A THEORY OF BRANCHES FOR ALGEBRAIC
CURVES

TRISTRAM DE PIRO

ABSTRACT. This paper develops some of the methods of the ”Ital-
ian School” of algebraic geometry in the context of infinitesimals.
The results of this paper have no claim to originality, they can
be found in [11], we have only made the arguments acceptable by
modern standards. However, as the question of rigor was the main
criticism of their approach, this is still a useful project. The re-
sults are limited to algebraic curves. As well as being interesting in
their own right, it is hoped that these may also help the reader to
appreciate their sophisticated approach to algebraic surfaces and
an understanding of singularities. The constructions are also rel-
evant to current research in Zariski structures, which have played
a major role both in model theoretic applications to diophantine
geometry and in recent work on non-commutative geometry.

1. INTRODUCTION, PRELIMINARY DEFINITIONS, LEMMAS AND
NOTATION

We begin this section with the preliminary reminder to the reader
that the following results are concerned with algebraic curves. How-
ever, the constructions involved are geometric and rely heavily on the
techniques of Zariski structures, originally developed in [13] and [3].
One might, therefore, speculate that the results could, in themselves,
be used to develop further the general theory of such structures. Our
starting point is the main Theorem 17.1 of [13], also formulated for
Zariski geometries in [3];

Theorem 1.1. Main Theorem 17.1 of [13]

Let M be a Zariski structure and C' a presmooth Zariski curve in M.
If C' is non-linear, then there exists a nonconstant continuous map;

f:C — PYK)
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Moreover, [ is a finite map (f~(x) is finite for every x € C), and
for any n, for any definable S C C™, the image f(S) is a constructible
subset (in the sense of algebraic geometry) of [PY(K)]".

Remarks 1.2. Here, K denotes an algebraically closed field, we refer
the reader to the original paper for the remaining terminology of the
Theorem.

Using this theorem, one can already see that there exists a close
connection between a geometric theory of algebraic curves and Zariski
curves. We begin this section by pointing out some of the main ob-
stacles to developing the results of this paper in the context of Zariski
curves, leaving the resolution of the main technical problems for an-
other occasion. This discussion continues up to (1), when we introduce
the main notation and preliminary lemmas of the paper.

In Section 2, the first major obstacle that we encounter is a suitable
generalisation of the notion of a linear system. Using Theorem 1.1,
any linear system Y of algebraic hypersurfaces on [P!(K)]" will define
a linear system of Zariski hypersurfaces on C" | by composing with the
finite cover f (*). One would then expect to be able to develop much
of the theory of g/ given in Section 2 for such systems, applied to a
Zariski curve S C C". This follows from the following observations.
First, there exists a generalised Bezout’s theorem, holding in Zariski
structures, see the paper [13], hence one might hope to obtain an anal-
ogous result to Theorem 2.3. Secondly, one would expect that the local
calculations, by algebraic power series, which we used in Lemma 2.10,
would transfer to intersections on S. This uses the fact that, at a point
where f is unramified, S and the algebraic curve f(S) are locally iso-
morphic, in the sense of infinitesimal neighborhoods, and, at a point
p where f is ramified, with multiplicity r, we have the straightforward
relation;

Lolian®. S, [5(62)) = Lo (F(0), F(S), 62)

where I have used the notation of Theorem 2.3, ¢, denotes a hyper-
surface in [P1(K)]" and f*(¢,) denotes its inverse image in S™.

In Section 3, the notion of a multiple point is introduced. As this
is defined locally, one would expect this definition to be generalisable
to Zariski curves. Also, the geometric notion of 2 algebraic curves
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being biunivocal has a natural generalisation to Zariski curves. How-
ever, the main result of Section 3, that any algebraic curve is bira-
tional(biunivocal) to an algebraic curve without multiple points, is not
so easily transferred. This follows from the simple observation that
there exist Zariski curves S, which cannot be embedded in a projective
space P"(K), see Section 10 of [3]. This failure of Theorem 3.3 could
be explained alternatively, by noting that the combinatorics involved
must fail for multiplicity calculations using Zariski curves. The solution
to this problem seems to be quite difficult and one must presumably
attempt to resolve it by introducing a larger class of hypersurfaces than
that defined by a linear system X, as in (*) above. See also the remarks
below.

In Section 4, the method of Conic projections is not immediately
transferable to Zariski structures, as one needs to define what is meant
by a line in this context. However, we note the following geometric
property of a line in relation to other algebraic curves;

Theorem 1.3. (Luroth) Let f : | — C be a finite morphism of a line
[ onto a projective algebraic curve C. Then f is biunivocal.

Proof. See [2]. O

This theorem in fact characterises a line [ up to birationality. Its
proof requires a global topological property of the line, namely that
the genus of [ is zero. Although the above property may be formulated
for Zariski curves, it does not guarantee the existence of such a curve
S C (C™)%, which is not trivially biunivocal to an algebraic line. One
would expect the solution of this problem to require more advanced
techniques, such as a geometric definition of the genus of a Zariski
curve. Severi, in fact, gives such a definition for algebraic curves in
[11] and one might hope that his definition would generalise to Zariski
curves. One could then hope to extend the methods of Conic projec-
tions in this context.

The results of Section 5 rely centrally on the main result of Section
3, hence their generalisation to Zariski curves require a resolution of
the problems noted above. One should observe that the Italian ge-
ometers definition of a branch is very different to a local definition
using algebraic power series, see also the remarks later in this sec-
tion, hence cannot be straightforwardly generalised using Theorem 1.1.
Given a Zariski curve S C C™ and p € S, let {fyp}, ...,7y} enumerate
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the branches of f(p) € f(5). We can then define;
F={resSnV,: f(z) e~}

In the case when f is unramified (in the sense of Zariski structures)
at p, this would give an adequate definition of a branch 7;{, for the
Zariski curve C'. However, the definition is clearly inadequate when p
is a point of ramification and requires a generalisation of the methods
of Section 5.

The results of Section 6 depend mainly on Cayley’s classification of
singularities. As the main technical tool used in the proof of this re-
sult is the method of algebraic power series, by using Theorem 1.1, one
would expect the results given in this Section to generalise more easily
to Zariski curves.

(1) We will work in the language Lgpec, as defined in [7]. P(L) will
denote | J,,~; P™(L) where L is an algebraically closed field. Unless oth-
erwise stated, we will assume that the field has characteristic 0, this
is to avoid problems concerning Frobenius. The results that we prove
in this paper hold in arbitrary characteristic, if we avoid exceptional
cases, however we need to make certain modifications to the proof. We
will discuss these modifications in the final section of the paper.

We assume the existence of a universal specialisation P(K) —, P(L)
where K is algebraically closed and L C K. Given [ € L, we will de-
note its infinitesimal neighborhood by V), that is 77'(I). As we noted
in the paper [7], it is not strictly necessary to consider a universal
specialisation when defining the non-standard intersection multiplicity
of curves, one need only consider a prime model of the theory Tjp..
However, some of our proofs will require more refined infinitesimal ar-
guments which are not first order in the language L. and therefore
cannot immediately be transferred to a prime model. We will only refer
to the non-standard model when using infinitesimal arguments.We as-
sume the reader is familiar with the arguments employed in the papers
[5], [6] and [13]. Of particular importance are the following notions;

(i). The technique of Zariski structures. We assume that P™(L)
may be considered as a Zariski structure in the topology induced by
algebraically closed subvarieties. When referring to the dimension of
an algebraically closed subvariety V', we will use the model theoretic
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definition as given in the paper [5]. We will assume the reader is ac-
quainted with the notions surrounding the meaning of ”generic” in this
context.

(ii). The method of algebraic power series and their relation to in-
finitesimals. This technique was explored extensively in the papers
[5] and [6]. In the following paper, we will use power series methods
to parametrise the branches of algebraic curves without being overly
rigorous. By a branch in this context, we refer to the "Newtonian
definition” rather than the one used by the Italian school of algebraic
geometry, which is the subject of this paper.

(iii). The non-standard statement and proof of Bezout’s theorem for
projective algebraic curves in P%(L). This was given in the paper [6].

We will assume that L has infinite transcendence degree and there-
fore has the property;

Given any subfield Ly < L of finite transcendence degree and an
integer n > 1, we can find a,, € P"(L) which is generic over L. (*)

We refer the reader to (i) above for the relevant definition of generic.
In general, when referring to a generic point, we will mean generic with
respect to some algebraically closed field of finite transcendence degree.
This field will be the algebraic closure of the parameters defining any
algebraic object given in the specific context.

By a projective algebraic curve, we will mean a closed irreducible
algebraic subvariety C' of P"(L) for some n > 1 having dimension 1.
Occasionally, we will consider the case when C' has distinct irreducible
components {C1,...,C,}, which will be made clear in a given situa-
tion. In both cases, we need only consider the usual Zariski topology on
P™(L) as given in (i) above. By a plane projective algebraic curve, we
will mean a projective algebraic curve contained in P?(L). By a projec-
tive line [ in P, we will mean a projective algebraic curve isomorphic
to P1(L). Any distinct points {p;,ps} in P"(L) determine a unique
projective line denoted by 1,,,,. We will call the line generic if there
exists a generic pair {p1ps} determining it. We occasionally assume
the existence of the closed algebraic variety I C (P" x P™)\ A x P",
which parametrises the family of lines in P", defined by;
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I((l,b7y) =Yy € lab

In order to see that this does define a closed algebraic variety, take
the standard open cover {U; := (X; # 0) : 0 < i < n} of P". Then
observe that IN((U; x U;) \ Ax P") is locally trivialisable by the maps;

@ijI(UiXUj)\AXP1—>Iﬁ<UiXUjXPn)
@Z-j(a,b, [to . tl]) =

[tOZ_?+tlg_? Ce.. :t0+t12_; . ~--:tOZ_Z+t1 e :t0%+t1%]

and the transition functions 6, = ©;; o @,:ll are algebraic. In gen-
eral, we will leave the reader to check in the course of the paper that
certain naturally defined algebraic varieties are in fact algebraic. By a
projective plane P in P", we will mean a closed irreducible projective
subvariety of P", isomorphic to P"(L), for some 0 < r < n. We did,
however, use a special notation for a plane projective curve, as defined
above. Any sequence of points a determines a unique projective plane
P, defined as the intersection of all planes containing a. We will call
a sequence {po, ..., p,} linearly independent if P,, . is isomorphic to
PT(L). As before, if U C (P™)"™! defines the open subset of linearly
independent elements, we can define the cover I C U x P", which
parametrises the family of r-dimensional planes in P™;

-[(p07 ce 7p’r’7y) =Y € Pph..-,pr

As before, one can see that this is a closed projective algebraic sub-
variety of U x P™.

By a non-singular projective algebraic curve, we mean a projective
algebraic curve C' C P™ which is non-singular in the sense of [2] (p32).
Given any point p € C', we then define its tangent line /,, as follows;

By Theorem 8.17 of [2], there exist homogeneous polynomials
{G4,...,Gp_1} such that C' is defined in an affine open neighborhood
U of p in P" by the homogenous ideal J =< Gy,...,G,_1 > (x). Let

dG; = S)G(é Xo+...+ g)Gfi X, be the differential of G;. Then dG; defines
a family of hyperplanes, parametrised by an open neighborhood of p in
C. lfx = §—0 is a choice of affine coordinate system containing p and
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G aGres aGres
Gi (w1, an) = XdT](Gj)’ we define dG* = —i—dxy + ...+ -2

Ox1 Oxn d.Tn

and J" =< G, N , G >. Then dG%* defines a family of affine
hyperplanes, parametrised by an open neighborhood of p in C. We
claim that dG7**(p) = dG;(p)™, this follows by an easy algebraic cal-
culation, using the fact that;

0G,; 0G;
ax.(P)po+ ..+ gx-(P)Pn =0

The differentials {dG}*,...,dG.%, } are independent at p, by the
same Theorem 8.17 of [2], hence [,,.,_; dG;(p), defines a line [, C
P which we call the tangent line. We need to show that the defini-
tion is independent of the choice of {Gy,...,G,_1}. Suppose that we
are given another choice {Hy, ..., H,—1}. Again, using Theorem 8.17
of [2], we can find a matrix (fi;)i1<ij<n—1 of polynomials in R(U), for
some affine open neighborhood U of p in P™ (xx), such that the matrix
of values (fi;(p))i<ij<n—1 is invertible and;

HY = ey S5 (mod (7(0)))

Then, by properties of differentials, and the fact that, for g € (J"(U))?,
dg(p) = 0, we have;

dH]*(p) = 21§j§n71 fij(p)nges(p)
This implies that (,.;.,, ;1 dG;(p) = <<, dH;(p) as required.

We define the tangent variety Tang(C) to be [, lo- We claim
that this is a closed projective subvariety of P™. In order to see this,
using the notation of the above argument, let {U;} be an affine cover
of P* and let {Gy1,...,Gij,...,Gin_1} be homogeneous polynomials
with the properties () and (%) given above. Let W C P™ x P" be
the closed projective variety, defined on P™ x U; by;

VVi(Xa Y) = Ui(Y>/\/\1§jgn—1 Gij(Y) = O/\/\1§jgn—1 dGij(Y)'X =0
Then, by completeness, the variety V(X) = 3Y)W(X,Y) is a
closed projective variety of P". The above argument shows that V =

Tang(C).

We will require a more sophisticated notation when considering hy-
persurfaces H of P"(L) for n > 1. Namely, by a hypersurface of degree
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m, we will mean a homogenous polynomial F'(Xy, X1,...,X,) of de-
gree m in the variables [X, : Xy : ... : X,]. In the case when F
is irreducible or has distinct irreducible factors {Fi,..., F,}, such a

hypersurface may be considered as the union of r distinct irreducible
closed algebraic subvarieties of codimension 1 in P"(L). We will then
refer to the hypersurface as having distinct irreducible components.
Again, we can understand such hypersurfaces using the usual Zariski
topology as given in (i) above. By a hyperplane, we will mean an ir-
reducible hypersurface isomorphic to P"~'(L). Equivalently, a hyper-
plane is defined by a homogeneous polynomial of degree 1. In general,
let F=F"....F j"j .... 77 be the factorisation of F' into irreducibles
for 1 < j < r. We will want to take into account the "non-reduced”
character of F' if some n; > 2. Therefore, given an irreducible homoge-
neous polynomial G of degree m and an integer s > 1, we will refer to
G* as an s-fold component of degree ms. Geometrically, we interpret
G* as follows;

Consider the space of all homogenous polynomials of degree ms
parametrised by PY(L). Let W C PN x P" be the irreducible pro-
jective variety defined by W (z,y) iff y € Zero(Fz), where F; is the
homogenous polynomial (defined uniquely up to scalars) by the pa-
rameter Z. The coefficients of the homogeneous polynomial G* de-
termine uniquely an element @ in PV and we can consider G* as the
fibre W(a) C P™. In the Zariski topology, this consists of the vari-
ety defined by the irreducible polynomial G. However, in the language
L spec, We can realise its non-reduced nature using the following lemmas;

Lemma 1.4. Let S C P™ be an irreducible hypersurface and C a pro-
jective algebraic curve, then, if C' is not contained in .S, SNC' consists
of a finite non-empty set of points.

Proof. The proof follows immediately from the Projective Dimension
Theorem, see for example [2]. O

Lemma 1.5. Let G = 0 define an irreducible hypersurface of degree m.
Let | be a generic line, then [ intersects G = 0 in precisely m points.

Proof. Let Par; = P"™ x P™\ A be the parameter space for lines in
Pm™ as defined above. Let Par,, be the projective parameter space for
all homogeneous forms of degree m. Then we can form the variety
W C Par; x Par,, x P" given by;
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W(l,z,y) iff yeln Zero(Gy,),

where G, is the homogenous polynomial corresponding to the pa-
rameter z. If [ is chosen to be generic over the parameters defining
G, then I N Zero(G,) is finite. It follows that there exists an open
subset U C Par; x Par,, consisting of parameters {[,z} such that
[ N G, has finite intersection. As U is smooth, the finite cover W re-
stricted to U is equidimensional and we may apply Zariski structure
arguments, as was done in [6]. Considering W as a finite cover of U, if
y € lNZero(Gy), we define Mult,(l,G,) to be Multz,)(W/U) in the
sense of Zariski structures. Using the notation in [6], we can also define
LeftMult,(l,G,) and Right Mult,(l,G,). In more geometric language;

LeftMult,(l,G,) = Card(V, NI' N Zero(G,))

where [’ is a generic infinitesimal variation of [ in the nonstandard

model P(K).
RightMult,(l,G,) = Card(V, NN Zero(Gy))

where 2/ € V, is generic in Par,,, considered as a variety in the non-
standard model P(K).

We now claim that there exists a line | with exactly m points of
intersection with G,, = G. If G, defines a projective algebraic curve
in P%(L), the result follows immediately from an application of Be-
zout’s theorem and the fact that there exists a line [ having only (al-
gebraically) transverse intersections with G,,. This result was shown
in [6]. Otherwise, we obtain the case that G, defines a plane projec-
tive curve by repeated application of Bertini’s Theorem for Hyperplane
Sections, see [4]. Namely, we can find a 2-dimensional plane P such
that P N G, defines a plane projective algebraic curve C,,. We may
assume that such a plane P is determined by a generic triple {a, b, c}.
We have an isomorphism 6 : P?(L) — P given by;

0([Y0,Y1,Yo]) = [2¥0 + Y1 + £Vp 00 Y0 + 321 + £V

If the form G, is given by >, ., _ Tig.in X ... X! then the
corresponding curve C,, is given in coordinates {Yp, Y7, Y2} by;
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Coo (Y0, Y1,Y2) = Zj0+j1+j2:m Fjojiga (@, b, ¢, o) Vg Y Y5?

where Fj,;,j, is an algebraic function of {a, b, ¢, z} and, in particular,
linear in the variables {Z}. By the assumption that C,, does not vanish
identically on P, we must have that Fj; ;, is not identically zero for
some (jojije) with jo+ j1 + j2 = m. It follows that C,, defines a plane
projective curve of degree m. Now, by the above argument, we may
find a line /[y C P having exactly m intersections with C,,. Therefore,

lo has exactly m intersections with G, as well.

Now consider the fibre U(xg) = {l : | N G, is finite} and restrict
the cover W to U(xg). By the above calculation, we have that;

S etonn, Multiyy(W/U (20)) = 5, LeftMulty (o, Gry) > m ()

By elementary properties of Zariski structures, if [ is chosen to be
generic over the parameters defining G,,, then (x) holds, with [ re-
placing ly, and, moreover, LeftMult,(l,G5,) = 1 for each intersection
y € I N Gy,. This implies that [ has at least m points of intersection
with G,, = G. In order to obtain equality, we now consider the fibre
U(l) = {z : LN G, is finite} and restrict the cover W to U(l). It
will follow from the result given in the next section, the Hyperspatial
Bezout Theorem, that, for any x € U(l);

ZyelmGw MUth,y(W/U(l)) = ZyglﬂGz RightMulty(l, Gm) = d69<l>d€g(Gm)

where, for a projective algebraic curve, degree is given by Defini-
tion 1.12. We clearly have that deg(l) = 1 and, by assumption, that
deg(G,,) = m. Hence, we must have that [ intersects G,, in exactly
m points and, moreover, RightMult,(l,G,,) = 1 for each intersection
y €lNGy, as well.

The lemma is now proved but we can give an algebraic formulation
of the result. Namely, if [ is determined by the generic pair {a, b}, then
we have an isomorphism 6 : P(L) — [ given by;

0([Yo, Y1]) = [Z—?%+Z—?Y1 Cot %%4’2—?“]

If the form G,, is given by Zi0+...+in:m xiominXéO ... X" then the
equation of G, on [ is given in coordinates {Yp, Y1 } by the homogenous
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polynomial;
Py, (va Yl) = Zj0+j1:m Fliojy (av b, jO)YE)j()Ylj1

We clearly have, by the same reasoning as above, that P,, has de-
gree m. The result of the lemma gives that P, has exactly m roots in
PY(L). Hence, these roots are all distinct. It follows that the scheme
theoretic intersection of [ and G = 0 consists of m distinct reduced
points. That is [ intersects G = 0 algebraically transversely.

