-%)) n’y|(Eo,i1§2+ﬁ,i3,(t+%))

Tl )]

_71 —
+An,u ‘ (To,T1,T2,T3,t) BW/ | (T1,t) [% (Fﬂ,l/

(To,T1+ 2 T2 T3 t) T0,71,T2+ - T3, t)
0,21 v’ 2,23, 0,71,L2 Nk 35

Y e P - SNy . T i
8t( 7’],V|(x07x17x27x37t) 777V|(1317t)[ n7yl(fo’jl+%’f27§3’t) 777V|(EO7§17§2+%753¢)

— 6 (O//////I/)
It follows that;

——1 o) My | Tny o
= 5 (Al @om w250 Boarl @ o [ (52 + o) @o.r mazs)] v = 0

and, by the definition of E,w]@l,t) and the fact that ﬁ; 11,\@031 F2,Fa,t)
invertible, we have that;

5 Ty . ory, . .
%(< %‘(fl,t)a ( aq:;; + 3:,:72]. )l(Eo,El,fz,Eg,t) >)1/ - O, (H>

so that;
I LI
< %Sjkflvt)’ ( 81‘?] 8:07;; )‘(5075175253715) >=c (I)

Applying 112, we obtain that;

05 Cyy | Olny _
< Bz, o 7'12|(El,t)7 ( dz1; ng) © Tl?l@o@h@,fs,t) >=c

and, using the proof of (V), for 1 < 5 < 3, we have that;

o'y, _ oy
8:E1j © 7—12 - amgj
ar,., _ar,,
83)2]' © 7—12 - 61’13‘

so that, for 1 < j < 3;

Ty, , Oy
%Sj (f2’t)7 ( 61}7;.7] 8$7;’3 )‘(Eovflvf%f&t) >=c (I,)

Subtracting (I’) from (I), we have, for 1 < j < 3, that;

5 oy . Ty
< %Sjkiht) - 88_1tqj|(f2’t)7 ( 856?] 8%‘”2; >|(§07§17§27f37t) >= O (IH)

]
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Fix j, and choose (T19, T2g, to) with;
93 93 5
%j‘@lo,to) - %j‘(fzo,to) 7é 0

and a path ZTy(s), 0 < s < g, So € Rso, With Tao(0) = Tag, such
that;

b5 - — 55|
dz; 1(@10.t0) T Bz [(T20(s),to+s)
is fixed.

Let;

- _ (Ol | 0Ty
R(z,s) = (8m1j + Oza; )’(50,510,320(8),E,t0+s)
Then, for any 53 with (Tg,flg,fgo,fg,to) € U, on some *B(fg,E),

€ € R0, we have that R maps *B(Ts, €) x [0, 50] into H(zyz,0,320,t0) C
*R3, where H (@0,710,720,t0) 15 the *-hyperplane defined by;

— [ o] 9s —
/H(fo,ﬁo,fzo,to) = {U < %j‘(ﬁo,to) - %j‘(fgo’to),v >= 0}

As R|+p(zs,0) % [0,50] is *-analytic on *B(T3,€) x [0, 50], in particu-
larly s-smooth on *B(Z3, €) x [0, so|, by the x-inverse function theorem,
there exists a smooth path 7, : (—=4,9) — *B(T3,€) x [0, so, such that
Rl = f. In particularly, transferring the property that the only
real analytic functions with a limit point of zeros, are zero, we can
conclude that R|«p(z,.ex[0,50] = 7, so that;

T, T, . T — = _ _
(81;;7]17] + 81;7;] )|(§0,§1,§2(s),27t0+s) = f(l'o,.fl,l'Q,to), S *B(x376) (]”/)

In particular, differentiating with respect to t;

Ty | 0Ty
(6t8x1j 8t8x2j )|(50151 \T2(5),Z3,t0+s)

(Vs (G2 N) T (8), Vaa ((5322)2)Th(5), Vo ((F2)3)To(5) | @01 a(s) wastoro)

(T (), ) (5), Tz (B )0) T (), Ty (2 )5 T (5)) o)t
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From (I"), differentiating with respect to T3, taking s = 0, we have
for 1 < k < 3, that;

9°T 9°T o
(3 o my.)|(i§iit)20
$3k8I1] 8z3kaaj2] 0,L1,22,23,L0

so that, taking the limit as 7o — 7, we have, as below, that, for
1<k <3,

82f,7,y o 82f7,,y _6
Ozr3,0z15 ~ OwgrOvo;

By symmetry we can conclude that, for 1 < j < 3,1 < k < 3,
1<a<b< 3

9T, -0
0rqrdzp;

By a similar argument to (IV), we have that;

o'y, _ Oy
8$1j — 89:2j OT12

so that, for 1 <57 <3,1 <k <3;

9T, _ 0°Ty,.
0x1,T1; 0z 11T2j

07'12:0

and, by symmetry, we can conclude that, for 1 <a < 3,1 <5 < 3,
1<k <3,

0Ty, 0
8$akzaj -

as well. In particularly, for 1 < d < 3;
(Vo ((522)0) = (72, (522)a) =0 (I"™)

From (I""), (I"), we obtain that;

