EQUILIBRIA IN ELECTROCHEMISTRY AND
MAXIMAL RATES OF REACTION

TRISTRAM DE PIRO

ABSTRACT. We consider Gibbs’ definition of chemical equilibrium
and connect it with dynamic equilibrium, in terms of no substance
formed. We determine the activity coefficient as a function of tem-
perature and pressure, in reactions with or without interaction
of a solvent, incorporating the error terms from Raoult’s Law and
Henry’s Law, if necessary. We compute the maximal reaction paths
and apply the results to electrochemistry, using the Nernst equa-
tion.

1. INTRODUCTION

This paper is divided into 14 sections. In section 2, we give some
basic definitions, and derive the Nernst equation for the standard cell.
We prove some results about the activity coefficient (), assuming an
idealised law in the behaviour of the activities and chemical poten-
tials, u; = py + RTIn(a;), for 1 < i < ¢, with ¢ substances, which
holds throughout the section. In Lemma 2.11, we use the van’t Hoff,
Gibbs-Helmholtz equations to find an expression for AG°(T) along
quasi-chemical equilibrium paths. In Lemma 2.12, we use an entropy
calculation to find (%)ﬂ p and combine the result with Lemma 2.11
to calculate the activity coefficient (). In Lemma 2.17, we prove every
straight line chemical equilibrium path is a dynamic equilibrium path,
partially confirming a speculation of Gibbs. The method of constant
@ along a path implying dynamic equilibrium is repeatedly used and
generalised later in the paper. The question of the existence of feasible
paths for a reaction, given a curve in the temperature/pressure plane,
is answered in Lemma 2.19 and again later generalised.

In Section 3, we consider ideal solutions and introduce a fixed er-
ror term from Raoult’s law. The results from section 0 generalise and
in Lemma 3.6, we find the paths of maximal reaction, in the sense of
maximising extent &, implicitly, in terms of temperature and pressure
(T, P). We apply the results to electrochemistry in Section 4. In Sec-
tion 5, we consider dilute solutions, adding substance 0, and consider

the definition of @), involving the activity ag, obtaining the formula
1
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for the activity coefficient in Lemma 5.2. In Section 6, we consider
dilute solutions with interaction of the solvent, in which the solvent
is ideal and the solutes obey Henry’s law, introducing a new fixed er-
ror term in Definition 6.1, and obtaining the maximal reaction paths
in Lemma 6.7. In Section 7, we check that the calculation of (%)T7 P
is not effected when introducing fugacity. In Section 8, we introduce
new fixed error terms from fugacity, in Definition 8.1. We alter the
conventional definition of @) to incorporate fugacity in the error term
and obtain the paths of maximal reaction in Lemma 8.7. We apply the
results to electrochemistry in Section 9, in particular the reaction in
catalyzers, and give a strategy for improving the efficiency of hydrogen
and oxygen production from water in Remarks 12.5. In Section 10, we
consider the case when there is no interaction of the solvent, and in
Sections 10 and 11, we derive the main results quickly by altering @)
to ignore the activity ag. However, it an interesting but difficult exer-
cise to try and derive the results using the definition in Section 5. We
suggest the results here could be used in maximising ethanol produc-
tion. We gain apply the results to electrochemistry in Section 12, in
particularly the standard cell. In Section 13, we reconsider the assump-
tion that AH°(T) is constant, made throughout the paper. We show
that by increasing the mass of the mixture, in particularly the amount
of solvent, we can make the error involved here disappear in the limit.
Finally, in Section 14, we consider independence and existence of paths.

2. THE IDEALISED CASE

Definition 2.1. For c substances, we define the Gibbs energy G(T, P,ny, . ..

by;

G=U+PV-TS

where U is the internal energy, P is pressure, V' is volume, T is tem-
perature and S is entropy. We define the enthalpy H(T, P,ny,...,n.)

by;
H=U+PV=G+TS

see [9] and [5]. We define the Gibbs energy at standard pressure
G°(T,ny,...,n.) = G(T,P° ny,...,n.), where P° is the standard pres-
sure. We define the chemical potentials, 1 <1 < ¢, by;

) nc)
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pi(T, P) = (52 )1 p

where n; is the amount of substance i measured in moles, and T, P,n’
fixes the pressure, temperature and the amount of every substance ex-
cept substance i.

We consider an electrolyte as a solute in a dilute solution and define
the activities a;, 1 < i < ¢, by,

ap =1 ~1

a; =12 (2<i<¢)

mO

ng

where the molality m; = 7+, and wy is the mass of the solvent, com-

ponent 1, m° =1, z;, =" n=> " n;, v, 1 <i<c are the activity

coefficients, c; = 3+, ¢© = 1, and the activity quotient;
Q=1l.a"

3

where v;, for 1 < i < ¢ are the stoichiometric coefficients.
We have, for a solute in a dilute solution, that p; = p$ + RTIn(a;),

see [9], noting that p; is independent of the amount of substance n;,
(m)

and p; wn the molality description is equal to p; ', where m; is equal

to m® =1 in a hypothetical solution.

We define AG°(T) and AH°(T) to be the changes in Gibbs energy
and enthalpy at standard pressure P° and temperature T', for 1 mole of
reaction, see [1]and [4].

We define the extent £(T, P) of a reaction by;
nio + vi§ = n;
where n; o = n;(initial). We assume that if;

hT,P,nl’o,...,TL070 (f) = G(T7 P7 nl,O + V1£7 ce. 7nc,0 + VC€>

dhr Pny ...,

then i ~0.(€) is independent of {nig,...,nco, } C Rso and
£ € R>o, and define this as (%)\T,p.

We define chemical equilibrium by (%—?)hp = 0, and dynamic equi-

librium by a path v : [0,1] — (T, P,ny,...,n.), such that nj(t) =
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pravi(Y)'(t) =0, for 1 < i < ¢, so that no substance is formed.

We define E(T, P,ny,...,n.) to be the potential in the standard cell
and E°(T,ny,...,n.) = E(T, P°,ny,...,n.) to be the potential at P°.
We let F' denote Faraday’s constant, R = Nk the gas constant, where
Ny, is Avogadro’s constant and k is Boltzmann’s constant. We have
that N = Na,n, where N is the number of particles, n is the amount
in moles. We define the electric potential ¢ by E = — <7 (¢), e is the
charge on an electron, z; is the valence of an ion.

Remarks 2.2. The idea that (%—?)l'np can depend on the composition
or molar amounts for dilute solutions seems a bit strange. If so, we
could find a pair {(ny,...,n.),(n},...,n.)} such that;

(Gzp(na, - me) > (FE)

T’p(nll, . ,n’c)

If the reaction is reversible, we can encourage the reverse reaction
of 1 mole at (T, P,n),...,n.), to obtain AG = —(%—§)|T,p(n’1, ceyml),
and then change the composition and encourage the forward reaction
of 1 mole at (T, P,ny,...,n.), with AG" = (%)’TJD(TL]_, .o.sne). The
total Gibbs free energy change AG" = AG + AG' at (T, P) is then
(%—?)lﬂp(nl, . ,nc)—(%—g)hp(n’l, ...,nL) > 0 with no substance formed,
so that we have gained energy with no reaction. Forward and reverse
reactions can be obtained easily in electrolysis of water, with the elec-
trolysis reaction being encouraged by applying a potential to the anode
and cathode, and the reverse fuel cell reaction being encouraged by at-
taching a load to the cell. The increase in Gibbs free energy means we
could drive a motor as the load without power, contradicting the first
law of thermodynamics, unless we require that power is used to change
the amount of solvent, water, and the amounts of dissolved oxygen and
hydrogen. Thermal energy can be converted perfectly to evaporate and
condense water, as well as the solutions, with very little volume change,
the change in solvent and solution amount then driving the motor. This
would contradict the second law of thermodynamics, that to find A
transformation whose only final result is to transform into work heat
extracted from a source which is at the same temperature throughout is
impossible”, see [5] and accompanying footnote on p30. We can make
this 1dea more precise in the following lemma.

Lemma 2.3. For a dilute solution, % only depends on temperature

and pressure, if we assume the number of moles of each component is
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very large.

Proof. By a result in [5], for a dilute solution, with substance 0 as the
solvent, substances 1 < ¢ < g as the solutes, the entropy is calculated
as;

S(T,P,ng,...,ng) =9 ns;(T,P)— R> I n;log(z;)

where x; = "+, and;

s;(T, P) = Cplog(T) — Rlog(P) + a; + Rlog(R), 0 <1 <
(T, P) log g g(R), g

It follows from the calculation of internal energy U and volume V/
for dilute solutions, that the Gibbs free energy is given by;

G(T,P,ng,...,ng) =U+PV -T8

=37 ni(fi(T, P) + Pv,(T, P)) + RT > _7_, n;log(x;)
where f;(T, P) = w;(T, P) — T's;(T, P),
U=>"ognu(T,P), V=731 nwi(T,P)

so we have that;

0G __ g

3_5 - i=0 Vil

_ g oG
=0 Vi on: on;

= Y0 vl fi(T, P) + Pvy(T, P)) + RT Y0 v [ nilog ()]
We have that;

2109(1’1)4‘55(_ >+Z]7§Z :vj< n2 )

= log(x:) + n(y — 1) + 25 n(—7)

=log(zi) + 1 —xi — >, 7;
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=log(w;) +1 =37 gz
= log(x;)
so that;
8 = 2l ovi(fi(T, P) + Pu(T, P)) + RT Y= vilog(a;)
Then,;

2
a(z*aii = RT%( 7 ovilog(x;))

= RT(Y 0 (=) + (5 — %)
=RT( =%+ = %)

= (T on) +

ng

~0,(0<i<g)
ifﬂo,...ng >>O

and we can conclude that %—? approximately only depends on tem-
perature and pressure (T, P).

U

Remarks 2.4. Principle of mass action

It follows that we can treat Y _,v;log(x;) as a constant in the for-
mula for % and suppose that the chemical potentials are functions of
temperature and pressure only. Using the formula for the activities of
a dilute solution;

[LZ(T, P) = ILLZ(T, PO) + RTZTL(JIZ)(T, P)
which is derwed differently from Fermi’s calculation of entropy, we

argue below and in the paper [13], that we can make this formula con-
sistent by including error terms x;(T, P°). Then we have that;

(T, P) = ST, P°) = RTin(g475%)
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where the constant term RT Y7 v;log(x;) cancels out in the differ-
ence %(T, P) — %(T, P°). We calculate the functions f;(T, P) below
as only depending on T and obtain the formula;

Q(T.P) e(P—P°)
QOET,PZ) =e R, ()

If Qo(T, P°) is determined by Fermi’s law of mass action, then so is
Q(T, P), as we have that, at chemical equilibrium;

0= G¢(T, P,A(T, P)) = 3-7_ vi( fiT, P)+Pui(T, P))+RT >=7_y v;log(x;)

i=0
= F(T)+eP+ RTY ] ,vilog(x;)

so that, for the predictions of mass action;

—F(T)—eP

Q(T,P)=e rr

—F(T)—eP®

Q(T,P°) =e rT  (%x)

and, by (x), with the formula in (xx) for Qo;

e(P—P°)

Q(T,P)=Q(T, P°)e &t

—F(T)—eP° ¢(P—P°)
= e RT ¢ RT

—F(T)+e(P—2P°)
= e RT

—F(T)—€P
~ e~ RT

at P ~ P°.

As € is negative for water electrolysis, see below, we found it neces-
sary, see Remarks 3.11, to reverse the sign of € at high voltages, and
use the formula,

Q(T,p) _  —«P—P°%
Qg =€ T (xx%)

Then, repeating the calculation above with the same law of mass ac-
tion (xx), using (x * %) instead;
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—e(P—P°)
T

Q<T7 P) = Q(Tv Po)e

—F(T)—eP® —¢(P—P°)
=e RT e~ RT

—F(T)—€P
— e RT

which is in agreement. In both cases, we do NOT wviolate the princi-
ple of mass action.

Lemma 2.5. dG = —SdT + VdP + Y7 | wdn;

Proof. We have, by the definition of the chemical potential and the
laws of differentials, that;

dG = G5, T + 55, dP + 37

OPTn

i=1 anzTPn ,dn;

8TP dT’ + gJGDT dpP + Z?:l pidni, (%)

Fixing n, using G = U + PV —T'S, the first law of thermodynamics,
dU = d@) — PdV, the definition of entropy, d@QQ = T'dS, the product

rule for differentials, and (x), we have that;
dU =TdS — PdV
dG =dU + VdP + PdV — SdT —TdS

= (TdS — PdV)+ VdP + PdV — SdT' — TdS

= —SdT + VdP
dG = 8TP dTl’ + ggT dP (xx)
so that, from (*), and equating coefficients, 2¢ oT pn = -5, gng =V.

Substituting into (%), we obtain that;

dG = —SdT + VAP + Y%, pidn;
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Definition 2.6. We define electrical chemical equilibrium by (%)TJD =
0 where G is the Gibbs energy function for a charged and uncharged
species.

Lemma 2.7. The Nernst Equation for the Standard Cell

At electrical chemical equilibrium (T, P) and (T, P°);

E—PE"=—"5p

See [9].
Proof. For ¢ substances, with ¢’ the number of the charged species,using
Definition 2.1, we have that the electrostatic potential energy;

Ua =Y iy ¢(T;)qi, where ¢; = N;ez; = Nanez;

where {7; : 1 < i < ('} are the positions of the charged species, N;
is the number of particles at ;.

We have that;

U = Uspem + Ug, so that;
G(T,P,ny,...,n.)=U+PV =T8S
= Uchem + U + PV =TS

= Ue + Genem

=251 9(F;)a5 + Genem

=1 0(T))Nanjezj + Genem

so that;

pi = (5 )r.p

_ ( 8(2;;1 d)(fj)NAnjezj""Gchem) )
- on; T,P
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= ichem, (¢ +1<i<c)
= flichem + POPEANE (1< < ¢)
= Ii,chem + O(Ti) Naez;
= ichem + O(Ti) Fzi, (¥)

We consider the standard cell reaction Hy(g)+2AgC1(s)+2e~ (R) —
2HC1+2Ag(s)+2e(L). At chemical equilibrium, similarly to Lemma
2.10, generalised to a collection involving charged species, using (x), we
have that;

(3)rr = i Vit

= 2u(HCl) + 2u(Ag) — p(Hs) — 2u(AgCl) +2p(e™ (L)) — 2p(e™ (R))

= (%) p + 2p(e (L)) — 2p(e™(R))

(%) p+((2ttchem (€™ (L)) —2F $(L)) = (2ptchem (e~ (L) —2F $(R)))
= (LCagent) p + 2F($(R) — $(L))

= (Yt )y p + 2BF = 0 (1)

where G pen is the Gibbs energy restricted to the uncharged species.
We have that;

oG
(ZFem)rpe = Dice i Vil

— (AG®

chem

; + RTln(Qchem’ (T, PO)))
= AGzhem” (—‘-T)

using the definition of Qpeny in Definition 2.1, the fact that u; =
i + RTIn(a;), u; = pg, for ¢ +1 < i < ¢, so that Qepens (T, P°) = 1.

From (1), (11), we obtain;

QE°EF = —(%B—fgim/),npo
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= —AGhen (T11)
Similarly, we have that;
(%) p = Sy Vit
= (AGSw + RTIN(Qeeny (T, P))), (TT11)
so from (1), (1111)), we obtain that;
2EF = —(%gent )p p
= —(AGGen + RTIn(Qeneny (T, P))), (1)
Combining (£), (f11), we obtain that;
2EF = 2E°F = —(AGY ey + RTI(Qcheny (T', P))) = (=AGE 0
= —RTIn(Qcen (T P))

so that;

o _ _ BRTI(Qpem! (T,P))
E—PB=- 27

U

Lemma 2.8. For the energy function G involving only an uncharged
species;

(28) p = AG® + RTIn(Q)

o

see [9)].

Proof. By Lemma 2.10, we have that;

(%ﬁ)T,P = 25:1 Vi i

AG® = 2521 Vi,u?a (*)

Using (*), the fact that p; = p + RTIn(a;), and Definition 2.1, we
have that;

o
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(%)r.p — AG® = 30 vilps — 115)
= 2= Vilg + RTIn(a;) — p17)
= viRTIn(a;)
= RTIn(J[;_, a]") = RTIn(Q)

i=1""

O

Lemma 2.9. At electrical chemical equilibrium (T, P) and (T, P°), and
chemical equilibrium (T, P);

AG° = 2F(E — E°)

Proof. By Lemma 2.7, we have that;

o RTlTL
E— E° = @ ()

and, by Lemma 2.8, we have that;

0= (a_?)T,P = AG° + RTIn(Q), (*x)

Rearranging (x), (x%), we obtain the result.

Lemma 2.10. We have that;

(a_(g)T,P = 25:1 Vi i

AG® =370 Vi

At chemical equilibrium T, P, (%)T,P =0 and at T, P°, AG° = 0.

If chemical and electrical chemical equilibrium exists at (T, P°) and
(T,P), Q(T,P) = 1. and E = E°. Conversely, if Q(T,P) = 1 and
chemical equilibrium exists at (T, P°) then chemical equilibrium exists
at (T, P).

—AG°

Chemical equilibrium ezists at (T, P) iff Q(T, P) = e rt
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We always have that Q(T, P°) = 1.

Proof. For the first claim, we have, using the definition of &, that;
dn; = vd€, (1 <i<c), (%)
By Lemma 2.5, fixing 7" and P, and using (), we have that;
dG =3¢ pidn;
= (Dizy pavi)dg, (1)
so that;
(56)mp = 2oy pavis (1)
The second claim from the first, as;
AGHT) = [} ()
= Jy (5 v (T))de
= Sy v (T) Jy de
= 2 i Vit (T)

noting that (%—?)ﬂ po doesn’t vary with £ For the third claim, at
chemical equilibrium, 7', P, noting again that (%)1 p doesn’t vary with
¢, and using (1, 11), we have that;

dG = (

R

)r.p = 0, (independently of &) (1)

At chemical equilibrium 7", P°, using the first and second claims, and

(t11), we have that;

dG - (%)T,PO
= i Vilt§

=AG° =0
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For the second to last claim, and the first direction, we have, by
Lemma 2.8, that RTIn(Q) = 0, so that @ = 1, and, by Lemma 2.7,

that £ — E° = —%%(Q) = 0. For the converse, we have by Lemma
2.8, using the fact that Q(T, P) = 1,

(%)r,p = AG

and, if chemical equilibrium exists at (7, P°), then, as Q(T, P°) =1
we have that;

(%E)r.pe = AG® + RTIn(Q) = AG® =0

e
so that (8—§)T,p =0
For the penultimate claim, in one direction, use Lemma 2.8, together
with the fact that (%)T, p = 0 and rearrange, the converse is also clear,

applying [n.
For the final claim, we have, by the definition of activities, that;
wi = p5 + RTn(a;)
so that a;(T, P°) = 1. Now use the definition of @) in Definition 2.1.
O
Lemma 2.11. van’t Hoff,Gibbs-Helmholtz

Along a chemical equilibrium path, we have that;

ln(Q(Tz)) 1 (I AHOdT

Q(MN)’ — RJny T2
AG°(Tp)  AG°(Ty) _ T2 AHC dT
Ty Ty - T, T2

In particularly, if AH® is temperature independent;

Q(R)y _ _AH°(1 1
n(gmy) = —"r (5 — )

AGO(Ty)  AG°(T1) of 1 1
T22_ T11_API(T2_T_1>

AG°(Ty) = AG(Ty) — (B — 1)AH®
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For ¢ € R, Let D, intersect the line P = P° at (11, P°), then, for
(T, P) € D,, we have that;

AGO(T))—AG®(Tp)

QI P)=e 7T (F11)

c=AG° (Tl)

Ty AHO—c
(&) = 1n(Q(T2)) = % Jry 2dT
AGO(TQ);QAGO(Tl) — f:,zlb Algﬂ;fch

and if AH® is temperature independent;

In(E73) = n(Q(Ty)) = —(B=9) (£ — ) (i1)

AU AGT) (A~ )(4 — %) (1)

Ty

AGO(T) = BAG(Ty) — AH (B — 1) (+111)

See also [9].

Proof. By Lemma 2.10, we have that;

AG® =300 viptg

so that differentiating with respect to T7;

d(AG°) c duy
dT - Zz 1 Vi dT

= X vl 5 )P

By Euler reciprocity, we have that;

ou2 o =
(%) P = =2 )1 = =5,

so that, noting S is independent of n;, so we can replace S by Sm o
the absolute molar entropy of substance ¢, and using thermodynamlc
arguments;

AG°) __zl 1VzS _
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c —0
== a1 ViSm,i
— a5 (4

Using the product rule, (%) and the definition of enthalpy, we have
that;

d (AG°Y\ _ 1d(AG°) 1 °
dT< T >_T dT T2ACTY

_AS°  AGP
T T2

A(ST+G)°
T2

=— AY{Z" ()

By Lemma 2.10, along a chemical equilibrium path, we have that
Q = e, so that In(Q) = =25~ Tt follows from (*x) that;

RT
din(Q) _ i(—AG’O)
arT — dT RT
__ AH®
— RI?

It follows, integrating between 77 and T5, that;

In(S7) = n(Q)(Tz) — In(Q)(T?)

_ —=AG°(T») + AG°(Ty)
- RT> RTy

_ (T din(Q)
- T12 dr dr

= r A (P

so that, rearranging, we obtain the first claim. Using the fact, by
Lemma 2.8, that;

n(Q(Ty)) = — 25 L)

RTy

In(Q(Ty)) = — 255

RTy
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we obtain, substituting into (P), canceling R, and performing the
integration, if AH® is temperature independent, that;

AGO(Ty)  AG(TY) (T AHC o1 1
T22_ T11 _T12 T2 _AH(TQ_T_1>(Q)

For the fifth claim, rearrange (Q). If D, intersects the line P = P° at
(Ty, P°), for the sixth (171) and seventh claims, we have, using Lemma
2.8 and the fact from Lemma 2.10 that Q(73, P°) = 1;

(%) 1.p = AG°(Ty) + RTHIn(Q(Ts, P))

— (%), e
= AG°(Ty) + RT1In(Q(T1, P°))
=AG°(Th) =c

so that, again rearranging, we obtain the result. Along D., we have,
using Lemma 2.8, that;

In(Q) = =A%

so that, using the first part;

din(Q) i(c—AGO)
dTr 4T RT

= d (—AG°
= = + a7 (Re-)

__ AH°—c¢
~  RT?

so that, performing the integration, using the fact that Q(77, P°) =
L

n(Q(Ty)) — In(Q(TY)) = In(Q(Ty)) = & [ Ao=eqr
We have that, by Lemma 2.8;

n(Q(Tz)) = =F™

RT»

In(Q(11)) =0
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so that;

In(Q(Tz)) = In(Q(T3)) — In(Q(T1))

_ —AG(Ty)
= T R

_ AGO(T1)—AG°(T3)
- RT»

_ 1 T AHC—c
— RJNy T2 dT

= Z(AH —o)(5; — 7)

and rearranging;

AG°(T2)—AG° (T o
(D)-2GT) _ (AF° — )

1 1
7o)

= (AH° — AG°(TV))(£ — )

so that, rearranging again;

o AG° (T
AG(Ty) (% + 2 — £) =241

_ AG°(T») o/ 1 1
== —AH(gz - 1)

to obtain;

AGe(Th) = FAGe(Ty) — AH (£ — 1)

Lemma 2.12. If there exists a component D., ¢ € R, which projects
onto a closed bounded subinterval I of the line P = P°, not containing
0, and intersects P = P° at (11, P°), with T} > 0, then, for Ty € I,
AG°® is linear, with;

AGP(Ty) = To(\BETNEH)y | AF°

T

forTy € I. If € £ 0, we have that;

(%)T,P =\N+eP+ 0T
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where {\, €, 5} C R and {B, €} can be effectively determined, and we
have that the activity coefficient is given by,

e(P'—P'°)

Q(TQ, P,) =ec B2
and the dynamic equilibrium paths are linear, given by;

P/:P,O_’_M

€

for ¢ € R>o, see Definition 2.1, while the quasi-chemical equilibrium
paths are given by;

A eP + 5Ty =c
forceR.

If e =0;

(%)T,P = A+ 8T + oln(T)

where {\, 5,0} C R, and {5,0} can be effectively determined. For
every Ty > 0, there exists a straight line feasible chemical path ~ with
pria(y) C (T = T), which is both a dynamic and quasi-chemical equi-
librium path, and Q(T, P) = 1.