O

We now extend the lemma to include reducible varieties. As before
G is an irreducible algebraic form of degree m and we consider the
power G* for some s > 1. We will say that y € | N G® = 0 is counted
r-times if RightMult,(l,G*) = r in the sense defined above.

Lemma 1.6. Let G = 0 define an irreducible hypersurface of degree m
and let s > 1. Let | be a generic line, then | intersects G° = 0 in m
points each counted s-times.

Proof. We first show that [ is generic with respect to G = 0. Let
A = {\;} be the parameters defining G = 0 and let ¢ = {y;} be the
parameters defining G* = 0. We claim that A and p are interdefinable,
considered as elements of the projective spaces Par,, and Par,,, in the
structure P(L), which was considered in [5]. The fact that u € del()\)
is clear. Conversely, let a be an automorphism fixing p and let G5 be
the algebraic form of degree m obtained from G = Gy. As (G))* = G,
we have that (Ga(n))® = G, Hence, Zero(Gyyy) = Zero(Gy). By the
projective Nullstellenstatz, and the fact that both algebraic forms are
irreducible, we must have that < G >=< G(») >. Hence, there must
exist a unit U in the ring L[Xo,..., X,] such that Gy = UGy). As
the only such units are scalars, we obtain immediately that «(\) = A
in Par,s. As P(L) is sufficiently saturated, we obtain that A € decl(u).
By the previous lemma, we obtain that [ intersects G = 0 in exactly m
points, hence [ intersects G° = 0 in exactly m points as well. Therefore,
the first part of the lemma is shown. We now apply the Hyperspatial
Bezout Theorem, see below, to obtain that;

> yeinas—o Right Mult,(l, G*) = deg(l)deg(G*) = ms
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Hence, the lemma is shown by proving that for any y € [N G* = 0,
RightMult,(l,G*) > s. As before, we choose a generic plane P con-
taining [, such that C,, = P N G,, defines a projective algebraic
curve of degree m. Using an explicit presentation of an isomorphism
6 : P>(L) — L, as was done above, we clearly have that the intersection
(PN (Gyy)® = 0) consists of the non-reduced curve C; = 0, which has
degree ms. We now apply a result from the paper [6],(Lemma 4.16),
which gives that, for y € [ N Cy;

RightMult,(l,C?

xo)

Parg,,,) = s« RightMult,(l, Cy,, Parg,,.) > s

where we have use the fact that the parameter defining C; moves
in the projective parameter space (),,s defining plane projective curves
of degree ms in P?(L). We now claim that, for y € I N G,, = 0;

RightMult, (1, G5 ) > Right Mult,(l,C; , Parg,,,) (*)

Recall that, given G, an algebraic form of degree m, the restriction
of GG, to the plane P, is given by the formula;

CZE(YvOaYth'?) = z Fjojlj2(a7b> C, j)%joyvljlyéh

Jotj1t+iz=m
We first claim that each Fj;,;, is not identically zero (xx). Let H,
be a hyperplane given in coordinates by;
Hx = Z?:O szz = O
Then the restriction of H, to P, is given by the plane;
Py = (0 22y 4 (X0 %

By elementary linear algebra, we can find hyperplanes { Hy, Hy, Ho}
whose restriction to P, define the planes {Yy; = 0,Y; = 0,Y> = 0}.
It follows by direct calculation that the algebraic form of degree m
defined by HJ°HJ* H? restricts to the curve of degree m defined by
Y{°Y{*Y{* = 0. Hence, (%) is shown. Now consider the function;

Wi+ (3= 52)Ya

r=0 ¢

F ={Fjjjujo} : Pary, — Parg,

By earlier remarks, the algebraic function F is linear in the vari-
ables {z;} and defined over {a,b, c}. Hence, its image defines a plane
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P C Parg,,. By the above calculation, this plane P contains the lin-
early independent set {pj,j,j, : Jo + j1 + j2 = m} where C, . . defines
the curve Y{°Y/'Vy* = 0. Hence, F is surjective. Moreover, by ele-
mentary facts about linear maps, the fibres of F are equidimensional.

We can then show (). Suppose that;
RightMult,(l, C; , Parg,,,) = k

Then one can find 2’ € V,, N Parg,,,, generic over the parame-
ter z; defining C} , such that Cy intersects [ in the distinct points

{vi,...,ur} CV,. As z; is regular for the cover F, if x5 defines (€5
we can find 2" € V,, N Par,,,, such that F(2") = 2’. The algebraic form
defined by G~ then intersects the plane P, in the curve C,, hence
it must intersect the line [ in the distinct points {y1,...,yx} C V, as

well. This implies that;
RightMult,(l,G5 ) > k

Hence (%) is shown. The lemma is then proved. In this lemma
we have not shown anything interesting algebraically. Namely, if one
considers the restriction of G to [, we obtain the homogeneous poly-
nomial P¢ . By the previous lemma, P, has m distinct roots in P'(L),
hence P; has m distinct roots with multiplicity s. Therefore, the
scheme theoretic intersection of [ with G consists of m distinct copies
of the non-reduced scheme L[t]/(¢)°. The usefulness of the result will
be shown in the following lemmas. O

Remarks 1.7. Note that the latter part of the argument in fact shows
that, for any line intersecting G in finitely many points, we must
have that each point of intersection y is counted at least s-times.

Lemma 1.8. Let F' = 0 define a hypersurface of degree k. Let F' =
Fi" e . F;” e ...« Fobe ats factorisation into wrreducibles, with
degree(F;) = m;. Then there exists a line l, intersecting each compo-
nent F; in exactly m; points, each counted n; times, with the property
that the sets {(F; N1) : 1 < j < r} are pairwise disjoint. Moreover,
the set of lines having this property form a Zariski open subset of Pary,
defined over the parameters of F' = 0.

Proof. Let (x1,...,x,) € Pary,, X ... X Pary,, be the tuple defining
each reduced irreducible component of F' = 0. By an elementary
argument, extending the proof in Lemma 1.6, the tuple is interalge-
braic with the tuple x € Pary defining the hypersurface F' = 0. Let
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0(2;.m;m;)(y) C Par; be the statement that a line [, intersects F} in
exactly m; points, each counted n; times;

EIZ#W#ZMJ, V\lgigmj zi € ly N Fja, N RightMult. (1, Fj.;,) = n; A
CYw(w elyNFj,, — \/1§i§mj zi = w)]

By definability of multiplicity in Zariski structures, Lemmas 1.5 and
Lemmas 1.6, each 0y, m,n,)(y) is definable over z; and is a Zariski
dense algebraic subset of Par;. By the previous remark, the comple-
ment of G(xjvmﬁnj)(y) in the set of lines having finite intersection with
F} is given by;

Jwlw € I, N Fj,, A Right Mult,(l,, Fj.,) > nj + 1]

It follows that Q(xj,mj,nj)(y) defines a Zariski open subset of Pary.
Now let;

Q(y) = /\1§jgr e(wjvmj,nj)(w

Then 6(y) defines a Zariski open subset of Par;. Finally, let W be the
the union of the pairwise intersections of the irreducible components F;.
Then, by elementary dimension theory, W is Zariski closed of dimension
at most n — 2. Hence, the condition on Par; that a line passes through
W defines a proper closed set over the parameters (z1,...,x,). Let
U(y) be the Zariski open complement of this set in Par;. Then any
line [ satisfying 0(y) A U(y) has the properties required of the lemma.

O

Definition 1.9. We will call a line | satisfying the conclusion of the
lemma transverse to F'.

We will now give an alternative characterisation of transversality.

Lemma 1.10. Let F = 0 define a hypersurface of degree k. Then a
line 1 is transverse to F iff | intersects F' in finitely many points and,
for eachy € IN(F =0), LeftMult,(I, F) = 1. Moreover, the notion of
transversality may be formulated by a predicate in the language Lgpec,
Transversey, C Par, x Pary;

Transverseg(A, 1) iff | is transverse to F)

Proof. The first part of the proof is clear using previous results of this
section. For the second part, use the results in Section 3 of [7]. O
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We now have;

Lemma 1.11. A Nullstellensatz for Non-Reduced Hypersurfaces

Let F = 0 define a hypersurface of degree k and let Zero(F) =
Zero(Fy,) U ... U Zero(Fy,) be its geometric factorisation into irre-
ducibles, using the Zariski topology. Let o()\j,mj,n;) C Pary,, for
1 <j <, be the predicates defined in Lype. by;

A transverse line to Fy, intersects Fy; in exactly m; points, each
counted n; times.

Then the original homogeneous polynomial F' is characterised, up to
scalars, by the sequence;

(Zero(F,), ..., Zero(Fy,),0(A1,m1,n1),...,0(A, mp,n,))

Proof. By the proof of previous results from this section, the formulae
o(Aj,mj,n; ), for 1 < j <r, determine the multiplicity of each compo-
nent F\,. The result then follows by uniqueness of factorisation. O

We will refer to a hypersurface as generic if the parameter defining
it is generic in the parameter space of all hypersurfaces of the same
degree.

Definition 1.12. The degree of a projective algebraic curve C' s the
number of intersections with a generic hyperplane.

We need to check this is a good definition. Let (P™)* be the dual
space of P". (P™)* is the parameter space for all hyperplanes H in P™.
We have that;

{a € (P")* :dim(CNH,) >1}
is closed in (P™)*, hence, for generic a € (P™)*, C'N H, is finite (and

non-empty). Choosing some generic a in (P")*, let m be the number
of intersections of H, with C. Let 8(x) C (P™)* be the statement;

o trm (Nicicm T € CNH AVy(y € CN Hy — V(0 i = Y))

6(x) is algebraic and defined over (), hence, as it contains a, must be
Zariski dense in (P™)*. In particular, it contains any generic a in (P™)*.
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Definition 1.13. The degree of a hypersurface F is the degree of the
homogenous polynomial defining it. (See the above remarks)

In the following paper, the notion of birationality between projective
algebraic curves, will be central.

Definition 1.14. We define a linear system X on P" to be the col-
lection of algebraic forms of degree k, for some k > 1, corresponding
to a plane, which we will denote by Pars, contained in Pary, the pa-
rameter space of homogeneous polynomials of degree k. If Pars, has
dimension n, we define a basis of 3 to be an ordered set of n+ 1 forms
corresponding to a mazimally independent set of parameters in Pars,.
Equivalently, a basis of ¥ is an ordered system;

{¢0<X07 cee 7Xr>7 R (bn(XO? s 7Xr)}

of homogeneous polynomaials of degree k belonging to ¥ which are in-
dependent, that is there do not exist parameters { Ao, ..., \,} such that;

Definition 1.15. Given a linear system X of dimension n on P", we
define the base locus of the system ¥ by;

Base(¥) ={z € P": ¢o(Z) = ... = ¢,(T) = 0}

for any basis of . Given any 2 bases {¢o, ..., ¢, ..., ¢n} and
{o, ..., Ui, ..., 0n} of 3, we can find an invertible matriz of scalars
(Xij)o<ij<n such that;

Ui =300 0 Xid;

Hence, the base locus of X is well defined. As a basis corresponds

to a maximally independent sequence in Pars,, we could equivalently
define;

Base(¥X) ={z € P": ¢(z) =0}
for every algebraic form ¢ belonging to 3.

Lemma 1.16. Let X be a linear system of dimension n and degree k
on P". Then, a choice of basis B for ¥ defines a morphism ®x p :
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P\ Base(X) — P™ with the property that Image(¢s g) is not con-
tained in any hyperplane section of P™. Moreover, given any 2 bases
{B,B'} of ¥, there exists a homography g g : P* — P™ such that;

Oy p =0pp oPsp

Proof. Given a choice of basis B = {¢y, ..., ¢,} for ¥, one checks that
the map defined by;

CI)Z,B([XO L. IXT]) = [Qbo(Xo, c. 7X7‘) e ¢n(X0, c. 7X7‘)]

is a morphism with the required properties. Now suppose that
{bo, ... bj,...,0n} and {tbg, ..., 1Y;, ..., 9, } are 2 bases B and B’ for
Y. Let (A\jj)o<ij<n be the matrix of scalars as given in Definition 1.15.
Then one can define a homography 63 g by;

Opp([Yo: .. Yal) = D250 MYyt oo i 2o Ay oot 20 g Ans Y]

It is clear that this homography has the required property of the
lemma.

0

Definition 1.17. We define a rational map from P" to P™ to be a
morphism defined by a choice of basis for a linear system .

Remarks 1.18. Given a linear system Y, we will generally refer to
a morphism given by Lemma 1.16 as simply Py, leaving the reader to
remember that a choice of basis is involved. As any 2 such choices differ
by a homography, any properties of one morphism transfer directly to
the other, so one hopes that this terminology will not cause confusion.
More geometrically, observe that, if v € P"\ Base(X), then the set of
algebraic forms in X, vanishing at x, defines a hyperplane H, C 3. A
choice of basis {¢po, ..., dn} for 3 identifies this hyperplane H, with a
point [po(x), ..., ¢n(x)] of the dual space P™.

Definition 1.19. We say that two projective algebraic curves Cy and
Cs are birational if there exists U C Cy and V. C Cy, with U and
V' open in Cy and Cy respectively, such that U and V' are isomorphic
as algebraic varieties. We will use the notation ® : Cy «~ Cy for a
birational map.

We will require the following presentation of birational maps;
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Lemma 1.20. Let Cy C P" and Cy C P™ be birational projective alge-
braic curves, as in Definition 1.16, with the property that no hyperplane
section of P" or P™ contains C or Cy respectively. Then we can find
linear systems {3, %'}, rational maps;

¢x : P"\ Base(X) — P" ¢sy : P\ Base(X') — P

and open subsets {U',V'} of {C1,Ca}, which are disjoint from
{Base(X), Base(¥')}, such that the restrictions ¢x, : U — V' and
sy 2 VI = U’ are (inverse) isomorphisms.

Proof. As usual, let [Xy :...: X,] and [Yp : ... : Y,] be homogeneous
coordinates for P" and P" respectively. Taking the hyperplanes Xy, = 0
and Yy = 0, we can find affine presentations;

Hretl — R(CY\ C1 0 (X0 = 0)) = R(U")

where {U”,V"} are open subsets of {Cy,Cs}, {Ji, o} are prime
ideals.

We can then find U’ ¢ U"NU and V! C V"NV such that U’ and
V'’ are isomorphic as algebraic subvarieties of C; and Cy (consider the
elements of U which are mapped to V" by the original isomorphism).
Now choose polynomials F'(z) and G(y) such that;

L[ﬁl,:}g,ﬂf'r}F — R(U/) L[ylvj;yn](? — R(V/>

As R(U') = R(V"), we can find rational functions {¢1(z), ..., ¢n(Z)}
and {¢1(9),...,%-(9)} (with denominators powers of F' and G respec-
tively) defining morphisms;

O A\ {F =0} - A" U: A"\ {G =0} — A"

and representing the isomorphism U’ = V’. We now show how to
convert ® into ®y. By equating denominators, we are able to write

{$1(Z),...,0n(T)} as {’j;((;)), e p;(g) }. Now make the substitutions
Xi

z; = 5t i {pi(Z),...,pa(T),¢(7)} and multiply through by the high-

est power of X to obtain homogeneous polynomials of the same degree
{P1(X),...,P,(X),Q(X)}. Let X be the linear system defined by the
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plane spanned by these homogeneous polynomials and define @y, by;
pYo = Q(Xo, ..., X;), pY1 = Pi(Xo, ..., X}), ..., pY, = B (Xo, ..., X})

where p is a constant of proportionality. (This is an alternative no-
tation for a map between projective spaces, used frequently in papers
by the Italian geometers Castelnouvo, Enriques and Severi). By the
assumption on {C7,Cy} concerning hyperplane sections, the homoge-
neous polynomials {Q, P, ..., P,} form a basis for ¥, hence this defines
a rational map. Similarily, one can find a linear system ¥’ and convert
U into a rational map ¢ss. The rest of the properties of the lemma
follow immediately from the construction. O

We should also note the following equivalent criteria for birationality
of projective algebraic curves;

Lemma 1.21. Let Cy and Cs be projective algebraic curves. Then C
and Cy are birational iff;

(i). There is an isomorphism of function fields L(C}) = L(C3).
(7). (In characteristic 0) There exist ay generic in Cy, ay generic in Cy
and an algebraic relation Rational(z,y) such that a; € dclrationai(a2)
and ay € dclRational(a1)-
(In charateristic p) One can use the same criteria but must pay
attention to the presence of the Frobenius map, see the paper [5] for
details on how to resolve this issue.

Definition 1.22. Let ® : C «~ C5 be a birational map, as in Defini-
tion 1.19. We define the correspondence I's C C1 x Cy associated to ®
to be;

(Graph(®) c U x V)

where, for W an algebraic subset of Cy x Ca, we let W denote its
Zariski closure.

Definition 1.23. Let C and Cy be projective algebraic curves. We
will say that 2 birational maps ®1 : C; e Cy and Py : C7 e~ Oy
are equivalent if there exists U C Cy such that ®, and ®5 are both
defined and agree on U. Clearly, equivalence of birational maps is an
equivalence relation.
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Lemma 1.24. Let &, : C & Cy and ®5 : C « Cy be equivalent
birational maps, then I's, = T's,.

Proof. Immediate from the definitions.

t

Definition 1.25. We will denote the equivalence class of a birational
map ® by [®]. By the above lemma, we can associate a correspondence
['ig] to an equivalence class of birational maps

Lemma 1.26. Obstruction to Birationality at Singular Points

Let T'\g) be a birational correspondence between Cy and Cy. If x is
a non-singular point of Cy, there exists a unique corresponding point y
of Cy and vice-versa.

Proof. Let U C C] be the set of non-singular points of C';. We can con-
sider I'g as a cover of U. As U is smooth, we may apply the technique
of Zariski structures for this cover. By birationality, if z € U is generic,
there exists a unique (zy) € I'¢ and, moreover, Mult(y/z) = 1. This
last fact was shown, for example, in the paper [5] and given originally
in [13]. By further properties of Zariski structures, again see either of
the above, the total multiplicity of points in the cover over U is pre-
served, in particular, for any x € U, there exists a unique corresponding
(zy) € T'p. O

Remarks 1.27. Note that non-singularity s not necessarily preserved
when associating y to x in the above lemma. This motivates the fol-
lowing definition.

Definition 1.28. Given a birational correspondence I'ig), we define the
canonical sets Ujg) C I'e),Vie) C C1 and Wig) C Cy to be the sets;

Ua) = {(2,y) € Ty : NonSing(x), NonSing(y)}
Vie) = m1(Ula))

Wig) = m2(Ula))

Lemma 1.29. Giuwen a birational correspondence I'ig), there exists an
isomorphism @y : Vig) — Wig) such that I'ig) = I'je,)

Proof. By an elementary result in algebraic geometry, see for example
2], a morphism ® : U C €} — P™, where U is an open subset of (Y,
extends uniquely to the non-singular points of C';. Combining this with
Lemma 1.26, we obtain immediately the result. U
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We now need to relate the canonical sets of a birational correspon-
dence I'ig) with a particular presentation of [®] given by Lemma 1.20;

Definition 1.30. Let ¢y, be as in Lemma 1.20, we define the canonical
open sets associated to ¢x, to be;

Vs = Via) \ Base(¥)

W¢2 = ¢2(V¢2)

Lemma 1.31. We have the following relations between canonical sets;
Vs, C Via) C NonSing(Ch)
Wss, € Wig) € NonSing(Cs)
O 1 Vg, — Wey, 1s an isomorphism.