8T, | 0°Ty. _7Q (7rmm
(ataxlj ataxzj)|(Eo,51,fz(8),fs,to+8) =0, (I )

Using (N), taking s = 0, we have that;

T 2°T
n.v o 9w
Ty, © 7—1]‘(1'07351735273737150) — 7 Otdxy, ‘(3307331@2,%3,150)
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Taking the limit as ;1 — Z», we obtain that;

P®Tnv| _ [
8t8x1j |A - 0

where A = {(To, 71, T2, T3,t) € *R™Z X T,,, 71 = 7o}

and we extend ggg; x-analytically to A. By the limiting property

of x-analytic functions, we obtain that;

0%Ty,,

Otoxy; =0

and, by symmetry, we have, for 1 < k < 3,1 < 5 < 3, that;

82?71,1/

Btaxkj 0

U

Definition 1.40. We say that two vertices {v1,02} C Vi, in the alcove
Ziy, defined by Ty, are connected if they are defined by relevant points
{(Sio (t)v Sz11 (t)7 Sz (t)v 5731 (t)>} and {(Sfo (t)7 S5z12 (t)v Szo (t)7 SZ30 (t))}, fOT’
t € (to,to + 6), with € € R~q, with the tuples (f(),fu,fgl,fgl,t) and
(To, T12, Tao, T32,t) lying in the same x-connected component of U.

Given an alcove Z;,, defined by Ty, with vertices Viy ={v; : 1 <i <
k(Zo)}, we have that, for any two distinct vertices, {v1,02} C Vi, the
edges €z, 5, and €z, s, intersect at To. Otherwise, without loss of gen-
erality, Vs € €z,3,, contradicting the definition of a vertex. For three
distinct vertices {U1, 02, U3}, we define Tz, 5, 5,55 0 be the x-convex hull
Of {fo,ﬁl,ﬁg,ﬁg}, so that Tfo,517@2,53 C Z@t. Let p € Zz',t; with P 7é f(),
then lz, ,, intersects 0 Z; 4 at q, with q € Vi, a *-connected component of
0Ziy, dim(Vige) = 2. If U € Vigy is an extreme point of Vi ¢, then it is a
vertex, otherwise it would lie on a line ly, 5, , with dim(ly, 5,NVire) = 1,
{U1:U2} C Ziy, and {y,,Ys} distinct from v, contradicting the fact that
U € Vigr. As dim(Vigy) = 2, it has at least 3 vertices, and we can pick
{v1,02,03}, such that ¢ € Hy, 5,5, In particular, it follows that;

__ k T
Zut - U(m,@,Eg)ev?t,m;éﬁj,1§z’<j§3Tmo,v1,vz,v3

Let Rz, be the x-planar graph, with vertices {a; : 1 < i < k(To)}.
and an edge e;; assigned if ey, 5, C 0Z; . Clearly, Rz, is 4-connected,
so0, by [9], there exists a x-Hamiltonian cycle C, with C'(0) = C(k(Ty)).
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Then, clearly;

_ k T _ _
Zip = UOSJSR(%)%TIO’“CO)ﬂfcml)vvco’w)

and, moreover, for 0 < j < k < k(To) — 2;
dim(Tey o) Foen vegrn O Toomeow Towsn Foprs) < 2

Lemma 1.41. We have, for two connected vertices {v1,Us} C Vi, that,
fort € (to,to +€);

(01),,(t) = (v2),,(#)

and the velocities are all finite. Moreover, if;
51,5, (1) = D1(t) — V2(t)

and,

o5, (1) = [€3, 7, (1))

is the length of the edge connecting Uy and s, then (I3, 5,),(t) = 0,
fort e (to,to + ¢€).

We have, for a vertex U, that there exists {Lyzyt, Kvzot} C Rso,
with,

(@) (1) = (s2)u(0)] < 252

@00) — (sn0), )] < Kot

Proof. By Lemma 1.39, we have that, for the alcove Z;; defined by o,
that, for 1 <i<3,1<5<3;

a2f —
— v o —
(axijat)777V|($0,I1712,Z37t) =0
My
so that ( Bt ), is constant on the x-connected components of U.
and;

v1(t) = fn,y|(fo,f11,@1j31a t),va(t) = fn,u|(fo7f127fz27532, t)
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where for 1 <1 < 3;
Sz (1) = Wit 8z, (1) = Wiz

T1(t) = Mgyt N Mgyt N Higrts D2(8) = Hiror N Higor N Higor
It follows that, for ¢ € (to,to + €);

(@), (8)=(22),, ()] = |

=0

822’” (To, T11, To1, Ta1, 1) — 8%2’” (To, T12, Taz, T3p, 1)

so that (v1),(t) = (v2),,(t), (x). By Lemma 1.36, all the velocities
are finite. We have, for t € (to,to + €), that;

(€515 )1,(8) = (01),() — (2),,(F)
-0

so that €3, 5, is constant on (to,to + €). In particularly, l3, 5, is con-
stant on (to, to + €), and (Ig, 5,),,(t) = 0, for t € (to, to + €).