Proof. For the first claim, by Lemma 2.11, we have that;

AGH(Ty) = BAG(Ty) — AH(% — 1)

=7
= L(SEGEE) + Al

For the next claim, by Lemma 2.10 and the proof of Lemma 2.11,
we have that;

a(ﬁ) ,P o < Vi g
( déTT )P:( (215% N))P
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= =i ViSmi (%)

To compute gm,u we have by the first law of thermodynamics;

dQ) = dU + dL = dU + pdV

where L is the work done by the system, see [5]. We have that
AH,;. = AV, = 0 for an ideal solution, and AU, = AH, i +
PAV,;, = 0, that is the internal energy Upip = > ;_; U; is the sum of
the internal energy of its components. We assume that component ¢ is
in thermal equilibrium 7" with an ideal gas at pressures (P, P;). Then
at constant (T, P, P*), we have that;

dG; 1iqg = dU, jig + PdV; 1ig — T'dS; 1iq

= _dGi,gas = _dUi,gas - ]Di*d‘/i,gas + TdS’i,gas

= dHi,liq - TdSi,liq = _dHi,gas + TdSi,gas

so that;

d(Hi,liq + Hi,gas) = TdSi,liq + TdSi,gas

and;

dUi,liq + Pd‘/;,liq + dUi,gas + Pi*d‘/;,gas = d(Hi,liq + Hi,gas)

Integrating between the initial and final states of no evaporation and
complete evaporation, we obtain that;

_Ui,liq - P‘/i,liq + Ui,gas + P‘*V;,gas = HLgas - Hi,liq = A}[7,',1)ap

so that, rearranging;
Ui,liq(T7 P? nl) = Ui,gas - AHi,vap o P‘/i,liq T Pi*‘/;,gas

It follows, as V;,;» = 0 for an ideal solution, AU,,;, = 0 for a mixture
of ideal gas, using the ideal gas law PV = n; RT, for the components,
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and the calculation of internal energy for an ideal gas,(*);
Um'ix,liq(T> P7 Ny, ... 7nc) = Z?:l Ui,liq(Ta P7 nz)
= Zf:l Ui,gas - Zf:l AHi,vap - P 25:1 Vijiq + 25:1 Pz‘*vi,gas

c n; RT
= Umiz,gas — Zi:l AHm,i,vapnz PVig + Zz B P

=2 i % — D i1 A papni — PVig + Z?:l n; RT

= 2 T = Y Ay eapni — PViig

AUnisiiq = gy 2Bldn;+> 5 288dT =325 AHyp, i vapdni — ViggdP
—PdVq

AQmiz tig = AUz liq + PdViig

_ Zc EyRTdnZ + Zz 1 5andT Zz 1 AHm i vapd Vzlqdp

=1

deiz,liq _ c 5R 5n; R dT dn;
T - Zz 1 dnz + Zz 1 Z 21 1 mzvap TZ szq T

It follows that;

fAm—l n T, P (2)

L If the components are monatomic with 3 degrees of freedom, we can use the
formula U; 445 = %. This can be derived using either the kinetic theory exactly
or thermodynamically. Otherwise, we have to use the more general formula U; 445 =
w where f; is the number of degrees of freedom. This is a slight approximation
and effects the value of the constant 3.

2 Technically, we cannot apply the first two laws of thermodynamics
to open systems. If this were the case, we have, by Lemma 2.5, that
dG = —SdT + VdP + Y7, pdn;, (A), and, by the definition of enthalpy
in Definition 2.1, that;

dH = d(U + PV)
= dU + PdV + VdP (1)
= d(G+TS)

— dG + TdS + SdT (1)
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We then have that, using the second law dS = %, and the first law of
thermodynamics, dQ = dU + pdV;

dG + SdT — VdP = ((dH — TdS — SdT) + SdT — VdP)
= (dH — TdS — VdP)

= (dH — dQ — VdP)

= (dU + PdV + VdP) — dQ — VdP)

= (dU + PdV — dQ)

= ((dQ — PdV) + PdV — dQ)

=0

so that from (A), Y5, p;dn; = 0, which is not the case, if we vary the molar
amounts n;.

Instead, we can follow the method of [5], and define entropy in the usual way,
by keeping the molar amounts fixed (which would entail changing the molar
amounts by hand as the reaction progresses). Similarly, we can apply the first law
of thermodynamics in this situation. By the above, we have that;

Ulig = Z::l w - Z;l AHopivapni — PViig

Viig = 3 i1 1iVim i

so that;

Uliq = Zle TLJ# - AHm,i,vap - Ple}

This agrees with the approximation given in [5] for dilute solutions;

Uliq = Zszl Uy (Ta P)

Viig = 35— nivi(T, P)

so that u;(T, P) ~ 3L — AH,, ; vap — PVini, vi(T, P) 2 Vi

Keeping molar amounts fixed, and applying the first two laws of thermodynam-
ics;

4§ — Wit PdVig
T

= 25:1 ”i(%)
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= > io nids;

where du; ~ 28I "as V,,, ; is small, and dv; ~ 0.

du;+Pdv; __ .~ DRAT
7 = dsi = 5y

and integrating;
§;(T, P) o [ SRAT — SRINT) 4 oy . )
so that;
c 5RIn(T)n;
S Yo B 4 g((ny, ... n.) (BB)
Fermi claims in [5] that;
d((n1,...,nc) =~ —R> 5 nilog(x;)
where z; = 74, n = S ni~ng

(Presumably if we subtract the constant AS,q, = AQ{{ L2 we obtain a formula
vap

for the entropy of a dilute solution;

S =~ 3¢ ni(CypIn(T) = Rin(p) + a; + Rin(R)) — RY_, nilog(a,;) — SHver

vap

see later calculation, but we need to change Fermi’s gas entropy calculation
if we can’t assume a mixture of ideal gases. It’s not clear we can apply Fermi’s
calculation here, as you cannot have an ideal, dilute solution)

It follows that;

Smi= (3 )P ~ S — Rlog(w:) +1 - 2j=1%5)

= %’L(T) — Rlog(x;)

Z (G ir,p)) = = Ximy viSms = —(X_y vi) 5B + RY_, wilog(a:)
= —(Zim ) ¥ + Rlog(Q)

By the proof in the main text, (TG)|(T py = €P + oT), so we have that,
including error terms for @;

ED (1, Py~ (FD) (1, poy—<(T:P)
RT

Q(T’P) =

eP+a(T)—eP° —a(T)—e(T,P)
RT
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= e T[S, 2V (T, P°)

=11

e(P—P°)

~e rr [[7_,z} (T, P°) (for a dilute solution zy ~ 1)

ITi—s( 11; )V

Rlog(Q) ~RY;_, V,;log(%:)

e(P—P°)
RT

>~ e

using the fact that € ~ 0, and then, differentiating with respect to T';
o/(T) ~ _(25:1 Vi)%n(ﬂ + RE§:2 l/ilog(%j)

a(T) A+ BT + oTin(T)

where § = (SE_, )%+ R lon(50) o = (5 v)%
(%9)|(z.py = A+ €P + BT + oTln(T)

Equating cofficients, as in the main text, we have that o = 0, so final result is
unaffected, with different {\, 8}.

For the case of a dilute solution in which the solutes are gases dissolved in the
mixture, obeying Henry’s law without deviation,the solvent as substance 1, with
x1 ~ 1, obeying Raoult’s law;

5(%”@,1})

opP = 25:1 ViVini
=e~0
so that;
(%) |¢z,p) = P + a(T)

so that, with error terms;

eP4+a(T)—eP®—a(T)—€(T,P)
RT

Q=e
e(P—P°)

= Hz?:l x;h (T’ Po)e RT

e(P—P°%)

~ i @i (T, P)e 77

° .
=i (5) e

By Fermi’s calculation, we have that vaporising the solution and calculating the
entropy Sgas, assuming the vapour is ideal;

e(P—P°)
RT
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Sgas = Y51 1i(Cp,log(T) — Rlog(p;) + a; + Rlog(R))

By Raoult’s law for the solvent and Henry’s law for the solutes, without
error terms, p; = pix;, where log(p}) = V’;{%P ~ 0, p; = kiz;, 2 < i < ¢,
log(pi) = log(k;) + log(w;), so that;

Sgas = 11(Cp, log(T) — Rlog(x1) + ar + Rlog(R)) + > o<, 1i(Cp,log(T)
—Rlog(x;) — Rlog(k;) + a; + Rlog(R))

Stiquia = 11(Cp,log(T') — Rlog(z1) + a1 + Rlog(R)) + > o< ;<. 1i(Cp,log(T)
—Rlog(x;) — Rlog(k;) + a; + Rlog(R)) — %ZZ”

so that;

Stiquia = 11 (Cp,log(T) — Rlog(x1) + a1 + Rlog(R)) + o< i< i(Cp.log(T)

—Rlog(z;) — Rlog(k;) + a; + Rlog(R)) — >_7_, nzMiif’# (mixing correction?)
Sm,1 8‘9—51 = Cp,log(T) — Rlog(x1) + a1 + Rlog(R) — Mﬁ#

Sm.i = (Cp,log(T) — Rlog(x;) — Rlog(k;) + a; + Rlog(R)) — Mﬁ# (2<i<c)
) r.py 720 VS
- i=1 Viom,i

oT

=- Z1§igc viCyp,log(T) + 219'93 viRlog(z;) — 2199 via;

— Zlgigc v;Rlog(R) + ZQS’iSC v;Rlog(k;) + Elgigc uiﬂiliaz“”
= — > 1<i<e YiCp,log(T) + Rlog(Q) + K

~ E1§z‘§c v;Cp,log(T) + K

~ o/(T)

where K = (3, vi)(—Rlog(R) + S5t ) — 7, . va;
+ 2 o<i<e Vi(Rlog (ki) + 109(%0))

so that a(T') ~ =7, ;. . viCp, Tlog(T) + BT + A

where =37, ;. . viCp, + K

It follows that;

(%”(T,P) =€eP =3 i< ViCp,Tlog(T) + BT + A
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So that, from (xx);

a(ﬁ) , P AI{'mivcl,
( déTT )p == vl - S

= —F (X v) + 70 Vi Hunivap) (% %)

and we assume that AH,, ; ,qp s independent of (T, P). From (%),
which is uniform P, we see that (%)’RP is of the form a(P) + ST +

oln(T), (B), where {#,0} C R, and, assuming that (%)T,p is differ-
entiable, @ € C'(R). By a similar calculation, we have that;

8(£) , O "C_ v
( d(;PTP>T:( (21511) u))T

= in Vi(a/; )T

=2 i Vil FB)Tn

=2 i Vil g )P

=iV vaz

=Y v (4)

where k; is the density of substance 7, m; is the molecular mass, and

we assume that V,,; is independent of (T, P). We have, from (A, B),
that;

5)

o5}

Q
<

o4%)rey
(=% )r =e=d/(P) (AA)

where, equating coefficients, as in the main text;

*Zlgigc viCp, ~0
A+ eP° = AH°

_ AG°(T)-AH®°
b=
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where € = Y7 14V, so that;

a(P)=A+¢€eP
and;
(%)Typ is of the form;

a(P) + T + oln(T)
=A+eP+ BT +oln(T) (D)
where {3,¢,\,0} C R.

If € =0, then (%)1 p is independent of P, and the components D,
are all straight line paths. In this case, if D, intersects the line P = P°
at (T, P°), then, for all P > 0;

Cc = AGO(Tl) + RTlln(Q(Tl, P)
=AG°(Th)

implies that RT In(Q(T1, P) = 0, so that Q(T}, P) = 1 and, by Lem-
mas 2.17 and 2.19, there exists a straight line feasible chemical path ~
with pris(y) C (T = T}), which is both a dynamic and quasi-chemical
equilibrium path. From (D), we have that;

(%)T,P = )\ + BT + O'l?’L(T)

We have that, for any 77 > 0, we can find ¢ € R with A + 8T} +
oln(Ty) = ¢, so that D, defines a component straight line path passing
through (77, P°). Then we can apply the previous result.

If € # 0, there exists a component D, given by;

A+ €eP+ BT +aln(T)=c

projecting generically onto the line P = P° and, by the first part,
AG"° is linear, with;
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AGO(TQ) — T2(W) L+ AH®

for an intersection at (77, P°). We also have, using (D), that;

AG(Ty) = (38)r.p(Ty, P°)

= A+ €eP° + [Ty + oln(T3)
so that, equating coefficients;
oc=20

A+ eP°=AH°

_ (AGP(T1)-AR®)
p="=—F—""

AG°(Th) = BT, + AH®
AGO(TQ) — 6T2 + AHO

We can then, using Lemma 2.8, obtain a formula for the activity
coefficient;

(FD)r, Py, pr—AG°(T2)

AR
Q(TQ, P) =€ RTy
(AHC —eP/° 4¢P/ +8Ty—(BTo+AH®))
e RTy
e(P/—P’O)
=e 2 (W)

as required. The claim about the coefficients being determined is
clear from the proof. The determination of the dynamical and quasi-
chemical equilibrium lines, see Definitions 2.1 and Lemma 2.20, follows
from a simple rearrangement of the formulas Q(73, P') = ¢, for some
¢ € R>p, using (W), and (%)T,P = ¢, for some ¢ € R, using (D), with

o=0.
O

Lemma 2.13. With notation as in Lemma 2.12, if € = 0, then if either;

(7). 6>0,0>0
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(7). B<0,0<0

(i12). f>0,0 <0,A—0+oln(7Z) <0
(1v). B<0,0>O,)\—U+0ln(’7") >0

we can always find Ty > 0, defined as the solution to A\ + BT +
aln(T) = 0, such that T' =Ty defines a chemical equilibrium line.

Proof. By the proof of Lemma 2.12, if Tj is a solution to;

A+ BT+ aln(T) =0 (%)

then (%)T,P|T:To =0

so that T = Tj defines a chemical equilibrium line. By considering
limits at oo and noting that the derivative §+ % of A+ BT +oln(T), is
of a fixed sign in cases (i), (ii), so that A + 1 + oln(T) is monotonic,
we can see there does exist a unique solution 7 in cases (i), (i7). In
cases (7ii), (iv), computing limits at oo again, and noting that § 4 &
is increasing/decreasing, we have that, if the minimum/maximum 7}
respectively of A + 5T + aln(T), given by the solution to;

B+5=0

so that 77 = =7, then, in case (ui1), if;
A+ B(Th) + oln(Ty) <0

iff A\ —o+oln(=) <0

there exist two possible solutions Tj, with a unique solution if equal-
ity holds. Similarly, then, in case (iv), if;

A—o+oln(Z) >0
there exist at least two possible solutions Ty, with again a unique
solution if equality holds.
O

Lemma 2.14. If ¢ =0, we have, for all Ty > 0, that;
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(56).pler,ry = (58)rplm,pp)

E(T, ) = BE(Th, P?) = E°(Th)

where G is the Gibbs energy function for the charged and uncharged
species.

Proof. By (t) of Lemma 2.7, we have that;

(%)T,P = (mg—?m')m +2EF ()

By Lemma 2.12, we have that (2%2en’); p is independent of P, in

o¢
particularly, we have that;
G et G et
(Zge= )P = (T5e ),y (+%)
so that, combining (), (%), we obtain the result. O

Lemma 2.15. We have, for all Ty > 0, P, > 0, that;

2F(E(Ty, P)—=E°(Th) = (3)r.plr,py—(5E).pl ey, pp) —RTWN(Q(Th, P1))

Proof. Following the proof of Lemma 2.7, we have that;
(%) plr py = (%g22)r plr by + 2B(Ty, P)F (%)
2E°(Th)F = (%)T,PlTl,Pf - <8Gg?m,)T,P’T1,Pf

= (5 mplm pp = AG e (T1) (+%)

so from (%), (**) and Lemma 2.8;

G e
2E(Thy, P)F = (%)T,P|T1,P1 - (Gg;?m)T,Phl,Pl

Q

= (_g)T,P’T1,P1 - (AGZhem’ (T1> + RTlln(Qchem’ (T17 Pl)))

2E(Ty, P)F~2E°(T)F = (%)1 plapy —(AGS 0 (1) RTVN(Qurere (T3, )

3
_((8_§)T7P|T1,PO AC-'Ychern ( ))



EQUILIBRIA IN ELECTROCHEMISTRY AND MAXIMAL RATES OF REACTION

= (5)rplr.p — (5)rple,pe — RTUN(Qehen (T1, 1))

Definition 2.16. Ideal Solution

We let pry is the projection onto the first factor, pris be the projection
onto the first two factors, in coordinates (T, P,ny,...,n.). We define
a feasible chemical path ~y : [0,1] — RZE, such that if n;(t) = pro(t),
for1 <11 <c, then;

n’ n’. . .
—Zzy—;,f0r1§z<j§c

Vi

where {v1, ..., v.} are the stoichiometric coefficients. Ifn(t) = ni(t),

and ;(t) = a;(t) = (1), then Q(pri2(7(t))) = [[;=, ()" and 72> =

fi(pri2(7(0))), where f; = e%, 1 <i<e¢, see Section 14. Note that
n > 0 and the x; are well defined.

We define a chemical equilibrium path to be a feasible chemical path ~y
with the additional property that chemical equilibrium exists at pria(y(t)),
fort €10,1]. We define a quasi-chemical equilibrium path to be a fea-
sible chemical path ~ with the additional property that (%)@pbm([g’m
is constant. We define a dynamic equilibrium path to be a feasible
chemical path ~ with the additional property that proy.(7v) (t) = 0, for
1<i<e.

We define a straight line feasible path from (T, P°) to (T, P) to be
a map v : [0,1] = R such that prioy(0) = (T, P°), priay(l) =
(T, P), pri(y(t)) = T. We say that a point (T, P) is a simple dynamic
equilibrium point, if it lies on the locus Q(T, P) = 1.

Lemma 2.17. In an ideal solution, a straight line chemical equilib-
rium path from (T, P°) to (T, P) is a dynamic equilibrium path. Every
(T, P°) is a simple dynamic equilibrium point.

Proof. By Lemma 2.10, and the definition of activities for an ideal so-
lution, we have that;

1=Q(T,P)=TI_,af = TT;— =" (¥)

n’. ’I’Ll- . .
and—?zu—;,forlgz,] <e¢ Yo n=n

Vi
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Using the relation (x), differentiating and using the facts that, for
1<i<ec—1;

vn! .
n, =2 <, Ny = —VIZZC +dl (')

K3 Ve

we obtain that;

/

. Zcfl ving + Vel _ )\(—chzl nz)
pu— . <

=1 Vinc“‘Vcdi Ne i=1 T
1 v
D o BT YR A L
i=1 Vzn(‘“‘l/(‘ Ne (Zlc 11;/2 +1)nc+z

=0 (B)

where A = Y7, v;. If v/ # 0, we obtain that;

—y! v we ( (i it ) =0
= 22i=1 vinotved; T ne T T ety ds

i=1 ve

so that;

S vng(ane+ B) [ (vine+ved;) +ve(an.+ B) [ T;Z L (Vine 4 ved,)
—An. [ 11(1/,nc +v.d;) =0

where a = 207} Z+1and 8= S id

which we can write in the form;

ZEZO ’Yng =0

We have that;
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o= S0 11,/ aH#il/j+aVCHf;1lyl —)\H LV
—a52 lyl—l—ozéyc—)\&
= 0(a(X iz i) — A)
=iAa—1)

Noting that § # 0 and o — 1 = Y7 o, we have that 7. # 0 iff
Sy # 0and 320 v # 0. In this case, we obtain a nontrivial
polynomial relation p(n.) = 0, so that, by continuity and discreteness
of roots, n. is a constant and n,, = 0. By the connecting relations (!),

we obtain that n; =0aswell, for <j<c—1
If 33 v =0 (G) then Y7} v # 0, and, we have, from (x), that;
[T ni = n>mv =1 (4)

and, following the calculation (B), we obtain;

e B

=1 Vinc+ved; Ne

so that, if n/, # 0;

c—1 Vi2 Ve __
Zlil vine+ved; + Ne - 0

and, differentiating & times, for & > 0, cancelling n, if n, # 0, and
using the chain rule, we obtain the relations;

Vk+2 v

c—1 .
Zz 1 (l/z’rlc-‘rl/cd Y+l + nktt T 0

Letgi:ﬁ=ﬁ<0,fm1§i§6—1- Then, for k£ > 0;
Yo v g e = 00 vilvig) T v
=0 (E)

If g; = —1, then;

Ne Ne — Nc
= o =
VeNi; ( 2 C—i—d) Vine+ved;

=—1
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so that;
Ne = _(Vinc + Vcdi)
(14 v)n. = v.d;

Then if n,, # 0, we must have that v; = —1, d; = 0. Rescaling each
v; by a factor of 2, we still have the conditions (x), (E),(G), so we can
assume that |v;| > 2, which is a contradiction. Hence, we can assume
that |g;| # 1, for 1 < i < ¢ — 1, so that taking the limit as £k — oo,
with k even, so that v > 0, g™ < 0, for 1 <i < ¢ — 1, we obtain

a contradiction, and conclude that n/, = 0, and n, =0, for 1 <¢ < c¢—1.

If for every ¢ — 1 element subset I; C {vy,... v}, 1 < j <¢, we have
that Zielj v; = 0, then clearly;

Zlgigc vi = Ziefj Vi t+Vj
=vjfor1<j<c

which we can exclude. It follows that there exists some j,, with

1 < jo < ¢, such that >-,; v; # 0. Using ny, as the pivot and fol-
0

lowing the above proof, replacing n. by n;,, we can, without loss of

generality, assume that Zf;ll v; # 0, and the proof is complete.

The second claim follows from the fact in Lemma 2.10 that Q(T', P°) =
1.

O

Definition 2.18. For ¢ € Rq, we define C, C R? to be the zero locus

of Q(T, P) — c. We define D C R? to be the condition of chemical
equilibrium. We define D, to be the zero locus of (%—?)T,P —c=0.

Lemma 2.19. For every smooth curve W C R?, there exists a locally
feasible path v : [0, 1] — R*"¢ with pris(y) C W.

Proof. As W is smooth, we can choose a local parametrisation ¢ :
[0,1] — W. Let €(t) = Q(6(t)) > 0 and w = ¢, v;. Without loss
of generality, we can assume that pris(7(0)) = (7o, Fo), see Section 14.
We have that;
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[Ty 27 (t) = e(t) (1)
f T, i (1) = e(t)n>i=i(t)
iff TTi, nf (D)nke(8) = e(t) (S5, ) == (t)
F [T, (Sne + do) (e (t) = e(t) (05, na) == (1)
ff TT5C) (ne + do) (8t (t) = e(t)(252) 5 + Dne + 3050 di)*(1)
Let d; >0, for 1 <i < ¢—1, then;
[Tizy 2" (1) = e(t)
[T, (Sne + di)¥ (g (t) = (2] & + Dne + 0)"(1)
iff T2y (e + o) (8)nee(t) = e(t) (Zne + o) (1)
where o = 32" d; > 0. Assume that w > 0, then we have that;
[Ty 23 (1) = ()
T2 (%0 + di)" = e(t)(Lne + o) (t)ng e TI 0, (Lne + di) ™
iff TT7, () ng +r(ne) = e()[(2)" TTicpe (5) ™™ + s(ne)]
i T2, (2) s + r(ne) = e()[(2)" TIZy 0 (5) 70 + s(ne)]
iff ang +1r(ne) = e(t)(Bng + s(ne)) (11)

where o = T, ()" # 0, 6 = ()" TI5a ()™ # 0. A =
Zf;;ﬂ vi, {r,s} C R[x] have degree less than , r(0) = [[7_; d; > 0,
5(0) = 0, as divisible by x~*¢. Dividing (1{f) by n% > 0, we obtain;

a+ri(;) =et)(B+s1(5)) (O)

where {ri,s1} C R[z] have degree k, with r1(0) = s,(0) = 0,
deg(r1) = k and ¢, = r(0) = [[}_;di > 0 where 1, = > cja,
a+ri(z)
B+s1(z)

deg(s1) < k+ Ve < K, so that lim, = 00.
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Let v(z) = az® + r(z), w(z) = Bz" + s(x). Then, the roots v; of

r(x), 1 <i < p, are given by v; = —%% > 0, while the roots w; of w(x)
areglvenbywo—() w; = dl’c<() p—|—1<z<c—1andwc— =2 If
=w, forl <i<p,it Would follow that w > Y7 | v; = pw, Wthh isa

contradlctlon as p > 1. It follows that we can choose zo with1 <15 <p
such tha =2 and Ldio # Ldio ,(*). Dividing by 2* doesn’t ef-
0

fect the posmve roots v;, 1 <7 < pof~ x) = a+r1( ) and the positive
roots of a + ri(x), are the positive remprocals vl = U,, 1<i<p. As

limg oo gizlggc; = oo and €(0) > 0, we can choose vy with g(vg) = €(0)
and vy > v}, for 1 < i < p, where g(z) = %i:—l((w))Then%<§:vi,
for 1 <i < p, and as ;> <0, %%>—vz, Vvo+d > v+ d; = 0,

for 1 < i < p. In particularly, as n.(0) = %, we have, by the linking
relations, that n;(0) = £n.(0) + d; = Z—% +d; >0, for 1 < i <p.
Moreover, as ;> 0, for t +1 <4 < c¢—1, and % > 0, we have that
n;(0) = 7in(0) + d; = l’j—i%—i—di >0aswell, fori+1<i<p-—1, (D)

By (C'), we have that q(ni) = ¢(t) and, by the above construction,
it follows that ¢(vg) = €(0). Consider the real algebraic curve defined
by 0(z,y) = q(x) —y — €(0), so that #(vg,0) = 0. Computing the
differential (¢'(z),—1), if ¢/(vo) # 0, we see that the projection pr, is
unramified at (v, 0), so that we can apply the inverse function theo-
rem, see [12], to obtain a real branch ~(y) with v(0) = vy and;

3As n. is mobile, the conditions that nio =di + % Tine,o, 1<i<c¢—1, (B),
together with the requirement that 7 = (n10,...,n¢ 0) lies in Ker(M)NRS,, see
Section 14, places a 1 dimensional restriction on the tuple (dy,...de—1), defined as
pre—1(W), where W = Vg 1 (Ker(M)), V = {(d1,...de—1,nc0(d1,...de1)) :
(di,...de—1) € R}, and g(x1,...,2.) = (Y1, - -, ¥Ye) is the morphism defined by;

Ye = Tc

yi =x; + 2w, (1<i<c—1)

determined by the conditions (B). Moreover, we can assume that pr._1 (W) N
R~ £ (). Moving the tuple (dy,...d._;) along Pre 1(W), we can fine d;, > 0, and

dj, 1 <j<c—1,3j#1p, with d; > 0, so that Tvedip # =< and v, is the highest

root of r(x), so that the roots w; of w(z) do not commde w1th the highest root v;,

of r(z).
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Replacing y with €(t) — €(0), and letting §(t) = v(e(t) — €(0)), we
have that;

0(0(t), e(t) —€(0)) = q(6(t)) — (e(t) — €(0)) — €(0) = q((#)) — e(t) = 0

Then 6(t) > 0, and we can set n. = %, with n.(0) = % Using
the linkage relations, we can define n;(t), for 1 < i < ¢ —1 from n,.
As, by (D), we have that n;(0) > 0, for 1 < i < ¢, by continuity, for
sufficiently small ¢, we have that n;(t) > 0, for 1 <7 < ¢ as well.