Vs, and Base(X) are disjoint.
Proof. The proof is an easy exercise. O

Remarks 1.32. It would be desirable to find a particular presentation
Oy of a birational class [®], for which Base(X) is disjoint from the
canonical set Vig). In general, one can easily prove the weaker result;

There exist 2 presentations @y, and Psx, of a birational class [®],
such that;

Vie) = Vag, U Vay,

W[@] = W‘i’zl U Wq>22

We also note that the choice of ¥ presenting a birational class [®] is
far from unique. For example, let Id : P' — P! be the identity map.
This isomorphism can be represented by any of the birational maps;

Gn[Xo s Xi] = [ X7 X3T'Xy) (n>1)

Let 32, be the linear system of dimension 1 and degree n defined by

the pair of homogeneous polynomials {X7, X3 *X1}. Then ¢, = Py,
(with this choice of basis).
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We finally note the following well known theorem, see for example [2];
Theorem 1.33. Let C' be a projective algebraic curve, then C' is bira-
tional to a plane projective algebraic curve.

2. A Basic THEORY OF g,

We begin this section with the definition of intersection multiplicity
used by the original Italian school of algebraic geometry.

Definition 2.1. Let C' C P" be a projective algebraic curve. Let Parp
be the projective parameter space for all hypersurfaces of a given degree
e and let U = {\ € Parp : |C N Fy| < oo} be the open subvariety of
Parg corresponding to hypersurfaces of degree e having finite intersec-
tion with C'. For A € U, p € C N F), we define;

Litatian(p, C, Fy) = Card(C N Fxy NV,) for N € V) generic in U.

Remarks 2.2. That this is a rigorous definition follows from gen-
eral properties of Zariski structures. The definition is the same as
RightMult,(C, F\) which we considered in the previous section. We
will often abbreviate the notation Ly (p, C, F\) = s by saying that p
is counted s times for the intersection of C with F).

The basic theory of g, relies principally on the following result;

Theorem 2.3. Hyperspatial Bezout

Let C' C P"™ be a projective algebraic curve of degree d and F\ a
hypersurface of degree e having finite intersection with C'. Then;

ZpECﬂFA [italian (p, O, F)\) =de

We first require the following lemma, preserving the notation from
Definition 2.1;

Lemma 2.4. Let H) be a generic hyperplane, then;

[italian(pv C? H)\) =1 fOT all p S C N H/\
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and each p € C'N H)y is non-singular.

In the Italian terminology, each point p of intersection is counted
once or the intersection is transverse. Using the methods developed in
Section 1, it is not difficult to prove that each point of intersection is
transverse (using the scheme theoretic definition).

Proof. Suppose, for contradiction, that I;tuian(p1, C, Hy) > 2 for some
p1 € CN Hy. Let {p1,...,pa} be the total set of intersections, where
d is the degree of C', see Definition 1.12. Then we can find \' € V)
generic in U and a distinct pair {p},p?} in V,, NC'N Hy. By properties
of Zariski structures, see [5] or [13], we can also find {p3, ..., p}} such
that p} € CNHyNYVY,, for 2 <j <d. It follows from the definition
of an infinitesimal neighborhood that, for p # ¢ with {p,q} C P, V,
and V, are disjoint. Hence, {p1, p?,ps,...,ps} defines a distinct set of
intersections of C' with Hy/. It follows that C' and Hy have at least
d + 1 intersections, contradicting the facts that X’ is generic in U and
the degree of C'is equal to d. For the second part of the lemma, observe
that the set of nonsingular points NonSing(C') is a dense open subset
of C, defined over the field of definition of C. The condition that a
hyperplane passes through at least one point of (C'\ NonSing(C)) is
therefore a union of finitely many proper hyperplanes P, U ... U P,
contained in Parg, also defined over the field of definition of C. As H)
was chosen to be generic, its parameter A\ cannot lie inside PU...UP,,.
Hence, the result is shown.

O

We now complete the proof of Theorem 2.3;

Proof. Choose {1, ..., A} independent generic tuples in P** = Pary,
the parameter space for hyperplanes on P¥. Let F, be the form of de-
gree e defined by;

F,=Hy v...oHy, = it vin—eNig.in Yol .. Yiw =0

We first claim that the intersections C'N H), are pairwise disjoint sets
for 1 < j < e. The condition that a hyperplane H, passes through at
least one point of the intersection {(CNH),)U...U(CNHy;)} is a union
of finitely many proper closed hyperplane conditions on Pary, defined
over the parameters of C' and the tuple {\y, ..., A;}, for 1 <j<e—1.
As the tuples {Ay,..., A} were chosen to be generically independent
in Pary, the result follows. Now, by Lemma 2.4 and the definition of
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F,, we obtain a total number de of intersections between C' and F,. We
claim that for each point p of intersection;

L’talian(pa C? Fe) =1 (*)

This does not follow immediately from Lemma 2.4 as the parameter
{Niy...i,, } defining F, is allowed to vary in the parameter space Par, of
all forms of degree e. We prove the claim by reducing the problem to
one about plane projective curves.

We use Lemma 1.20 and Theorem 1.33 to find a plane projective al-
gebraic curve C; C P? and a linear system ¥ such that @y, : C} e C.
Let {¢o, ..., dw} be a basis for ¥, defining the birational map ®y. We
may suppose that each ¢; is homogenous of degree k in the variables
{Xo, X1, X5} for P?. Let {Vig), Vay, Wie), Way } be the canonical sets
associated to I's,,, see Definitions 1.28 and 1.30. Note that the canon-
ical sets are all definable over the data of ®5,. Hence, we may, without
loss of generality, assume that the point p given in (%) above lies in
Ws,, and its corresponding p’ € C} lies in V. In particular, p’ defines
a non-singular point of the curve €. Now, given an algebraic form F),
of degree e;

; .
Fu =Ygt tin=ellig..in Yo" - Yy" =0

we obtain a corresponding algebraic curve 1, of degree ke on P?
given by the equation;

¢u = Eio-&-----ﬁ-iw:eﬂio---in 60 B 211)” =0 (T)

We claim that;

[italian(pv 07 F,u) S [ital'ian<p,7 Cla w,u> (**)

For suppose that p is counted s-times for the intersection of C' with
F,,, then we can find ' € V, generic in U such that C'N F,, NV, con-
sists of the distinct points {p1,...,ps}. By elementary properties of
infinitesimals, {p1,...,ps} C Way, hence we can find a corresponding
distinct set {p},...,p.} in Vp.. By the defining property of a spe-
cialisation ,the fact that the correspondence I'gy is closed and the
definition of ¢, we must have that {p}...,p,} C Ci NV, NY,. As
the map 6 : Par, — Pary,, defined by (), is algebraic, it follows that
Y,s defines an infinitesimal variation of 1), in the space of all algebraic
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curves of degree ke on P2. Hence, it follows that p’ is counted at least
s-times for the intersection of C with v,. Therefore, (xx*) is shown.
Now, given a hyperplane H,;

H, = poYo+ ...+ pyYy =0

we obtain a corresponding algebraic curve ¢, of degree k on P?, de-
fined by the equation;

Gp = HoPo + ...+ fwdy =0

Corresponding to the factorisation F\ = F, = Hy, ..... H),, we
obtain the factorisation ¥y = ¢y, «.... @), . Therefore, in order to show
(%), it will be sufficient to prove that;

Iitalian(pla Cla ¢)\1 LICECIE ¢)\E) = 1 (* * *)

Let p belong (uniquely) to the intersection C'N Hy;. We claim first
that;

[italian(p/7 Cl, QS)\J-) =1

We clearly have that the linear system ¥ consists of {¢, : A € P**}.
Hence, as by construction p’ does not belong to Base(X) and is non-
singular, the result in fact follows from Lemma 2.4 and a local result
given later in this section, Lemma 2.10, which is independent of this
theorem. By results of [6] on plane projective curves, (x * x) follows.
Hence, () is shown as well.

We have now proved that there exists a form F,. of degree e which
intersects C' in exactly de points with multiplicity. The theorem now
follows immediately from the corresponding result in Zariski structures
that, for a finite equidimensional cover G C Par, x P,

YecaoyMulty 2y (G/ Parp) is preserved.
]

Using this theorem, we develop a basic theory of g, on C, a projec-
tive algebraic curve in P". Suppose that we are given a linear system %
of dimension r, consisting of algebraic forms ¢,, parametrised by Parsy.
We will assume that C' N ¢, has finite intersection for each A € Parsy,
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which we will abbreviate by saying that ¥ has finite intersection with
C. Then, for A € Parys,, we obtain the weighted set of points;

W)\ = {npl,...,npm}

where

{p1, -, pm} =CNoy

and
[italian(pja 07 ¢/\) = Np; for 1 S] < m.

By Theorem 2.3, the total weight n,, + ...+ n,, of these points is
always equal to de.

It follows that, as A\ varies in Pary, we obtain a series of weighted
sets Series(X) = {Wy : A € Par(X)}. We now make the following
definition;

Definition 2.5. We define order(Series(X)) to be the total weight of
any of the sets in Series(X). We define dim(Series(X)) to be dim(X).
We define gl (X) to be the series of weighted sets parametrised by Parsy
where;

n = order(Series(X)) and r = dim(Series(X)).
We now make the following local analysis of g}, (2).

Definition 2.6. Let X be a linear system having finite intersection with
C C P". If ¢ belongs to X2 and p € C' N ¢y, we define;

[Z‘

Fatian (0, C, o) = Card(C N oy NV, for N € Vy generic in Pary,.
Remarks 2.7. This is a good definition as Pars, is smooth. The dif-
ference between I;iqii0n and Ii%almn 15 that in the first case we can vary
the parameter A over all forms of degree e, while, in the second case,

we restrict the parameter to forms of the linear system defined by .

Definition 2.8. We will refer to C'\ Base(X) as the set of mobile
points for the system 3.
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We now make the following preliminary definition;
Definition 2.9. We will define a coincident mobile point for X to be a

point p € C'Ny, for some X\ € Pars, such that p lies outside Base()
and with the further property that;

Iizt:alian (p7 C? ¢A) é Iitalian (p7 07 ¢A)

It is an important property of linear systems in characteristic 0 that
there do not exist coincident mobile points. (See the final section for
the corresponding result in arbitrary characteristic.) We will prove this
in the following lemmas, the notation of Definition 2.6 will be main-
tained until Lemma 2.17.

Lemma 2.10. Non-Existence of Coincident Mobile Points
Let p € (C'\ Base(X)) N ¢y be a non-singular point. Then;

[italian (pa O? ¢)\) = [izt:alian (pv 07 ¢/\)

Proof. We prove this by induction on m = Iitian(p, C, ¢5). The case
m = 1 is clear as we always have that;
Iizt:alian (p7 C’ ¢A) S Iitalian (p7 07 ¢)\)

Suppose that Ligian(p, C, ¢x) = m—+1. Let X € ParsNV), be generic
and let {p1,...,p,} enumerate V, N C' N ¢y. Suppose r > 2, then, by
results of [6], (summability of specialisation), we have that;

Litatian (s, C, ¢x) < m for each 1 < j <r.
By properties of infinitesimal neighborhoods, each p; is non-singular

and lies in C'\ Base(X). Hence, by the induction hypothesis, it follows
that;

[i%alz‘an(pja 07 ¢/\’) = italian(pj> Ca ¢)\’) for each 1 S ] S T

Again, using the same result from [6], (summability of specialisa-
tion), we have that;
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(&) ()
Lisatian (D, Cs 02) = 213‘9 Livatian (P, Cs dx)

where the (X) notation is used to show that the result holds for ei-
ther of the above defined multiplicities. Hence;

[italian (P> C? ¢)\) = Ii%alian (pa C: ¢z\)
We may, therefore, assume that;

For any generic X' € VN Pary, there exists a unique p’ € V,NCNy,
with Iitalian (p/7 Ca QZS)\/) = ditalian (pa 07 ¢>\) (*)

Now, as p ¢ Base(X), we can find ¢, with p ¢ C'N ¢,. We consider
the pencil of algebraic forms defined by {¢x, ¢,}. We may assume p is
in finite position on the curve C'. For ease of notation, we will assume
that w = 2 and make the generalisation to arbitrary dimension w at
the end of the lemma. Let f(X,Y) = 0 define the curve C in affine
coordinates such that p corresponds to the point (0,0). We rewrite
the pencil of curves (¢, ¢,) in affine coordinates, which gives the 1-
parameter family;

9 Y58) = 3 i degrmy Nig + L) XTYT =0

The following calculation is somewhat informal, see remark (iz) of
Section 1;

As p ¢ Base(X), the function Z—i is defined at p = (0,0) and gives
an algebraic morphism,;

i—i W cC — Pary
on some open W C C, with 2—2(0, 0) =0.

The cover gmph(i—z) C W x Pary of Par, is Zariski unramified at

(0,0,0) as, given generic t € V), there exists a unique (z,y) such that
(z,y) € V0,00 NCN(Pr+1td,), by (x) and the fact that Par; is smooth.
By results of [5], (Theorem 6.10), if we assume the ground field L has
characteristic 0, the cover is etale at (0,0,0). We will make the modi-
fication for non-zero characteristic in the final section of this paper. (1)
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Now, as f(X,Y) = 0 is non-singular at p = (0,0), we can apply
the implicit function theorem to obtain a parametrisation in algebraic
power series (z(t),y(t)) of the branch at (0,0) such that f(z(t),y(t)) =
0. (See the remark (ii) in Section 1 and [6] for the correct interpretation
of these power series on appropriate etale covers and the corresponding
definition of a branch.) We then obtain a map defined by algebraic
power series 0 : A" — Par, given by;

0(t) = 2 ((t), y(1)

where Ab¢ is an etale cover of A' over the distinguished point (0).
We have that @ is etale at (0'/!,0), as the composition of etale maps
is etale. By the inverse function theorem, we may find an etale iso-
morphism p : AV — AL guch that 0(p(t)) = ¢ and (21(t),y1(t)) =
(x(p(t)),y(p(t))) also parametrises the branch at (0,0).

We therefore have that;

g(@1(t), 1(t); 1) = 0 (**) (2)

Now, by assumption, Iiaian(p, C, ¢x) > 2. Hence, by results of [6];

g(X,Y;0) is algebraically tangent to f(X,Y) =0 at (0,0) (3).

By the chain rule and (), we have that;

Jgt Ogt 9 —
9% (21 01 )"0 T 5F a0 )1 T Bt oy = 0 (% %) (4)
Hence, at t = 0, we have that %(0’0) = 0, that is p = (0,0) belongs

to ¢, = 0, which is a contradiction. The calculation ( * ) holds for
formal power series in L[[t]]. In particular, it holds for algebraic power
series. We now give a brief justification for this calculation;

Let v = ord; be the standard valuation on the power series ring
LI[t]]. Given a power series f € L[[t]] and a sequence of power series
{fn :n € 250}, we will say that {f,} converges to f, abbreviated by
{fu} = [, if;

(Vm € Z50)(In(m) € Z20)(Vk = n(m))[v(f — fr) = m]
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Now choose sequences {z7(t), y}(t)} of polynomials in L[t] such that
{z7(t)} — x1(t) and {y](t)} — y1(t). We claim that;

{gn(t) = g(27(8), 47 (1); 1)} — g(21(2), 1(0); 1)

This follows by standard continuity arguments for polynomials in the
non-archimidean topology induced on LI[t]] by v. We then have that;

_ 0 n 0 n O
In®) = 3% @ep a0t T ¥ @p@ero¥t O T S ep@ero

This follows from the fact that the chain rule and product rule hold
in the polynomial ring L[t], even in non-zero characteristic. We now
claim that {z7(t)'} — x1(t)" and {y}'(t)'} — v1(¢)". This holds by the
definition of convergence and the fact that, for a power series f € L][t]],
if ord,(f) = r, then ord,(f') > r — 1. Using standard continuity ar-
guments and uniqueness of limits, one obtains the result (4). One can
also give a geometric interpretation of the calculation (4) using duality
arguments. We will discuss this problem on another occasion.

In order to finish the argument, we claim that;

0 0

a_gg(o,o)mll (O) + 3_29(070)33,2(0) =0 (5)

This follows from (3) and the fact that algebraic tangency can be
characterised by the property that Dgy at (0,0) contains the tangent
line I, of C'. This is clear if gy is non-singular at p, in particular if go
has a non-reduced component at p. Otherwise, it follows easily from
[6] or [2]. Hence, at ¢t = 0, we have that %(0’0) = 0, that is p = (0,0)
belongs to ¢, = 0, which is a contradiction.

We now consider the case for arbitrary dimension w. We will use
Theorem 1.33 to find a plane projective curve C; C P? birational to
C. Using Lemma 1.20, we can find a linearly independent system >
and a birational presentation Wy : C7 «~ C. We will assume that
the point p under consideration lies inside the canonical set Wy, with
corresponding p’ € Vy,,. This can in fact always be arranged, see
the section on Conic Projections. However, for the moment, we can,
if necessary, replace the set NonSing(C') by Wy,,. Now, we follow
through the calculation given above for w = 2. The argument up to
(1) is unaffected. We first justify the calculation (2). Let f(X,Y) =0
be an affine representation of C;, such that the point p’ corresponds
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to (0,0). Then, we may obtain a local power series representation
(x(t),y(t)) of f(X,Y) at (0,0) and, applying Vs, a local power series
representation Wy (x(t), y(t)) = (x1(t),. .., z4(t)) of the corresponding
p € C'. We may then, applying the same argument, obtain the relation
g(xl(t)7 s 75Cw<t); t) = 07 Where;

9(X1s e, Xuit) = Siih tin<deg() Ny X3+ Xoo bty i X7 X
is an affine representation of the pencil ¢y + t¢,,.

We now need to justify the calculation in (3). Write ¢, in the form;
Ox = Dot inmdeg(2) M. i X - - - Xiw =0

Let X' = {40, ..., }, then the assumption that ¢, passes through
p implies that the curve;

) Tw
D = Ei0+...+iw=deg(2)/\io...iw 00 e ¢7;w =0

passes through the corresponding p’ of (. By the fact that
Litatian(p, C, ¢n) > 2, we can vary the coefficients {\;, ;,} of ¢\ to
obtain distinct intersections {z”, 2"} in C'N ¢y N'V,. By properties
of infinitesimals, these intersections lie in the fundamental set Wy_,.
Hence, we can find corresponding intersections {, 2"} in Vy NV,
with the corresponding variation of D. This implies that;

[italian(p/7 Cl, D) 2 2

By results of the paper [6], D must be algebraically tangent to the
curve C7 at p/. Hence, by the chain rule, and the characterisation of
algebraic tangency given above, ¢, is algebraically tangent to the curve
C at p, in the sense that its differential D¢, at p, contains the tangent
line [, of C' (x). The reader should also look at the proof of Theorem
2.3, where a similar calculation was carried out. Finally, we need to
justify (4). This is clear from the calculation done above. The final

step (5) is also clear from the corresponding calculation and (x).
U

Remarks 2.11. The lemma fails for non-linear systems. Let C be
defined in affine coordinates (x,y) by y = 0 and let {¢;} be the pencil
of curves, defined in characteristic 0, by y = (v — t)? = 2% — 2tz + 2.
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By construction, each ¢; is tangent to y = 0 at (¢,0). It follows that
each (t,0) € C is a coincident mobile point for ¢,.