For the penultimate claim, we have that, for (%o, 71, T2, T3, t) € U,
using the calculations (#ft), (#4f), from Lemma 1.36, that;

|(E)V(t> - (Sio)l/(t” - |F77,V<507jl7f2vf37t> - Sio,t‘

_71 —
- |A'r],1/,td7771’7t - Sfoﬂﬁl

1 — —
= |An,y,t(dn,u,t - An,l/,tsfo,t”
__1 J— J— 1= _
< 3\/3"An,u,tH‘dn,v,t_An,V,tsfo,t‘> < 3\/§(48<C+1>2)n§’dn,u,t_An,u,tsfo,t
= 144V3(C + 1202 [dy oy — Apuissl (1)

We have that, for 1 < j < 3;

|C_lj77771/7t - (AﬁvV»tSEOJ)”

- ‘Sfj,t 2 - ‘Sfo,tP - (Sfj,t - Sfo,t) . Sfo,t
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= ‘S@,t . (S@-ﬂr - Sio,t)|
so that, from (});
\L'y.0 (To, T1, T2, T3, t) — Szl
< L4V3(C o+ 1)%2 200 [ss e (5,0 = s00)] (1)
For a given t,, using a translation by sz, +,, it is easy to see that;

Ty, (To, T1, Ta, T3, ) — Szoe| = |17, (To, T1, T2, T3, 1) — 55, 4]

where the hashed trajectory s%mt = Szot — Szoty, and, in the def-
inition of I", we replace the trajectories {sz, : 0 < j < 4} by
{su@’t 10 < j < 4}, with s%t = Szt~ STt for 1 < j <3 We
can, therefore, assume that sz, = 0, and, using (f) of Lemma 1.19
and Lemma 1.32, |sz, 4| < Rij%’to, 1 <j <3, where R34, € R0, to
obtain, from ({7), that;

T, (To, T1, T2, T3, to) — Szo.t0|

< 144\/§(C + 1)277% Z?:l ‘Sfj,to 2

< 3.144V/3(C + )% Y oo

j=1 n

L?,io,to
1
772
As tg was arbitrary, we obtain the result. For the final claim, suppose
that sz, = sk, 4, = 0, so that s; ool = 0 and (Io,xl,xg,xg,to) eU.

Using the calculations (£ff), (ﬁﬁﬁﬁ) (! ) (X) from Lemma 1.36 we have
that;

_ Oy v\ — — — —
|(@),,(to) = (530 )1, (to)| = [(F5¢*)u (T, T1, T2, Tz, to) — 55,4, |

= |
ora~t (g A=
‘a_[An vito (dmv,to - An,v,tosn,v,fo,to)M

(Anﬂ/ t()dnvy to §n7V7507t0)V‘

Cl'JlQ)

A ! - — _ —1 = — _
= | (%)V( n.vto+ 2 _An,y,to—&-% Sn,u,io,to-l—% ) +An,u,to (dn,v,to _An,vyto Snv,To,to )L |
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oA - — _
S 3\/§| | ( gt = )V| | |d’l7,l/,t0+% - An,y,to-{—%sn,u,fo,to—i—%
__1 — R— _
+3\/§| |An,u,t0 | | | (dn,v,to - A?%V,to Snv,To,to )ixl
3
< 3\/§D\/ﬁ 23:1 ‘Sfj,to . (s@,t(ﬁ% - 350,t0+%)|

3 3
+3\/§E\/ﬁ<2j:1 ‘Slfj,to " <Sfj,t0+% - Sfo,t0+%) + Zj:l |8§j,t0 . (Slfj,to -
Slfo,to)’)

= 3VBD\/T 5 157,000 + 52,00+ 2
+3\/§E\/ﬁ(2?:1 |5%, 40 = 53,4042 | T Z?:l |52 ,t0 = S5, 40 1)
<3V3D./m Z?:l |3@,to||5@-,to+%‘
—|—3\/§E\/ﬁ<23=1 ‘Sl@,to

3
|Sfj,t0+%| + Zj:l ’8§j,t0”3%j’t0‘) (Y)

By Lemma 1.30, the fact that STototl = st 4o = 0, we have, for some
F € Ry, that;
maz({]sz 1] 1 1 <5 <3 U{lsh 4|1 1<5<3}) < 2

so that, using (Y);

|(@);,(t0) = (57, (to

< V3(9D+18E)F?
= \/,77 -

~—

| <3V3Di(32) + 3vBE /(%)

Slo

Suppose that (sz,(to),t0) € *B(To,€) X (t1,t2), where € € R+, t1 <
ty, {t1,t2} C Rso, To € R®. Choose a smooth function h(zZ,t), with
R B(Fo,e)x (t1t2) = J|BFo.e)x(t1,t2) and h supported on B(To, €') x (1],t5),
with € < €, 1] <t <ty <t), € € Royg, {t],t5} C R~o. Then, clearly,
“h(sz, (to), to) = *J(sz,(to), o). Let J1(T,t) = J(T,t) — h(Z,t), then,
we have that *J(sz,,t0) = 0. By the result of Lemma 2.11, replacing
(p,J) with (p,.J1), we can find, 7, € R, with;

|5 (t0) — sz, (to)] <.
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