~

If w < 0, we can take the reciprocal of the relation (1), replace v; by
—v; and €(t) by % > 0, to get w > 0. Reordering so that the pivot
Ve <0, >0,for 1 <i<p iy <0 forp+1<i<c—1, wecan

carry out the above proof to get the result.

If w = 0, we can carry out the first calculation with S replaced by

[Ty () #0.
]

Lemma 2.20. A feasible path v is a dynamic equilibrium path iff
pr(mz) C Cf, for some f € Rso, iff % = 0. In particular, for any
feasible path ~y in which pria(7y) is fized, we have dynamic equilibrium
and % = 0.

Proof. For the first claim, we have that f > 0 and if pr(yi2) C Cf, we
have that;

H::l Ty =

with the same linkage relations as Lemma 2.17. Now follow through
Lemma 2.17, noting that differentiating reduces the constant f to 0,
as in the proof. Conversely, if pr(y12) ¢ C/, then we have that;

(ITi= 27) o = Q(v(1))'lo
= (g9rad(Q)l;0) +7'(0)) # 0

but, if v is a dynamic equilibrium path, then clearly each n; is con-
stant, 1 < ¢ < ¢, n is constant and z; is constant, so that x; = 0,
for 1 < i < cand (J[;_;2;")|o = 0, which is a contradiction. For
the second claim, if pr(v2) C C,, for some ¢ € R, it follows from
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Definition 2.18 and the proof of Lemma 2.17, that () is constant and
% = 0. Conversely, if % = 0, then @ is constant along pr(i2), so
that pr(v2) C C., for some ¢ € R. The final claim follows from the
fact that @) depends only on the coordinates (7', P), so that % =0,
and the first claim.

D

Lemma 2.21. We have that the condition of chemical equilibrium de-
fines a 1-dimensional curve D in the state space (T, P). Similarly, the
conditions that Q(T, P) = ¢ define 1-dimensional curves C, in (T, P),
and if v : [0,1] — (T, P,ny,...n.) is a path, such that pria(7y) lies in
C., then it must be a dynamic equilibrium path. Let D' be a component
of D, then Q is constant along D' iff % is constant along D'. Let C..
be a component of C,, then (%)hp =0 along C. iff 2 = —Rin(c).
Assuming that % 1s non constant, we have that () is constant along
D' iff pri(D") is a fived temperature T, and (%—§)|T,p = 0 along C! iff
pri(CL) is a fived temperature T'. The only feasible paths which are both
chemical and dynamic equilibrium paths are straight line chemical equi-
librium paths. There exists a feasible dynamic equilibrium path, with
pri2(y) C P = P°.

Proof. For the first part, either use the fact that (%—Cg) |7.p only depends
on (T, P) and differentiability properties, or the result from Lemma
2.10 that chemical equilibrium is defined by Q(T, P) — eTRE = 0,
and the fact that AG° depends on 7T'. For the second part, either use
differentiability properties of Q(7T', P) or the fact from Lemma 2.10 that
Q=1iff (%—§)|T7P — AG° = 0. The second claim is clear from Lemma
2.20. For the third claim, we have, by Lemma 2.10, that along D',

Q= eATGTO, so that clearly @ is constant along D’ iff % is constant.
The fourth claim is clear by the fact that (%)’T,P — AG° = RTlIn(c)
along C’. The fifth and sixth claims follow immediately from the fact
that Ag ® is a function of 7" and is non constant. For the seventh claim,
if v is a chemical and dynamic equilibrium path, then pris(vy) C D,
and, by Lemma 2.20, pris(vy) C C,, for some ¢ € R. It follows that @
is constant along the pris(y) C D’ for some component D', and then,
by the fifth claim, pri(y) C pri(D’) is a fixed temperature T, so that
v is a straight line chemical equilibrium path. For the final claim, we
have that Q(T, P°) = 1, by Lemma 2.17, so that P = P° lies in Cy. It
follows, by Lemma 2.20, that a feasible path v with pris(vy) C P = P°
is a dynamic equilibrium path. O
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3. IDEAL SOLUTIONS

Remarks 3.1. We have, using the phase rule for an ideal solution in
equilibrium with its vapour, and using the ideal gas law, see [10], that;

Mz(g) ;(9) + RTln(%)

i = i+ RTIn(3k) (+)

By the definition of an ideal solution, we have that;

pi = pi + BTn(z;) (+%)

where, by p(T,P), we mean the chemical potential of substance
i on its own, at temperature and pressure (T, P). By Raoult’s law
P, =z, P}, see [9], combined with (xx), we obtain;

i = g + RTIn(z,)
)

=i+ RTzn(Pi

=y + RTIn(£) — RTIn(E) (x # %)
Combining (), (x * ), we obtain that;

pr = i — RTIn( L) + RTIn(%)

= (4 + RTIn(£)) — RTIn(£:) + RTIn(3:)

= lu;’ + RTZH<%) (T)
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Letting Pf = P°, (*), we obtain that i (T, P') = uS, (* * *x), where
(T, P') is the temperature and pressure at which the equilibrium pres-
sure P* = P°. From (xx), the fact that p(T,P) ~ ui(T,P") and

(2

4

We need a version of the Clapeyron equation, in which the temperature of
substance i in the liquid (I) and gas phases (I]) is fixed and equal, but the
liquid pressure is changed. We have that, from the definition of Gibbs energy, the
product rule for differentials that, the definition of entropy dS = % and the first
law of thermodynamics dQ = dU + PdV

dG =dU + PdV +VdP —TdS — SdT

=dU + PdV + VdP — dQ — SdT

=—-5dI'+VdP

so that, as the two phases are in equilibrium, dividing by the number of moles;

dGS = —Sar + viiDap

= dGy"

= —salar + vV ap”

As the temperature is fixed, dT° = 0, so that;

vihap = y\IDapr

P’ _ Yy
dp — VII

m

By the ideal gas law V,/ = 1;3;, so that;

dpP" _ Vi, P"
dP ~ "RT

Assuming Vn(f)(T7 P) is approximately constant, in particularly bounded and
positive, we obtain that, integrating;

In(P") = Yul

vip

P"(P) = A(T)e #r

As, for fixed T', there exists a unique Py(7T'), described by the Clausius-Clapeyron
equation, for which P"(Py(T)) = Py(T), we have, in particular, that;
Vi Po(T)

RT

Bo(T) = A(T)e

so that;
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(% % %x), we obtain that;

i =~ pd 4+ RTIn(x;), (%% % % %)

as a very good approximation. This avoids the contradiction that
x; = 1 for a solution involving more than one component, at P = P°.
To make the results here more precise, we need to compute the error
term, but the proof is still consistent if we allow that n;(T, P) — 0 as
P — P°, so that x; = ™+ — 1, and x; is not defined at P = P°.

More specifically, we have that;

pi (T, P) = i (T, P') + 0

where § = ui (T, P) — ui (T, P'), so that;

wi = g+ RTIn(z;) 4+ 6

For Raoult’s law, see [9], we also need an approximation. We have
that, by the definition of an ideal solution, the phase rule, Dalton’s law
that each gas in a mixture of ideal gases behaves as if it were alone in
the container at the equilibrium pressures {P;, P}, see 9], that;

wi = pf + RTIn(z;)

— (T, P) + RTin(w;) + ¢

= 129 + RTIn(%5) + RTIn(z;) + €

=1} + RTIn(&)

so that;
A(T) = Py(T)e~ 78"

vl (P—Py(T))
RT

P"(P) = Py(T)e

Note that as % << 1, the theoretical second value P;(T), for which
P"(P(T)) = Pi(T) lies outside the normal range of pressures. Moreover, as

P° > Py(T), for fixed T, in a reasonable range close to room temperature, there
exists P’ with P"(P',T) = P°
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RTin(z;) = RTIn(L) — RTIn(%) — €
where € = i (T, P) — i (T, P}), so that (x % x) becomes;
wi = p + RTIn(z;)
= g + RTIn(£) — RTIn(%) — ¢ (% % %)
Combining (), (x % %), we obtain that;
ji; = i — RTIn(E) + RTIn(%) + ¢
= (1§ + RTIn( L)) — RTIn(L) + RTIn(%) + €
= g + RTIn(35) + € (1)
Letting PF = P° again, we obtain that p; (T, P') = p + €, (% * %x)’
From (xx), (% % %x)’, we obtain that;
pi = i + RTIn(x;)
= (T, P")+ 6 + RTIn(z;)
=pu; +e+ 6+ RTIn(x;)
= u? + RTIn(x;) + v
where v; = €+ 6 = i (T, P) — pi (T, P}) + pi (T, P) — pi; (T, ')
=20 (T, P) — i (T, B7) = pi (T, P') = 0
Using Lemma 2.5, we have that dG = —SdT +VdP, so that, if tem-

perature is fized, dG = VdP, then, for the Gibbs energy function of
substance © on it own, in the liquid phase;

G(T,P;n)—G(T,P; n)
n

/L;(T’P) _MZ(T>P1'*) =

P
= % fP; dG
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_1rF
= f pr VdP

1 P nNam;
T n fPZ.* ki (T,P) ap

Nam;(P—P;)
K

12

— Vil P = P)

where k(T, P) is the density of substance i in the liquid phase, and
which we assume to be approximately constant, and V,,; 1s the molar
volume. Similarly;

Wi(T, P) — i (T, P) o NamalP=P)
so that;

VZ(Ta P) = Vm,z(2p - ]DZ* - P/) ~(
We reformulate Lemmas 2.8, 2.10, 2.11 and 2.12 with this error term;

Lemma 3.2. In the ideal solution case, for the energy function G in-
volving only ¢ uncharged species;

(%)T,P = AG° + RTZTL(Q) +€

where €(T,P) = > i vivi(T, P) ~ 0 and ~;(T, P) ~ 0 is the error
term for the i’th uncharged species in Remark 3.1.

Proof. By Lemma 2.10, we have that;

(8—§)T,P = D1 Vikki

AG® =3 5 vl (%)

Using (x), the fact that p; = uf + RTIn(a;) + v, and Definition 2.1,
we have that;

(56)mp — DG = 320 vilps — 155)
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= > i vilps + RTIn(a;) + i — 15)
=Y viRTIn(a;) + 350 vivi
= RTIn([[i=y @) + >_imy vivi = RTIn(Q) + €
]

Lemma 3.3. For an ideal solution, we have, using the definition of
€(P) in Lemma 3.2, and the error terms ~;(T, P), 1 < i < ¢ in Remark
3.1, that,

(B)rp = D0 vitts

AG® =37 Vi

At chemical equilibrium T, P, (%_?)T,P =0 and at T, P°, AG° = 0.

If chemical and electrical chemical equilibrium exists at (T, P°) and
(T, P), Q(T,P) = e~ ~1 and E = E°. Conversely, if Q(T, P) =
e~FF " ~ 1 and chemical equilibrium exists at (T, P°) then chemical

equilibrium exists at (T, P).

—AG°—¢(T,P)

Chemical equilibrium exists at (T, P) iff Q(T,P) =e— =T
We always have that Q(T, P°) = e o~ 1, where;

0(T) = e(T, P°) = 3 iy vin(T, P°)

Proof. For the first claim, we have, using the definition of £, that;
dn; = vd§, (1 <i<c), (%)
By Lemma 2.5, fixing 7" and P, and using (), we have that;
dG =37 | widn;
= Qi mavi)dg, (1)

so that;
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(29) 50 = Y0, pivis (1)
The second claim from the first, as;
AG(T fo B_G T.pe
= fo i1 vitts (1)) d€
= 0 v (T) [y dg
= 2t Vi (T)

noting that (aG)T po doesn’t vary with . For the third claim, at

chemical equlhbrlum T, P, noting again that ( )T p doesn’t vary with
¢, and using (f,11), we have that;

Q

dG = (—?)T,p =0, (independently of &) (17)

At chemical equilibrium 7', P°, using the first and second claims, and
(t11), we have that;

dG = (%)T,PO

=D i Vikt§

=AG° =0

For the second to last claim, and the first direction, we have, by
Lemma 3.2, that RTIn(Q) = —e(T, P) ~ 0, so that Q(T, P) = e —Ln)”
1, and, by Lemma 4.1, that E — E° = 8@ «BLP) _ T2
e(gFP) = 0. For the converse, we have by Lemma 2.8, using the fact

—e(P)

that Q(T, P) = e rt =~ 1,

(%6)r.p = AG® — ¢(T, P) + (T, P) = AG®

and, if chemical equilibrium exists at (T, P°), then, as Q(T, P°) =
e~ % we have that;

(%) 7,p> = AG® + RTIn(Q(T, P°) + ¢(T, P°) = AG® = 0
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so that (%)T,p =0

For the penultimate claim, in one direction, use Lemma 2.8, together
with the fact that (%—?)T, p = 0 and rearrange, the converse is also clear,

applying [n.
For the final claim, we have, by the definition of activities, that;
pi = p; + RT'n(a;) + (T, P)

so that RTIn(a;,(T, P°)) = —v(T, P°). Now use the definition of @
in Definition 2.1.

U

Lemma 3.4. Along a chemical equilibrium path, we have that;

n( QL)) = L [T A0 g 4y L) (P

QM) — RJTy T2 T
AG°(Ty)  AG°(Th) T2 AH® dT
Ty T - T, T2

In particularly, if AH® is temperature independent;

Q(Tr)\ _ _AH® 1 1 e(P(T)) _ e(P(T2))
ln(Q(Ti))__ R (E_Tl)+§( T11 o TQ2 )
AG°(Ty)  AG°(Th) o 1

W = SR = AH (7, — )

AGe(Th) = FAG(Ty) — (7 — 1)AH®

For ¢ € R, Let D, intersect the line P = P° at (T3, P°), then, for
(T, P) € D,, we have that;

AGO(T))—AGO(Ty)—e(Ty, P(Ta))

AT F)=c (i)
C:AGO(Tl)

T: °_¢ (T, o(Ty, )
(820 = In(Q(Ty)) = 4 I AlseqT — (5P _ b))
AGO(TQ):,;AGO(Tl) — f]’{f AI;‘;fch

and if AH® is temperature independent;
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Q(T2) °_¢ e(P(T: (T
() = In(Q(Th)) = —(B=2) (F — ) — (L2 — 2B (41

AGC(Ty)—-AG° (T 1)
(IAGM) — (AH® — ¢)( — ) (1)

AGP(Ty) = BAGH(Ty) — AH(Z — 1) (+11)

Proof. By Lemma 2.10, we have that;

AG® =370 vik§
so that differentiating with respect to T

d(AG®) __ c dug
ar dic Vigh dT

= Zz 1 Z(auz)

By Euler reciprocity, we have that;

o 2 . H5° o —0
(al;“) - (fml)TPn __Si
so that, noting S is independent of n;, so we can replace S by Sm i

the absolute molar entropy of substance ¢, and using thermodynamlc
arguments;

AGO) _ Zz . Vz _
- = Z'f:l Vig:%z
— ZAS° (%)

Using the product rule, (x) and the definition of enthalpy, we have
that;

d (AG°Y\ _ 1d(AG°) 1 °
dT( T )_ T dT AG
— _AS° _ AG°

- T T2

_ A(STHG)°

- T

AH°
=—-55 ()



48 TRISTRAM DE PIRO

By Lemma 3.3, along a chemical equilibrium path, we have that
—AG® —¢(T,P)

Q=e wmr  sothatin(Q) = #;dp). It follows from () that;

din(Q d (—AG° d (€(P
DD — £(=85) — £+ (%D

_ AH° d (e(P))

" RT? dr

It follows, integrating between T and 75, and using the fundamental
theorem of calculus, that;

l”(%) = n(Q)(Tz) — In(Q)(T1)

T2 din(Q)
- fT12 daT dT

T o €
= b IR — T

T2 dT

_ —AH° | AH° e(P(T2)) _ e(P(T1))
~ "RT% + RT} _( RT22 - RT11 )(P)

so that, rearranging, we obtain the first claim. Using the fact, by
Lemma 3.2, that;

—AG®(To)—e(P(Ts,T.
In(Q(Ty)) = ( 2)RT2( (T,T3))

n(Q(T)) = —AGO(T1)R;;1(T1,P(T1))

we obtain, substituting into (P), canceling R, and performing the
integration, if AH® is temperature independent, that;

—AG°(T2)—e(T2,P(T2))  —AG°(Th)—e(T1,P(Th)) _ —AH° 4 AR (6(T27P(Tz)) _
RT» RT, ~  RT» RTy RTs
e(Th,P(T1)) )
RT,
so that;

AG®(Ty)  AG°(Th °
Té ) — Tl( L= AH (T%_T%) (Q)
For the fifth claim, rearrange (Q). If D, intersects the line P = P° at

(T}, P°), for the sixth (11t) and seventh claims, we have, using Lemma
—=5(T1)

(
3.2 and the fact from Lemma 3.3 that Q(7}, P°) = e E11

(%)1,.p = AG(T2) + RTyin(Q(Ty, P)) + €(Ty, P(T3))
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= (58)m,pe
= AG°(Th) + RT1In(Q(Ty, P°)) + (11, P(TY))
— AG®(TY) + RTun(Q(Ty, P°)) + e(Ty, P°)
— AGO(T)) — 8(T}) + e(Ty, P°)
— AGH(T)) = ¢

so that, again rearranging, we obtain the result. Along D., we have,
using Lemma 3.2, that;

ln(Q(T)) _ cfAGO(TI)%;e(T,P(T))

so that, using the first part;

din(Q) _ d (C—AGO(T)—e(T,P(T)))

dT  — dT RT

- =C d
_RT2+dT

RT? dT

_ AH°—c¢ d (e(T,P(T)) )

so that, performing the integration, using the fact that Q(7}, P°) =
. _fz(TTll) ;

n(Q(To))—In(Q(T)) = In(Q(T))+ 30 — L [TefAf°—c_ d («(T.P(1)

RTy R JT T2 dr RT

Ty AHO—c (T2, P(T: (T, P(T
:% le T2 dT—<(2RT(22))_ (1RT(11)))

We have that, by Lemmas 3.2 and 3.3;

n(Q(Ty)) = C_AGO(T21)%;Z(T2,P(T2))

n(Q(T1)) = — 44

so that;

In(Q(Ty)) — In(Q(T1)) = cfAGO(Tzl)Q}sz,P(Tg)) i 5}(%%)

)ldT
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_ AG°(T1)—AG°(T)—e(T,P(T2)) + 6(T1)

- RTs RTY

_ 1 (T2yAH—¢ (T2, P(T2)) _ (T, P(Th))

— R le[ T2 ]dT - ( 2RTQ = - lRTl : )
_ -1 o 1 1 (T, P(12)) _ (1)
_f(AH _C>(T_2_T1)_< 2RT22 - RTll)

so that, cancelling R and the the error terms;

AG°(T2)—AG°(T1) _ (AHO _ C)(

1 _ i)
Ty Ts T

= (AH° = AG(TV))(7; — 77)

so that, rearranging again;

o AG°®
AG(T) (% + £ — &) =240

AG°(T: o
- T2(2)—AH (7 =)

to obtain;
AG°(Ty) = %AGO(B) — AHO(% -1
O

Lemma 3.5. If there exists a component D., ¢ € R, which projects
onto a closed bounded subinterval I of the line P = P°, not containing
0, and intersects P = P° at (11, P°), with T} > 0, then, for Ty € I,
AG° is linear, with;

AGO(Ty) = oIS 4 AR

forTy € I. If € £ 0, have that;

(%)rp=A+eP+ 4T

where {\, €, 3} C R and {B,€} can be effectively determined, and we
have that the activity coefficient is given by;

e(P'—P'%)—e(1y,P)

Q(Th P,) =€ RTy

and the dynamic equilibrium paths are given by;
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P/ — Plo + RTllTL(C)—l-e(P/,Tl)

€

for ¢ € R>, see Definition 2.1, while the quasi-chemical equilibrium
paths are given by;

AteP + 0T =c
forceR.
If e =0;

(%)T,p =\ + ﬁT + aln(T)

where {\, 5,0} C R, and {§,0} can be effectively determined. The
activity coefficient Q) is given by;

—e(T1,P")

Q(T, P')=e

The dynamic equilibrium paths are given by,

—e(Ty,P")
e o =g

for ¢ € R>o, see Definition 2.1, while the quasi-chemical equilibrium
paths are given by;

A+ eP + 6T =c

force R.

Proof. For the first claim, by Lemma 3.4, we have that;

AG®(Ty) = FAGS(Th) — AH($2 — 1)

1

= Ty(SEER=2) + AH°

For the next claim, following the proof of Lemma 2.12 again, we have
that;

Epp=ATeP+ BT +oln(T) (D)
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where {5,¢,\,0} C R.

If e =0, then (%)T, p is independent of P, and the components D,
are all straight line paths. In this case, if D, intersects the line P = P°
at (11, P°), then, for all P > 0;

Cc = AGO(Tl) + RTllTL(Q(Tl, P) + E(P)

= AG(Th)

implies that RT}In(Q(Ty, P) = —e(Ty, P), so that Q(T}, P) = e~ 11
(X). From (D), we have that;

(%) = A+ BT +oln(T), (Y)

The calculation of the dynamical and chemical equilibrium paths fol-
lows easily, from the equations () = ¢, for ¢ € R>¢ and (%)T, p =c, for
c € R, using (X), (V).

If € # 0, there exists a component D, given by;
A+ eP+ T +oln(T)=c

projecting generically onto the line P = P°. Calculating limits at
{+00, —0}, we have that for § > 0,0 > 0 or § < 0,0 < 0, we can
solve the equation;

A+ eP°+ BT +oln(T) = c (Z)

for T. If B > 0,0 < 0or f < 0,0 > 0, observing that (8T +
oln(T)) = B+ 5%, (BT + oln(T))" = —#, so there exists a min/max
at T = ’7", we have that, if;

—o+oln(F) <c—A—eP?