Lemma 2.12. Suppose that p € C'\ Base(X) N ¢y is a singular point,
then;

Iitaliam (p7 C? Qﬁ)\) = Iizt:alian (p7 C’ (Zﬁ)\) .
Proof. Suppose that I, (p,C,¢5) = m. As p ¢ Base(X), the con-

italian
dition that ¢, passes through p defines a proper closed subset of the
parameter space Pars. Hence, we can find X' € V), generic in Pary,
and {p1,...,pm} = C N oy NYV,, distinct from p, witnessing this mul-
tiplicity. As both NonSing(C) and C'\ Base(X) are open and defined
over L, we have that {p1,...,p,} must lie in the intersection of these

sets. Applying the result of the previous lemma, we must have that;
Iitalian(pja C? ¢)\/) =1forl S j S m

Hence, by summability of specialisation, again see the paper [6], we
must have that L (p, C, ¢x) = m as required. O

In the following Lemma 2.13, Lemma 2.16 and Lemma 2.17, by a
canonical set on C, we will mean either a set of the form V;,, , for the
domain of a birational map ¢s,, or a set of the form Wy, , for the
image of a birational map 1y,, see also Definition 1.30. For ease of
notation, we will abbreviate either of these sets by W. In particular,
W may include the canonical set Vg, defined by (any) choice of basis
for the linear system .

Lemma 2.13. Multiplicity at non-base points witnessed by transverse
intersections in the canonical sets.

Let p € C\ Base(X), then, if m = ILjaian(p, C, ¢n), we can find
N € Vy, generic in Pars, and distinct {p1,...,pm} = CNox» NV, such
that {p1,...,pm} lies in the canonical set W ,with the point p removed,
W\ {p}, and the intersection of C with ¢ at each p; is transverse for
I<j<m.

Proof. As p ¢ Base(X), the condition that ¢, does not pass through p
defines an open subset of Pary. By the previous lemma, taking generic
(over L), N € V), we can find {p1,....pn} = C N oy NV, distinct
from p. Finally, C'\ W defines a finite subset of C' (over L). Clearly,
{p1,...,pm} avoid this set, otherwise, by properties of specialisations,
some p; would equal p for 1 < j < m. Finally, the transversality result
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follows from the fact that I;uian(p;, C, ¢n) = 1 for 1 < j < m, (using
Lemmas 2.10 and 2.12 again). O

We have analogous results to Lemmas 2.10, 2.12 and 2.13 for points
in Base(X);

We first require the following;

Lemma 2.14. Let p € C'N Base(X), then there exists an open subset
U, C Par(X) and an integer I, > 1 such that;

Iitalian(p7 Ov ¢A) = ]p fOT A€ Up'

and

[italian(p7 C? ¢A) Z [p fOT A S PGTE.

Proof. By properties of Zariski structures, we have that;
Wk - {)\ S PGT(E) : ]italian(p7 Oa ¢A) Z k}

are definable and Zariski closed in Pary. The result then follows
by taking I, = minyepars Litatian(p; C, ¢») and the fact that Pary is

irreducible.
O

We can now formulate the corresponding version of Lemmas 2.12
and 2.13 for base points;

Lemma 2.15. Let p € C'N Base(X) N ¢y. Then;

Iitalian(p; Cv gb}\) = ]p + ]izt:alian(p7 Ca ¢)\> -1

Proof. Let m = I3 .. (p,C,$y). Choosing N € V) generic in Parsy,
we can find {p1,...,pm-1} = C NV, N ¢y, distinct from p, witnessing
this multiplicity. Therefore, for 1 < j < m — 1, p; ¢ Base(X), by
properties of specialisations and the fact that Base(X) is finite and
defined over L. Hence, we can apply the results of Lemmas 2.10 and
2.12 to conclude that Ijin(pj, C,¢n) = 1 for 1 < j < m —1. As
N was generic in Pary, using the previous Lemma 2.14, we have that

Litatian(p, C, ¢x) = I,. Now, it follows easily, using summability of
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specialisation (see the paper [6]), that Liaian(p, C, @) = I, + (m — 1).
The lemma is proved. O
)

Lemma 2.16. Let p € CNBase(X) Ny, then, if m = I3, (p, C, dx),
we can find N € Vy, generic in Pars, and {p,p1,...,Pm-1} = CN
Ox NV, witnessing this multiplicity such that {p1,...,pm-1} lie in the
canonical set W, see the explanation before Lemma 2.13, and the in-

tersections C' N ¢y at p; are transverse for 1 < j <m — 1.

Proof. Use the proof of Lemma 2.13, basic properties of infinitesimals
and the fact that W is open in C' and definable over L. O

Lemma 2.17. Generic Intersections

Fix a canonical set W and let ¢, be generic in 3, then each point of
intersection of C' with ¢, outside Base(X) lies inside the canonical set
W and is transverse.

Proof. The finitely many points of (C'\ W) are defined over the data
of {WW,C}. Hence, the condition on Pary that ¢, intersects a point
of (C'\ W) outside Base(X) consists of a finite union of proper hy-
perplanes defined over the data of {W,C'}. Therefore, for generic ¢,,
each point of intersection of ¢, with C, outside Base(X), lies inside
W. Now observe that the condition of transversality between C' and

@, inside W, defines a constructible condition on Pary, over the data
of {C,W}. Namely;

O(\) =Vy[(y € pANW) — NonSing(y) A RightMult,(C, ¢,) = 1]

By Lemmas 2.13 and 2.16, the condition is Zariski dense in Parsy.
Hence, the result follows.

O

We now make the following definitions;

Definition 2.18. Let X be a linear system defining a g\, (%) on a pro-
jective algebraic curve C C PY. Let {Wy} = Series(X). If p € W, we
say that;

p is s-fold (s-plo in Italian) for the g (%) if Litatian(p, C, ¢x) > s.

p is counted (contato) s-times for the gl (X) if p has multiplicity s in
Wy, equivalently Liaian(p, C, ¢x) = .



A THEORY OF BRANCHES FOR ALGEBRAIC CURVES 35

p has s-fold contact (contatto) with ¢y if 17,0, C, ) = s.

Remarks 2.19. The Italian terminology is generally quite confusing.
The above lemmas show that the discrepancy between contatto and con-
tato occurs only at fived points of the system . The philosophy behind
their approach is that algebraic calculations may be reduced to visual ar-
guments using the ideas that a s-fold contact at p is a limit of s-points
converging along the curve from intersections with forms in the system
> and that these points are preserved by birationality. In the case of a
fixed point, p may be counted more times than its actual contact with
oy and this excess intersection is never actually visually manifested by
a variation. The Italian approach is to ignore this excess intersection.
This motivates the following definition;

Definition 2.20. Let a g\, (X) be given on C. Forp € CNoy, we define;

Imebite(n CLpy) = Card(CNeyN{V, \ p}), N € V generic in Pars.

italian

Remarks 2.21. One needs to check, as usual, that this is a good def-
inition. This follows, for example, by Lemma 2.1/, Remarks 2.7 and
Lemma 2.15.

Lemma 2.22. For p ¢ Base(X), I (p, C, ¢x) = Litatian(p, C, )

italian

For p € Base(X), we have that;

[p + I%{;I;Zlg (p7 07 ¢)\) = Litalian (p, C, ¢/\)

Proof. The proof follows immediately from the same results cited in
the previous remark. O

We now make the following definition;

Definition 2.23. By a g;, we mean the series obtained from a given
gr/(2) by removing some (possibly all) of the fized point contributions I,
in Base(X). That is, we subtract some part of I, from each weighted set
W. We define n to be the total multiplicity of each Wy after subtracting
some of the fized point contribution, son < n'. We say that the g, has
no fized points if all the fixed point contributions are removed. We
refine the Italian terminology for a g, by saying that x is s-fold for
W if it appears in the weighted set with multiplicity at least s and x
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1s counted s-times for Wy if it appears with multiplicity exactly s. We
define Base(g;) to be {x € C :VA(z € W))}.

We now have the following;

Lemma 2.24. For a given g, , we always have that r < n.

Proof. Let the g be defined by X, a linear system of dimension 7,
having finite intersection with C'. Pick {py,...,p,} independent generic
points of C, not contained in Base(3). The condition that ¢, passes
through p; defines a proper hyperplane condition H,. on Pars. The
base points of the subsystem defined by H, N...NH,, are defined over
p1,-..,p; and finite, for 1 < j <r — 1, as, by assumption, no form in
¥ contains C'. We must, therefore, have that dim(H,, N...NH,. ) =0.
That is there exists a unique ¢y in ¥ passing through {py,...,p.}. We
must have that the total intersection multiplicity of C' with ¢, outside
the fixed contribution is at least r, by construction, hence r < n as
required.

O

Definition 2.25. Subordinate Systems

We say that

90y < 9,

if there exist linear systems X' C X (having finite intersection with
C) of dimension 1 and dimension ry respectively such that gy} is
obtained from X', g;2 is obtained from ¥ and, for each N € Parsy,
Wy C V. Here, by {Wy, V)\}, we mean the weighted sets parametrised
by {97k, 972} and, by Wy C Vi, we mean that n,, < m,,, where Wy =
{Npy,..,np } and Vi ={m,,,...,my, }.
Remarks 2.26. Note that the relationship of subordination is clearly
transitive. That is, if g;} € g2 C g,3, then g, C g;3.

Definition 2.27. Composite Systems
We say that a g, defined by 3, is composite, if, for generic p € C,

every weighted set Wy containing p also contains a distinct p/(p) with
P ¢ Base(X).

Remarks 2.28. Note that the definition of composite is well defined,
for, if the given g, is defined by 3, the statement,
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0(z) = 32’ ¢ Base(X)VA € Pars(x € CNgy — 2’ € CN o))

defines a constructible subset of C. Hence, if it holds for some
generic p, it holds for any generic p in C. In modern terminology, we
would say that the given g seperates points (generically), see Proposi-
tion 7.3 of [2].

Definition 2.29. Simple Systems

We say that a g is simple if it is not composite.

The importance of simple g/ is due to the following;

Lemma 2.30. Construction of a Birational Model

A simple g on C defines a projective image C' C P", birational to
C.

Proof. Let the g, be defined by a linear system X, with a choice of
basis {¢y, ..., ®,}, (having finite intersection with C'), possibly after
removing some fixed point contribution. Let ®y be the morphism de-
fined as in Lemma 1.16. This morphism is defined on an open subset
U = C\ Base(X) of C. By continuity, the image of &5, on U is irre-
ducible, hence either defines a constructible V' C P" of dimension 1 or
the image is a point. We can clearly exclude the second case, otherwise
we can find {¢y, ¢, } differing by a constant of proportionality p on U,
therefore ¢ — p¢,, contains C. Let C' =V, then C’ is an irreducible
projective algebraic curve. We claim that C’ is birational to C. If
not, then, using Lemma 1.21 or just the definition of birationality, in
characteristic 0, for generic z € C', we can find a distinct 2’ € U such
that ®x(x) = Py(2’). The choice of basis for ¥ determines an iso-
morphism of Pary with P". Using the parametrisation of Pary, given
by this isomorphism, if ¢, passes through x, the corresponding hyper-
plane H), C P" would pass through ®x(z) and, therefore, ¢, would
pass through 2’ as well. This contradicts simplicity. The lemma may;,
of course, fail in non-zero characteristic. We refer the reader to the
final section for the problems associated to Frobenius. O

We also have the following transfer results;

Lemma 2.31. Let a simple g;, on C' be given, as in the previous lemma,
defining a birational projective image C' C P". Let Vy, and Wy, de-
note the canonical sets associated to this birational map. Then, given
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a g2 on C', without fized points, there exists a corresponding g2, on
C, without fixed points, and, for any corresponding pair {x,z'} in
{Vis, Wes }»  is counted s times in Vy iff o' is counted s times in
W, where {Vy, Wy} are the weighted sets parametrised by the g, on
{C,C"} respectively.

Proof. Let the g% on C’ be defined by a linear system ¥/ of dimension
d, with basis {ty, ..., %4}, after removing all the fixed point contribu-
tion. We then obtain a corresponding linear system Y” defined by;

{0r = Xovo(Po, - .-, Or) + ... + Aga(o, - . ., ¢r) = 0}

Clearly, ¥ has finite intersection with C| hence it defines a g2, after
removing all fixed point contributions. Now, let {x,z'} be a corre-
sponding pair in {Vj,, W, }. Suppose that 2’ is counted s times in
Wy, then, as the g4 on C’ has no fixed points, we have that;

Imobile(x/’ C,, ’l/})\) =S

italian

Therefore, we can find X' € V) generic in Pary, and
{zh,..., 2y =C" Ny NV \ {2’}

By properties of infinitesimals, {x},..., 2.} C Wy, hence, we can
find corresponding {z1,..., x5} C Vi, Ny NV, \ {z}. It follows that
mobile(x C,0)) > s, and equality follows from the converse argument.
Therefore, as the corresponding g¢, has no fixed points,  is counted s
times in V). The converse uses the same argument. It remains to show
that m = m’. By Lemmas 2.16 and 2.17 and the fact that the g2, has
no fixed points, a generic V) consists of m’ points each counted once
inside Vj,,. Therefore, by the above argument, these points are each
counted once inside the corresponding W,. Hence, m’ < m. We obtain
m < m’ by the reversal of this argument.

O

Lemma 2.32. Let a simple g, on C be given, defining a birational
map Py : C e~ C' C P". Then, if d is the degree of C', we have that
d =d+1 for the g3,(X) defined by X, where I is the total fized point
contribution from Base(X).

Proof. Let k be the degree of ¢, and v the degree of C, then we claim
that;
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d+1=kv

By Lemma 2.4, if H, is a generic hyperplane, it cuts C’ transversely
in d distinct points. We may also assume that these points lie inside
the canonical set Wy, as this is defined over the data of ®y. Let
{p1,...,pa} be the corresponding points of Vg, and ¢, the correspond-
ing form in X. By, for example, Lemma 2.17;

Iitalian(pju 07 §b>\) =1forl S ] S d

There can be no more intersections of ¢, with C' outside Base(Y),
otherwise one would obtain a corresponding intersection of Hy with C’
outside Wg,.. Hence, the total multiplicity of intersection jiapian(C, @)
between C' and ¢, is exactly I + d, using Lemma 2.14. By Theorem
2.3 and the fact that ¢, is a form of degree k, we also have that the
total multiplicity Iitasian(C, ¢x) is kv. As, by definition, d’ = kv, The
result follows.

O

3. THE CONSTRUCTION OF A BIRATIONAL MODEL OF A PLANE
PROJECTIVE ALGEBRAIC CURVE WITHOUT MULTIPLE POINTS

We first make the following definition.

Definition 3.1. Let C C PY be a projective algebraic curve, not con-
tained in any hyperplane of P*. We define a point p € C' to be s-fold
on C if, for every hyperplane H passing through p;

Iita,lz'an(p7 C’ H) 2 S.

and equality is attained. We define p to be a multiple point if it s
s-fold for some s > 2. We define p to be simple if it is not multiple.

We have the following lemma;

Lemma 3.2. Let C C P? be a projective algebraic curve and p a point
on C. Let F(X,Y) =0 be an affine representation of C' such that the
point p corresponds to (0,0). Then p is s-fold on C iff we can write F
in the form;
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In particular, p s non-singular iff it is not multiple.

Proof. Suppose that p is s-fold on C, then, for a generic line [ defined
by aX — 0Y = 0, we have that;

Litatian(p; C, 1) > 5

It follows, by the results of [6], that we also have;
Litatian (D 1, C) = Litatian(p, C, 1) > s (%)

Now, suppose that F'(X,Y’) has the expansion;
F(X,Y) = Sijedeqrr 15 X Y.

and that a;; # 0 for some (7,j) with i +j < s (**). We can
parametrise the branch at (0,0) of [ algebraically by;

(x(), y(t)) = (bt, at)

We make the substitution of this parametrisation into F'(X,Y’) and
obtain;

F(z(t),y(t)) = Sayz(t)y(t) = Sa;a’ bt

By (*x) and generic choice of {a, b}, this expansion has order s; < s.
In characteristic 0, it then follows, by the method of [6], see also
Theorem 6.1 of this paper, that, for the pencil ¥, defined by {F; =
F(X,)Y)+t=0};

Ii%f:(;lian(p7 l? F) = 51

In particular, as p ¢ Base(X;), we have, by Lemma 2.10, that;

Iitalian(pa la F) =51

and therefore, by (x), that;

[italian(p7 CJ) =851
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contradicting the fact that p was s-fold on C. It follows that (k)
doesn’t hold, as required. See, however, the final section for the prob-

lem in non-zero characteristic. For the converse direction, suppose that
F(X,Y) has the expansion;

Then, by a direct calculation and using the argument above, one has
that, for any line;

Iitalian(pal, F) Z S.
Hence, by (*) again, p must be s-fold on C'.

Using this result, it follows immediately, by considering the vector

(g—f;, g—g) evaluated at (0,0), that p is non-singular on C' iff p is not

multiple.

U

Our main result in this section will be the following;

Theorem 3.3. Let C C P? be a projective algebraic curve, then there
exists C7 C PY such that C and C; are birational and Cy; has no
multiple points.

The proof will proceed using the basic theory of g, that we developed
in the previous section. We require the following definition;

Definition 3.4. Let a g, without fized points be given on C. We will
call the g; transverse if the following property holds;

There does not exist a subordinate g', " C g% such that n' <n — 2,
We then have;

Lemma 3.5. Let a g;, on C be given without fized points. Then, if the
g, 1s transverse, it must be simple.

Proof. Suppose that the g, defined by X, is not simple, then it must
be composite. Therefore, for generic x € C, there exists an z'(x) ¢
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Base(X) such that every weighted set W) containing z also contains
x'(x). As z is generic, + ¢ Base(X), hence the subsystem >, C X,
consisting of forms in ¥ passing through x, has dimension r — 1. Define
a g:l,_l from >, by removing the fixed point contribution of gZ;l(ZI).
We claim that ¢/;' C g~ (¥). We clearly have that ¥, C 3. Suppose
that p appears in a W) defined by g;,_l with multiplicity s. Then, by
definition, I%%e(p, C, ¢) = s, calculated with respect to 3. It follows

» “italian A
easily from the above lemmas that I9%l¢(p, C, ¢)) = s, calculated with

italian
respect to X, as well. Hence, p also appears in the corresponding V)
with multiplicity s. This gives the claim (x). We show that n' <
n — 2. Let {p1,...,p,} be the base points of ¥. Then ¥, has base
points containing the set {p1,...,p, x,2'(x)}. Clearly, the fixed point
contribution of ¥, at {pj,...,p,} can only increase the fixed point
contribution of ¥ and, moreover, the fixed point contribution of X,
at {x,z'} must be at least 2. Hence, using the Hyperspatial Bezout
Theorem and the definition of {g”, g"; '}, we have that n’ < n—2. This
contradicts the fact that the original g, was transverse. Hence, the g,

must be simple. O

Following from this, we have the following;

Lemma 3.6. Let a g, be given on C without fived points such that g,
18 transverse. Then the g, defines a birational map ® : C' «~ Cy C P
and, moreover, C'y has no multiple points.

Proof. The first part of the lemma follows from the previous Lemma
3.5 and Lemma 2.30. See the final section, though, for the problem in
non-zero characteristic. It remains to prove that | has no multiple
points. Consider the g, without fixed points on C, defined by the
linear system . of hyperplane sections. By Lemma 2.31, there exists
a corresponding g/, on C without fixed points. By its construction
in Lemma 2.31, it equals the original g;. Now suppose that there
exists a multiple point p of C;. We consider the subsystem %, of
hyperplane sections passing through p. This defines a g’~! C ¢ and,
as p is multiple, after removing the fixed point contribution, we obtain
a g;/_l C gn with n” < n — 2. Using Lemma 2.31 again, we obtain a
corresponding g7, ' on C. We claim that ¢, ' C g” on C. This follows
easily from the fact that ¥, C X, the g,’;,_l has no fixed points and the
argument of the previous lemma. This contradicts the fact that the
original g/ on C was transverse. Hence, C; has no multiple points.

O
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We now give the proof of Theorem 3.3. We find a transverse g, on
C using a combinatorial argument;

Proof. (Theorem 3.3)

Suppose that C' has order n > 2 (the case when C' has order n = 1
is obvious.) Consider the independent system 3 consisting of all plane
algebraic curves defined by homogeneous forms of order n — 1. Clearly,
no form in ¥ may contain C, and the system has no fixed points on
C, hence the system defines a g;!, without fixed points, of dimension

= w and order n; = n(n — 1). If this g;! is transverse, the

T1

proof is complete. Hence, we may suppose that there exists a g;2 C g;!,
without fixed points, such that ro = r1 — 1 and ny < n; — 2. Again,
if this g;2 is transverse, the proof is complete. Hence, we may suppose
that there exists a sequence;

Ti—1

oy C Gnii C o2 C gy
with 7, =71 — (i — 1) and n; <ng; —2(i —1). (%)

We need to show that this sequence terminates. By Lemma 2.24, we
always have that r; < n;. Combining this with (x), we have that;

Therefore;

i§n1—7“1+1:n(n—1)—("_1)2ﬂ+1:(”_1)2ﬂ+1(>x<>x<)

Now suppose that equality is attained in (#x*), then we would have
that;

(n=1)(n+2) (n71)2(n72) _ 2(7’L B 1) Z 9

Ti:Tl—(i—l): 3

n<ng—2i—1)=nn—-1)—(n—-—1)(n—-2)=2(n—1) (x*x*)

This implies that n; < r; and hence n; = r;. Therefore, we must
have that there exists a g, C g,¢ for each ¢ with m > 2 and the
sequence terminates in fewer than w + 1 steps. The final g/? in
the sequence then defines a birational map from C to C; C P* without
multiple points (w > 2), as required.
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U

Remarks 3.7. The terminology of transverse g, is partly motivated by
the following fact. Suppose that a transverse g, on C' is defined by a
linear system X2, possibly after removing some fixed point contribution,
then, if z € C'\ Base(X) is non-singular, there exists an algebraic form
o from 3 such that ¢x(x) = 0 but ¢y is not algebraically tangent to C
at x. The proof of this follows straightforwardly from the definition of
transversality and the fact that, if ¢, is algebraically tangent to C' at
x, then Ligian(x,C,¢\) > 2 (see the proof of Lemma 4.2). In modern
terminology, one calls this property separating tangent vectors. See, for
example Proposition 7.3 of [2]. The full motivation, however, comes
from Theorem 6.10.

4. THE METHOD OF CONIC PROJECTIONS

The purpose of this section is to explore the Italian technique of
projecting a curve onto a plane. The method of conic projections is
extremely old and can be found in [1], where projective notions are
explicitly incorporated in the discussion of perspective. Severi himself
also wrote an article on the subject of [1] in [12]. We assume that we
are given a projective algebraic curve C' C P" for some w > 2 and that
C' is not contained in any hyperplane section (otherwise reduce to this
lower dimension).

The construction;

Let 2 C P" be a plane of dimension w — k — 1 and w C P" a plane
of dimension 2 < k < w such that QNw = (). We define the projection
of C' from () to w as follows;

Let P € C. We may assume that P does not lie on ). Let < Q, P >
be the intersection of all hyperplanes containing §2 and P. It is a plane

of dimension w — k. Now, by elementary dimension theory, we must
have that;

dim(<Q,P>nNw)>k+(w—k)—w=0

We may exclude the case that < €2, P > and w intersect in a line
[, as then € and [ would intersect in a point (), contradicting the fact
that Q@ Nw = (. Hence, < Q, P > Nw defines a point pr(P). We may
repeat this construction for the cofinitely many points U C C which
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do not lie on ). Now, consider the statement;
oy)=lycwATzIw(x e QAw e UANY € lyy)]

By elimination of quantifiers for algebraically closed fields, this clearly
defines an algebraic set consisting of {pr(w) : w € U}. We call this
the projection pr(U) of U. As U is irreducible, it follows that pr(U) is
irreducible. Moreover, pr(U) has dimension 1, otherwise pr(U) would
consist of a single point (), in which case U and therefore C' would
be contained in the plane < 2, >, contradicting the assumption.
We define the projection proj(C) of C' from 2 to w to be the closure
pr(U) of pr(U) in w. We can define a correspondence I' C U x pr(U) by;

Nw,y)=lyepr(U)ANweUANTz(x € QNY € lyy)]

We define the associated correspondence I'y, C C' x proj(C) to be
the Zariski closure I'. Note that, in the case when Q N C = (), the
correspondence I' defines an algebraic function (in the sense of model
theory) pr from C' to pr(C). By the model theoretic description of
definable closure in algebraically closed fields of characteristic 0, pr
defines a morphism from C' to pr(C). See the final section for the
problem in non-zero characteristic.

Remarks 4.1. Note that when ) is a point P and w is a hyperplane,
the construction is equivalent to forming the cone;

Cone(C) = U ec lp

and taking the intersection w N Cone(C). This is the reason for the
terminology of ”conic projections”. The case when w = 3 is explicitly
discussed in [1], P represents the eye of the observer wishing to obtain
a representation of a curve on a plane.

We now prove the following general lemma on conic projections;

Lemma 4.2. Let w > 3 and suppose that {A, B} are independent
generic points of C'. Then the line lap does not otherwise meet the
curve.

Proof. Suppose, for contradiction, that we can find independent generic
points {A, B} on C such that l4p intersects C' in a new point P. As A
and B are generic, they are non-singular points on the curve C, hence
we can define the tangent lines [4 and [g at these points. We claim the
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following;;
For any hyperplane H, containing [, and passing through A;
[italian(A7 C? HA) Z 2 (*)

This is the converse to a result already proved in Lemma 2.10 above.
It can be proved in a similar way, namely fix a birational map @y be-
tween C' and C; C P? such that A and its corresponding non-singular
point A" on Cj lie in the fundamental sets Vo, and We,, (use the fact
that A is generic). By the chain rule, the corresponding ¢, passes
through A" and is tangent to the curve Cy. Hence, by results of [6], we
have that;

[italian(Al7 Cl, (bA) Z 2

Using the technique of Section 2, it follows easily that () holds as
required.

Now choose a generic hyperplane H in P“. Let pr be the projec-
tion of C' from P to H. Let D = pr(A) = pr(B). We have that
pr(C) is defined over P and, moreover, that D is generic in pr(C).
This follows as, otherwise, dim(D/P) = 0, therefore, as {A, B} C lpp,
dim(A, B/P) = 0, which implies dim(A, B) = 1, contradicting the fact
that {A, B} were independent generic. Hence, D defines a non-singular
point on the curve pr(C'). Now, let [; and I be the projections of the
lines {4 and [g. (We will deal with the degenerate case when one of
these projections is a point below (1)). Clearly [; and Iy pass through
D. We claim that they have the property (x). Let H, be a hyper-
plane of H passing through ;. Then the hyperplane < Hy, P > of P¥
passes through [4. Let X' € V) be generic in Pary, then, we may as-
sume that D ¢ pr(C) N Hy. Therefore, the corresponding hyperplane
< Hy/, P > does not pass through A. Now, using the property (x) of [,
Lemma 2.10 and the fact that < H,/, P > is an infinitesimal variation
of < Hy, P >, we can find distinct {A;, A2} C VaNCN < Hy, P >.
It follows that {pr(A:),pr(As)} € Vp Npr(C) N Hy. We claim that
pr(A;) and pr(As) are distinct. Suppose not, then pr(A;) = pr(4sy) =
D" € VpNnpr(C). Consider the following finite cover F' C pr(C') x PY;

Fly,z)=yepr(C)Nz e CNliyp
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As we have shown, (DA) is generic for this cover, hence, by prop-
erties of Zariski structures, multpa)(F#/pr(C)) = 1. However, this
contradicts the fact that we can find D’ € Vp N pr(C) and distinct
{A;1, Ao} C V4 such that F(D'Ay) and F(D'As). Therefore, we have
shown that Ljian (D, pr(C), Hy) > 2. Hence, [; and [ have the prop-
erty (x). We now claim that [; = Iy (**). Suppose not, then, if [ is
the tangent line to pr(C) at D, it must be distinct from say [;. Choose
a hyperplane H) of w passing passing through /; but not through [p.
We have that I (D, pr(C), Hy) > 2, but, using part of the proof of
Lemma 2.10, H) must then pass through Ip. Hence, (¥%) is shown.

Now, by (#x*), we have that the tangent lines {4 and [ both lie on
the plane spanned by lg and [45. Consider the statement;

x € NonSing(C) and the tangent line [, lies on the plane spanned
by lB and lmB-

It defines an algebraic subset of NonSing(C') over B, and, moreover,
as it holds for A, which was assumed to be generic in C' and indepen-
dent from B, it defines an open subset V' of C. (**%*)

Now choose a generic hyperplane H and let prg(C') be the projection
of C from B to H. By the proof (below) that the degenerate case ()
cannot occur, and the argument above, we can find an open W C V,
such that, for each x € W, [, is projected to I, (). We claim that;

For y € prg(W), the [, intersect in a point Q). ( * *x)

Let y; and yo be in prg(W), then we can find corresponding x; and
xo in W such that < lpy,,l,, <=< lps,,lz, > and < lpy,,l,, >=<
[Bryy luy >. As 1 and x5 lie in V', by (%), we have that;

< lel,lxl >N< le,le >= lB

Note that we can exclude the case that < lg,,l, >=< I, lp >
for x € V, as in this case C' would clearly be contained in the plane
< lps,lp >, use the fact that prg(W) would have the property that
all its tangents intersected in a line [ and the proof below that the
degenerate case (T) cannot occur. Hence, it follows that;

ly1 N lyz = prBUB) =Q
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as required. Now, to obtain the final contradiction, we need to show
that (% % %%) cannot occur. This also covers the degenerate case ().
We show;

If C is a projective algebraic curve in P", with the property that
there exists an open W C Nonsing(C') such that each [, for z € W
intersects in a point ), then C'is a line [. ()

Choose a generic hyperplane H and consider the projection prg(C')
of C' from () to H. If this projection is a point, then C'is a line [. Hence,
we may assume that prgo(C) is a projective algebraic curve in H. Sup-
pose that x is generic in prg(C'), with prg(y) = = and y generic in C.
Then x and y are nonsingular and, moreover, if Hy C H is any hy-
perplane passing through x, the corresponding hyperplane < Hy, Q) >
passes through y. By the assumption, < H), () > contains the tangent
line [,,. Hence, by the proof given above,

min{litalian(ya C’7 < H)\) Q >)7 Iitalian(x7 C, H/\)} Z 2.

Now, as z is nonsingular, we can find a hyperplane H) passing
through x, not containing [,. By the usual argument, given above,
we obtain a contradiction. Therefore, () is shown.

As we assumed that our original C' was not contained in a P2, the
proof of the lemma is shown. The lemma also holds in non-zero char-
acteristic even though, surprisingly, the result (1) turns out to be false.
We will deal with these problems in the final section.

0

Remarks 4.3. The proof of the above lemma is attributed to Casteln-
uovo in [11], but I have been unable to find a convenient reference.

Definition 4.4. We will define a correspondence I' C Cy x Cs, where
Cy and Cy are projective algebraic curves, to be generally biunivocal,
if, for generic x € C there exists a unique generic y € Cy such that
['(z,y) and T(2',y) implies that x = x' (*). We will say that T is
biunivocal at x if (x) holds.

We then have as an immediate consequence of the above that;

Lemma 4.5. Let C C PY, (w > 3), be a projective algebraic curve, not
contained in any hyperplane section. Fix some hyperplane H. Then,
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if P 1s a generic point of the curve, the projection prp from P to H is
generally biunivocal on C.

We now note the following;

Lemma 4.6. Let C' C P be as in the above lemma. Fiz a plane w of
dimension w — k > 2. Then, if {P,..., Py} are independent generic
points of C', the projection from Q) =< Py,..., P, > to w is generally
biunivocal.

Proof. Choose a sequence of planes w = wy C w; C ... C wg_1 such
that dim(w;) = dim(w) + i for i <k — 1, with field of definition equal
to that of w. The projection prp, from P; to wy_; is generally biunivo-
cal, and {prp (P,),...,prp,(FPy)} define independent generic points on
prp, (C). Repeating the argument k times, we obtain that the compo-
sition prp, o...oprp, is biunivocal as a projection to w. We claim that
Prep,..p.> = prp.o...oprp, (*). This can be checked for a generic point
x of C. Suppose, inductively, that prop, _ p~(z) = prpo...oprp (z) =

z. Let w = prp,, (), then there exists 2’ =< P,..., P11 > Nwy—; such
that [, Nwr_;—1 = u. We have that < Py,..., P;,x > Nwi_; = 2, hence
< Pl, ey .PZ', B_H,ZE > NWe—; = lzzl, therefore < Pl, ey .Pi+1,$ >

Nwg—i—1 = u. This shows that prep, _ p,,~(z) = u and, therefore, by
induction, that prep, . p,~(x) = prp,o...oprp (z). Hence (*) is shown.
It follows immediately that the projection from 2 =< Py, ..., P, > to
w is biunivocal on C as required. U

As a consequence, we note the following, which is of independent
interest;

Lemma 4.7. Let C C P" be as in the previous lemma. Let {Py,..., P}
be independent generic points on C' for k < w—1. Then the hyperplane
< P,..., P, > does not otherwise encounter C.

Proof. By the previous lemma, the projection prep,  p_,> is gen-
erally biunivocal. Suppose there existed another intersection () of
< Py,...,P, > with C. Then prep, . p_,>(Q) = prep.. poy>(Pr),
contradicting the definition of generally biunivocal. 0

Using Lemma 4.6, we obtain an alternative proof of Theorem 1.33;

Theorem 4.8. Let C' C P" be a projective algebraic curve, then C is
birational to a plane projective curve.
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Proof. By Lemma 4.6, we can find a generally biunivocal correspon-
dence between C' and C; C P2. In characteristic 0, we can therefore
find U C C'and V C (C such that U = V. This defines a birational
map &y : €'« (. [

We now use the techniques of this section to prove some further re-
sults which will be required later. We have first;

Lemma 4.9. Let C' C P" be a projective algebraic curve, not contained
in any hyperplane section, and x € C. Then there exists a plane € of
dimension w — 3 and a plane w of dimension 2 such that the projection
pr from Q to w is generally biunivocal and, moreover, biunivocal at x.

Proof. Let H be a hyperplane containing x, then, by the assumption
on (' it intersects C' in a finite number r of points. It follows that we
can find P generic in H such that [p, does not otherwise encounter
the curve C. Now choose a further hyperplane H’ not containing P.
Let @ be generic on C' with @) independent from P. Suppose that
lpg intersects C' in a new point R, (x). Then {@, R} must form a
generic independent pair. Otherwise, as P € lgr, we would have that
dim(P/Q) = 0 and therefore dim(P) = 0 which is a contradiction.
Now, we can imitate the proof of Lemma 4.2 for the independent pair
{Q, R} and the projection prp to obtain a contradiction. It follows that
(%) cannot occur, hence the projection prp is generally biunivocal and,
moreover, by construction, biunivocal at z. Now, repeat this argument
w — 2 times, to find a sequence of points {P,..., P, o} and planes
{w=w Cwy C... Cwy_1 = P} such that the projection prp, from
wjt1 to wj is generally biunivocal on C' and, moreover, biunivocal at
x, for 1 < j <w — 2. It follows that the projection pr<p, _ p, ,> from

’

< Py,...,P,_o5 > to w has the required property. U

Definition 4.10. Let C' C P be a projective algebraic curve. Let pr
be a projection from €2 to w such that pr is biuniwocal at x. We call
< Q,x > the axis of the projection at x.

We now refine Lemma 4.9 to ensure that the axis of projection is not
in ”special position” with respect to x.

Definition 4.11. Special Position

Let C C PY be a projective algebraic curve and x an s-fold point
on C, (see Definition 3.1). Let Q be a plane passing through x. We
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say that € 1s in special position if for every hyperplane H containing §2;

[italian(:Ea C, H) 2 S+ 1.

Lemma 4.12. Let hypotheses be as in Lemma 4.9. Let x be an s-fold
point of C. Then we can obtain the conclusion of Lemma 4.9, with the
extra requirement that the axis of projection < €2, x > is not in special
Pposition.

Proof. As x is s-fold on C, we can find a hyperplane H passing through
x such that lgien(z,C, H) = s. Now imitate the proof of Lemma 4.9
by choosing a point P, generic on H such that (p, does not otherwise
encounter the curve C. Repeating the argument for the projected hy-

perplane prp, (H) in P*~! we obtain a series {P, ..., P, 5} as in the

conclusion of Lemma 4.9 and, by construction, the axis of projection

< Py,...,Py,_9,x >C H. Hence, < ),z > is not in special position.
O

We can now prove;

Lemma 4.13. Let C C PY be a projective algebraic curve. Suppose
that x € C and pr is a projection from Q to w = P? satisfying the
conclusion of Lemma 4.12. Then x is s-fold on C iff pr(z) is s-fold on

pr(C).

Proof. Let V = {x € C : pris biunivocal at x} and W = pr(V). V and
W are open subsets of C' and pr(C') respectively and are in bijective
correspondence. Let {H) : A\ € Parg} be the independent system ¥ of
lines in P2. We then obtain a corresponding independent system ¥’ on
PY defined by {< Q, Hy >: A € Parg}. Clearly, ¥ has no base points
on pr(C). We claim that ¥’ has no base points on C. Suppose that
there existed a base point y € C for ¥, then clearly pr(y) would be
a base point for ¥ on pr(C'), which is a contradiction. We now claim
that for y € V' and corresponding pr(y) € W, that;

Iitalian(yv 07 < Qv H)x >) = italian(pr(y)apr(c)a H)x) (*)

By the fact that ¥’ has no base points, and results of Section 2, we
have that;

[italian(y7 C, < Q,H)\ >) = IZI

italian

(y,C,< Q,H)\ >)
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Therefore, the result follows immediately from the definition of 1 Z-%;li(m
and the fact that V and W are in bijective correspondence.

We now claim that deg(C') = deg(pr(C')). Suppose that deg(pr(C)) =
d, then, by the proof of Lemma 2.4, we can find a generic plane H)
intersecting pr(C') transversely at d distinct points inside W. By (%),
the corresponding hyperplane < €2, Hy > intersects C' transversely at d
distinct points inside V. Hence, by general properties of infinitesimals,
deg(C) = d as well.

Now, let ¥” be the independent system defined by the lines in P?
passing through pr(z). By Bezout, it defines a g}(X”) on pr(C'). Sup-
pose that pr(x) is s;-fold on pr(C), then, after removing the fixed point
contribution at pr(z), we obtain a g;_, on pr(C) without fixed points.
Let ¥ be the independent system defined by < Q, %" >. It con-
sists exactly of the hyperplanes passing through the axis of projection
< Q,x >. Again, by hyperspatial Bezout, it defines a ¢}(3") on C.
As pr was assumed to be biunivocal at z, this ¢7(X”) has a unique
fixed point at . Moreover, by the assumption on pr that the axis of
projection is not in special position, if x is ss-fold on C', then its fixed
point contribution at x is so. Hence, after removing this contribution,
we obtain a gj__, on C without fixed points. Now, using Lemma 2.17,
for generic A, the weighted set W) for gj__ consists of d — sy points,
each counted once, lying inside V. Using (x), the corresponding V) for
gy_s, consists of d — s points, each counted once, lying inside W. By
Lemma 2.17 again, we must have that d — s; = d — so, hence s; = s
as required. O

As an easy consequence of the above lemma, we have;

Lemma 4.14. Let C' C PY be a projective algebraic curve and suppose
that © € C, then x is non-singular iff © is not multiple.

Proof. Choose a projection pr as in Lemma 4.13. Then, x is not mul-
tiple iff pr(z) is not multiple. By Lemma 3.2, pr(x) is not multiple
iff pr(z) is non-singular. In characteristic 0, using the fact that pr
is generally biunivocal and an elementary model theoretic argument,
we can find an inverse morphism ¢ : W/ — V' where {W’, V'} are
open subsets of {W,V'} given in the previous lemma. It follows that
V' = W' As pr(z) is non singular, we can extend the morphism ¢ to
include pr(z) in its domain, by biunivocity of pr at z, we must have
that ¢(pr(z)) = x. Hence, we may assume that z lies in V' and pr(z)
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lies in W’. Therefore, pr(x) is non-singular iff = is non-singular. Hence,
the result is shown.