—o+oln(=2)>c—X—¢€P°

B
we can again solve the equation (Z) for T’ so that, for an appropriate

choice of ¢, there exists an intersection of the component D, with the
line P = P°.
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By the first part, AG® is linear, with;

AG(Ty) = Tz(—(AGO(T}z_—AHO)) + AH®

for an intersection at (77, P°). We also have, using (D), that;

AG(Ty) = (%) 7 p(Ty, P°)

A

= A+ €P° + BT5 + oln(T3)
so that, equating coefficients;
oc=0

A+ eln(P°) = AH®

_ (AG(T1)-AH®)
f=F—7F—""

AGO(Tl) — /6T1 + AHO

We can then, using Lemma 3.2, obtain a formula for the activity
coefficient;

()1, plyy pr—AG°(T1))—(T1.P)

QT P) =

(AH® —cP'°+eP' 8T — (BT  +AH®))—e(T,P)
= € RTy

e(P'—P'%)—¢(1y,P)
= e RTy

as required. The claim about the coefficients being determined is
clear from the proof. The determination of the dynamical and quasi-
chemical equilibrium lines, see Definitions 2.1 and Lemma 2.20, follows
from a simple rearrangement of the formulas Q(73, P') = ¢, for some
¢ € R>q, using (W), and (%)T,p = ¢, for some ¢ € R, using (D), with
o=0. U

Lemma 3.6. Let notation be as in Lemma 2.12, then if € # 0, with
Q(T,P) = ew, then, using the definition of grad in [2];

e(P—P°)—¢(T,P)
RT

gTGd(Q)(T, P) _ [f(e(PfP )76;{7;—:5))7T€T(T’P)7 efezg,}))]e
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In particular, for reactions with Y ;_, v?—a? >0, and Q determined
as above, where a = Y ;_, v;, the paths of mazimal reaction (steepest
slope) are given by;

dP _ T(e—ep(T,P))
dT — e(T,P)—e(P—P°)—Ter(T,P)
If (T, P) = 0;
—e(P—P° ¢ e(P—P°)
grad(Q)(T, P) = [~5="2, 7le™

and the paths of maximal reaction are given by,

(P—P°)?=—-T?+¢

—e(T,P)

forceR. If e =0, with with Q(T, P) = e~ =t then;

grad(Q)(T, P) = ((LLTerTP) (=58 | cp(LP) 5t

and the paths of maximal reaction are given by,

d_P _ TEP(T,P)
dT —  €(T,P)-Ter(T,P)

Proof. The determination of grad(Q)(T, P) = (g—g, g—g) is a simple ap-

plication of the chain rule and the formula for ). By the definition of
the extent £ of a reaction, see Definition 2.1, we have that, for 1 <1 < ¢;

na(t) = v€(t) + nag

n(t) = 3, milt)

= 30 (€(t) + nag)

=al(t)+

where v = 377 v and 8 =37 mig

so that;

_ oni(t) _ vik(t)+n;,
#i() = %@ = a5
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It follows that for a feasible path ~;

[Tz, 27 (t) = Q(m2(1))
_ Hc (Vif(t)+ni,0)ui

=1 ag(t)+p

— Hf:l(”ig(t)+ni,())”i
- (a€(t)+6)

=G, (@)

where G, (z) = %

We have that £(0) = 0, and, as we can assume that 5 > 0, we have
that;

2

v, —1 Vg Vg
G (0) _ e Y 2% (Hj;éz‘ ”j,Jo) . o’ H;:lnj,JO
v - B pott

= #(5(2;1 ViQ”z'V,io_l(H#i ”gyjo) —a? H;:l ”;jjo))

¢ n ¢ 2
S (B — o?)

U
J

_ I,

- 6a+1 (nznzt

2
Y1V _ a2)
14,0

c Vi
= R (T s — o)

=1 ®; init

c nj0 \vs
_ Hj:l("i'r;it) ! ¢ v;

W(Zi:l $i,iim't N OZ2)

TT5_ (z.0)"7 2
== 15]0 (Z;’::l zil,?mt o a2)

_ Q(n2(0 7
— (vlﬁz( ))(2;1 le’mt . a2)

so that;

G4 (0) = 0 iff 2,

v a?=0
i init
For water electrolysis, with 0 < x;,; < 1, we have that;

S LM a2>3¢ 2 —a?=9-1-8>0

=1 x; init =1 "1
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By the inverse function theorem, we can invert GG, locally, to obtain
that () = (G5 © Q)(1a(#)). Then;

¢'(0) = (G5 |y grad(Q)(To, Fo) + 715(0)

_ grad(Q)(To,Po)-v15(0)

)
_ / B 1
= grad(Q)(To, o) « 112(0) Q(712(0)) » 7
where 712(0) = (To, Fp).
As 8> 0, Q > 0, see Lemma 7.2, ——L—— > 0, the above
se g2

=1 @ gt
calculation makes it clear that, for water elecfrolysis, or for reactions
with Y7, v2 —a® > 0, £(0) is maximised when ~{,(0) points in the
direction of grad(Q)(Tv, Py), with a positive rate of reaction, and min-
imised when ~1,(0) points against the direction of grad(Q)(To, ),
with a negative rate of reaction. The above calculation also makes
it clear in these cases, that for a feasible path, we have that 5(t) > 0,
Q(t) > 0, +22 > 0, so that £'(t) is always finite, and we can-

P S—
i=1z,(0) <~

not pass through a point of ramification on the surface defined by

Gy(§) = Q(T, P).

In either case, we, therefore, have to solve the paired differential
equation;

AT _ —(e(P(t)=P°)—e(T(t). P(t)) ~T()er(T(t),P(t)) D=L 0.P(0)

dt RT(t)2

e

o
P _ e—ep(T(t),P(t)) E(P(t)*PR);(Et()T(t),P(t))

at RT(t)
so that;
P _ G
dr — 4T

dt

e(P—P°)—¢(T,P
I e
e(P—P°)—¢(T,P
—<e<P—P°>—e}§TT,§>>—TeT<T,P>67< EHeR]
e—ep(T,P)

— RT
T —(e(P=P°)—e(T,P))=Tep(T,P)
RT?
T(e—ep(T,P))
e(T,P)—e(P—P°)—Terp(T,P)
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If (T, P) =0, € #0, then ep(P,T) = ep(T, P) = 0 and;

dP _ T
dT — —e(P—P°)

T

=P

Separating variables, we obtain that;
(P — P°)dP = -TdT

which has an implicit solution given by;
J(P—P°)dP = — [ TdT
(P—-P°)?=-T*+¢

for ¢ € R. By aresult due to [3], we have that these implicit solutions
are integral curves for grad(Q) as required.

The calculation of grad(Q) when e = 0 is again a simple application
of the chain rule. As before, we compute;

B_P — TGP(Tvp)
9T — (T, P)—Ter(T,P)

O

Remarks 3.7. The fact that, in the case e(P) = 0, the paths of maz-
imal reaction depend on an arbitrary choice of P° suggest that some
approximation is needed in the formula;

wi(T, P) = p{(T) + RTlog(xi(T, P))

for ideal solutions. Of course, once P° is fized, ¢(P) depends on this
choice of P° as well.

Lemma 3.8. Using the notation of Lemma 3.6, for reactions with
S vi—a* > 0, gwen two points (Ty, Py), (T, P1), in the tem-
perature/pressure plane, and an initial condition of molar amounts

{nio:1<i<c} such that;

[Tm 27 = Q(To, Po) (%)
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any two feasible paths connecting these points yield the same amount
of substance, and given a path ~ in the temperature pressure plane be-
tween these points, there exists a feasible path connecting them, and a
unique feasible path \ with pri2(X) = =y, for given initial condition of
molar amounts, satisfying (x).

In the case of water electrolysis, we can determine the branch passing
through (0, Ty, Fy), and we can determine the error terms and chemical
potentials, once the initial condition of molar amounts at (T, P°) is
known. In water electrolysis we can minimise the energy used to create
substance between two points, using Lagrangian methods.

Proof. The existence of feasible paths between two points in the tem-
perature pressure plane is proved above. As explained in Lemma 3.6,
feasible paths avoid the ramification locus defined by G, (§) = Q(T, P),
so intuitively a path in the temperature pressure plane can only have
one continuous lifting, passing through (0,7}, Fy), to the surface de-
fined by G,(§) = Q(T, P), for a given initial condition. Alternatively,
by the chain rule, we have that;

GL(E)E = V(Q)T, P) . vi, (WW)
so that;

to V(Q)(T,P):
§(to) = fy' T g 2t (VV)

and we want to maximise (V'V) subject to the constraint;

G, (1) = Q(m2(1)) (4)

Letting 712(t) = (T(t), P(t)), we introduce the Lagrangian;
L(t,T,P.&T, P") = F(t,T, P&, T, P)+u(t)(G,(£(1)—Q(T(1), P(1)))

where;

99 (1,P)T'+ 9% (T,P) P’
G (8)

F(t,T,P¢T P =

and p is an auxiliary function to be determined. Then, Euler’s equa-
tions are given by;
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. o) oL

(i) 5 = Giap =0

N AL d 9L _
(11i). 3¢ — Gige =0
We have that;

oL d OL

oT dt 0T’

_OF _ dOoF 9Q
or — wsr — H()5F

- BB 4 B ung
G (€) a\c @) — MYar
2 2 2 2
_ %T,_FBQTBQPP/ . ngT/'*'a%"aQPP, + Gl(€)¢' 52 . M(t)8_Q
G 6) L) EAGE T
G 0Q
= e~ H5F
so that u(t) = %, and;
oL _ d oL
oP dt OP’
_9F _ d 9F 9Q
=or —aor — MU 5p
2 2
_ g 4 gy 00
G @) a\c @) — MYsp
2 2 2 2
::&%Tﬁ%@ﬂ_£ﬁﬁ4%%y+emm%%_uaﬁg
L&) L) EAGE op

a8 52 0
= HOB 1)

GL(&E

so that u(t) = CAGH again. Finally;
oL _ d oL
O€ — dt o

=98 — 428+ ()G (&)
= % + )G (€)

_G;’(E)(‘;’f?(TJDI)T’;rg%(TP)P’) + ,u(t)G’ ({)
G (€)
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so that;

GLEE _ GOV,
Gy T ae?

(@),
="

which is (WW). The method gives no information. We can overcome
this obstacle, in the general reaction case, by using Newton’s theorem,
but there is an issue with computing the branches explicitly in terms
of (T, P). In the case of water electrolysis 2Hy + Oy — 2H50, we can
use the cubic formula, as denoting Hs by substance 1, Oy by substance
2, HyO by substance 3;

[T a7 = QT P)

o (10—26)"2(non—&)~1(n 2
iff (r0-2¢) ((njo—g)gzl (n30+26)* _ Q(T, P)

iff a® +082+c€+d=0

where;

a=4Q(T,P)—1)

b= 4ng — 4nzo — Q(T, P)(4ny + 4ns)

¢ = 4ngnso — n3y + Q(T, P)(4nygnag + niy)
d = n3yng — Q(T, P)niyna

Ny = Ny + Nao + N3o, {N10,n20, N30} are the initial molar amounts,
satisfying;

[T, #i = Q(Ty, R)
The values Ay = b?> — 3ac and A; = 2b% — 9abc + 27ad? are given by;
AO = Q2 [477/%0 =+ 1671%0 — 1671017102]

+Q[—32n0n10 - 32710%20 - 48710%30 + 1271%0 + 1271%0 + 48’”107120
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+32n19n30 + 32n20730]

+[16ng + 4n3, + 16nn30)

4 .2
108n30ng ]

Ay = Q*[=8(n10 + n20)* + 576n30(n10 + n120)* + Q(To,Po)

108n3,nd 216n3,n3 ]

+Q?[24(n1o + n20)* — 576n30(n10 + N20)? — O2(To.By) — O[Ty Fo)

nagn2
+Q[—24(n10 + TLQ())3 — 5767130(%10 + 7120)2 + 108n§0ng + IQI(6T03,(1)30())]

+[8(n10 + n20)3 + 5767130 (nw + n20)2 — 108”%071(2)]

Letting C' = (Aﬁ/* VQA%%Ag)%, (%), we obtain a real branch, by
setting § = —5-(b+ C + %) for the appropriate square root in (x).
However, in practice, this method is cumbersome and an alternative
approximation is found below.

Denoting the theoretical branch through (0, Ty, Fy) as f(T, P, n1g, n2o, n30),
we can then in principle determine the chemical potentials f;(7T, P) by;

fz(T; P) = fz<T7 PO) + RTln(x,)

= fi(T, P°) + RTIn(%otxs)

no+af

_ fz(T Po) +RTln(niO+Vif(T7P7n10,n20,n30))

no+of(T,P,n10,m20,n30)

and use the formula;

E(to) = Jo° V() + 1ot

to compute the amount of substance formed along a reaction path.
This makes it clear that in water electrolysis, no substance is formed
in a loop, although there may be paths with a higher yield of reaction.
We can use the Lagrangian method to minimise the energy involved in
water electrolysis, using the functional;

E(to) = [3° V(£)I(t)dt

= [(Vot, T, P) — FEQILON A G () 4t
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which is not an exact differential.

Once the amount of substance £ is determined, we obtain a feasible
path by setting n; = n;o + 13§, 1 < i < 3. Knowledge of the branch
f(T, Pynyo, nog, n3p) also allows us to determine the molar amounts
n;(T,P°), 1 < i < 3 which appear as error terms for @, if they are
undetermined, and not all the substances obey Raoult’s law (ideal so-
lution). Namely, for 1 <i < 3;

ni(T, P°) = njo+v; f (T, P°, n1o, 20, no, n (T, P°),na (T, P°),ns(T, P°))

(FF)

so that, differentiating, for 1 <i < 3;

(T, P°) = vilGh + 351 on) (T, P°)]

which has a unique solution given {n,(Tp, P°), na(To, P°),n3(To, P°)},
taking (To, PO) as the base point, by Peano’s existence theorem, assum-

ing TT2_, riy = Q(Tp, P°) is satisfied. This gives a solution of (FF),
as, then;

ni(T, P°) = njo+v; f (T, P°, 1o, n2g, nzo, n1 (T, P°), no(T, P°),n3(T, P°))

+c

with ¢ = 0, as automatically, by the property of the branch;

n;(To, P°) = nio+v; f(To, P°, nyg, nao, nzo, n1(To, P°), na(To, P°), ns(Ty, P°))
Using the fact that p; = pf + RTlog(z;) + €,(T, P), we know that

the error terms ¢;(T, P°) are of the form —RTlog(z;(T, P°), (BC), so
that, if ¢;(7, P) is not known explicitly as a function of 7" and P;

—e(T,P)

Q(T, P) = Q(T, P)e™»r

z 1Y€ (T, P)
RT

=Q(T,P)e”
=Q(T, P)[[izy ="
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where Q'(7T, P) has been determined with Q'(T, P°) = 1.

The initial condition of the equation [[;_, z;*(T, P) at (Tp, P°) re-
duces to the equation;

[[imy 27 = Q'(T, P) [ 1=y 27

which is a tautology, so we are free to choose the initial molar
amounts {n;o : 1 <i < c}. However, in the case when all substances
obey Raoult’s law, we obtain the equation [ [;_, =} = Q(T, P°) [[;_, «}",
with Q(T, P°) = 1 everywhere on P = P°, so the error terms can be
arbitrary along P = P°. Otherwise, the equation does then lead to a
determination of z;(T, P°), for T' # Ty, as explained above, provided we
use the initial conditions at (Tp, P°), when formulating []5_, z;*(T, P)
as a rational function of £ with coefficients in {n;o : 1 < i < ¢}. If,
on the other hand, ¢;(7T, P) is known explicitly as a function of 7" and
P, it determines, by (BC), z;(T, P°), and, moreover, the functions
g:(T) = z;(T, P°) will be continuous as a function of 7. For a feasible
path ~y, the cover determined by;

vy = 2t and G, () = QT P)

is finite, once the undetermined coefficients z;(T,P°) 1 < j < p,
j # 1, have been found by the above method. Moreover, the cover will
be unramified along the path v, as n(t) # 0, so that, considering a path
along P = P°, defining;

o N4 123 T,Po7ﬁ
T) = (T, P7) = SR

where ny are the initial molar amounts, both determined and un-
determined, by uniqueness of lifts and continuity, we must have that
g(T) = h(T), so the theory is consistent.

U

Lemma 3.9. For water electrolysis, and with Raoult’s law for the sol-
vent and Henry’s law for the solutes, we have, given a feasible path -,
the Arrhenius type formula for the rate of reaction;

€(t) = DCye 7 [HyJ?[Oo]V
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where D is a constant, C, is a constant depending on ~'(t) and
(T, P), E, is the activation energy e(P — P°), [Hy) is the concentration
of hydrogen, [Os] is the concentration of oxygen, V is the volume of the
maizture.

For a feasible path, beginning at (Ty, Py) and ending at (T, P), we
have the integrated rate law for the substance & formed;

~2z + e (0 22) = 5 (QUT, P) = Qu(To, Ry))

r1—2x2)(x1—22)T1 r1—219)2 To—T X1
(

where {1, x5} are the initial concentrations of hydrogen and ozxygen,
e(P—P°) .
{z1,29}, Q1 =€ ®”T, Ais a constant, x = >.

3 |

For water electrolysis, we have, given a feasible path vy, the Arrhenius
type formula for the rate of reaction;

§(t) = Dye it [Ho2[0a)V
where D., is a constant depending on ~'(t) and (T, P), E, is the ac-

tivation energy e(P — P°), [Hy| is the concentration of hydrogen, [Os]
is the concentration of oxygen, V is the volume of the mixture.

For a feasible path, beginning at (Ty, Py) and ending at (T, P), we
have the integrated rate law for the substance & formed;

(11_2302;(2;1_2@“ + (11_12232)2 ln(zzl;_if i_?) = %(QO(T7 P) - QO(TOa PO))

see [8], where {1, x9} are the initial concentrations of hydrogen and
oxygen, r = %, and;

e(P—P°)

QO(T, P) =€

61(T,P°)\2/62(T,P°) pe 2 pe (T,P) \2
( (Sll(Trp) ) ( ;2(T7P) )<k171(T7P)) (k272(T7P)>(';};3(T7P0))

Proof. In general, the error terms from Raoult’s law (for the solvent)
will be undetermined, while the error terms for Henry’s law (the so-
lutes) will be determined. Equivalently, in water electrolysis, we are
free to choose the initial amount nsg of solvent, and then the mo-
lar amounts {njg,n9p} of the solutes are determined at (Tp, P°), if
0< Z‘l(To,Po) <1,0<L IQ(T(),PO) < 1.
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Explicitly, for water electrolysis, assuming Raoult’s law and Henry’s
law, using Lemma ?7?, we have that;

po €(P=P°)—y(T,P)

Q(j—'7 P) = B [& RT
where (T, P) is the error term;
>y vin(T, P)

(T, P) = RTIn(%

—

L) (solute Hy)

b

72(T, P) = RTn(£2) (solute O,)
v3(T, P) = —RTIn(x3(T, P°)) (solvent H,O) (AA)

see Definition 6.1, footnote 5, and the paper [13] for the solvent cal-
culation.

If p(T, P, &, no1no2, nos) is the polynomial;
al® + b2+ cE+d=0

given above, then as p(T, P, £, ng1ngz2, no3) = 0, for a feasible path -,
we have that;

0,(t,£(t) =0

where

Qv(t, §) = p(n(t), 12(t), &, no1noz, no3)

so that, differentiating with respect to t;

80, | 90y o1
T 228 =0

¢ =4

¢

£(0) =0
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can be solved by a step by step Matlab calculation, though no ex-
plicit solution seems easy to find.

We have that;
96 da 0 dc d
Frlo= (B8 + 2+ %+ 9o

od
= E|0

— 6(71%0710—Q(T(t),P(t))n%OnQO)‘
- ot 0

= —niyna V Q «71,(0)
e 2lo = (3a€% +2b¢ + o)l
= ¢(0)

= dngngy — n3y + Q(112(0))(4n1ongo + niy)

so that;
aeV
5/(0) _ 897 lo
lo
_ "10”20VQ'712(0)

- 4dngnso —n§0 +Q(’712 (0))(4n10n20 +7L%0)

Noting that with nyy << nsg, 4n19n20 —|—n%0 << 4ngnzg— n%o, we can
use Newton’s theorem to expand this as;

n2n n/4nion +n?2 n
€(0) = b G Q .y, (0) X2 (—1)"Qn (it

nignao

Inonso—nZ, vV @« 712(0)
I‘2 ZT20M,
~ HEE T Q. 15(0) (FF)

which, given the form of @), is an Arrhenius like formula, see also
following remark, but @) still contains error terms which are undeter-
mined for the solvent.

More specifically, including the error term for the solvent which we
assume obeys Raoult’s law, we have that;
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(=9 (n3+2€)* _ 2
(n1—2£)%(n2—¢€) — Qo3

_ Q n3 +2§

where () only depends on temperature and pressure, and the feasi-
ble path along P = P°, so that, cancelling terms;

(n— 5)3 = Qo(n1 — 25)2(712 =§)
so that, applying the method above, and using the fact that n ~ ng;

, . —n2n2V(Q0)-’Y/
§'(0) = Zatne im0,

~ L1221 V(Q0)

= 3

Noting that, including error terms for the solutes, which we assume
obey Henry’s law with constants {k1, k2 }, independent of temperature
at P°, we have that, using (AA);

e(P—P°) o o
Qo=c¢ () (%)

so that \7(Qo) «7 = 0 and, £'(0) = 0. It follows that the concentra-
tions and molar amounts {z1, ¥, 3,11, N2, N3} remain constant along

P =P°.

Then choosing an arbitrary path from (7, P°) with the quantities
above determined along P = P°, we have that;

(O t2)° _ g P g
(n1—262(n2—€) n?

so that;
n?(n —&)(n3 + 26)* = AQin3(n1 — 26)*(ny — &)

and;

£(0) = - A@ucininin
(4nnz—n2)n2+AQ1(nZn2+4n1nan?)
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~ AvQi a'nining
n?(4nnz—n3)

so that, with n ~ ng,

€(0) ~ 5 v Q1. atwon

and, repeating the calculation, with the feasible path evaluated at t,
and the constants k; assumed independent of temperature and pressure;

¢(t) ~ 4 Q1. yzizon (SV)

e(P—P°)
where ()1 = e~ T

so that;

e(P—P°)

VQ1. 7 = Cre W

= Cve%“a

610 = ACyH s
— BC, e wt* [Hy)?[O4)n
— DC,e 7 [Hy]?[0o]V

where V' is volume, which agrees closely with the Arrhenius formula
for this type of reaction.

Rearranging (SV'), we have that;

()2 A
() oy eeay = 3 V @17

where {n,ny,ny} are the initial conditions, so that, separating vari-
ables;

J At = [4 v Qu.ydt (VT)

Using partial fractions, we have that;

(n=¢§) _ A B
207 = ez + azs + g (V)
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_ A(n2—8+B(n1—28) (n2—£)+C(n1 —2¢)?
- (n1—2€)2(n2—¢)

so that equating coefficients;

(1) 2B+4C =1

(ii). —A—nmB —2nyB — 4n,C = —2n
(i13). Ang + Bning + Cn? = n?

From (i), we obtain that B = 1 —2C'. and substituting into (i7), (i),
we have that;

(1) —A — (ny + 2ns)(5 — 2C) — 4n,C' = —2n

(i17)" Ang + nins(3 — 2C) + Cni = n?

It follows that, from (i7)’

A=2n—(n;+2n2)(3 — 20) — 40, C (VW)

and substituting into (ii)’;

2n — (n1 + 2n2) (2 — 2C) — 40, Clny + nans(3 — 2C) + Cni = n?

Rearranging, using n ~ ng, we obtain that;
C _ n2—2n1n2+n§
n%—4n1n2+4n§

n2

- (n1—2n2)2

1
(z1—2x2)2

and then;
n 2
B 1 20 . 7+2n1n2—2n
-2 T n3—dning+4n3

~ i
— (n1—2n2)?

o 2
(z1—2x2)?
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From (VW);

2

—92n2 n
A~2n— (n1 + 2n2)((nl_272)2) - 4n1((n1—2n2)2)

2(n1 +2n2)74n1
(z1—22)2

=2n +

— n(2 4 (41‘272x1 )

x1—212)2

_ 2x1—4x0—2
_n( xr1—2x9 )
~ _—2n
— x1—2x2

and then, from (VT),(VS);

(1172332)(711726)+(Z172$2)2 ln( nl27§ ) — 3(@1 (Tu P)_Ql(TO) P(]))_xl(xlexQ)

3

so that, letting © = >, we obtain;

—1 1 1—22\ ~ A 1
(x1—2x2)(x1—2x)+(1‘1—2a:2)2ln( xlg—x ) — §(Q1 (T7 P)_Ql(TO? P0>>_1‘1(x1—2x2)
o L ln(ﬁ—;)

z1—212)2

and rearranging again;

—2z + (5 22) = 5 (Qu(T, P) — Qu(To, R))

r1—2x2)(x1—22)T1 r1—219)2 To—T X1
(

which agrees closely with a formula given in [8].

In the case, where we do not assume Raoult’s law for the solvent or
Henry’s law for the solutes, we have that;

Q(T P) . ee(P—P(;%;fy(T,P)
where (T, P) is the error term;
Zle vivi(T, P)

(T, P) = RTln(éil(gﬁ))) + RTln(%) (solute Hs)
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(T, P) = RTIn(2555) + RTIn(*22-2) (solute Oy)

v3(T, P) = RTln(%S(g}i))) — RTin(xz3(T, P°)) (solvent H,0)

see Definition 8.1, footnote 6, Lemma ?? and the paper [13] for the
solvent calculation.

Following the proof above, we have to recalculate Q) as;

e(P—P°)

QQ(T, P) =€

81(T,P°)\2/ 82(T,P°) po pe (1,P)
( 611(T7P) )2< EZ(T»P) )(k171(T»P))2(k272(T7P))(%3(T7PO))2

so that;

oy _ (__P° Pe
QO(T7 P ) - (k171(T,P°))2(k272(TaP°))

We assume that {v;,72}, the deviations from Henry’s law, do not
vary much along the line P = P°, in which case we can assume that
Qolp=pe = ¢, and Q. = 0 for a path v along P = P°. We
can then conclude above, that, for such a feasible path, £'(0) = 0 and
the mole fractions and molar amounts {x1,zs, x3,n1, 12, N3} remain
constant along P = P°. We then replace )7 in the proof above by
Qo = A(T, P)Q1, and calculate;

VQo+7V =QiVAAN+AT Q.Y

(1) ~ (PIALATALR P[0,V
= Dye 77 [Hy)2[0o]V
where D. (T, P) depends on the path ~.

The integrated rate law then becomes;

S (B2 2) & HQu(TLP) — QT By)

r1—2x2)(x1—22)T1 r1—2x9)2 To—T X1
(

where x = %

Alternatively, we can start with the rate law;

§'(t) = 3 v (Q) - vaizan



72 TRISTRAM DE PIRO

where @) = AT >, A is a constant, and noting that;

2

2 T1T2
TiTo =X 5
142 2

_ 1

T Q

for the fuel cell reaction, with a dilute solution, x3 ~ 1 and the defi-
nition of @), we obtain;

gt)~3v(Q).
=3V (n(Q))-7'n

so that;

Qls

(nfl,g) = % \Y% (ZH(Q)) el

and integrating along a feasible path between (1y, Py) and (7', P);

In(no — &) — In(no) = —3(IN(Q)(T, P) — In(Q)(To, y))

so that;

no—¢ _  Q(T,P) \=1
(7)10 - <Q(T0,P0)) ?

T,P) \ =L
=g = G (D)

—1

7]

and the rate law becomes;

T,P
& = noll = (gir 7o)

¢=3v(InQ)). 7/n0<QC%(T€ZI;3)>%

By results of [13], we have that the energy E(T, P,~) liberated along
a feasible path v is given by;
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T,P)
E(T,P,y) =[Sy — A+ eP + BT)E

— Sy~ P+ BTV ¥ (10(@) - ' nol )

=~ [ A+ eP 4 BT) v (In(Q) ./ Q(T, P)F

3Q To, Po
—e(P—P°)

p— (TP) P PO)T EP/
I ToPo f (To, o) )‘+6P+ﬁT)<T+ﬁ)e

We want to minimise F(7, P) and maximise (7, P). We have that
n =ng — &, and £ is negative for electrolysis.

Using the Nernst equation, which doesn’t use error terms, we have
that;

Vo = Vo =—12n(Q)

__ RTp e(Po—P°)
4F RTy

—— (R - P?)

Remarks 3.10. Fvaluation of the constants \,3
We have the data;
€~ —4.96 x 107°
A~ AH° = —2.86 x 10°
F = 96500
R =8.3145

We can calculate 3 theoretically, using the formula;

_ AG°(T)—AH°
p="7—

_ (AH°—TAS°)—AH®
- T

— —AS°
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Alternatively, we can use the fact that;
Ve(T) = — 5 AGA(T)
= —=(A+ BT +¢eP?)

so that, differentiating with respect to T';

B=—4 de;T(T)

We can perform a simple experiment with a glass of water, a mul-
timeter and a thermometer to see how V° wvaries with the temperature
T. The data is somewhat sporadic, but we performed the experiment
three times and fitted the data of V° against T to three regression lines.
We found values of B to be 385.34, 395.28 and 310.99. We can also
estimate X, with the given standard € of —4.96 x 107>, from this data
using the formula,

Ve = —(A+ BT +€P°)

and taking a reading along the regression line to find the intercept.
We found X\ to be —1.16 x 10°, —1.3 x 10° and —1.06 x 10°, with a
generally agreed upon value of —2.86 x 10°.

Remarks 3.11. Note on Negative Voltages

When using negative voltages, V- — V°(T) < 0, it is necessary to
reverse the sign of €, or equivalently, reverse the sign in the Nernst
equation, as we are then creating a positive voltage between the anode
and cathode, which mimics the behaviour of the reaction at positive
voltages between the cathode and anode, provided we reverse the cur-
rent, not the substance formed. This amounts to using the equation
I = —4F% at these voltages rather than I = AF% see [13]. We as-
sume that voltage has the effect of always raising pressure above P°,
otherwise, voltage would have a discontinuous effect on pressure. That
i8;

V- V(T) = L2 if v < Ve(T)

V= V(T) = =0 iy > ve(T)
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If we use the second equation to create pressure below P°, say P = 0;

V- Ve(T) = -4

__ eP°
_F<O

then we have to use the first equation to lower the voltage V. —V°(T)

below %, and at that voltage;

€(P—PO) eP°

4F 4F

P=2pP°

so the pressure jumps from P = 0 to P = 2P° which is physically
unreasonable. This continuity argument is also used to extend the scope
of the equilibrium coefficient to the high pressures induced by voltage,
when usual thermodynamic arguments no longer apply.

Remarks 3.12. The Arrhenius equation is sometimes derived using
kinetic theory, and allows for reactions to occur at constant tempera-
ture and pressure, which the above theory does not. However, there is a
weakness in the kinetic theory argument, in that it assumes the temper-
ature of the ensemble is not changed after a collision, when computing
the number of collisions per second, proportional to the rate of reaction.

We can also perform the above calculation for the reverse reaction
of water electrolysis 2HyO — 2Ho + Oy. Then, we have that, using the
same labels {ny,n9,n3} for hydrogen, oxygen and water respectively;

(m+202(no+6) _ 1

(n3—28)%*(n+¢) @

to obtain that, using the above method, incorporating error terms

mnto %;
Ly v(g)Inin
5(0) - 2 1 1.2
n1+4n1n2+§n3n—6n3

1 vQn/n3n
Q2 n%+4n1n2+%n3n— én%

—Qayn3n
Q(Q(n% +4n1n2)+4n3n—n§)

_ . 1,,2
~ —Q(Zsz?g) (Newtan’s theorem n% + 4ning << 4nsn — n%)
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~ %Q'“’”, (n3 ~n)

~ Yt ()

~ 5 — o T3~ 1)

x%zg ’

which is the negative of what we obtained in (F'F) above.

Note that if p(§) = Q(T, P), with p(0) = Q(To, Fy), then for a feasi-
ble path ~;

P'(€)1o€'(0) = v(Q)(To, ) - v'(0)

1

. 1 _ .
so that, if E — QU

mCan(~¢0) = ~ g V (@76, 7o) -7/(0)
§0) = ~adarm v QT R) - 7'(0)
= — v (Q)(Ty, Py) .7 (0)

so the theoretical rate of the backward reaction is the negative of that
of the forward reaction, as you would expect. This suggests that the ap-
proximations we are using are quite accurate. The kinetic theory would
predict a larger rate of backward reaction, with nx3xy in some way re-
placed by nx3 ~ n, which seems to be far too large, to the extent that it
seems to deny the possibility of there ever being a fuel cell reaction. The
tdea that there can be a forward reaction and a backward reaction at the
same time, to obtain the total reaction rate as the difference, violates
Ockham’s razor, as it simpler to suppose that there is no reaction at
all rather than a forward reaction which cancels the backward reaction.
In the above discussion, we used the rate law;

¢'(t) =3 v (In(@)'n
which when we reverse the reaction, replacing () by % becomes;
g'(t) =5 v (In(g)'n

= —3 v (In(Q))y'n

Q=

which is again the negative of the forward reaction, as you would
expect. When reversing the fuel cell reaction to electrolysis, it is not
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necessary to reverse the voltage as well. One way of seeing this is to
note that as we reverse the direction along a feasible path, keeping a
positive voltage, the voltage itself may become negative relative to a
fixed voltage or pressure at the turning point on the path. The induced
reverse current effectively lowers the voltmeter reading. However, the
Nernst equation only predicts positive voltages for the fuel cell reaction,
as € is negative, when P > P°. When dealing with negative voltages,
V—V°(T) <0, it is necessary to reverse the current, see Remark 3.11,
while keeping the direction of reaction determined by the induced pres-
sure change. Note also that V° = Z—;%(T, P°) does not change sign,
when moving from the fuel cell reaction to electrolysis presentation, as
we are measuring the voltage between the fized cathode in the fuel cell
reaction to the fized anode, which become the anode and cathode respec-
tively in the electrolysis presentation, and clearly %—? changes sign as
well.
with a predicted value of;

— (A + BT + €P°)

——4X916500(—286000 + 829 x 298 — 0.0000496 x 101325)

= =L (—286000 + 247042 — 5.02)

~ 0.1V

with the standard A and B = 829 for the fuel cell reaction at 298K.

Lemma 3.13. Energy formed over a temperature voltage loop: Voltage
Hysteresis

Let v be a clockwise feasible loop in the temperature voltage plane.
Then the total energy E liberated around the loop is given by,

4F (Vo —V°(Tp)) —4F(V-_V°(T))

e A S T

assuming V- > V°(T') along the loop and S, is the interior of the
loop. In particular;

E>04fV > % along the loop.
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The equilibrium path defined between (T1,Vy) and (T, Vo) T1 < T3,
with Vo = % is a minimum for the energy functional E.,, restricted
to paths satisfying V- > V°(T'), and reversing the direction, is a maxi-

mum. The energy functional evaluated at these paths is zero.

Proof. Let S, be the region enclosed by the loop v and @)’ the equilib-
rium coefficient without the error term A. We have that, by Stokes’
theorem;

E=[ —(A+eP+pT)¢

= [, ~(A+eP + BT)A 7 (1n(Q") + 7/ nol GAEEL) S

_ QU [ (3 Py BTVQ(T, P)F v (In(@)d

— mQ D} Js, 7 X [(A+€P+BT)Q(T, P)7 v (In(Q"))]dS,
— QUL G\ 4 P+ AT)Q(T, P)F] x v (In(Q')dS,
= @ (5 ¢ 0)Q/(T, P)F + v (Q(T, P)F)

(A + BT +€P)] x 7(In(Q))dS,

= m@@m (0,0, S + SELNO(T, P)F] + [v(Q(T P)T)

(A + BT + eP) x Y$1dS,

[un

noQ’ (To,Po) e | E(P—P° =
_ noQ(To, )3 0 0) fs 0 0’% (RT2 ))Q/(T, P)

“|

]

/

VS/? )]dS_,Y

—[Q(T,P)T (A + BT +€P) v (Q') x

_ no@’ (To Po fS 0,0, ﬁ e2(P—P°) )Q/(T P)Tl]dS

RT RT?

— @ (To Py)3 fSW Be o 62(P—P°))Q/(T7 p)%ldb}

RT?

= QAL (e ARVVTD) /7 p)FdS, (V> VO(T))

= WU [ e (BT —AR(V — VA(T)Q/(T, P) dS,



EQUILIBRIA IN ELECTROCHEMISTRY AND MAXIMAL RATES OF REACTIO9

_ Q@A) Js. 7 (BT—AF (V—=(Z)\+BT+eP*))Q(T, P) 7 dS,

— Q' (To.P)3 <T0P0 Js, 7= (BT —4FV — (A + BT +€P*))Q'(T, P) 7 dS,
:noQ(TOPO Js, 7= (—AFV =X\ — eP°)Q'(T, P) 5 dS,

We have that, using the equations;

Q/(T, P) — G(PR;;)O)

V- Vo(T) = —5(P — P°)

Q(T, P)+ — JELUSTATeRN
1 4F(V0*V°(To))

Q (T07 P0)3 — 3RT,

so that;

4F (Vo—V°(Tp))
3RTy,

3

AF(V—-V°(T))

E = moe Js, 7 (FAFV =X —eP?)e™ s dS,

The second claim follows, noting that € < 0, so that;

252 (—AFV — X — eP°) > 0

iff (—4FV — A —€P°) <0

AteP°
itV > =

Using the above calculation, we have that;

Be _ AF(V-VO(T)) _

RT ~— RT?
iff 5T = 4F(V — VO(T))

. o
iff Vo= AxelZ

4F
iff BT = —¢(P — P°)

e(P—P°)

it @(T,P)=e¢ rT = R
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so that @) is constant along the equilibrium line V = % and
no substance £ is formed, for a feasible path v, C (V' = )‘fjl{fo), be-

tween (11, Vo) and (Ty, Vo), with T < Ty, Vo = 2222 In particular
By, (T2’ %> =0.

Note that V = V°(T) intersects the line V = <2 at T = 0, and
lies beneath it in the temperature voltage plane, with 7" > 0, so that
V > V°(T) is satisfied for v;. If 75 is a feasible path between between
(T1, Vo) and (T3, Vp), V — V°(T) > 0, which does not intersect y; ex-
cept at (T, Vp) and (Ty, Vp), then if 75 oy, forms a clockwise feasible
loop, with V' > V°(T') again, we have that £ = E,, — E,, < 0, as
—4FV — X\ — €P° < 0 on the interior of the loop. If 45! o v, forms an
anticlockwise feasible loop, so that V' > V°(T') again automatically, we
have that £ = E,, — F,, < 0 again, as —4F'V — A —¢eP° > 0 on the in-
terior of the loop, but there is a change in sign due to the application of
Stokes” Theorem. We conclude that for all such paths 0 = £, < E.,.
Reversing the direction of such paths, we obtain F,, < 0. The result
can be generalised to any path from (77, Vp) to (Ts, Vp), by dividing
the loop 75! o v, into subloops formed by the intersections with 7,
assuming the condition V' > V°(T') along the path.

l

Remarks 3.14. The energy of voltage hysteresis is liberated in the heat
of the reaction along the loop. It is not clear this violates the second
law of thermodynamics, as we are not extracting heat perfectly when
varying the voltage in a hysteresis loop. An alternative theory, which
does not contradict conservation of enerqy, is that ambient light pro-
vides or absorbs energy during the reaction, by the photoelectric effect.
This idea overlaps with ideas in biology when we consider the reaction
cycle for photosynthesis in plants. It is an appealing idea that voltage
hysteresis drives the production of plasmas in stars, leading to the sta-
ble production of power by nuclear fusion. Some work in this direction
is carried out in [13]. The phenomenon is converse to the contradictory
machine proposed if substance is formed in a loop, where heat can be
extracted perfectly to drive a motor. The theory can be tested with an
electrolyzer and fuel cell which are in thermal equilibrium, such that
the hydrogen output from the electrolyser is connected to the hydrogen
input from the fuel cell, and there is a the same amount of water in
both containers, see Lemma 3.16.

We should decrease the temperature, while increasing and then low-

ering the voltage above the critical value of % to liberate energy.
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The direction of the reaction is determined by the sign of;

v(In(Q)) -+

:_E(;}I;O)T/_i_ﬁp/

so that if T' <0, P' >0, v(In(Q)) .7 <0, and, as € < 0, hydrogen
1s liberated along the path, as we decrease the temperature and increase
the voltage. Beyond a critical point on the path, as we lower the voltage,
the hydrogen will then be consumed in the fuel cell, as V = 2L 45 qn
equiltbrium line. The energy liberated at the fuel cell terminal will be
greater than that consumed by electrolysis. As noted above, the voltage
across the fuel cell must be the same as the electrolyser, because the
pressures are the same.

Definition 3.15. We say that two electrolytic cells for the production
of hydrogen and oxygen from water are in thermal equilibrium if they
are at the same temperature, and in hydrogen equilibrium if the partial
pressure P(Hsy) is the same for both cells. By Raoult’s law, assuming
ky, is constant, this implies the concentration of hydrogen is the same
for both cells. The example we have in mind is an electrolyser and a fuel
cell, such that the output of hydrogen from the electrolyser is connected
to the input of the fuel cell.

Lemma 3.16. If two electrolytic cells are in thermal equilibrium and
hydrogen equilibrium, with initial molar amounts {n},n2} at (T, P°),
then the ratio of substance formed is given by;

Moreover, the cells are at the same potential. If nl = n2, then the
current through the cells is the same, and in general;

=8
I

3 |§

oHoN

Proof. We have that, for the first cell;

1 1 _26
1 _ DHy _ THp0THL
vy, (T, P) = —% = pre—s

where & is the substance formed. Rearranging, we obtain that;
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1 1.1
£ _ "Hy,0 0% H,
1= — 90
—T
Hy

1
"Hy,0 1
1[ n?) xHQ}

o

2—xl
Hy

Similarly, as the two cells are in hydrogen equilibrium;

2 2.2
5 _ "Hy,0 "0%H,
27 T2
—T
Ha

2 2.1
Ty ,0 0% Hy

which is the first claim. For the second claim, we claim that the
pressure of water from electrolysis is the same in both cells. We have
for the first cell, that;

&(T,P) = nf(1 - (L))

90

and applying the first result, using thermal equilibrium;

&(T, P') = "5t

0

so that q(T, P) = ¢(T, P') and, therefore, P = P’. Using the Nernst
equation;

VA(T, P) = V(T) = Lin(q)(T, P)

= 2Fin()(T, P')
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= V(T P") = Vy(T)

we obtain V; = V5, so the potentials are the same. Using the fact
that;

L(T,P) = —4F%2

2
— _gphoda
4Fn(1) dt

2
== Z_EI 1 (T7 P )
we obtain the last results on the currents.

O

When connecting an electrolyser to a fuel cell, it is necessary to ob-
tain a high partial pressure of hydrogen to force a reaction in the fuel
cell. This is theoretically predicted at high voltages by the following
result.

Lemma 3.17. Formula for partial pressure during electrolysis

Assuming that P(Hy) ~ P(O,) during electrolysis, and the Henry’s

law coefficients {kg,, ko,} are independent of pressure, then we have
that;

4F(V-V°)

Py, ~ Pp, ~ P°e™5m— (V > V°)

Proof. We have that;

13H2(T, Po) = i

ki,

for the constant kpy, appearing in Henry’s law, assuming that Py, =
P° at P° the pressure of water. Moreover;

pry (T, P) = py, + RTIn(xp,) + RTIn("2)

so that;

Ty (T, P) = e 2 (22

km,




84 TRISTRAM DE PIRO

and by Henry’s law;

o
I—LH2*#H2

PH2 = kHszg = P°e RT (A)

The same calculation applies to Os.

For the solvent HyO, we have that;

i = igo + RTIn(222)

HyO

and, for a dilute solution;

ZTHy0 ~ 1
9 -
Hy0

so that;

VH, O (HHy0 = 1E1,0)
VH50 ~v
e RT ~ ]VH20 ~ ]

. VHy0 (RHy0 =M, 0)

AT ~ P° (B)

Combining (A), (B), we obtain that;

Y3 vilni—nd)
P2 Pro2 PO~ (PO)vHy troytle ==t
Ho O2

Q

5¢ P~ G2 (1,P°)
= (PO)”HQ'H’Oz'He RT

= (P?)rm ot Qo (T, P)

e(P—P°)

= (PO)”HQ'H’Oz'He RT (C)

Assuming that Py, ~ Pp,, and with vy, = —2, vp, = —1 for the
fuel cell reaction, we obtain, from (C');

~ po —e(P—P°)
Py, ~ P°e™ srT

By the Nernst equation, with V' > V°;

o __ RTIn(Qo)
V-Ve= —TO
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e(P—P°)
4F

so that;

o 4F(V-V°)
Py, >~ P°e™ srT

as required.

The last claim is clear by symmetry.

U

Lemma 3.18. Assuming the coefficients in Henry’s law are indepen-
dent of pressure, then we have that,

P, 4
Po,

for the fuel cell reaction, with;
Py, o = 4P°

Po,o = P°

Proof. Assume that Py, , = sP°, P, . = tP°, then;

i = pgy, — RTIn(s)

2

W5 = s, — RTIn()

2

juir, = (i, + RTIn(zy,) + RTIn(22)

Ho, = 1o, + RTIn(xo,) + RTln(lZgi)

o __ sP°
THy = kg,
o __ tP°
T02 = kg,

Then, using Henry’s law;

Py,

kiy Th,
P02<T’P>:ii

ko2 TOo,
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kH2 nH,
ko, moy

k:H2 n?{2 —2¢
ko, n002 —£

We have that;

o

o
7’L02 1‘02

o o
TLH2 IH2
tP°

[e]
k02
sP°

ICO
Hy

o
t R,

T s kS
O2

so that, as kg, = kg, and ko, = ko, ;

 kuyn$y, —2km,€

t o
EkH2"H2 —koy€

From a table, we have that, at room temperature Ty = 296 K,

e~ #(T77) in the Henry’s law constants, for oxygen and hydrogen
dissolved in water, we can assume that;

(Asol,H27Asol,Og> 1 1
e I )

12
I
o

as the temperature dependence e~ T is close to unity within the
t

e
usual temperature range, so that, with ¢ = i;

4
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P,
Po,

(T, P)

by, —2km,€

= %
1 o _IHy
akmyny, ——=¢€

=4

[l

Remarks 3.19. Observe that if you want a more accurate result, we

can vary £ = ie‘%‘l% with temperature, using a piston controlled by

temperature. We then get a temperature dependence dete=4TF in the
ratio i—?(T ,P) and a further temperature dependence in the partial
2

pressures given in Lemma 3.20.

Lemma 3.20. Assuming that;
Py, o = 4P°
Po,o = P°
then we have, with the same assumptions as in Lemma 3.18, that,

4AF(V—-V°)

Py, ~4P°e  srr — (V > V°)

4AF(V—-V°)

Po, ~ P°e srr — (V > V°)

Proof. By Lemma 3.18, we have that 1;’;2 = 4, (x). The rest of the
2

claim is clear following through the proof of Lemma 3.17, noting that;

o
“HQ_V‘HQ

Py, =4P°e FT

o
MO2 7”02

Po, = P°ert (A

(B) is the same, and then;

e(P—P°)

PLs PO P2 o g (P tvor 15t (O

so that;
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e(P—P°)

v
PVH2 P, V02 P° ~ 4VH, (PO)VH2+V02+1€ =T

Hy 4
and;

P]’;ZIZ+V02 P° ~ 4VHy VO, (Po)z/H2+1/o2+1€

so that;

—e(P—P°)
3R

Py, ~4P°e srr— (V > V°)

e(P—P°)

RT

and the rest of the proof is the same, to get;

AF(V—-V°)
3R

 (V>V°)

Py, ~ 4P°

4AF(V—-V°)

Po, ~ P°e srr — (V. > V7°)

by symmetry.

O

Lemma 3.21. Energy per mole over a temperature voltage path Let
be a path between (Ty, Py) and (T, P) such that a non zero amount of
substance & is formed along v. We have that, letting q be the equilib-
rium coefficient without the error term A;

E= [ —(A+eP+BT)5 v (In(q)) « v'nol

£ =no(1~ (£))

q0

i= qﬁiq% S\ +€P+BT) v (¢7)

-

q(T,P)
q(To,Po)

)

Assume that V- > V°(T') along the path -y, then v is not a local min-

imum or maximum for the functional %

Proof. The first two claims are a recap of what has already been proved;

E = f’y —(A+€eP + pT)¢

= [,—~(\+eP+BT)5 v (In(q)) « v'no(

q(T,P)
q(To,Po)

)

-

“|
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§=nol(1 - (1))

q0

The third claim is a simple rearrangement;

1

_ 14 -1
=55 LA TP+ BT) v (Inlg) - v'g

q0

—— [\ +eP+BT)v (¢)-7'g+

3 _,3

= —1— [0+ eP+BT) v (¢7) .

™=

For the final claim, we can assume, without loss of generality that
either (1p, Py) or (T, P) does not lie on the equilibrium line defined by;

__ AfeP°
V= —4F

otherwise, as no substance ¢ is formed in a loop, & = 0, contradicting
the hypothesis.

Suppose that (Tp, Py) lies above the equilibrium line 7 = —e(P —
P°), see the calculation in Lemma 3.13, and choose a small loop 7
centred at (T, ), which does not intersect this line. As we saw in
Lemma 3.13, (—4FV — A — eP°) < 0 on the interior of the loop, so by
choosing v, to be clockwise or anticlockwise, we have that the energy
E,, liberated along the loop is less than zero or greater than zero
respectively, with no substance & formed. In either case, considering
the path v o 7y from (Tp, Py) to (7, P), we have that the substance £
formed is the same & + £ = £, while the energy liberated is E.,, =
E,, +E,<E, or Ey, =E,+E,>E, The other cases are similar,
composing with end loops and reversing the direction of the loop if
necessary. This proves that 7 is not a local minimum or maximum for
the functional %

U

Lemma 3.22. Energy over a temperature voltage path

For V. > V°(T), the only extremal paths in the temperature voltage
plane are given by those in Lemma 3.13, that is paths whose range lie

within the equilibrium line V = %.