O

Combining this result with Theorem 3.3, we then have the following;

Theorem 4.15. Let C' C P" be a projective algebraic curve, then C
is birational to a non-singular projective algebraic curve C; C P,

We finish this section with the following application of the method
of Conic Projections, the result will not be required later in the paper.
Some part of the proof will require methods developed in Sections 5
and 6, we refer the reader to Definition 6.3 for the terminology "node”.
I have not seen a reasonable algebraic proof of this result.

Theorem 4.16. Let C C P" be a projective algebraic curve, then
C s birational to a plane projective algebraic with at most nodes as
singularities.

Proof. We may, by the previous theorem, assume that C'is non-singular.
We first reduce to the case w = 3. That is, we claim that C is bira-
tional to a non-singular projective algebraic curve ¢’ C P3. Let V3 be
the variety of chords on C'. That is;

Vs ={Ulw : (a,b) € C?\ A}

We may assume that C is not contained in any plane of dimension
2 () and that w > 4. We then claim that V5 has dimension 3. Let
a € C' and define;

Cone, ={Ulwp: b€ (C\a)}

As C' is irreducible, so is Cone,. (use the fact that for any compo-
nent W of Cone,, {b € (C'\ a):lsp, C W}is a closed subset of C'\ a).
Suppose that Cone, has dimension 1. Then there exists b such that;

Cone, = g

It follows immediately that C' is contained in [, contradicting the
hypothesis (). Hence, Cone, has dimension 2. Now, suppose that V3
has dimension 2. Then there exist finitely many points {ai,...,ay}
such that;
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Vi = Cone,, U ... U Cone,,,

In particular, we can find distinct {a,b} C C such that Cone, =
Cone,. Choose o € C distinct from {a,b}. Then we may assume
that [, has infinite intersection with Cone, \ §(Cone,) and therefore
C' C Hgan, contradicting the hypothesis (f). Hence, V3 has dimension
3 as required. Now define the tangent variety on C;

Tang(C) ={Ul, : a € C,l, is the tangent line to C at a}

We claim that T'ang(C) is a closed subvariety of V3 of dimension
2. In order to see that Tang(C) C V3, it is sufficient to prove that
lo C Cone,. Consider the following covers F, F* C (C'\ {a}) x P";

F(z,y) =z € (C\{a}) ANy € los
F*(z,\) =z € (C\ {a}) A Hy contains l,,

Let F and F* be the closures of these covers inside C' x P¥. We have
the incidence relation I C P¥ x P¥" given bys;

I(x,\) =z € Hy
By definition, for z € (C'\ {a}), we have that;
I(F(x), F*(x));

Hence, this relation holds at {a} as well (). Now, by the proof of
Theorem 6.7, the fibre F*(a) consists exactly of the hyperplanes H,
containing l,. Hence, by (*), we must have that the fibre F(a) de-
fines [,. In order to complete the proof, observe that the projection
pr: C x P¥ — P" defines a morphism from F to Cone,. Let;

L,e(z,y,2) C F x Cone, C C x P¥ x P¥

be the graph of this projection. Then, for z € (C'\ {a}), the fibre
Lpr(2) = lag X laz. Hence, the fibre Iy, (a) = [, x [,. This proves that
la C Cone, as required. We clearly have that T'ang(C') has dimension
2 if C' is not contained in a line [, contradicting the hypothesis (}).
The fact that Tang(C) is a closed subvariety of V5 follows immediately
from the fact that T'ang(C') is a closed subvariety of P*.



A THEORY OF BRANCHES FOR ALGEBRAIC CURVES 55

Now choose a plane Q of dimension w — 4 such that QN V3 = ). Let
pr be the projection from €2 to w where w is a plane of dimension 3 and
QNw = . Let pr(C) C w be the projection of C'. We claim that pr(C')
is birational to C' and non-singular. First, observe that pr is defined
everywhere on C as C' C V3 and QN V3 = (). Secondly, we have that pr
is biunivocal everywhere on C'. For suppose that pr(z) = pr(a’), then
< Q,x >=< Q, 2’ >=< Q,pr(z) >, hence [, intersects 2, contradict-
ing the fact that Q N V3 = (). Finally, we have that for every z € C,
the axis of projection < €2, x > is not in special position, see Definition
4.11. This follows from the fact that, as x is non-singular, < Q,z >
would only be in special position if it contained the tangent line [,. As
Tang(C) C V3, this would contradict the fact that QNV3 = 0. Now, by
Lemmas 4.13 and 4.14, we must have that pr(x) is non-singular for ev-
ery x € C, that is pr(C) is non-singular. We may, therefore, using the
argument of Lemma 4.14 invert the morphism pr to obtain an isomor-
phism between C' and pr(C). In particular, C' and pr(C) are birational.

We now consider the curve C’ = pr(C) C P?. In order to prove the
theorem, it will be sufficient to show that C” is birational to a plane
projective curve with at most nodes as singularities. We now define
the following 5 varieties, we use the notation [ to denote a line and P
to define a 2-dimensional plane;

(i). Tangent(C') = {Ulas : a € C,1, the tangent line at C'}

(ii). Trisecant(C") = {Ulawe : (a,b,c) € C3 distinct, lype D {a,b,c}}

By a bitangent plane P,;, we mean a hyperplane passing through the
tangent lines [, and [, for distinct {a,b} in C'. By an osculatory plane
P,, we refer the reader to Definition 6.3.

We define Supp(Py) = {a,b} and Supp(P,) = C' N P,. We then

consider;

(iii). Bitangent Chord(C") = {Ulw : (a,b) € (C?\ A),lsp D Supp(Pu)}

(iv). Osculatory Chord(C") = {U,cc lav = (a,b) € (Supp(P,)?\ A)}.

By Remark 6.6, there exists a finite set W C (”, consisting of points
which are the origins of non-ordinary branches. We let;

(v). Singular Cone(C") = U,y Cone,
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As we have already seen, T'angent(C") defines a 2-dimensional al-
gebraic variety, unless C’ is contained in a line, which we may as-
sume is not the case. By Lemma 4.2, there are no trisecant lines
passing through an independent generic pair (a,b) of C"?, unless C’
is contained in a plane, which again we may exclude. The statement
D(z,y) C C™?\ A, given by;

D(x,y) ={(x,y) € C?: (z #y)A Aw(w # zAw # yAw € C'Nly,)}

is clearly constructible and has the property that D = C"2. This
clearly implies that dim(Trisecant(C")) < 2. We now claim that, if
(a,b) is an independent generic pair in C'2, there is no bitangent plane
P,y Let ¥ = {H) : A € P*} be the system of hyperplanes in P3. 3 has
no fixed points on C’, hence the linear condition that H) passes through
l, has codimension 2 and defines a 1-dimension family 3; C 3. As we
may assume that C’ is not contained in any hyperplane section,>; has
finite intersection with C’. As b is independent generic from a, it can-
not be a base point for the new system ;. Hence, using the results
of Theorems 6.2 and 6.5, the condition that H, € ¥ passes through
ly is also a codimension 2 linear condition. As X is 1-dimensional,
this implies the claim. Now consider the statement D'(z,y) C C"?\ A,
given by;

D'(z,y) = {(z,y) € C*: (x #y)AN BAHx D1, Ul)}

Again, this is constructible and has the property that D’ = C’2. This
clearly implies that dim(Bitangent Chord(C")) < 2. For any given a €
C, there exists a unique osculatory plane P, passing through a. Hence,
there exist finitely many lines of the form [, for b € (C?\A)NSupp(P,).
This clearly implies that dim(Osculatory Chord(C")) < 2. Finally, by
the above consideration, we have that dim(Singular Cone(C")) = 2

We now choose a point P in P? such that P lies outside the above
defined varieties. This is clearly possible as they all have dimension
at most 2. Let w be a plane of dimension 2 not containing P and let
prp(C") be the projection of C’ from P to w. We claim that prp(C’) is
birational to C" with at most nodes as singularities. First, suppose that
y € prp(C’) is singular, then, by Lemma 4.14, it must be multiple. By
Lemma 4.13 and the fact that C” is non-singular, this can only occur if
either |prz'(y)| > 2 or there exists a unique x such that prp(r) = y and
the axis of projection < P,z > is in special position. We may exclude
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the second possibility on the grounds that P is disjoint from T'ang(C").
We may therefore assume that [prp'(y)| > 2. Now, we may exclude
the possibility that |prz'(y)| > 3, on the grounds that P is disjoint
from Trisecant(C"). Hence, we may assume that |prp'(y)| = 2. Now,
as C' is non-singular, by Definition 5.2, there exist exactly 2 branches
centred at y on prp(C”). Moreover, we may assume that both elements
of prp*(y) = {1, 22} are the origins of ordinary branches, otherwise P
would lie inside Singular Cone(C"). If P is situated on the osculatory
plane P,, of say z1, then (z125) C Supp(P,,) and, hence, as P € l,,,,,
we would have that P lies in Osculatory Chord(C"), which is not the
case. Hence, we may apply Theorem 6.4, to obtain that both branches
have character (1,1). Finally, let [, and [, be the tangent lines to the
2 branches {v,,7.} at y. We claim that [, and [, are distinct (x). By
definition, we have that;

Iita,lz'an(ya vi,prp((]’), la) =2

Hence, using Definition 5.15 and Lemma 5.17, we can find an infini-
tesimal variation [/, of [, intersecting 7; in distinct points {y',y"}. By
Definition 5.15, we can find distinct points {2/, 21} in C'NV,, such that
pre(x}) =y and prp(zf) = y”. We clearly have that that </, P > is
an infinitesimal variation of < l,, P > which intersects C" in {z, z]}.

Therefore;
Iitalian(xly 0/7 < la; P >) Z 2

and hence, by previous arguments, < [,, P > contains the tangent
line I,,. As the axis of projection [p,, was not in special position, we
must have that prp(l,,) = l,. Similarly, prp(l,,) = l,. Now, if [, = I,
we would have that < [,, P > is a bitangent plane to C’, [, ., is a bitan-
gent chord and P would belong to the variety Bitangent Chord(C").
As this is not the case, the claim (%) is proved. This completes the
theorem.

0

5. A THEORY OF BRANCHES FOR ALGEBRAIC CURVES
We now develop a theory of branches for algebraic curves, using the

techniques of the previous sections.

Let C' C P" be a projective algebraic curve. Then, by Theorem 4.15,
we can find C™ C P"' which is non-singular and birational to C. Let
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d"s . O™ «~s C be the birational map between C™ and C. As C™*
is non-singular, " extends to a totally defined morphism from C™*
to C'. As usual, we let I'gns denote the graph of the correspondence
between C™* and C'. It has the property that, given any x € C™*, there
exists a unique y € C such that Igns(x,y). We claim the following;

Lemma 5.1. Let C) C P"* and Cy C P"? be any two non-singular
birational models of C, with corresponding morphisms ®7° and ®L°.

Then there exists a unique isomorphism @ : Cy < Cs with the property
that ®5° o & = O and O o P! = P*.

Proof. As ®3* is a birational map, we can invert it to give a birational
map ®5° ' : C e~ Cy. Then the composition ®5*~! o ®75 : O] «w
C5 is birational as well. As (] is non-singular, we can extend this
birational map to a totally defined morphism ® : ¢y — C5. By the
same argument, we can find a totally defined morphism ¥ : Cy — C}
with the property that ¥ inverts ® as a birational map. We claim
that ¥ inverts ® as a morphism. We have that Vo ® : C; — ( is a
morphism with the property that there exists an open U C C such that
Vo ®|U = Idy. Then Graph(V o ®) C C; x C is closed irreducible
and intersects the diagonal A in an open dense subset. Therefore,
Graph(V o @) = A, hence Vo & = [dg,. Similarly, one shows that
® oV = Idg,. Therefore, ® is an isomorphism. By construction, ®7*
and ®5° o ® agree as birational maps and are totally defined, hence,
by a similar argument, they agree as morphisms. Similarly, ®3° and
O o &1 agree as morphisms. For the uniqueness statement, use the
fact that any 2 isomorphisms ®; and ®,, satisfying the properties of
®, would agree on an open subset U of C}, hence must be identical.

0

Now fix a point O of C. Let I'gns C C™ x C be the graph of the
correspondence defined above. We denote by {Oy,...,0;} the fibre
[Cgns(x,0). Note that, by the previous lemma, if we are given 2 non-
singular models with correspondences I'gns and I'gps, then we have a
correspondence Oy ~ 01,09 ~ O),...,0p ~ O; between the fibres
Lgns(z,0) and Lgys (7, 0), given by O; ~ O} iff &(0;) = O, where ®
is the isomorphism given by the previous lemma. Moreover, as ® is an
isomorphism, we also have a correspondence of infinitesimal neighbor-
hoods Vol ~ Voﬂ, cee ,Vot ~ VO;; given by Voj ~ Vo; iff & : Voj = V();,,
here we mean that ® is a bijection of sets. We now make the following
definition;
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Definition 5.2. Let C' C P" be a projective algebraic curve. Suppose
that O € C. For 1 < j <'t, we define the branches ’yé at O to be the
equivalence classes [Vo,] of the infinitesimal neighborhoods of O; in the
fibre Lgns(x,O) of any non-singular model C™ of C. We define vo to
be the union of the branches at O.

Remarks 5.3. Note that the definition does not depend on the choice
of a non-singular model C™, however, for computational purposes, it
is convenient to think of a branch ~ as the infinitesimal neighborhood
of some Oj in a fized non-singular model C™*.

We now have the following lemmas concerning branches;

Lemma 5.4. Let C C P* and O € C be an s-fold point. Then O s
the origin of at most s-branches. In particular, a non-singular point is
the origin of a single branch.

Proof. Suppose that O is the origin of ¢ branches. Then there exists a
non-singular model C™ and a birational map @y, : C™ — (' such that
O (0) = {04, ...,0;}. By aslight extension to Remarks 1.32, and the
fact that {Oy,...,O;} are non-singular, we may assume that Base()
is disjoint from this set (*). Let ¥ define the system of hyperplanes in
Pv. 1t defines a g)(X) without fixed points on C, where d = deg(C).
By Lemma 2.32, there is a corresponding gj;, ;(X) on C™*, where I is
the total fixed point contribution at Base(X). Now let ¥’ C ¥ define
the system of hyperplanes passing through O. It defines a 92_1(2’ ) on
C with corresponding 92;}(2’ ) on C™. As O is s-fold on C, we can
find g~} C ¢/ (¥') on C without fixed points. By Lemma 2.31, we
can find a corresponding g~ C gQ;}(Z’ ) on C™* without fixed points
(**). Now each ¢, in ¥’ must pass through {Oy,...,0;}. Moreover,
the fixed point contribution from ¥’ at Base(X) must be at least 1.
Hence, by the assumption (*), the total fixed point contribution from
Base(¥') must be at least t+ 1. Hence, by (xx), d—s < (d+1)—(t+1),
therefore t < s. The lemma is proved.

O

We now make the following definition;

Definition 5.5. Let C; C P",Cy C P"2,(C5 C P" be birational
projective algebraic curve with correspondences I's, C Cy x Cy and
I's, C Cy x C5. We define the composition I's, o I'e, C Cy x C3 to be;
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g, 0lg,(22) = Jy(y € Co ATg,(zy) ANTg,(y2))

Lemma 5.6. Let hypotheses be as in the previous lemma, then if
d,: C7 — Cy and Oy : Cy — C3 are birational maps;

Ij<1>2 o Fq>1 = Fq>2oq>1

Proof. The proof is a straightforward consequence of the fact that both
correspondences obviously agree on a Zariski open subset. 0

Lemma 5.7. Birational Invariance of Branches

Let C; C P and Cy C P™? be birational projective algebraic curves
with correspondence I'ig) C C1 xCy. Fiz O € Cy and let { P, ..., P} =
Lig)(x,0). Then, [®] induces an injective map;

[(I)]* ‘Yo — U1§k§s VP,

and, moreover;

(@] : U0602 Yo — Uogc1 Yo

is a bijection, with inverse given by [®~1]*.

Proof. We first claim that there exists a non-singular model C™* of '}
and C5 with morphisms ®; : C™ — (C; and ®, : C™ — (5 such that
by = ® o P and ; = 7! o §, as birational maps (*). Choose a
non-singular model C™ of €} with morphism ®; : C™ — (4. Then
® o ®; defines a birational map from C"* to C5. As C™* is non-singular,
it extends(uniquely) to a birational morphism ®, : C"* — Cy. Clearly,
{C™ ®1, Py} have the property (). In order to define the map [®].,
let O € C5 and suppose that fyg) is a branch corresponding to the
equivalence class [Vo,], where O; lies in the fibre ®;'(0). We claim
that ®(0;) lies in the fibre I'jg)(z, O) (*x). As Pod, = P, as birational
maps, it follows, by Lemma 1.21, that I'ges, = I's,. However, by

the previous lemma, I'gop, = ['¢ o ['g,, which gives (#x). Then, if
®,(0;) = P, and 7(P) = {P}y,...,Pl,,..., Py}, for 1 < r <,
we must have that [Vo,] = [Vp |, for some 7. Hence, we can set

[@]*(v)) = Yp,- One needs to check that this definition does not depend
either on the choice of the non-singular model C"™* or the choice of the
birational map ® representing the correspondence I'g). For the first
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claim, after fixing a choice of ®, note that by the requirement (x), @4
is uniquely determined by the choice of {C™, ®,}. By Lemma 5.1,
for any 2 choices {C7'%, ®1} and {CF*, ®2}, there exists a connecting
isomorphism © : (C7*, ®)) < (C*, ®2), which must therefore be a
connecting isomorphism © : (C7¥, ®1) < (C7* ®?). The result then
follows immediately by definition of the branch as an equivalence class
of infinitesimal neighborhoods. For the second claim, after fixing a
choice of {C™, ®;, Py} and replacing ® by an equivalent @', one still
obtains (*) for the original {C™*, &1, 9} and the result follows trivially.

The rest of the lemma now follows by proving that [®~1]* inverts [®]*.
This is trivial to check using the particular choice {C™, &1, &, }. O

Remarks 5.8. Note that points are not necessarily preserved by bira-
tional maps, but, by the above, branches are always preserved.

We now refine the Italian definition of intersection multiplicity, in or-
der to take into account the above construction of a branch. Suppose
that C' C P" is a projective algebraic curve. We let Parp be the pro-
jective parameter space for all hypersurfaces of a given degree e. Now,
fix a particular form F) of degree e, such that F has finite intersection
with C. The condition that a hypersurface of degree e contains C' is
clearly linear on Parp, (use Theorem 2.3 to show that the condition is
equivalent to the plane condition P on Parpg of passing through de + 1
distinct points on the curve C.) Now fix a maximal linear system %
containing F), such that X has empty intersection with P. It is triv-
ial to check that the corresponding g/ (X) on C has no fixed points.
Now fix a non-singular model C™ of C', with corresponding birational
morphism ®yy. By the transfer result Lemma 2.31, we obtain a corre-
sponding ¢/ without fixed points on C™*. Let Card(O, V), gl,) denote
the number of times O € C™* is counted for this g, in the weighted set
V\. We then define;

Definition 5.9. Iiaian(p, 7], C, Fx) = Card(p;, Va, g;,) (%)

where the branch ) corresponds to [V,,] in the fibre g (2, p).

Remarks 5.10. One may, without loss of generality, assume that
Base(¥') is disjoint from the fibre I'ig,)(z,p). In which case, the defi-
nition becomes the more familiar;

Litatian (P, fyg, C,F\) = C’ard(C”SQF,\/Oij), N €V, generic in Parsy,.
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Here, we have used the notation {Fy : A € Pars} to denote the fam-
ily of "lifted” forms on C™ corresponding to the family {F\ : A € Pars}
on C, by way of the birational morphism ®y.