Proof. We have that;
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E = [, ~(r+ P+ AT (inla) 7' mol555)

q(To,Po)
=0 [(A\+eP+ BT)Q_74 v (@)
3q0T K
=~ [+ P+ BT @'+ apP)g
3q,
and the Euler Lagrange equation for f,y()\—f—EP‘f‘BT)(qTT"FQPP’)Q%
are given by;

(i), ORI T P )] d (AOhePHSTar T +apPha S ]y _ )
’ orT dt o1’ -

iff
BgrT' + qpP)qs + (A + P + BT)(qrrT’ + qrpP g% + (A + €P
+BT)(qrT' + qpP') (5447 gr) — S (A + €P+ BT))grq™ ) = 0

iff

BlarT" + QPP/>Q%4 + (A +€eP + BT)(qrrT" + QTPP/)CI%4 +(A+epP
BT (qrT' + qpP')(Z2q 5 qr) — (eP' + BT")qrgs — (A + eP + BT)
(qrrT" + C]TPP/)Q%l — (AN +€eP+ 8T (qrT + qPP/)(_?‘quq_%) =0
iff

BlarT' +qpP)q s — (eP'+ BT")arq™ =0

iff

BlgrT' + qpP’) — (eP' + BT )gr = 0

iff

BqpP’ = eqrP”’

iff P =0or Z—; =3

(id). 8[(>\+6P+5T)(gTI‘DT,'FQPP/)q%] _ %(8[(A+EP+/BT)SIIE,T/+QPP%%4]) =0
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iff
e(grT’ + qpP")qs + (A +eP + BT)(qreT' + qppP')gs + (A + P
+BT) (T’ + arP') (5147 ap) — H (A +€P+ BT))gpgs ) =0
iff
e(qrT’ + qpP)q™ + A+ P + BT)(qreT" + qppP')q s + (A + P
8T (qrT' + qpP')(52q5 qp) — (P + BT")qpqs — (A + €P + BT)
(grpT" + QPPP,)(]_74 — (A +eP+8T)(qrT" + QPP/>(%LQPQ%7) =0
iff
e(qrT’ + qpP')qs — (eP' + BT")qpqs =0
iff
e(qrT’ + qpP’) — (eP' + BT")qp = 0
iff
BapT' = eqrT’
iff 7" =0 or Z—i =5

The result tells us that, to be an energy extremal, the range of the
path v must be a subset of the equilibrium line defined by;

ap __ €
qr B
€9 €
3 RT _
iff oy =5
RT?

iff BT = —¢(P — P°) (C)
so that, with the Nernst equation, assuming V' > V°(T');

VS VAT) = (P - )
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iff BT = 4F(V — V°(T))

: _ AeP?°
iff V="

O

4. ELECTROCHEMISTRY WITH ERROR TERMS AND IDEAL SOLUTION

We consider the reaction Hy(g) + 2AgCI(s) + 2e~(R) — 2HCI +
2Aqg(s) + 2e (L), for the standard cell, even though the uncharged
species probably don’t form an ideal solution. The reader can eas-
ily reformulate the results in the context of an ideal solution, by just
changing the electron count, see Section 9.

Lemma 4.1. The Nernst Equation for the Standard Cell

At electrical chemical equilibrium (T, P) and (T, P°);

° RTIn(Q(T,P e(T,P
(E — E°)(T, P) = - Fn@@.P) _ AT.D)

Proof. For ¢ substances, with ¢’ the number of the charged species,using
Definition 2.1, we have that the electrostatic potential energy;

U =Y iy ¢(T;)qi, where ¢; = N;ez; = Nansez;

where {7; : 1 <1i < ¢} are the positions of the charged species, N;
is the number of particles at ;.

We have that;

U = Upem + Uy, so that;
G(T,P,ny,...,n.)=U+ PV —-TS
=Ucperm + U+ PV =TS

= Uet + Gehem

=251 9(T;)q5 + Genem

= 521 9(@;)Nanjez; + Genem
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so that;

i = (S—ﬁ)T,p

_ 8(2;:1 ¢(Ej)NAnjezj+Gchem)
- ( on; )T,P

= Wichem; (Cl +1<:< C)

= i chem + ZETUAME) (1 < < ()

= Hi,chem + ¢(Ei)NAezi
= Hi,chem + ¢(E2)F227 (*)

We consider the standard cell reaction Ho(g)+2AgC1(s)+2e™ (R) —
2HCl+2Ag(s) 4+ 2e~(L). At electrical chemical equilibrium, similarly
to Lemma 2.10, generalised to a collection involving charged species,
using (*), we have that;

(3)rp = i vt

2u(HCT) +2pu(Ag) — p(Hz) = 2u(AgCl) +2p(e™ (L)) — 2u(e” (R))

= (%=t)p p + 2u(e™ (L)) — 2p(e” (R))

= (g )1 p+((2ptenem (€™ (L)) =2F $(L)) = (2ptcnem (e~ (1) —2F $(R)))
= (Lgent)y 4+ 2F(§(R) — $(L))

= (Yent )y p + 2BF = 0 (1)

where Gopeny 1 the Gibbs energy restricted to the uncharged species.
By Lemmas 3.2 and 3.3, we have that;

oG
( ?jhgml )T7Po = Z;‘::c’—i-l VZ'/J;-)

— (AG®

chem

r+ RT[”(Qchem’ (T7 Po)) + €(T, Po))

= (AGS,,,, — €(P°)) +¢(T, P°))

chem/
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= AG e (17)

From (1), (11), we obtain;

2E°F = —(%gemt ) po

= —AG e (117)

Similarly, we have that;

(%é—?m')T,P = D e Viki

= (AGSeny + RTIN(Qcheny (T, P)) + €(T', P)), (F111)
so from (1), (1711)), we obtain that;

2EF = _(BGE;?W)T,P

= —(AGgep + RTUIn(Qchen (T, P)) + (T, P)), (8)
Combining (£), (t11), we obtain that;

2EF-2E°F = —(AG?

chem

/+RTln(Qchem/ <T7 P))+€(T, P))—(—AGO
= _RTln(Qchem’(Tv P)) - E(T’ P)

so that;

E — E° = _RTln(Qchem/(T,P)) «(T.P)

2F 2F

O

Lemma 4.2. At electrical chemical equilibrium (T, P) and (T, P°), and
chemical equilibrium (T, P);

AG® = 2F(E — E°)

Proof. By Lemma 4.1, we have that;

o __ RTIn(Q) e(T,P)
E—E =—-=p2 =5, (%)

chem/
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and, by Lemma 3.2, we have that;
0= (5¢)rr = AG® + RTIn(Q) + ¢(T, P), (+)

Rearranging (%), (%), we obtain the result.

Lemma 4.3. If e =0, we have, for all T} > 0, that;

(56).plerry = (38)rpl,pp)

E(prl) = E(Tl»Pf) - EO(TI)
where G is the Gibbs energy function for the charged and uncharged
species.

Proof. By (1) of Lemma 4.1, we have that;

(5)r.p = (g )rp +2BF (x)

aGchem/

By Lemma 3.5, we have that ( )r.p is independent of P, in

o¢
particularly, we have that;
9G chem’ chem!
( fahgm )T1,P1 = (a—h§>T1,P1° (**)
so that, combining (x), (%), we obtain the result. O

Lemma 4.4. We have, for all T} > 0, P, > 0, that;

2F(BE(Ty, P)—E°(Th)) = (5¢).pl(r, )= (58 )Pl iy, pp) —RTUN(Q(Th, Pr))—
E(Tl,Pl)

Proof. Following the proof of Lemma 4.1, we have that;

(%)rplr,p = (8G3’§’"')T,P!T1,pl +2E(Th, P)F (%)

2E°(Th)F = (%)T,PlTl,Pf - (aGg?m/)T,P|T1,Pf

= (5E)rplrpy — DG (Th) (+%)
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so from (%), (**) and Lemma 3.2;
2B(Ty, P)F = (5)r.pln, p, — (528207, plr 1,
= (5 rpln.p = (DG (Th) + RTUN( Qoo (T, P1)) + €(Th, P1))

2B(Th, P1)F—2E°(T\) F = (5¢)1.p|n,p —(AG e (T1)+RTVUN(Qeneme (Th, P1))+
E(Tl,P1)>

Q

—((F)rplrpy — AG (T1))

Q

B
= (5_§)T,P|T1,P1 - ((%)T,PlTl,Pf’ — RTVn(Qepeny (Th, Pr)) — e(Th, Pr)

O

5. DILUTE SOLUTIONS

Definition 5.1. As mentioned in Definition 2.1, we can consider an
electrolyte as a solute in a dilute solution. Sometimes the solvent is
inwvolved in an electrolytic reaction, for example;

2H,0 +4e (R) = Og + 2Hy + 4e~ (L) (%)

and sometimes not, as in the standard cell, where we can consider
H50 as the solvent not involved in the reaction. In Lemmas 0.4-
0.12, for the standard cell, we can replace Q) defined as [[;_, a;* by
ao(I T, ai?), considering HoO as substance 0.

We ideally have that p; = pg + RTIn(a;), 0 < i < ¢, (T), when we
define the activities a;, for 0 < i < ¢, which, when (1) holds, involves
a contradiction.

Lemma 5.2. In Lemmas 0.4-0.12, for the standard cell, and consid-
ering a dilute solution with no interaction of the solvent, replacing Q)
defined as [[;_, a;* by;

i=1%
ao([ iy @)
If we assume without approzimation that u; = pg + RTIn(a;), 0 <
1 < c, then;

ag(T,P)

. o RTInQ) , BTin(g rpoy)
Lemma 2.7; E — E° = — == + T
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Lemma 2.8; (2 g) = AG° + RTIn(; (TP))
where AG® is the Gibbs energy change for 1 mole of reaction without
the solvent.

Lemma 2.9; AG° = 2F(E — E°) + RTIn(ay(T, P°))

Lemma 2.10; The same with the modification that if chemical and
electrical equilibrium exist at (T, P°) and (T, P), Q(T, P) = ao(T, P)

and £ — E° = —w. Conversely, if Q(T, P) = a‘;"g’li)) and

chemical equilibrium exists at (T, P°) then chemical equilibrium exists
at (T, P).

—AG°

Chemical equilibrium ezists at (T, P) iff Q(T, P) = age rT

We always have that Q(T, P°) =1

Lemma 2.11; The same, with the modification that along a chemical
equilibrium path, we have that;

Q(T)\ _ 1 T2 AH°® ao(T2,P2)
In(gmy) = = o dT + In(Goa sy 7))

and, if AH® is temperature independent;
Q)Y _ _AH°(1 1 o(Ts,Ps)
ln(Q(Tf))__ 7 (75 — 7)) T (g (T?P?))

For c € R, if D, intersect the line P = P° at (T, P°), then, for
(T3, P) € D., we have that;

AGP(T))~AGO (Ty)

QI Py =¢ W ag(Ty, P°) T ag(Ty, P) (H1)

Cc = AGO(Tl) - RTlln(aO(Tl, Po)

T "
n(3G) = In(Q(T5)) = & f AtamedT + In( 200)

AG°(T»)—AG® T: °—c °
()-AGUT) _ _ [T Afo—eqp 4 R(1 — L)in(ag(Ty, P?))

and if AH® is temperature independent;

In(20) = In(Q(Ty)) = —(AL=¢)(& — L) + In(220200) (1)
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SELIEAE) — (AH® — )(f = ) + R(L = F)in(ao(T1, P)) ()

T -

to obtain,

AG°(Th) = FAG(Ty) — AH (1 — 1)

again.

Lemma 2.12; The same, with the modification that if € # 0;

e(P'—P'°)

Q(TQ,P,) =e B2 ao(TQ,P/)

and the dynamic equilibrium paths are given by;

«(P'—P'°)

ag(Ty, Pe 2 =¢

for ¢ € R>q, while if e =0, Q(13, P') = ;00(%2’5;)), the dynamic equi-

librium lines are given by;

ao(Tp,P") __
ao(T2,P'®) ~—

for c € Rs¢ and the quasi-chemical equilibrium lines are given by;
A+ BTy + aln(Ty) = ¢

forceR.

Proof. Following the proof of Lemma 2.10, we note that for Gibbs func-
tion G with c¢+1 species, including the solvent, substance 0, as dny = 0,
that;

=iy padn;

so the first three claims in Lemma 2.10 go through as before. Going
through the proof of Lemma 2.8, we then obtain that;

(a—g)@p = AG° + RTIn([[;_, ai")
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= AG® + RTIn(L=0%)

P)

= AG® + RTIn( %)

Going back through the proof of Lemma 2.10, we obtain that RT'In(~ s P)) =
0, so that Q(7T, P) = ao(T, P). Going through the proof of Lemma
2.7, using the fact that p; = pd + RTIn(a;), for 0 < i < ¢, so that
Q(T, P°) = 1, we have that;

chem

(Xtent ) po = AG e + RTIN Qe (T, P°)

chem
= AGY .y + RTIN(ipey)
= AGpy — RTIn(ao(T, P°)) (1)

where G e 18 the Gibbs energy restricted to the uncharged species
without the solvent. Using (t) from Lemma 2.7 and (f1)’, we obtain;

2E°F = —AG?

chem

s+ RTn(ao(T, P°)) (T11)
Similarly, we obtain;

(8G%héem ) Tp = =AG° ,+ RTln<Qchem’(T7 P)

chem

= AG?

chem

,+ RTlIn( (gp))

so that, from (1) from Lemma 2.7;

2EF = —(AGSy + RTIN( %)) (2)

Combining (£)’, (t11)’, we obtain;

2EF =2E°F = —(AGG,cy +RTIn( 55 P))) (—AGS,,,.w+RTIn(ao(T, P°)))
= —RTln( ) RTIn(ao(T, P°))

= —RTIn(Q) + RTzn(%)

which gives the result.of Lemma 2.7. Going back through the proof
of Lemma 2.10 again, we then have that;
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ag(T,P)
B B — _RTnQ | RTnGorpey)
= oF 2F
ag(T,P)
__ RTin(ao(1,P)) | BTIn(G erpsy)
= 2F 2F
o _RTln(ao(T,PO))
= 2F

For the converse claim, we have by the modification of Lemma 2.8,

and the facts that Q(T, P) = a?gﬁ)),Q(T, P°) =1, (%)Typo = 0, that;

(%) p = AG° + RTIn(—%+)

3 ao(T,P)

AG® — RTIn(ao(T, P°))

)r.po = AG® + RTIn(—255)

ag (T,PO)

(

R

Il
o

so that we have chemical equilibrium at (7', P). For the penultimate
claim of Lemma 2.10, rearrange the formula from the modification of
Lemma 2.8, with the definition of chemical equilibrium;

(5)1.p = AG® + RTIn( =) =0

The last claim is clear from;
wi = g+ RTIn(a;), for 0 <i<ec

For Lemma 2.9, we have by the modification of Lemma 2.7, that;

ag(T,P)
E _ Eo _ _RTlTL(Q) _'_ RTln(aO(T,PO))
- 2F 2F

and, by the modification of Lemma 2.8, that;

0= (5¢)r.p = AG® + RTIn(Q) — RTIn(ao(T, P))

so that;

AG° = RTIn(ay(T, P)) — RTIn(Q)
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= RTin(ao(T, P)) + 2F(E — E°) — RTIn( ao(T,P) )

ao(T,P°)

=2F(FE — E°) + RTIn(ao(T, P°))

For the modification of Lemma 2.11, the first part of the proof goes
through with the chemical potentials p;, 1 < i < ¢, defined relative to
the Gibbs energy including the solvent. By the modification of Lemma

2.10, we have that ) = aoe% along a chemical equilibrium path, so
that In(Q) = =25~ + In(a(T, P)), (K)'. It follows that;

i = E (R + drinlao(T, P)))

=&+ 4 (In(ao(T, P)))

It follows, integrating between T and T, using (K)" and the funda-
mental theorem of calculus, that;

In (8%’)) In(Q)(Tz) — In(Q)(T1)

_A [e] A o
- gTQ(TQ) + %T(lTl) + In(ag(Tz, P2)) — In(ao(T1, Pr))

Tz din(Q) g

Ty dT
= L [TAR 4 (T2 d (1 (g0 (T, P)))dT
EJn 10 T n, a7 (In(ao(T, P)))
1A 4 in(ag(Ty, Py)) — In(ao(Ty, P)) (PY

RT

so that, rearranging, we obtain the first claim. Using the fact, by
the modification of Lemma 2.8, that;

In(Q(Ty)) = AG L in(ag(Ty, Py))
n(Q(Th)) = —2C I + In(ao(T1, P1))

we obtain, substituting into (P)’, canceling R, and performing the
integration, if AH° is temperature independent, that;

AG°(Ty) AG°(Ty) _ To AH° __ of 1 1
T22 B T11 - Tl2 T2 =AH (E_Tl) (Q)I

For the fifth claim, rearrange (Q)’. If D, intersects the line P = P°
t (T3, P°), for the sixth (1) and seventh claims, we have, using
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the modification of Lemma 2.8 and the fact from Lemma 2.10 that
Q(Tb PO) = 17

(%) 1.p = AG°(Ty) + RT3In(Q(Ty, P)) — RTsln(ag(Ty, P))

= (8_§)T1,P°
== AGO(Tl) + RTllTL(Q(Tl, PO)) — RTll’l’L(ao(Tl, PO))
= AG°(T1) — RTyin(ao(Ty, P°)) = ¢

so that, again rearranging, we obtain the result. Along D., we have,
using Lemma 2.8, that;

n(Q) = C_RA—TGO + In(ao(T, P))

so that, using the first part;

dlzgr@) = L (=2E) + L(In(ao(T, P)))

= we + ar(Trr) + ap(infao(T, P)))

= &< 4 4 (In(ao(T, P)))

so that, performing the integration, using the fact that Q(7}, P°) =
L

In(Q(T2))~In(Q(TY)) = (Q(T)) = % [, =T +In(ao(Ty, P>))—
ln(ag(Tl, PO>>

We have that, by the modification of Lemma 2.8;
In(Q(Ty)) = =5 + In(ao(Tz, P))

In(Q(T1)) =0

so that, using the formula for c;

In(Q(Tz)) = In(Q(T3)) — In(Q(Th))



EQUILIBRIA IN ELECTROCHEMISTRY AND MAXIMAL RATES OF REACTIOIS
 —AG°(Th)
=T 4 In(ag(Ts, P))

AG°(T1)—RTiln(ao(T1,P°))—AG° (T:
_ AG(T)-RT (R(él ) T2) 1 In(ao(Ts, P))

= & [y AdT + In(ag(Ts, Py)) — Inao(Ty, P°))
= Z(AH° = o)(g; — 77) + In(ao(T2, P2)) — In(ao(T1, P°))

and rearranging;

AG®(T1)—RTiln(ao(T1,P°))—AG® (T: - ° °
(T1)-RTy (ROT(Ql ) (T2) = F(AH =) (7 —7)—In(ao(Th, P°))

AGO(Ty)—AG°(T1) | RTiln(ao(T1,P°))
T2 T2

= (AH°® — c)(TL2 — %1) + Rin(ao(Ty, P°))

AG®(Ty)—AG°(Ty)
Ts

— (AH® = ¢)( — &) + Rin(ag(T, P°)) — Fliinlan(Ti.0)

= (AHO—(AGO(T1>—RTIZTL(CL0(T1, PO))))(%—TL)—FRZH(CL()(TI, Pe ))—
RTyln(ao(T1,P°))
Ty

= (AH® = AG°(T))(5; — 7) + RTuln(ao(Th, P°)) (75 — 77) + (R —
)in(ao(Ty, P°))

o (AH® = AG°(Th))(7; — 7)) + In(ao(Ty, PO))(RT1(7; — 7)) + (R —
)

= (AH® = AG°(TV))(% — #7)

so that, rearranging again;

o AG° (T
AG(T)(g; + 4 = 73) = =2
AG°(Ty) o 1
—T2 2 _ AH ( T—l)
to obtain;

AGA(Ty) = BAG(Ty) — AH(% — 1)
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For the modification of Lemma 2.12, be careful to use the restricted

9(2¢&
summation for ¢ substances, in the calculation of (%) p. while

the calculation for dU involves ¢ + 1 substances, including the solvent.
If e = 0, we have that;

Cc = AGO(TQ) + RTQlTL(Q(TQ, Pl)) - RTan(CLO(TQ, P,))

= AGO<T2) — RTan(a0<T27 P/O>>

ao(T2,P’)

so that rearranging, Q(T5, P') = o (T P)

and the claims about dynamic and quasi-chemical equilibrium lines
follows from @ = ¢ and (%)TJD = ¢, for ¢ € R>p and ¢ € R respec-
tively. If € # 0, we use the modification of Lemma 2.8, to obtain the
formula for the activity coefficient;

(5&)7 p|To.P'~AG® (Ty)+ RTyIn(ag(Ty,P')

Q(TQ, P,) =€ RTy

e(P'—P'°)

=e FD CL()(TQ, Pl)

Again, the determination of the dynamical and quasi-chemical equi-
librium lines follows again from rearrangement of () = ¢ and (%—?)1 p=
¢, for ¢ € R>o and ¢ € R respectively.

O

Lemma 5.3. In Lemmas 0.4-0.12, for the case of a reaction like (x)
in Definition 5.1, and considering a dilute solution with interaction of

the solvent, replacing @) defined as [[;_, a;* by;

Hf:o a;’

If we assume without approzimation that u; = pg + RTIn(a;), 0 <
1 < ¢, then the proofs go through as before, with the modification that
we have ¢ + 1 rather than c substances.

Remarks 5.4. In the case of a solvent with no interaction, if we de-
fine the activities by a; = x;, 0 < i < ¢, with the definition of Q) as
ao [[1<;<. @), then we need to modify the proofs of Lemmas 2.17 and
2.20. This is done in Lemma 10.4. For the existence of a feasible path,
where we require that the ng term is fized, see Remark 10.1, we need to
change Lemma 2.19. Letting dy > 0 denote the fixed molar amount of
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the solvent, we obtain the relation, modifying the proof of Lemma 2.19;

do [TZy (3ime + di) (8 () = e() (050 2 + Dne + 3255 di) (1)
where w =14 >, v;.

In the w > 0 case, absorb the constant dy into €(t), by setting
e(t) = % > 0, and redefine o = Z;:é d;.  Then use the proof
of Lemma 2.19, noting that if v; = w, for 1 < i < p, then w =
L+YC v >0 v ="  w=pw which is a contradiction again.
If w < 0, then use reciprocality again to reduce to w > 0, replacing
dy with % > 0. The w = 0 case is again similar, using the w > 0
calculation.

6. DILUTE SOLUTIONS WITH HENRY’S LAW FOR SOLUTES,
RAaouLT’S LAW FOR THE SOLVENT AND INTERACTION OF THE
SOLVENT

Definition 6.1. As mentioned in Definition 2.1, we can consider an
electrolyte as a solute in a dilute solution and define the activities aj;,
0<i<gc, by,

ag =g~ 1

a;=1z; (1<i<c)

and define;

Q=ao[li_,a ~[Ii_,a (no interaction of the solvent)

Q =[1;_,a; (interaction of the solvent)

We ideally have that p; = pg + RTIn(a;), 0 < i < ¢, which involves
a contradiction. By Henry’s Law, we have that P; = k;x;, 1 <1 < ¢,
so that, by Henry’s Law, phase equilibrium and the ideal gas law;

MESOZ) _ Mgg)o + RTZ”(%)

= 1 + RTIn(k)
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= """ + RTIn(w;) ()
where MEH)O = ,ugg)o + RTIn(£) (1). From (%), we obtain that;
pp = "+ RTIn(a(T, P7)) ()
and, for 1 <i<c¢;
wi = p — RTIn(x;(T, P°)) + RTIn(x;)
= p; + RTn(z:) + w(T) (111)

where, by Henry’s law;

k(T) = —RTin(x;(T, P°))

= —RTin(%2)

ki

= RTIn(£-)

P;o
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and P,y is the partial pressure of component i at (T, P°), (°).

We can use Raoult’s law for the solvent as Py = Pjxg, see [9]. Then,
using equilibrium with an ideal gas mixture;

s = pg? + RTIn(£2)
= ug” + RTIn(82)
10 + RTIn(xo) + RTIn(%2)

= (T, Fg) + RTln(xo)

5 Another way of looking at the problem in the special case of water elec-
trolysis, is to use the phase rule, and the ideal gas law as an approximation, to write;

uESOl) ~ u§g>° + RTln(55)

= {*V° 4 RTIn(£)

If we assume that the equilibrium partial pressures {P; ¢, P20} of hydrogen and
oxygen are P° at P°, which seems reasonable if we carry out electrolysis at P°
before applying voltage, we obtain that;

MESOl)O _ Mgg)o + RTZH(%) — MEQ)O.