Lemma 5.11. Given ¥ containing Fy. The definition (x) does not de-
pend on the choice of the non-singular model C™ and birational mor-
phism Pyy.

Proof. We divide the proof into the following 2 cases;

Case 1. (C™,®) is fixed and we have 2 presentations Py, and
®y,, of the birational morphism @, as given by Lemma 1.20, such
that Base(X;) possibly includes some of the points in I'jg)(x, p), while
Base(X,) is disjoint from this set.

Let V' = Vg, N Vo, with corresponding W C C. Denote the
weighted sets of the 2 given g on C™in the definition (%), corre-
sponding to the presentations ®y, and ®y,, by {V|'} and {V?}. By
the proof of Lemma 2.31, if z € V, then x is counted s-times in Vi iff
z is counted s-times in V (1). Now, we claim that Card(p;, Vi, g-) =
Card(p;, V¢, g-). This follows by () and an easy application of, say
Lemma 2.16, to witness both these cardinalities in the canonical set V.

Case 2. We have 2 non-singular models (C7*, ®1) and (C%°, ®9),
with presentations @y, and ®y,, such that Base(X) is disjoint from
[',)(x,p) and Base(X;) is disjoint from g, (z,p).

Using Lemma 5.1, we can find an isomorphism ® : C; — (5, such
that @30 ® = &;. Let {G, : A € Pary} denote the lifted forms on C}'*
corresponding to the morphism @y, and {H) : A € Pars} denote the
lifted forms on C3° corresponding to the morphism ®y,. We need to
check that;

Card(CP°NGyNY,,) = Card(C3*NHyNY,, ), N € VaNPars generic.

where ®(p;) = ¢; and {p;,q;} in {C7*, C7*} respectively, correspond
to the branch 7.

Suppose that Card(C3* N Hy N'V,,) = n. We may, without loss
of generality, assume that Base(®y,) is disjoint from I'ig,j(z,p) in a

particular presentation @y, of the morphism & (}). Hence, Base(®Py, o
Py, ) is disjoint from I'ig,)(z,p) as well (11). Let {®§, Hy : A € Parsg}
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denote the lifted forms on C7* corresponding to this presentation. By
the fact that ® is an isomorphism and (1), we have Card(Cy*N®*Hy N
Vp;) =n. Now let V = Vg, N Vay oy, . By (1) and Lemma 2.13, we
may witness Card(C7* N ®*Hy NV,,) = n inside the canonical set V.
Now, using the fact that ®; o & = &, as birational maps, and Lemma
2.31, it follows that Card(C7* NGy NVy,) = n.

O

Lemma 5.12. The definition (x) does not depend on the choice of a
mazximal independent system ¥ containing F), having finite intersection

with C.

Proof. Let ¥ be a maximal independent system containing F). We
claim first that ¥ has no base points on C, (f). For suppose that
w € Base(X)NC. Let F, be any form of degree e having finite inter-
section with C. Then < F},,> > defines a system of higher dimension,
hence must intersect H in a point. That is, we can find parameters
{a, B} and a fixed F) in ¥ such that aF, + SF\ contains C. It fol-
lows immediately that w must also be a base point for F},. Clearly, we
can find a form of degree e, having finite intersection with C', which
doesn’t contain w. This gives a contradiction and proves (). Now,
given a choice of 3 containing F), by the proof of the previous lemma,
we may assume that;

Litatian (P, fyg, C,F\) = C’ard(C”sﬂF_,\/ﬂij), N €V, generic in Parsy..

As p is not a base point for X on C), it follows immediately that p; is
not a base point for ¥ on C™*. Hence, by Lemma 2.12, we have that;

[italian (pa 7{77 07 F)\) = Ljtalian (pja Cns’ F)\)

Clearly, this equality does not depend on the particular choice of X
containing F\ but only on the presentation of the morphism ® : C"* —
C. The result follows.

O

Following from the definition of the Italian intersection multiplicity
at a branch, we obtain a more refined version of Bezout’s theorem;

Theorem 5.13. Hyperspatial Bezout, Branched Version

Let C' C PY be a projective algebraic curve of degree d and F\ a
hypersurface of degree e, intersecting C in finitely many points. Let p
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be a point of intersection with branches given by {7;, . ,7;}}. Then;

[italian (pa 07 F)\) = Zlgjgn [italian (pa 7{77 O? F)\)

In particular;

ZPECOFA Zlgjgnp Iitalicm(pa 71]77 C? F)\) =de

Proof. Fix a non-singular model (C™*, ®) of C'. Let 5 be a particular
presentation of the morphism & such that Base(®y/) is disjoint from
the fibre I'g(z,p) = {p1,...,pn} (*). Let X be a linear system contain-
ing F such that ¥ has finite intersection with C' and;

[italian(pv 07 FA) = [Z

italian

(p7 CJ FA)

Let Vp,, C C™ and Ws_, C C' be the canonical sets associated to the
morphism ®yy. By Lemma 2.13, we can witness m = Liqian(p, C, F))
by transverse intersections {x1, ..., x,} = CNFyNVY, inside the canon-
ical set Wg_,, for X" generic in Pary. Again, by Lemma 2.13 and (*), we
can find X' such that for each p; € T'g)(2,p), mj = Litatian(p, 73, C, F))
is witnessed by transverse intersections {yj, ..., y;"j }=C"NEyNY,
inside the canonical set Vg_,. We need to show that my+...+m;+...+
m, = m. By properties of infinitesimals and the fact that {p1,...,p,}
are distinct, the sets {yi,...,y7"}, ..., {yl, ..., 4™} are disjoint. If
y? belongs to one of these sets, then y/ € V,., hence ®s(y!)) € V.
Moreover, ®sy(y)) € C N Fy. Tt follows that yg corresponds to a

unique xy, in {z1,...,2,}. Aseach y/ lies in Vg, this clearly gives an
injection from {yi,..., v, ..., yt, ..., y"} to {z1,...,7n}. Hence,
mi + ... +m, < m. To prove equality, suppose that x; lies in

{z1,...,2,}. Then there exists a unique y; with ®x/ (yx) = xx. By
a similar argument to the above, y, must appear in one of the sets
{yi, oyt {yk, o y™ ). This gives the result.

[

Remarks 5.14. One may use this version of Bezout’s theorem in order
to develop a more refined theory of g .

We also simplify the branch terminology for later applications;
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Definition 5.15. Let C' C P be a projective algebraic curve and
C™ C P" some non-singular birational model with birational mor-
phism ™ . C™ — C. Let 'yg correspond to the infinitesimal neighbor-
hood V,, of p; in U'gns(z,p). Then we will also define the branch vg by
the formula,

v = {r € C: Jy(Tons(y,2) Ny € Vy,)}

Remarks 5.16. Note that the definition uses the language Ly, and,
i particular, is not algebraic.

We have the following;

Lemma 5.17. Definition 5.15 does not depend on the choice of non-
singular model C™ and morphism ®"°. Lemma 5.7 may be reformu-
lated replacing the old definition of a branch with Definition 5.15. Fi-
nally, we have, with hypotheses as for the old definition of intersection
multiplicity at a branch, that;

Litatian (P, Vg, C,F\) = C’ard(C’ﬂF,\/ﬂvg), N €V, generic in Pary, ()

Proof. The first part follows immediately from Lemma 5.1 and the fact
that all the data of the lemma may be taken inside a standard model.
The second part is similar, follow through the proof of Lemma 5.7. The
final part may be checked by following carefully through the proofs of
Lemmas 5.11 and 5.12. 0

Remarks 5.18. Note that we could not have simplified the above pre-
sentation by taking (%) as our original definition of intersection mul-
tiplicity at a branch. The main reason being that the arguments on
Zariski multiplicities require us to count intersections inside C NV,
rather than the smaller Lgye. definable C'N 7%.

We now reformulate the preliminary definitions of Section 2 in terms
of branches.

Let C' C PY be a projective algebraic curve and let ¥ be a linear
system, having finite intersection with C. Let ¢, (3) be defined by this
linear system ¥ and let g;, C g, be obtained by removing its fixed point
contribution. Fix a non-singular model (C™*, ®) of C', with correspond-
ing presentation ®ys. By the transfer result Lemma 2.31, we obtain a
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corresponding g without fixed points on C™*. Let Card(O, V), g~.) de-
note the number of times O € C™ is counted for this g in the weighted
set V). We then make the following definition;

Definition 5.19. ;7% (p, v, C, ox) = Card(pj, Va, g5) (%)

italian
where the branch ~) corresponds to [V,,] in the fibre Lig(z, p).

As before, one needs the following lemma,;

Lemma 5.20. The definition (%) does not depend on the choice of
non-singular model C™* and birational morphism Py .

Proof. The proof is the same as Lemma 5.11, we leave the details to
the reader. 0

We now make the following definition;

Definition 5.21. Let hypotheses be as in Definition 5.19, then we de-
fine;

L ian (072, €L 03) = L (p, 43, C, ¢5) + 1 if p € Base(X)

Liotian(®P: 1 C. 03) = Lidian (0,73, C,6x) - if p ¢ Base(X)

Lemma 5.22. Let notation be as in the previous definition. As in Re-
marks 5.10, if (C™*, ®) is a non-singular model of C', with presentation
Oy such that Base(X') is disjoint from the fibre I'ig (2, p), then we
have that;

I

italian

(0,7, C,05) = Card(C’"sﬂaﬂij), N €V, generic in Parsy,.

where again we have used the notation {¢x : A\ € Pars} to denote
the family of "lifted” forms, as in Remarks 5.10.

Proof. We divide the proof into the following cases;
Case 1. p ¢ Base(X).

Then, by Definition 5.21, we have that;
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» i _ 1X,mobile i
Iitaliam(p7 C? ’7;1])7 ¢)\) - Iitalian (p7 Ca ’YIJ)’ ¢>\) (1)

By the assumption on ', we have that p; ¢ Base(X) for the "lifted”
family of forms on C™, corresponding to ¥, (7). By the transfer re-
sult, Lemma 2.31, the g on C™ used to define I.E’m"bde(p, C, vg,gb,\),

italian
is obtained from the ”lifted” family of form on C™ after removing all

fixed point contributions. Therefore, as by (}), this lifted family has
no fixed point contribution at p;, we must have that;

[italian (pja C«ns’ a) = [Eé;?siile (pa 07 Py]jga ¢)\) (2)
Combining (1),(2) and using Lemma 2.10, we have that;

Iizt:alian (pj7 Cns, a) = Iiit:alian (p7 C? ’7;;7 (rb)\)

The result for this case now follows immediately from the definition
of [galian (pj> Cns’ ¢/\)

Case 2. p € Base(X).

Then, by Definition 5.21, we have that;

Latian(P: €% 3) = Lm0, C. 45, 63) +1 (1),

In this case, we have that p; € Base(X) for the "lifted” family of
forms on C™*, corresponding to X, (). Let I, be the fixed point con-

tribution for this family, as defined in Lemma 2.14. Then, by a similar
argument to the above, we have that;

Litatian(pj, C™, 3) = L, + Lot (p, C, 70 82) (2)
Using Lemma 2.15, we have that;

Litatian (D, C™, 62) = Ip; + Lotian (05, C™, 0x) — 1 (3)
Combining (1), (2), (3) gives that;

Iizt:alian (pj7 Cns’ a) - Iiit:alian (p7 C? 721’ ¢A)
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Again, the result for this case follows immediately from the defini-
tion of I3 ;.. (pj, C™, ¢y).

O

As an easy consequence of the previous lemma, we have that;

Lemma 5.23. Let C' C P" be a projective algebraic curve. Let Y be a
linear system, having finite intersection with C'. Then, ifyg s a branch
centred at p and ¢y belongs to X;

>

italian

p,C, 72, ¢)) = Card(CNyINgy) for N € Vy generic in Pars..
p p

Lpio®(p, C, 73, 62) = Card(C' 1 (33 \ p) N ) for X € Vy generic
mn Pars.

where 717,' was gien in Definition 5.15.

Proof. The first part of the lemma follows immediately from Lemma
5.22 and the Definition 5.15 of a branch. The second part follows from
Definition 5.21 and the first part. O

We then reformulate the remaining results of Section 2 in terms of
branches. The notation of Lemma 5.23 will be use for the remainder
of this section.

Lemma 5.24. Non-FExistence of Coincident Mobile Points along a
Branch

Let C' C P" be a projective algebraic curve. Let Y be a linear system,
having finite intersection with C, such that p € C'\ Base(X). Then, if
7; 15 a branch centred at p and ¢y belongs to 3,

i i ,mobile i
Iitalian (pa C) ’Yljn Qb)\) = Iz;t:alian (pa Ca ’Yg;v ¢>\) - I'L'thalian (p7 Ca 7{;7 gb)\)

Proof. Let (C™,®) be a non-singular model of C, with presentation
@y, such that Base(Y') is disjoint from [(gj(z,p). Let {¢)} be the
"lifted” family of algebraic forms on C™® defined by ¥. By Lemma
5.22, we have that;

[i%f:alian (p7 C? 71])7 (ﬁ)\) = L'%alian(pj? Cns) a) <1>
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By Remarks 5.10, we have that;

[italian (pa O? 71377 ¢)\) = Iitalian (pj7 Cms, a) (2)

Using the fact that p ¢ Base(X) and the hypotheses on ®yv, it fol-
lows that p; ¢ Base(X), for the lifted system defined by ¥. Hence, we
may apply Lemma 2.10, to obtain that;

Iizt:alian (pj7 Cns’ a) = Litalian (pj7 Ons, a) (3)

The result follows by combining (1), (2) and (3) and using Definition
5.21.
U

Lemma 5.25. Branch Multiplicity at non-base points witnessed by
transverse intersections along the branch

Let p € C'\ Base(X) and let v} be a branch centred at p. Then, if
m = Liatian(p, C, 7;,(;5,\), we can find N € Vy, generic in Pars, and
distinct {py, ..., pm} = C Ny N (9 \ p) such that the intersection of
C with ¢y at each p; is transverse for 1 <1 < m.

Proof. By Lemmas 5.23 and 5.24, for X' € V,, generic in Pary, the
intersection C'N ¢y (‘lfyg consists of m distinct points {p1,...,pm}. The
condition on Pars that ¢, passes through p defines a proper closed
subset, hence we may assume these points are all distinct from p. Fi-
nally, the transversality result follows from, say Lemma 2.17, using the

fact that {pi,...,pm} cannot lie inside Base(X).
U

Again, we have analogous results to Lemmas 5.24 and 5.25 for points
in Base(X);

We first require the following;

Lemma 5.26. Let p € C'N Base(X) and ) a branch centred at p.
Then there exists an open subset U%J?‘ C Pars and an integer I%J?' >1

such that;

[italian(pa C) ’Y{;, ¢)\) = I’YIJI f07“ )\ € U’Y}%

and
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Iitalian(p7 07 '7;;, Qb)\) Z I’Y; fO?" A€ PCLTE

Proof. Let (C™*, ®) be a non-singular model with presentation @y such
that Base(¥') is disjoint from I'jg)(x,p). Then, by the proof of Lemma
5.12, we have that, for A\ € Pary;

[italian (p> ’7;])7 C: ¢)\) = Iitalian (pj7 Cns, a)
By properties of Zariski structures;
Wi = {\ € Pars : Lijatian(p;, C™, $5) > k}

are definable and Zariski closed in Pary. The result then follows
by taking vaj = MiNxePars Litatian (P, C™°, ) and using the fact that

Pars, is irreducible.
O

We can now formulate analogous results to Lemmas 5.24 and 5.25
for base points;

Lemma 5.27. Let p € C'N Base(X) N ¢y and v a branch centred at
p. Then;

Iitalian(p7 71]37 C) Qb)\) = I’Y;JJ. + Iiit:alian(pa VZJ), C: ¢>\) -1

and
[italian (P> ’7;])7 C: ¢)\) = I%J; + IE&ZZZZ'ZB (p, 7{)7 C, (bA)

Proof. In order to prove the first part of the lemma, suppose that
m = I ian(0; 7, C, 6x). By Lemma 5.23, choosing N € Vy generic
in Pary, we can find {p1,...,pm—1} =CNeox NV, \ p), distinct from
p, witnessing this multiplicity. Using the fact that {pi,...,pm_1} lie
outside Base(X), we may apply Lemma 2.17 to obtain that the in-
tersections at these points are transverse. By the previous Lemma

5.26, we have that Iiiaian(p, fyg, C,on) = I%J;. Now choose a nonsin-
gular model (C™ ®), with presentation ®s, such that Base(X') is
disjoint from I'ig)(x,p). By definition 5.15 of a branch, we can find
{ph,...,pL,} = C™ N gy N (V,\p). By properties of specialisations,
Base(Y') is also disjoint from this set. We then have that the intersec-
tions between C™ and ¢y are also transverse at these points and that
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Litatian (Dj C™, py) = I%JJ-. It then follows by summability of specialisa-
tion, see [6], that;

[italian(pja Cnsj%) = [7é + (m - 1)
Again, using the presentation of (C™*, @), we obtain that;

Iitalian(p7 7;],; O) ¢)\) = I%JJ' + (m - 1)

Hence, the result follows. The second part of the lemma follows
immediately from the Definition 5.21 of I}, (p, C; 73, ¢) at a base

point. U

Lemma 5.28. Let p € C'N Base(X) and let v be a branch centred
at p. Then, if m = I ..(0,C, 73, ¢x), we can find X' € Vs, generic

italian
in Pars, and distinct {p1,...,pm-1} = C N oy N (Vg \ p) such that
the intersection of C" with ¢y at each p; is transverse for 1 < i <
m—1. Ifm = L7 ¢, Y], ¥x), then the same results for distinct

italian

{p1,...,Pm} with the same properties.

Proof. The first part of the lemma is a straightforward consequence of
Lemma 5.23, properties of infinitesimals, (to show that {pi,...,pm—1}
lie outside Base(X)) and Lemma 2.17 (to obtain transversality). The
second part of the lemma also follows from Lemma 5.23 and Lemma
2.17 (to obtain transversality). O

We now note the following, connecting the original definition of
Litatian, with its branched version at non-singular points.

Lemma 5.29. Let p be a nonsingular point of the curve C, then there
exists a unique branch vy, centred at p and;

Iitalian (pa O) qb)\) = [italian(pa 07 Tps ¢A) (1)

Liiian (0, C..03) = L (0. C. 7, 62) (2)

Proof. The fact that there exists a unique branch +,, centred at p, fol-
lows from Lemma 5.4. By definition 5.15 of a branch, we then have
that;

7% =CnNY,
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Now (1) follows from Lemma 5.17, Lemma 2.10 and Definition 2.6.
While (2) follows from Definition 2.20 and Lemma 5.23.
U

6. CAYLEY’S CLASSIFICATION OF SINGULARITIES

The purpose of this section is to develop a theory of singularities for
algebraic curves based on the work of Cayley. In order to make this
theory rigorous, one first needs to find a method of parametrising the
branches of an algebraic curve. This is the content of the following
theorem;

Theorem 6.1. Analytic Representation of a Branch

Let C C PY be a projective algebraic curve. Suppose that C' is defined
by equations {F1(z1,...,%y), ... Fn(z1,...,24)} in affine coordinates
T = ))go Let p € C correspond to the point 0 in this coordinate sys-
tem. Then there exist algebraic power series {x1(t),...,x,(t)} such
that 1(t) = ... = 2,(t) = 0, Fj(x1(t),...,20(t) =0 for 1 <j <m
and with the property that, for any algebraic function F)\(x1,...,%y);

Fy(z1(t),...,zu(t)) =0 iff F\ vanishes on C.
Otherwise, F\ has finite intersection with C' and

ordi F(x1(t), ..., (1) = Liatian (D, v{;, C, Fy) ()

We refer to the power series as parametrising the branch yg.