It follows, by Henry’s law;

s = ¢ + RTIn(b22)

= u + RTIn(x;) + RTIn(

)
and then;
RTln(x;)(T, P°) ~ — RTIn(*LLY)
= RTln(W)
so that;
(TP~

and the concentrations at P° are approximately determined by k;(T, P°). We
can make this approximation more precise when we consider fugacity.
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= us(T, P) + RTIn(xo) + 0(T, P) (*x)
where O(T, P) = uy(T, Py) — us(T, P) ~ 0
so that;

RTln(x,) = RTIn(L) — RTIn(%)
and;
po = pg + RTIn(xo) + 6

*

= pi + RTIn(£) — RTIn(F2) + 0 (x % =)’

We also have, using the phase rule for the solvent in equilibrium with
an ideal gas mizture, that;

ny = 1g? + RTn(f%)

sol o(sol
ug™ = g™ + RTIn(32) (+)
Combining (x), (x * x)', we obtain that;

115 = o — RTIn(£2) + RTIn(3E

) — 6
= (4§ + RTIn(42)) — RTIn(42) + RTin(7) — 0
= g+ RTIn(3E) — 6 (1)

Letting Pf = P°, we obtain that py(T, P') = pg — 0, for the corre-
sponding P’, (x * xx)’

From (xx), (% % %), we obtain that;
po = ph + RTIn(xg) + 0

= us(T, P')+ 6 + RTIn(xo) + 6
=py— 0+ 0+ RTIn(xo) + 0

= ug + RTIn(xy) + 0
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where § = uy(T, P) — us(T, P') ~ 0
Using the same calculation as before, we have that;

po = pug + RTIn(xo) + (T, P)

Lemma 6.2. In the case of dilute solutions, with interaction of the
solvent, a feasible path vy is a dynamic equilibrium path iff pr(~y12) C C.,
for some ¢ € R~ iff Cil—t =

Proof. We have that;
[Ticoa® = ITimp 2"

where x; = . Now follow through the proof of Lemma 2.17, as we
are differentiating, the proof works with a constant f > 0. O

We reformulate Lemmas 3.2 to 3.6 in this context, assuming Henry’s
law for the solutes and the solvent an ideal solution;

Lemma 6.3. In the dilute solution case, with interaction of the sol-
vent, for the energy function G involving ¢ + 1 uncharged species;

(%)TJD = AG° + RTZ?”L(Q) +€

where €(T, P) = voy(T, P) + > i viki(T) ~ 0, %(P) ~ 0 and
ki(T) =~ 0 are the error term for the i ’th uncharged species in Definition
6.1, 1 <i<c.

Proof. The proof is clear from Lemma 3.2.
O

Lemma 6.4. For a dilute solution, with interaction of the solvent,
we have, using the definition of €(T, P) in Lemma 6.3, the error term
Y0(T, P) and the error terms k;(T), 1 < i < ¢ in Definition 5.1, that
the same results as Lemma 3.3 hold, replacing €(T, P) with the new
(T, P) and 6(T) with (T, P°) = voyo(P°) + >_i_, viki(T), which we
also denote by o(T).

Proof. The proof is clear from the proof of Lemma 3.3.
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Lemma 6.5. For a dilute solution, with interaction of the solvent, we
have the same result as Lemma 3.4 hold, replacing (T, P(T')) by the
same €(T, P(T)) along the quasi-chemical equilibrium lines.

Proof. The proof is clear from the proof of Lemma 3.4

O

Lemma 6.6. For a dilute solution, with interaction of the solvent, we
have the same results as Lemma 3.5 hold, replacing €(Ty, P') by the
same €(Ty, P'). In particularly, if € # 0, we have that;

e(P—P°)—¢(T,P)
RT

Q(T,P)=e

and, if € = 0, we have that;

—e(T,P)

QT P) = e~%

Proof. The proof is clear from the proof of Lemma 3.5.

0

Lemma 6.7. For a dilute solution, with interaction of the solvent, we

have that, if € # 0;

o Oe «(P—P°)—¢(T,
grad(Q)(T, P) = ((Z8L=F) | dlP) _ g(TP)y APty

RT? RT?2 = RT J

. ﬁ(T,P) e(P—P°)—¢(T,P)
(g — Zgp—)e  "T )
and, if e =0;
& —€ N _ﬁ —€ B
grad(Q)(T, P) = (5D — 50 o= —ab(TP) (=™

The paths of mazimal reaction in the region |grad(Q)(T, P)| > 1,
Q(T,P) > 0, are given by implicit solutions to the differential equa-
tions;

aP _ eI—T25(T,P)
dr (—G(P—PO)-FE(T,P)—T%(T,P))

ap _ _ —THp(TP)

dT " &(T,P)-T35(T,P)

respectively.
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Proof. The computation of grad(Q) in both cases is a simple applica-
tion of the chain and product rules. Following the method of Lemma
3.6, noting the claim about maximal reaction is still valid with the
same definition of @, if € # 0, we compute;

Oe e(P—P°)—¢(T,P
. P, < )—e(T,P)
dP _ (gr—2Frr—)e RT
dT =~ _(P_P°) « 9¢ (7,p), (P—P°)—e(T,P)
( (gTZP )4 gT’I;)fﬁéT ))e BT

- eI—T25(T,P)
T (—e(P—P°)+€(T,P)-T 5 (T, P))

and, if € = 0;
_ Oe —e(T,P)
dT — or.py 25(1,p). —<(T.P)
( (PELQ)_ BTRT Je BT
~T45(T.P)

- e(T,P)—T 35 (T,P)

7. SOLUTIONS WITH FUGACITY

Lemma 7.1. In the case of solutions with fugacity, we have that;

(3)rp = A+ eP+ BT +oln(T) + H(T) (D)

where {B,e,\,c} C R, H(T) is a function of T.

Proof. The proof is similar to that of Lemma 2.12, except that we have

to add correction terms for mixtures and use the van der Waals equa-

tion for real gases. As before, by Lemma 2.10 and the proof of Lemma
2.11, we have that;

8(£)T,P 6] ¢ Vi g

( d;T )p = ( (215% Iz ))P

= Z?:l ’/i(%ilri)P
= > vi( %) P

= = iz ViSma (%)

To compute gm,h we have by the first law of thermodynamics;
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dQ = dU + dL = dU + pdV
where L is the work done by the system, see [5]. We have that;

AHmm = — Zz?:l anTz(algg:h) )P,n

AVpip = 326 m RT(2253)),1

see 9], where ~;(7T, P) are the activity coefficients, so that;
AUz = AH e + POV

= = S mRT (U538 e + X mRT (531,
=6,(n, T, P)+ PO,(n, T, P)

=0(m,T,P)

and we are using convention (I) of [9]. That is Uy, = > .5, Ui +
07, T, P).

Again, we assume that component 7 is in thermal equilibrium 7" with

an ideal gas at pressures (P, P). Then at constant (T, P, P}), we have
that, as before;

dG; 1iqg = dU, jig + PdV; 1ig — T'dS; 1iq

= —dGi gos = —AdU; gas — P;dV; gas + T'dS; gas

= dH; ;g — TdS;1ig = —dH; gos + T'dS; gas

so that;

d(H;jig + Hi gas) = TdS; 1ig + TdS; gas

and;

AU, 1iq + PV, iqg + AU, gas + PidV; gos = d(H, 1iqg + Hi gas)

Integrating between the initial and final states of no evaporation and
complete evaporation, we obtain that;
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_Ui,liq - P‘/i,liq + Ui,gas + ]Di*‘/;,gas = Hi,gas - Hi,liq = A}[i,vap
so that, rearranging;

Ui,liq(T7 P7 nz) = Ui,gas - AHi,vap - P‘/i,liq + Pi*‘/;,gas

It follows, as Vi = 02(m, T, P) for a non-ideal mixture, and using
the van der Waals equation;

(P + ) (V —niby) = nRT (1 < i < ¢)

for the real gas components, and the calculation of internal energy
for a real gas;

AUj gas = niCy;dT — (P — T(85)y)dV

— n,CydT — =gy

Ui gas = MiCvT + 03,(n;, T, P) ()

where Cy; is the molar heat capacity at constant volume, that;

Uniaig(T, P,) = > i Uisig(T, Pynyi) + 0(m, T, P)

= Z?:l ULgas‘Z?:l AH;yap—P 25:1 V;,lquLZf:l PV, gas+0(m, T, P)

= Z?:l Ui,gas - Z?:l AHm,i,vap”i - P(Vliq — 0, (ﬁ, T, P))

+ > Pra(T, Pf,n;) +0(n, T, P)

where « is obtained by solving the van der Waals equation for V; g,.
We can write the equilibrium pressure P as a function f;(T, P), and
use (f), to obtain;

Uniztig(T, P,1) = > (niCyiT + 03,;(ni, T, P)) — > iy AHpy i vapti

—PViiq +0:(n, T, P))

+> 5 BT, P)a(T, B(T, P),n;) + 0(m, T, P)
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= > i (niCviT = 35 AH i wapni — PViig + (7, T, P)
AUniztiq = 51 Ovildn; + >0 CvingdT — >0 AHp, i papdn
~ViigdP—PdVijg+> 5, 6:(m, T, P)dn;+~ (m, T, P)dT+,(n, T, P)dP
AQmiz tig = AUz liq + PdViig
=3 CviTdn; + > i, CyindT — > 0 AHp ;i papdn
—Viigd P + Zle 0;(m, T, P)dn; + v1(m, T, P)dT + ~v2(m, T, P)dP
M = iy COviadni + 301 C\/ml T =D i AH, vapdgz

lqu +Z¢1 (nTP)dm—i_’YI(nTP) +’72(HTP)

It follows that;
gm,i = fAnizl(%)n’,T,P

AHpiva 5,(n,T,P
= E;::l Cv,i — 25:1 — 77t Zf:l (nT :

—CVZ mzvap +G<T P)

where G;(T, P) = & ("TT ) is independent of 7.

So that, from (xx);

8(%)TP

(Pl p = — 300 (O — Bmivw 4 Gy(T, P)), (+ % %)

and we assume that C’VZ and AH,, ;.4 are independent of (T, P).
From (* * %), we see that (%< )Tp is of the form a(P)+ T + oln(T) +

[ G(T, P)dT, (B), where {6 o} C R, and, assuming that (4 )Tp is
differentiable, o € C'(R). By a similar calculation, we have that

8(£) , O "C_ v
( d(;PTP>T:( (21511) u))T

= Zz 1”@(
=) 1”%(

P)r
B) 1
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=i (G )T e
=iV ivmyi
=2 iV i% (4)
where k; is the density of substance 7, m; is the molecular mass, and

we assume that V,,; is independent of (T, P). We have, from (A, B),
that;

(rry o = o/(P) + [ Gp(T, P)IT (AA)

where € = Y ¢, 14V, so that, differentiating with respect to T’
Gp(T,P)=0

G(T,P)=G(T)

a(P)=\+eP

and;

(48

—f)T,p is of the form;

a(P)+ BT + oln(T) + H(T)
=A+eP+ BT +oln(T)+ H(T) (D)

where {3,¢,\,0} C R.

Lemma 7.2. In the case of solutions with fugacity, we have that;

(%)r,p = A+eP + BT (E)

where {f,e,\} C R. That is, in Lemma 7.1, c = H(T) =0

Proof. The proof follows from Lemma 3.5, equating coefficients, even
when error terms are introduced, and from Lemma 5.1, to cover the
case with no interaction of the solvent, and the new definition of the
activity coefficient Q).
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O

__In the case of electrolysis of steam, it is unreasonable to assume that
Vi is independent of (7', P), however, we can do a more accurate
calculation.

Lemma 7.3. Electrolysis of steam

Proof. We assume that the mixture of steam, hydrogen and oxygen is
an ideal gas mixture, and consider the fuel cell reaction 2H? + Oy —
2H>0. We have that, using Dalton’s law of partial pressures;

w? ="+ RTIn(5) + &(T)

where;

&(T) = —RTiIn(%2) = —RTIn(22(T)), P, is the partial pressure of

PO
component ¢ at P°, so that;

1 = pu9° 4+ RTIn(%) + RTIn(L) — RTIn(%2)

= qu(g%o + RTlIn(x;) + RT[n(%) — RT[”(%’;)

= u\° 4 RTIn(x;) + 6,(T, P)
We have that;

8%|T,P,ﬁ

3
opP = Zi:l ViVim,i

where, using the ideal gas law;

_ oV
Vini = on,

o( ?:1 "]’)%

on;

RT

P

so that;
3 RT
dim1 ViV = —5

%|1.pm = —RTIn(P) + (T, 7)
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We have that;

98 (1,P)- 9F (T,P°)~533_, v;8,(T.P)

QT P)=e AT

P;
—RTIn(F5)-X5_1 vi (RTIn(£5)— RTIn(Z5))

= € RT

P.
—RTin(L5)+ RTin(£o)+ 531 vy RTIn(22

= e RT

R.
$3_) v RTIn(£5)
S - L—

= [T, o7 (T, P°)

so that the equilibrium coefficient with error terms is independent of
pressure, and no substance is formed keeping temperature fixed. More-
over, as explained above, it is insufficient to determine the amount
of substance formed during the reaction. However, with initial molar
amounts {nig, nag, n3o} at (Tp, P°), we have that, by the ideal gas equa-
tion;

n(T,PO) :no—f: %

so that, by the above, PV is fixed at fixed temperature. We have
that, as substance formed is independent of pressure;

_ POV(T,P°)
e T

Without error terms, we have that;

Qr.p) =%

P

which is independent of temperature.
The Nernst equation, which does not use error terms, then becomes;

W (T, P) — W°(T) = — <)

4F

o
RTIn( %)
4F
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so that, at fixed pressure 2P°, voltage W has an effect on tempera-
ture;

W —We(T) = 2

T = 2(W — W)

2P°V (2E(W-W°(T)),2P°)
§=mno— SFROW W (1))

Note that a similar pressure dependence for ()" without error terms
is found in [6].

O

8. DILUTE SOLUTIONS WITH FUGACITY AND INTERACTION OF THE
SOLVENT

Definition 8.1. As mentioned in Definition 2.1, we can consider an
electrolyte as a solute in a dilute solution and define the activities a;,
0<i<gc, by,

ag = Yoo = 1
a; =vix; (1<i<ec)

We can define the activity coefficient Q = ao[[;_; af* ~ [[;_, af",
but we will adopt a new convention, see below.

We have that p; = i + RTIn(a;), 0 < i < ¢, which involves the
contradiction with the definition of activity for ideal solutions. By the
approximation of Henry’s Law for the solutes, we have that P; = k;x;7;,
1 <i < e, (convention (II)), see [9], so that, by the approzimation of
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Henry’s Law, phase equilibrium and the gas law with fugacity &;,(%),;

D 9 4RI
@° 4 RTIn(%224) + RTIn(6,(T, P))

= 1 & RTIn(vix;) + RTIn(6,(T, P)) ()

where ,uZ(H)O =\ 4 RTIn(£) (1). From (x), we obtain that;

1o = pui™° 4 RTIn(vz:(T, P°)) + RTIn(5:(T, P°) (11)

and, for 1 <1 <c¢;

p; = S —RTIn(v;x;(T, P°))—RTIn(6:;(T, P°)+RTIn(viz;)+RTIn(5;(T, P))

=y + RTIn(viz;) + (T, P) (111)

6 Again, as above, we can make a calculation for electrolysis involving fugacity;

We have that, using the phase rule for the solutes hydrogen and oxygen, the
fact that the gases are dissolved, so that the partial pressures match the pressure
of the solution, and the approximation of Henry’s law;

pleol = oo RTIn(%)
‘u7(;sol)0 _ u§g>° + RTzn(%‘JZO)

° 4 RTIn(8;)(T, P°)

so that;

,UESOI) Mgsol)o o RTln(él)(T, Po) + RTlTl(éj;Ijl)

sol)o P iTi%Yi
pi*° 4 RTIn(20EL) + RTIn(k)

= pi*° 4 RTIn(x;) + RTIn(25H4%) + RTIn( %)
so that z;(T, P°) = #TOPO)

and we see that the concentrations at standard pressure are determined again
by the constant k; in Henry’s law and the deviation -; at standard pressure.
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where, from phase equilibrium and (1), (f1);

K(T, P) = —RTIn(yxi(T, P°)) + RT(In(6;(T, P)) — In(6,(T, P°))

= Nz(‘H)o — S+ RTIn(6;(T, P°)) + RT[”((;?((TT”;)))

= 1 + RTIn(£5) — pi*"° + RTIn(5,(T, P))
= RTIn(£) + RTIn(5,(T, P))

= RTIn(% 0

We can measure the correction in Raoult’s law for the solvent by
Py = v Pz, (convention I), see [9]. Then, using the gas law with
fugacity &g, and the correction o for the difference of the chemical po-
tential between a gas in a non ideal mizture and on its own, we have,
at equilibrium, that;

“(()soz) _ Mg(g) + RTln(‘s?f:O)

= g + RTin(*0ki0)

1o + RTIn(yox0) + RTIn(%55)

— 1o(T, B) + RTn(oo)

— 4y(T, P§) + (T, P) + RTin(70z0)

= us(T, P) + RTIn(yoxo) + 0(T, P) (*x)

where (T, P) = (T, Fg) — po(T', P) + o (T, Fy)
so that;

RTIn(v0)x,) = RTIn(%E) — RTIn(250)

and,

po = pg + RTIn(yoxo) + 0

=y + RTIn(%R0) — RTIn(%25) + 6 (% % *)
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We also have, using the phase rule for the solvent in equilibrium,
that,

) = g + RTIn(%ko)
o™ = pg"" + RTIn(%2) (x)
Combining (x), (x % %), we obtain that;

115 = o — RTIn(%Le) + RTIn(%5) — ¢

PO

= (1§ + RTIn(%L)) — RTIn(%) + RTIn(*%) — ¢

= i+ RTIn("5%) = 0 (1)

PO

Letting o P} = P°, we obtain that pui(T, P') = ug — 0, for the corre-
sponding P’ (x x xx)’

From (xx), (% % %x)’, we obtain that;

po = ps + RTIn(voxo) + 6

= us(T, P") + 6 + RTIn(voxo) + 6

=pg— 0+ 3+ RTIn(vozo) + 6

= pu + RTIn(~yozo) + 6

where § = uy(T, P) — us(T, P') ~ 0

Using the same calculation as before, we have that,
po = pg + RTIn(vyoxo) + A(P)

We can define a new activity coefficient by Z = [[;_, b, where;
bo = xo

bi=x;, 1 <i<c

From the above, we have that;
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(T, P) = g + RTn(zo) + RTIn(3(T, P)) + 8(P)
= pu + RTIn(by) + ¢o(T, P)

and, for 1 <1 <¢;

(T, P) = s + RTn(z;) + RTIn((T, P)) + wi(T)

— 42 + RTn(b) + (T, P)

Lemma 8.2. In the case of dilute solutions, with interaction of the
solvent, a feasible path v is a dynamic equilibrium path iff pr(~y2) C Cy,

for some f € Rvg ¢ % =0.

Proof. We have that;

Hf:o a;’ = Hf:o ;)

Now copy the proof of Lemma 6.2.
O

We reformulate Lemmas 3.2 to 3.6 in this context, assuming the ap-
proximation to Henry’s law for the solutes and the approximation to
Raoult’s law for the solvent;

Lemma 8.3. In the dilute solution case, with interaction of the sol-
vent, for the energy function G involving ¢ + 1 uncharged species;
(%)gp = AG° + RTIn(Z) + (T, P)
where (T, P) = vypo(T, P) + > i vityi(T, P), and ¢y is the error
term for the solvent in Definition 8.1, and ;, for 1 < i < ¢ are the
error terms for the solutes in Definition 8.1.

Proof. The proof is clear from Lemma 3.2.

O

Lemma 8.4. For a dilute solution, with interaction of the solvent,
we have, using the definition of €(T, P) in Lemma 8.3, the error term
¢o(T, P) and the error terms ¢;(T, P), 1 < i < ¢ in Definition 8.1,
that the same results as Lemma 3.3 hold, replacing e(P) with ¢(T, P)
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and & with (T, P°) = vypo(T, P°) + >_i_, vithi(T, P°)

Proof. The proof is clear from the proof of Lemma 3.3.

0

Lemma 8.5. For a dilute solution, with interaction of the solvent,
we have the same result as Lemma 3.4 hold, replacing e(P(T)) by
e(T, P(T)) along the quasi-chemical equilibrium lines.

Proof. The proof is again clear from the proof of Lemma 3.4
O

Lemma 8.6. For a dilute solution, with interaction of the solvent, we
have the same results as Lemma 3.5 hold, replacing e(P') by e(Ty, P').
In particularly, if € # 0, we have that;

e(P—P°)—¢(T,P)

Z(T,P)=ce RT
and, if € = 0, we have that;

—e(T,P)

Z(T,P)=e &t

Proof. The proof is again clear from the proof of Lemma 3.5.
O

Lemma 8.7. For a dilute solution, with interaction of the solvent, we
have that, if € # 0;

=€ —P° € & ) %
grad(Z)(T, P) = ((ZGe + st — #pp)e™ a0
)

Y

De e(P—P°)—¢(T,P
( e aP(T,P))e R)T( )

RT RT

and, if e =0;

& —€ 5 _& —€ 5
grad(Z)(T, P) = (452 _ 22LP) =5 b (D) =t

The paths of mazimal reaction in the region |gradZ(T,P)| > 1,
Z(T,P) > 0, are given by implicit solutions to the differential equa-
tions;

dP _ ET—T%(T,P)
dr (—e(P—P°)+€(T,P)—T 55 (T P))
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ap _ _ “TEp(TP)
dT = (T,P)-TZ=(T.F)

respectively.

Proof. The proof is the same as Lemma 6.7, replacing () by Z, noting
that Z is defined the same way in terms of activities.

O

9. ELECTROCHEMISTRY WITH ERROR TERMS, FUGACITY AND
INTERACTION OF THE SOLVENT

Using the new error term €(7', P) and the activity coefficient Z from
Section 8, we have that;

Lemma 9.1. The Nernst Equation for Catalyzers
At electrical chemical equilibrium (T, P) and (T, P°);

o RTIn(Z(T,P e(T,P
(B = B*)(T, P) = ~HhtgLr) _ 0

Proof. Just follow the proof of Lemma 4.1, replacing €(P) with €(7', P)
and use the fact that the catalyzer reaction 2H,0 + 4e” (R) — Oy +
2H, + 4e” (L) occurs with 4 electrons rather than 2.

g

Lemma 9.2. At electrical chemical equilibrium (T, P) and (T, P°), and
chemical equilibrium (T, P);

AG® = AF(E — E°)

Proof. Follow the proof of Lemma 4.2, replacing e¢(P) with ¢(T, P),
noting the remark in Lemma 9.1.

O

Lemma 9.3. If e =0, we have, for all Ty > 0, that;

(56 )m.plerry = (3E)rplm,pp)
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iff;
E(Th, P) = E(Ty, PY) = E°(Th)
where G is the Gibbs energy function for the charged and uncharged

species.

Proof. Follow the proof of Lemma 4.3, replacing the result of Lemma
1.5, that (aGg—h;m’)ﬂ p is independent of P, with the corresponding same
result in Lemma 8.6. O

Lemma 9.4. We have, for all T} > 0, P, > 0, that;

AF(E(Th, P)—E°(Th)) = (5¢)r.p
e(Th, P1) (*)

()~ (31l Py = RTIn(Z(Ty, Py))—

Proof. Follow the proof of Lemma 4.4, replacing e(P) with €(7', P).

O

Remarks 9.5. The result of Lemma 9.4 combined with the determi-
nation of the activity coefficient Z in Lemma 8.6 and the error term
e(T, P) in Lemma 8.3 can be use to determine the unknown quantity
(%—?)T’ p. We can measure the potential difference between the cathode
and anode along the dynamical equilibrium paths provided by Lemma
8.6 and then use the formula (x) in Lemma 9.4. Once this is de-
termined, we then alter the power supply, in accordance with (%), to
push the reaction along the paths of maximal reaction given in Lemma
8.7. This should improve the efficiency of the production of hydrogen
and oxygen, in the case of the electrolyzer reaction, given by 2H,0 +
467<R> — OQ + 2H2 + 467(L)

10. DILUTE SOLUTIONS WITH HENRY’S LAW FOR SOLUTES,
RAaouLT’S LAW FOR THE SOLVENT AND NO SOLVENT
INTERACTION

As mentioned in Definition 2.1, we can consider an electrolyte as a
solute in a dilute solution and define the activities a;, 0 <17 < ¢, by;

ag =x9 ~ 1

a;=x; (1<i<c)
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We can either define the activity coefficient by;

W — HC al/i

i=1""

or, use the more conventional definition;
_ c Vi s C 13
Q=ap Hi:1 a; =1]i=1 4

We will consider both cases.

Remarks 10.1. In the first case, if ag is assumed constant, we have
to redefine a feasible path by using coordinates (T, P,ng,ny, ..., n.) and
letting v : [0,1] — R2E, such that if ni(t) = pray(t), for 0 < i < c,
then;

Z—%:Z—%,forlgi<j§c

i j

where {v1, ..., v.} are the stoichiometric coefficients. Ifn(t) =Y :_,ni(t),
and x;(t) = a;(t) = %(t), 0 < i < ¢, then Q(pri2(t)) = [1i; a;(t)” and
ng > 0 is a fized constant. Note that n > 0 and the x; are well defined,

0 < i <c. The existence of feasible paths follows easily from the proof
of Lemma 2.19, where we are free to take any ng > 0.

Lemma 10.2. In the case of dilute solutions, with no interaction of the
solvent, a feasible path v is a dynamic equilibrium path iff pr(~y2) C Cy,
for some f € Rso iff % =0.

Proof. We have that;

W= ot = T o
—W = f (¥)

If v is a feasible path, then pris(vy) C Wsg, otherwise, we could find
(T, P), with x;(T, P) < 0, contradicting the fact that n; > 0, n > 0. It
follows that f > 0. With f > 0, follow through the proof of Lemma
2.17, replacing 8 with »;_, d;, where dy = ny. Clearly ny = 0 so we
obtain the first direction. The rest of the proof follows from Lemma
2.20, using the additional fact that nfj = 0.

O
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Lemma 10.3. In the case of dilute solutions, with no interaction of
the solvent, and ag assumed constant, a feasible path v is a dynamic
equilibrium path iff pr(yi2) C C., for some ¢ € R+, iff ‘2—? =0.

Proof. We have that;
[Tim e = %

= Hf:1 ;)

If v is a feasible path, then pris(y) C @so, otherwise, we could
find (T, P), with z;(T, P) < 0, contradicting the fact that n; > 0, for
0<i<e¢ n>0. Itfollowsthat c > 0,d > 0. With d > 0, follow
through the proof of Lemma 2.17 again, getting the other directions
from Lemma 2.20.

O

Lemma 10.4. In the case of dilute solutions, with no interaction of the
solvent, a feasible path v is a dynamic equilibrium path iff pr(~y2) C Cy,
for some f € R~ iff % =0.

Proof. With the same caveat as in Lemma 10.3, we have that;
C Vi c 123
ao [ iy @ = zo [ [y @
= [l
=Q=f (%)
where z; = =, o =1, p; = v, 1 <i <.

Using the relation (x), differentiating and using the facts that, for
1< <ce—1,

!
I _ in L Mine Y _
nj = e p; = +d;i,ny=0,n9=dp

we obtain that;

, 1 ;
(T2t = Yoo et i T 2
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— c wi—=1_ 1 —p;
=f Zi:o Wiy~ Ty,

c -1,
= fzz':o iy Xy
=0
so that;
_ ¢ n (nin—m;n’)
= Zizo i, — 2
— \¢ n o/
= Zi:o Mi(n_i - Z)

!

_ Zéfl pine, 4 Meme )\(ch A

=1 vine+ped; Ne i=0 M

—1 p4
= Z?_l pin pent A( (5ot e tDne )
i=1 pinctped; ne (o 2 D)ne+3g di

=0(B)

where A\=>"0 jpi=14+>7 v

Following the proof of Lemma 2.17, replacing [ with foé d;, we
have, 1f2 = v #0and A=1+3¢ 1#1—1"‘2@ (v #0,
then n; =0, for 1 <i < ¢, and clearly we have that n{, = 0. Similarly,
if A\ = Zfzo i =1+ Z;l v; = 0, we obtain the relation;

[[i—oni*=f
Again, following the proof of Lemma 2.17, if n/, # 0, we obtain the

relation;

c—1 u? Le c—1 l/i2 Ve
Zi:l Ninc‘huzcdi + ne zz:l ViNc+ved; + Ne

c

=0

and, by the proof there, we obtain that n; = 0, for 1 <i < c¢. As
ny = 0, we obtain the result. We are left with the case 0| u; =
Zf;ll v; = 0. As in the proof of Lemma 2.17, we can assume this
choosing the appropriate pivot. The other directions in the Lemma

follow from a simple modification of Lemma 2.20.
O
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Lemma 10.5. In Lemmas 2.7 to 2.15, for the standard cell, and con-
sidering a dilute solution with no interaction of the solvent, replacing
Q defined as [[;_, a" by the same definition of W ;

i=1"
If we assume without approzimation that u; = pg + RTIn(a;), 1 <
1 < c, then;

the same results as Lemma 5.2, setting ao(T, P) = 1, with the caveat
that in the final clavm W =1 and any path is a dynamical equilibrium
line.

Proof. The proof is clear. O

Lemma 10.6. In Lemmas 2.7 to 2.15, for the standard cell, and con-
sidering a dilute solution with no interaction of the solvent, replacing

Q defined as [[;_, a;i" by;
ao(ITizy @) = wo(IIi2, @)

If we assume without approzimation that p; = pu$ + RTIn(a;), 0 <
1 <c, then;

the same results as Lemma 5.2, with the new definition of ag(T, P) =
-CEO(T7 P)

Proof. The proof is clear. O

We reformulate Lemmas 3.2 to 3.6 in this context, assuming Henry’s
law for the solutes and the solvent an ideal solution;

Lemma 10.7. In the dilute solution case, with no interaction of the
solvent, for the energy function G involving ¢ + 1 uncharged species,
including the solvent;

(%)ﬂp = AG° + RTZTL(W) +¢€

where e(T, P) =Y, v;ik;(T) ~ 0 and k;(T) =~ 0 are the error terms
for the 1’th uncharged species in Definition 6.1, 1 < i < c.

Proof. The proof is clear from Lemma 3.2 and the fact that, as dng = 0;
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dG = Y 5o pidng = Y75y pidn;
so that (%)T,p = vy and AG® = >0 vl

O

Lemma 10.8. For a dilute solution, with no interaction of the sol-
vent, we have, using the definition of e(T') = > vik;(T), where
the error terms k;(T), 1 < i < ¢ occur in Definition 6.1, that the
same results as Lemma 3.3 hold, replacing e(P) with ¢(T) and § with
e(T) =35, viki(T) again, and using W instead of Q.

Proof. The proof is clear from the proof of Lemma 3.3, using the ob-
servation from Lemma 10.7.

U

Lemma 10.9. For a dilute solution, with no interaction of the solvent,
we have the same result as Lemma 3.4 hold, replacing e(P(T)) by e(T')
along the quasi-chemical equilibrium lines, and using W instead of Q.

Proof. The proof is again clear from the proof of Lemma 3.4.

O

Lemma 10.10. For a dilute solution, with no interaction of the sol-
vent, we have the same results as Lemma 3.5 hold, replacing e(P’) by
e(Th). In particularly, if € # 0, we have that;

W(T, P) = "
and, if € = 0, we have that;

—<(T)

W(T, P) = e rr

Proof. The proof is clear from the proof of Lemma 3.5.

O

Lemma 10.11. For a dilute solution, with no interaction of the sol-
vent, we have that, if € # 0;

—e(P—P° € de T e(P—P°)—¢(T)
grad(W)(T, P) = ((=4L=F0) 4 D) _ (D =gt
)

(%)6 e(prRo’l)ﬂfe(T)
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and, if e =0;

—<(T)

de
grad(W)(T, P) = (5% — 45 )e it

,0)

The paths of mazimal reaction in the region |grad(W)(T,P)| > 1,
W(T,P) > 0, are given by implicit solutions to the differential equa-
tions;

dP __ el

AT (—e(P—P°)+e(T)~T 35 (T))
P _

=0

respectively.

Proof. The computation follows easily from the proof of Lemma 6.7,
replacing ¢(P,T) by €(T"). We also note that in the proof of maximal
reaction, see Lemma 3.6, we have to change 3 to Zcié n; o, where n;
is the fixed molar amount of the solvent. This effects a; but we still
have that a; # 0 and the rest of the proof is unchanged.

O

Remarks 10.12. We can also formulate versions of Lemmas 10.7 to
10.11 for the activity coefficient ) instead of W, mentioned in the in-
troduction to this section 10. However, although the proof should go
through, it is more difficult, and left as an exercise for the reader, com-
bining the methods of Sections 3 and 5. However, it seems unnecessary
when we can derive the main results with the coefficient W.

11. DILUTE SOLUTIONS WITH FUGACITY AND NO SOLVENT
INTERACTION

c v;
i—1 0", or

Again, we can define activity coefficients either by W =[]
the more conventional Z = by [[;_, b7" where;

i=1"1
b(_) = 2o

bz:.Tl,lSZSC

See the introductions to Section 8 and Section 10 with the Remark
10.1. We will again consider both cases.
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Lemma 11.1. In the case of dilute solutions, with no interaction of the
solvent, a feasible path vy is a dynamic equilibrium path iff pr(y12) C Cy,

for some f € Ryg 1 dd_Vl/ =0.
Proof. Copy the proof of Lemma 10.2. O

Lemma 11.2. In the case of dilute solutions, with no interaction of
the solvent, and by assumed constant, a feasible path v is a dynamic
equilibrium path iff pr(y12) C Cy, for some f € R~ iff % =0.

Proof. We have that;
H?:l by = %

= Hf:1 ;"

_f _
=L=d

Now copy the proof of Lemma 10.3.
O

Lemma 11.3. In the case of dilute solutions, with no interaction of the
solvent, a feasible path v is a dynamic equilibrium path iff pr(~y2) C Cy,
for some f € Ryq iff Z—f = 0.

Proof. We have that;

bo [ 1=y b = o [ [imy @
Now copy the proof of Lemma 10.4.

g

Lemma 11.4. In Lemmas 2.7 to 2.15, for the standard cell, and con-
sidering a dilute solution with no interaction of the solvent, replacing
Q defined as [[;_, a;" by the same definition of W ;

If we assume without approxzimation that p; = u; + RTIn(b;), 1 <
1 <c, then;

the same results as Lemma 5.2, setting ao(T, P) = 1, with the same
caveat as Lemma 10.5.

Proof. The proof is clear, as in Lemma 10.5.
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Lemma 11.5. In Lemmas 2.7 to 2.15, for the standard cell, and con-
sidering a dilute solution with no interaction of the solvent, replacing

Q defined as [[;_, a;i" by;
Z = bo(ITi=y b7") = wo(ITizy 07

If we assume without approximation that p; = u; + RTIn(b;), 0 <
1 <c, then;

the same results as Lemma 5.2, with the new definition of by(T', P) =
xo(T, P) replacing ao(T, P) in the Lemma.

Proof. The proof is clear, as in Lemma 10.6.
O

We reformulate Lemmas 3.2 to 3.6 in this context, assuming the ap-
proximation to Henry’s law for the solutes and the approximation to
Raoult’s law for the solvent;

Lemma 11.6. In the dilute solution case, with no interaction of the
solvent, for the energy function G involving ¢ + 1 uncharged species;

(38)r.p = AG® + RTIn(W) + (T, P)
where €(T, P) =% i, vyt (T, P), and ;, for 1 <i < c are the error
terms for the solutes in Definition 8.1.

Proof. The proof is clear from Lemma 3.2, with the same observation
as in Lemma 10.7.

O

Lemma 11.7. For a dilute solution, with no interaction of the sol-
vent, we have, using the definition of €(T,P) in Lemma 11.6, the
error terms (T, P), 1 < i < ¢ in Definition 8.1, that the same
results as Lemma 3.3 hold, replacing e(P) with (T, P) and 0 with
(T, P°) = > vityi(T, P°), using W instead of Q.

Proof. The proof is clear from the proof of Lemma 3.3, using Lemma
11.6.

O
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Lemma 11.8. For a dilute solution, with no interaction of the solvent,
we have the same results as Lemma 3.4 hold, replacing e(P(T)) by
e(T, P(T)) along the quasi-chemical equilibrium lines.

Proof. The proof is again clear from the proof of Lemma 3.4 and
Lemma 11.7.

l

Lemma 11.9. For a dilute solution, with no interaction of the sol-
vent, we have the same results as Lemma 3.5 hold, replacing e(P’) by
e(Ty, P'). In particularly, if € # 0, we have that;

W(T, P) _ ee(PfP;);e(T,P)
and, if € = 0, we have that;

—e(T,P)

W(T,P) =e &t

Proof. The proof is again clear from the proof of Lemma 3.5 and
Lemma 11.8.

4

Lemma 11.10. For a dilute solution, with no interaction of the sol-
vent, we have that, if € # 0;

de p_po° TP
TP 6( ) 6( k] )
o (I,P) RT

grad(W)(T, P) = (=L 4 dlLB) _ or i)™= r

)

Oe e(P—P°)—¢
(e — ﬁ(T,P)) (P—P®)_c(T.P)
RT RT

and, if € = 0;

e (T,P) —<(T.F) —25(1,P) —eT.P)

grad(Z)(W, P) = (450 — om0y e~ | “ar i) o= )

The paths of mazimal reaction in the region |gradW (T, P)| > 1,
W(T,P) > 0, are given by implicit solutions to the differential equa-
tions;

aP _ eI—T25(T,P)
dT ™ (—e(P—P°)+€(T,P)—T 55 (T,P))

dpP —T85(T,P)

dT ™ (T,P)=T % (T,P)
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respectively.

Proof. The proof is the same as Lemma 6.7, using W instead of Z,
noting that the error term ¢(7, P) depends on P, unlike Lemma 10.11.

O

Remarks 11.11. Again we can formulate Lemmas 11.6 to 11.10 us-
ing @ instead of W, see Remark 10.12. The results of the section
maght be useful in the production of ethanol, using HoO as the solvent,
by varying the temperature and pressure of the reaction, CsH120¢ —

205H;0H + 2C0Os, see [7] as well.

12. ELECTROCHEMISTRY WITH ERROR TERMS, FUGACITY AND
NO INTERACTION OF THE SOLVENT

Using the new error term €(7, P) and the activity coefficient W from
Section 11, we have that;

Lemma 12.1. The Nernst Equation for the Standard Cell

At electrical chemical equilibrium (T, P) and (T, P°) for the standard
cell;

o RTIn(W(T,P e(T,P
(B — E°)(T, P) = - EIn(V(@P) _ «.F7)

Proof. Just use the proof of Lemma 4.1, replacing ¢(P) with the error
term (7, P) from Section 11, noting that for the Gibbs funcion involv-
ing ¢ + 1 species, including the solvent, (%—?)T,p = ¢, Vilt; again.

O

Lemma 12.2. At electrical chemical equilibrium (T, P) and (T, P°),
and chemical equilibrium (T, P);

AG® = 2F(E — E°)

Proof. Follow the proof of Lemma 4.2, replacing ¢(P) with (T, P).

O
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Lemma 12.3. If e =0, we have, for all Ty > 0, that;

(56).plerry = (58)rplm,pp)

E(T, P) = BE(Th, P?) = B°(Th)

where G is the Gibbs energy function for the ¢ + 1 charged and un-
charged species.

Proof. Follow the proof of Lemma 4.3, replacing the result of Lemma
1.5, that (‘?Gé—hgm')ﬂ p is independent of P, with the corresponding result
in Lemma 11.9. [

Lemma 12.4. We have, for all Ty > 0, P, > 0, that;

2F(E(Ty, P)—E°(Tv)) = (%) .|y, —(5€) 1. Pl (11,pey— RT1IN(Z(T1, Py))—

3 3

e(Th, P1) (¥)

Proof. Follow the proof of Lemma 4.4, replacing ¢(P) with (T, P).

O

Remarks 12.5. The result of Lemma 12.4 combined with the deter-
manation of the activity coefficient W in Lemma 11.9 and the error
term €(T, P) in Lemma 11.6 can be used to determine the unknown
quantity (%)T, p. We can measure the potential difference between the
cathode and anode along the dynamical equilibrium paths provided by
Lemma 11.9 and then use the formula (x) in Lemma 12.4. Once this is
determined, we then alter the power supply, in accordance with (x), to
push the reaction along the paths of mazximal reaction given in Lemma
11.10. This should improve the efficiency of the production of hydro-
gen, in the case of the reaction, given by Hy + 2AgCl 4 2¢~(R) —
2HCl + 2Ag + 2e~ (L), where we use water HyO as a solvent with no
interaction.

13. THE CONSTANT CHANGE IN ENTHALPY ASSUMPTION

Lemma 13.1. We can assume that AH® is constant.
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Proof. We have, by the definition of enthalpy, the laws of differentials,
the first law of thermodynamics, with dP = 0, that;

dH = dU + PdV + VdP
— dU + PdV
= (dQ — PdV) + PdV

=dQ

where () is the internal energy including work, or heat. From this
calculation, as any internal energy change dU and change in volume
dV is unaffected by adding a solvent not involved in the reaction, and
by re-establishing the pressure of the original reaction, it is clear that
AH°(T) = AH®*"(T), where AH®***"*(T) is calculated by adding a
solvent not involved in the reaction at the same pressure P°. As in
Kirchoft’s Law of Thermodynamics, we have that;

AH°(T)

AHoW(T) = AHoW(Tp) + fT d(AH° =(T) g1
_ AHo,solv )+ fT dAQsozv(T dT

= AHO(Ty) + [T Clo(T)AT

= AH°(Ty) + fT soto(T)dT" (M)

where Cyo, (T) = A(%%2)(T) is the change in the heat capacity of
the mixture, after one mole of reaction. If we confine ourselves to a
small temperature range, we can, therefore assume that AH® is approx-
imately temperature independent. However, we can also add solvent to
the reaction, to lower the magnitude of Cyy,, (7)), as the heat capacity
before and after the reaction would approach that of the solvent, and
extend the temperature range of the reaction. More precisely, we have,
by the law of mixtures for heat capacities, the fact that Mz sow iS
conserved during 1 mole of reaction, that;

Csolv<T) - Cfin,solv(T> - Cin,solv (T>
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= —— (3o MifinCigin(T) — >y MiinCiin(T))

Mmix,solv

= L(Zfzo ni,finmi,molecci,fin(T) - Z::O ni,inmi,molecci,in (T))

Mmix,solv

= —Na__ (Z;::O ni,finmi,molecmi,finsci (T) _Z;::O ni,inmi,molecmi,insci (T))

Mmix,solv

N2
- —A<Z;‘::O n?,finm?,malecsci (T) - Zf:o nzg,inmzz,molecsci(T))

Mmix,solv

N2 c c
= —4— (Zi:O (ni7in_yi)2m22,molecsoi (T) _Zi:O nzz,inmz?,molecsci (T))

Mmix,solv

= — o (i Vit inMimot SCi(T))+ e —= (3, vim 1, SCH(T))

Mmix,solv Mmix,solv ;mol

= 0(T) +v(T), (N)

where vy = 0 and v;, for 1 < ¢ < ¢ are the stochiometric coefficients
for the original reaction, (7).

Using the fact that % — 0, for 1 < i < ¢, by increasing the
mass of the solvent not involved in the reaction, we have that 6(T") — 0,
and, similarly, v(T") — 0 as Mz — 00 With {m; i, M, fins M motecs Mimol }
denoting the initial, final, molecular and molar masses of substance
respectively, {C;, SC;, Cip, Ctin} denoting the heat capacities of sub-
stance i, the specific heat capacities of substance i, the initial heat
capacity of the mixture and the final heat capacity of the mixture re-
spectively. In particular, we see that, as Miz sory — 00, Which we
can achieve, by increasing the solvent not involved in the reaction,
Csoio(T') — 0. We then have, by (M), (), that;

AH(T) = AH(Ty) + [, (8(S) + v(S))dS
= AH(T}) + w(Ty, T)
— AH°(Ty)

as we can make the convergence uniform on the interval (7g,7T),
given that the specific heat capacities SC;(S) are bounded on (7T, T),

7 During the paper, we denoted by substance 0 a solvent either involved or
not involved in the reaction. Here, we are relabelling the reaction to include this
solvent in the original mixture consisting of substances indexed by 1 < i < ¢. We
are assuming that it is possible to add a solvent not involved in the reaction within
a certain time range, even though it might be involved within the original mixture.
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forl1 <i<e.

14. INDEPENDENCE OF PATH AND EXISTENCE

Lemma 14.1. For water electrolysis, no substance is formed in a tem-
perature pressure loop. With the assumption that AH™ is constant,
we have that A = AH® —eP°. If D, is a quasi-chemical equilibrium line
in the theoretical limit, which we have computed, intersecting P = P°
at (Th, P°), and projecting onto an interval (T1,Ty), with Ty < Ty, then,
making w(Ty,Ty) ~ 0, see Section 13, for the mass of the mizture suf-
ficiently large, we have that (11, Ty) ~ AH"/(T\,Ty) — e(Ty, Ty) P°,
where €((T1, 1)) can be effectively determined. There is a thermody-
namic argument for no substance formed in a loop, which holds gener-
ally. There is a symmetry in the chemical potentials.

Proof. The first result is clear for water electrolysis by Lemma 3.9. The
second claim, with the assumption that AH® is constant, follows from
the proof of Lemma 2.12, and in later sections, when we introduce error
terms. The next claim follows easily as w(7},T2) ~ 0, see Section 13,
and the computation of A without the error term w(7},T5). The com-
putation of €(77,T5) is given in Lemma 2.12.We take it as reasonable
then, that if there are 2 distinct feasible paths between (7j, Py) and
(T, P), with a given initial condition (nq,...n.0) at (1p, ), then the
extent of the reaction £ determined by the paths {~;,72} should be the
same, (). If this were not the case, then reversing one of the paths,
we could obtain a reaction extent at (7, P) along a loop «y. For the
thermodynamic argument for no substance formed in a loop. Using
the slight variation in the volume of liquids along a reaction path, and
the fact that we return to the original pressure F, in a loop, we would
have that;

AH = [ dH
= [ d(U+VP)
= [, dU + PdV +VdP

= [, dU +dL+VdP
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=AU+ AL+ [ VdP
~ AU +AL+V, [ dP
=AU+ AL

—AQ

If AH is large, this would mean that AQ # 0, which means that
there is a change in heat, contradicting the fact that the temperature
Ty is unchanged. If AH is small, with AH = f7 VdP, then, by generic
considerations of bond energies, the amount of substance ¢ formed by
the reaction would also be quite small. For the last claim, if (x) holds
for a single pair {A, B}, then it holds for all pairs {C, D}, as we can
compose with reactions from A to C' and D to B. If follows that if we
define;

wi(T,P)—ug (T)

fi(T,P)y=e  wrr >0,for1 <i<c

so that f;(T, P) = x;(T, P) = P then, by the definition of ex-

n(T,P) *
tent;
e
n; =v€+nip (1 <i<ec)
we must have that;
g= e M () << o)

n > iz Wi€+nio) Aé+ng
where A = ¢, 14, so that;
vi€ +ni0 = (A +no) fi
¢ ="l (1<i<o)

so that, for 1 <1 <7 < ¢

nio—nofi _ njo—nof; __
Afi—vi g\fj_VjJ =¢ (**)
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As all the steps are reversible, the requirement (xx) at (7', P), for
all (nyg,...,nc0) satisfying 22 = f;(Ty, Py), (so that &(Tp, Py) = 0,

0

(% % %)), is equivalent to (x). We impose the condition that Ker(M) N
<o # 0, where;

M; = fi(To, Py) — 1, (1 <i<¢)
Mi; = fi(To, ) 1 <i<e1<j<ci#))

so that there exists at least one choice (nq,...,n.) € RS, satisfy-
ing (x=x). With this requirement there do exist feasible paths between
any 2 pairs (4, B), see Lemma 2.19. If not, there is no feasible path
involving a reaction from A = (T, Fy), which seems physically unrea-
sonable. We can then, using (x * %), rewrite (xx) as;

7,0 _ . 75,0 ¢,
i
Afi—vi Afj—v; )

(1<i<j<o)

iff filTo.LO—fi(T.P) _ fi(To,Po)—f;(T.P)
Afl (T,P) —U; Af] (T,P) —Vj

so that, reversing (7, P) and (Ty, Rp);

iff LiP)—fi(To.Po) £ (T,P)—£;(To,Po)
)\fi (To ,PQ) Rz - )\fj (To ,Po)fl/j

iff Mi(TP)—v; _ fi(To,Po)—£;(T,P)
Mi(T,P)—vi; — fi(To,Po)—fi(T,P)

— Li(TP)~f;(To,Po)
fi(T,P)—fi(To,Po)

_ Afi(To,Po)—v;
Afi(To,Po)—vi

ff )\fj(T,P)—Vj _ ML(T,P)—v;
M (To,Po)—vs — Mfi(To,Po)—vi

The same arguments apply when we incorporate error terms into
the functions {f; : 1 < i < p} or extend the functions to a set
{fi + 0 < i < p}, when we consider a solvent, which we do in later
sections.

O
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