Proof. We first prove the theorem in the case when C' C P" is a non-
singular projective algebraic curve. By Lemma 4.13, we can find a
plane projective algebraic curve C; C P? such that {C,C,} are bira-
tional and there exists a corresponding point p; € (4 such that p; is
non-singular. Let &5, and Uy be presentations such that Uy = CIDEI
as a birational map. Without loss of generality, we may assume that
Vo, = Wy, C C and Vg, = We,, C C;. Moreover, we may assume
that {p,p1} lie in {Va,,, Vi, } and correspond to the origins of the affine
coordinate systems (21, ..., %) and (y1,y2). Let X' = {to, ¢1, ..., 0w}
and let (y1(t),y2(t)) be an analytic representation of p; € Cf, given by
the inverse function theorem. We obtain an analytic representation of
p € C by the formula;
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(@1(t), - 20 () = (B0 (), 92(0)), - 5o (Wi (1), 12(1))

First, note that as p ¢ Zero(ig), we may assume that 1y(0,0) # 0.
Hence, we can invert the power series tg(y1(t),y2(t)). This clearly
proves that z;(t) is a formal power series in L[[t]]. That z;(0) = 0 for
1 < j < w follows from the corresponding property for (y;(t),y2(t))
and the fact that p is situated at the origin of the coordinate sys-
tem (z1,...,2,). Finally, we need to check that z;(¢) define algebraic
power series. This follows obviously from the fact that i, and vy
define algebraic functions. Now, suppose that {F}, ..., F,,} are defin-
ing equations for C. Let {F|,...,F/} be the corresponding equa-

tions written in homogeneous form for the variables {Xo, ..., Xy},
where z; = ;—; Let G(Yp,Y1,Y2) be the defining equation for Cj.

We can homogenise the power series representation of p; € C; by
(Yo(t) : Yi(t) : Ya(t)) = (1 : w1(t) : yo(t)). Then we must have that
G(1:y(t) s ya(t)) = 0. Now F} (¢, ..., 1,) vanishes identically on Cf,
hence, by the projective Nullstellensatz, there exists a homogeneous
H (Yo, Y1,Ys) such that;

Fl (o, ..., ¢¥y) = HG
It follows that;

Fi(o(L:91(t) = 9a(2)), - (1200 (1) < 42(1))) = 0

therefore;
11 . v1(ya(t),y2(8) . L Yw(yn(),y2(0)y —
E (L @ - ot 0as®)) =0

which gives;

Fe(zi(t),...,24(t)) =0

as required. The property that an algebraic function F vanishes on
(x1(t), ..., xy(t)) iff it vanishes on C' can be proved in a similar way to
the above argument, invoking Theorem 2.10 of the paper [8]. Alterna-
tively, it can be proved directly, using the fact that, as (z1(t), . .., z(t))
define algebraic power series, (y; — x1(t), ...,y — Tu(t)) defines the
equation of a curve C’ on some etale cover i : (AY, (0)%/1) — (A%, (0))
such that i(C") C C. If F) vanishes on C’; then it must vanish on
an open subset U of C', hence as F) is closed, must vanish on all of
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C' as required. Finally, we need to check the property (x). Suppose
that F\ is an algebraic function with m = ord,Fy(z1(t), ..., xu(t)),
passing through p. Choose ¥; containing F\ such that ¥; has finite
intersection with C' and p ¢ Base(¥;). It follows, using Lemma 2.12,
that L’talian(p; C’ F)\) = IiXt:;lian(p7 Ca F)\)a (T) USng Lemma 2317 we
can transfer the system ; to a system on C;. Let G be the corre-
sponding algebraic curve to the algebraic form F). We must have that
p1 ¢ Base(X;), otherwise, as p; belongs to the canonical set Vy,,, we
would have that p belongs to Base(X) as well. Hence, using Lemma
2.12 again, we must have that Ijian(p1, C1, Ga) = I;f;lmn(pl, C1,Gy),
(11). By direct calculation, we have that;

Ga(ya (1), 42(t) = 5 (pa (1), Y2 () Fx (21 (), - -, 2w (t))

for some r < 0. As ordubo(yi(t), y2(t)) = 0, we have that;
ord;G\(y1(t),y2(t)) = ordi Fx(x1(t), ..., xu(t)) =m

Now, by Theorem 4.1 of the paper [6] and (1), it follows that;

[italian(pla Ch, G,\) = [i?;lmn(ply Ch, G,\) =m

Now, using Lemma 2.31 and the fact that {p, p1} lie in the canonical
sets Vo, and Wsy,,, we must have that ]z%zmn(p’ C,Fy,) = m as well.

Hence, by (1), it follows that liaian(p, C, FA) = m. As C' is a non-
singular model of itself, this proves the claim (x) in this special case.

We now assume that C' C P" is any projective algebraic curve.
Suppose that C™ C P is a non-singular model of C' with birational
morphism Py : €™ — C' such that the branch fyg corresponds to V),
in the fibre I'ig)(z, p), disjoint from Base(X'). As before, we may as-
sume that {p,p;} correspond to the origins of the coordinate systems
(T1,..., %) and (y1,...,Yw). Let 3 = {¢y, ..., ds}. By the previous
argument, we can find an analytic representation (y;(t),. ..,y (t)) of
p; in C™*, with the properties given in the statement of the theorem.
As before, we obtain an analytic representation of the corresponding
p € C, by the formula;

(@1(8), . 20 () = (G ),y (D), G2 (D), -y (1))



A THEORY OF BRANCHES FOR ALGEBRAIC CURVES 5

One checks that this has the required properties up to the property
(*) by a direct imitation of the proof above, with the minor modification
that the projective Nullstellensatz for C™* gives that, if {Gy,..., Gy}
are defining equations for C"*, then, if F' vanishes on C™*, there must
exist homogeneous { Hy, ..., Hy} such that F' = H G +. ..+ HGy. Al-
ternatively, one can refer the parametrisation to a non-singular point
of a plane projective curve, in which case the argument up to (x) is
identical.

We now verify the property (*). Suppose that F) is an algebraic func-
tion with ord, F\(z1(t),...,7w(t)) = m. Let F be the corresponding
function on C™*, obtained from the presentation ®y,. By Lemmas 5.11
and 5.12;

Iitalian(pa %J;a Cv F)\) - italian(pja Cns’ E) (**)

We claim that ord,F(y1(t), . .., yuw(t)) = m. This follows by repeat-
ing the argument given above. By the properties of (y1(t), ..., yw ()
and the result verified in the case of a non-singular curve, we obtain
immediately that Iimlmn(pj,C"S,F\) = m. Combined with (sx), this
gives the required result.

U

Using the analytic representation, we obtain the following classifica-
tion of singularities due to Cayley;

Theorem 6.2. Cayley’s Classification of Singularities

Let C C P" be a projective algebraic curve which is not contained
i any hyperplane section. Let 7% be a branch of the algebraic curve
centred at p. Then we can assign a sequence of non-negative integers
(g, 01y« uy_1), called the character of the branch, which has the
following property;

Let 33 be the system of hyperplanes passing through p. Then there
exists a filtration of X into subsystems of hyperplanes;

Y1 CYpaC...CoCYy =3
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with dim(%;) = (w—1)—1, such that, for any hyperplane Hy passing
through p, we have that;

H)\ S Zz Zﬁ [italian(p7 P)/I])a 07 H/\) 2 (&%) + Qaq 4+ ...+ Q. (T)

Moreover, these are the only multiplicities which occur.

Proof. Without loss of generality, we may assume that p is situated
at the origin of the coordinate system (z1,...,z,). By the previous

theorem, we can find an analytic parameterisation of the branch ) of
the form;

Q?k(t) = ak,lt -+ ak72t2 + ..+ ak,nt” + .. . for 1 g k S w

Let >, M, = 0 be the equation of a hyperplane H), passing
through p. Then, we can write Hy(z1(t),...,zx(t)) in the form:;

(D ks A1)t + o+ (D Ak )t + O(") (%)

Let a, = (a1ny .-+ Qs - -5 Quwp). We claim that we can find a se-
quence (Gp,, - .-, am, ), for m; < ... <m; <...<my, such that;

(1). {@mys- -, Qm, } is linearly independent

(ii). Vi, =< @1,y Qmy >=<Gmyy .-, G, >, for 1 <i<w

(iii). If there exist {nq,...,n;} forn; < ... <mn;withn, <mq,... . n

m,; such that

Vi, =< Gny, . . ., 0, >,

then ny =myq,...,n; = m,.
(iv). Vi = Vi, for m; <k < myyq.

The first three properties may be proved by induction on ¢.For ¢ = 1,
choose the first non-zero vector a,,,. For the inductive step, assume we
have found {@y,,, ..., am, } with the required properties (i) — (#ii). We
claim that there exists @, ,, with m;y1 > m;, such that am,,,, ¢ Vi,
(xx). Suppose not. As ¢ < w, the condition;

<
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Ao (i) Mrttim, = 0)

defines a non-empty plane P in the dimension w — 1 parameter space
Paryg of hyperplanes passing through p. Choosing A € P and using
(%), it follows that ord,Hy(z1(t),...,zy(t)) > n for all n > 0. There-
fore, Hy(x1(t),...,xw(t)) = 0 and, by Theorem 6.1, H), must con-
tain C. This contradicts the assumption that C is not contained in
any hyperplane section. Using (*x), choose m;;; minimal such that
U,y & Vim,. Properties (i) and (i) are trivial to verify. For (iii),
assume that {@,,,...,an,,,} are as given in the hypotheses. Then,
the sequence must form a linearly independent set. Hence, we must
have that V,,, =< a,,,...,a,, >. By the induction hypothesis, n; =
my,...,n; = m;. Then, a,,,, ¢ V,,, Now, by minimality of m;,,, we
also have that a,,, = a,, , as required.

Property (iv) follows easily from properties (i) — (iii). We clearly
have that V,,,, C Vi, C V.., for m; <k <my. If V, # V)., then, by
(7), (it), Vi, = Vi, . This clearly contradicts (4it).

Now, define;

i ={N€ Parg, : Ny (OO0 Mg, = 0)}, for, 1 <i <w — 1,

Then, we obtain a filtration;

Y1 C...CY,C...CY =X

with dim(X;) = (w—1)—i as in the statement of the theorem. Define;

ap=mq and a; =m;;; —m; for 1 < <w—1.

We need to verify the property (). Suppose that H, € %;, for
i > 1. Then H, contains the plane V,,. spanned by {am,,. .., am,}-
Hence, by (iv), it contains the plane Vj, for k < m;; ;. Then, by (%),
ord (H(z1(t),...,zy(t))) > miq and by Theorem 6.1,

Litatian (P, 7}, C, Hy) > M = oo + ... + .

Conversely, suppose that
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ordiHy(z1(t), ..., xu(t)) > ag+ ...q; = myyq, for some i > 1.

Then H) contains the plane Vj for £ < m;,,. In particular, it con-
tains the plane V,,,,. Hence H) € Y;. The remaining case amounts to
showing that Ijiuian (P, ’yg, C, Hy) > «p for any hyperplane H) passing
through p. This follows immediately from (%), Theorem 6.1 and the
fact that a,,, was the first non-zero vector in the sequence {a, : n < w}.
The remark made after the property (f) follows immediately from the
property (iv) of the sequence {@,,, ..., am, }-

O

Definition 6.3. In accordance with the Italian terminology, we refer
to o as the order of the branch, a; as the j’th range of the branch,
for1 <j<w—2, and ay_1 as the final range or class of the branch.
We define < Gy, -..,0m, > to be the k’th osculatory plane at p for
1 <k < w-—1. We also define the w — 1°th osculatory plane to
be the osculatory plane. We define the tuple (o, ..., qyu_1) to be the
character of the branch. Cayley referred to branches of order 1 as linear
and superlinear otherwise. He referred to branches having a character
of the form (1,1...,1) as ordinary. The Italian geometers refer to a
simple point, which is the origin of an ordinary branch, as an ordinary
simple point. Note that for a simple (equivalently non-singular) point,
the 17st osculatory plane is the same as the tangent line. We will now
also use the terminology, tangent line to a branch, to describe the 1’st
osculatory plane at any branch. We define a node of a plane curve to
be the origin of at most 2 ordinary branches with distinct tangent lines,
this definition was used in Theorem 4.16. We also used, in Theorem
4.16, the fact that a generic point of an algebraic curve is an ordinary
simple point, (this is not true when the field has non-zero characteristic,
see the final section) a rigorous proof of this result requires duality
arguments, we postpone this proof for another occasion.

We have the following important results on the projection of a branch,
see Section 4 for the relevant definitions.

Theorem 6.4. Let C' C P" be a projective algebraic curve, as defined
in the previous theorems of this section, and vo a branch centred at O
with character (ayg, ..., qu_1). Let P be chosen generically in P", then
the projection prp(yo) has character;

<0507 s 70511)72)
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If P is situated generically on the osculatory plane, then prp(vyo) has
character;

(ao, ey Qg9 + Oéw_l)

More generally, if P is situated on the k’th osculatory plane for
1 <k <w-—2, and not on an osculatory plane of lower order, then
the projection prp(yo) has character;

(Oé(), cey Q2 Q]+ Oy Qg1 - - 7aw—1)-

Proof. First note that, by Lemma 4.9, if P is situated generically on
the k’th-osculatory plane for any k£ > 1, and H' is any hyperplane not
containing P, the projection prp is generally biunivocal. Hence, by
Lemma 5.7, the projection prp(yo) is well defined. We first claim that
for any hyperplane Hy in P*~!;

Litatian (0,70, C, prp (HA)) = Litatian(pre(O), pre(vo), pre(C), Hy) (*)

This follows by using the proof of Lemma 4.13 and the fact that the
multiplicity is calculated at a branch, to replace the use of biunivocity.
Now, if P is situated in generic position in P", then
{prp(a@m,),...,prp(am, ,)} forms a linearly independent sequence pass-
ing through prp(O) € P! and, for any hyperplane Hy, C P¥~! we
have that, for + < w — 2;

< prp(@my )y« prp(Qm,) >C Hy iff < apyy. .. am, >C< P,Hy >
It follows by (%) and Theorem 6.2 that;

Litatian(prp(O), pre(vo), pre(C), Hy) > ag + ... a;

iff

< prp(@my)s .- prp(Gm,) >C Hy (i <w—2)

Hence, by Theorem 6.2 again, we have that the branch prp(vo) has
character (ap, ..., Qu—_2).

If P is situated generically on the k’th oscillatory plane, but not on
an oscillatory plane of lower order, then, the sequence
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{prp(m, ), -, prp(@my 1), p7p(@my.s ), - - - 7P (G, ) } forms a linearly
independent set, and, for 1 < < k — 2;

< prp(Qmy )y« prp(Qm,) >C Hy iff < apyy. .. am, >C< P,Hy >
whereas;
< prp(Qmy )y prp(Qm, ) >C Hyiff < Gpyyy .oy @y, >C< P, Hy >

and, for 1 <j < (w—2—k);

< pre(my)s - PP (G, )s TP (Cmgr )5 - > PP (G, ;) >C H)
if
< Qs - vy Uiy, >C< Py Hy) >

The rest of the theorem then follows immediately by the same argu-
ment as given above.

O

We also have the following important consequence of Theorem 6.1.

Theorem 6.5. Linearity of Multiplicity at a Branch

Let C' C P be a projective algebraic curve and 75 a branch of C,
centred at p. Let > be an independent system having finite intersection
with C'. Then, for any k > 1, the condition;

{)\ S PGT’E . Iitalian(p> 71%,07 F)\) 2 k} (*)
is linear and definable.

Proof. That (x) is definable follows from the definition of multiplicity
at a branch and elementary facts about Zariski structures. Moreover,
(%) is definable over the parameters of C' and the point p. In order to
prove linearity, suppose that F and F), belong to ¥ and satisfy (x).
Let (z1(t),...,2(t)) be a parameterisation of the branch 4/ as given
by Theorem 6.1. Then;

k < min{ord, Fx(x1(t), ..., xw(t)), ordiF(x1(t), ..., zw(t))}
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Then, for any constant c;

(Fx+cF,)(x1(t), ... 20(t) = Fa(1(t), ..., 2y (t))+cFLu(z1(), ..., 2y(1))

Hence,
ordy(Fy+ cF,)(x1(t),...,x(t) > k

as well. This shows that the pencil of curves generated by {Fj, F,}
satisfies (x). Let W be the closed projective subvariety of Pary, defined
by the condition (x). Then, W has the property that for any {a,b} C
W, lg, C W. It follows easily that W defines a plane H in Pary, as
required. (Use the fact that for any tuple {ay,...,a,} in W, the plane
H,, .. ., C W and a dimension argument)

O

Remarks 6.6. Note that, given X of dimension n as in the state-
ment of the theorem, we can, using the above theorem, find a sequence

{Bos- -, Bn-1} and a filtration;
Y, 1C...CY, C...CYCX
with dim(%;) = (n — 1) — i such that;
Litatian (P, 75, C, Fy) > Bo+ ...+ B; iff Fx € %
and these are the only multiplicities which can occur. Note also that,

as an easy consequence of the theorem, given any tuple (Bo,. .., Bn-1)
and X as above;

{z € C : x has character (B, ..., [Bn_1) with respect to X}
15 constructible and defined over the field of definition of C' and . In
particular, it follows from the previous Definition 6.3, in characteristic

0, that there exist only finitely many points on C which are the origins
of non-ordinary branches.

We have the following important characterisation of multiplicity at
a branch;

Theorem 6.7. Multiplicity at a Branch as a Specialised Condition
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Let C and % be as in the statement of Theorem 6.5 and the following
remark. Fiz independent generic points (over L) {po;,...,pi;} in 719)'.
Then the system Y; may be obtained by specialising the condition;

{\ € Pary, : F\ =0 passes through {po;, ..., pij}}-

That is, if Fy € 3;, there exists ' € Vy such that Fy: passes through
{poj, .-, pij}, while, if Fx passes through {po;,...,pi;}, then its spe-
cialisation Fy belongs to ;.

Proof. We will first assume that the curve C' is non-singular, (hence,
by Lemma 5.4, there exists a single branch at p). Consider the cover
F; € (C'\ p) x Pars, given by;

Fia(z, ) =(x e CNE)AN(F\€X;) (i >0)

For generic ¢ € C, the fibre Fy(q,y) has dimension n — 1 — (i + 1).
Hence, we obtain an open subset U C C such that F; 1y C (U\p)x Pars,
is regular with fibre dimension n — 1 — (i + 1). Let Fj,; be the clo-
sure of F;iq1 in U x Pary. We claim that >;,; is defined by the
fibre Fi,1(p,y). First observe that, as p has codimension 1 in U,
dim(Fiy1(p,y)) <n—1—(i+1). As p is non-singular, each component

of the fibre Fj;;(p,y) has dimension at least n — 1 — (i + 1). Suppose
that Fj,1(p, A) holds, then, by regularity of p for the cover Fj,, given
p' € UNY, generic, we can find X' € V, such that F,.,(p/, \'), that is
Fy passes through p’ and F), belongs to ¥;. By definition of ¥;, we
have that Liupian(p, C, Fx) > Bo+ ...+ §;. As p' is distinct from p,
by summability of specialisation, see the paper [6], we must have that
Litatian(p, C, F)) > Bo + ... + B; + 1. Therefore, in fact, by the above
theorem, Ijiaiian(p, C, Fy) > Bo+ ...+ Biv1 and F) belongs to ¥, 41. By
dimension considerations, it follows that Fj,;(p,y) defines the system
Y11 as required.

We now prove one direction of the theorem by induction on 7 > 0.
Suppose that {po;,...,pi+1,;} are given independent generic points in
C'NYV,. By the above, if F) belongs to 1, then there exists A" € V
such that F belongs to ¥; and passes through p;; ;. Moreover, as all
the covers F; are defined over the field of definition L of C, we may
take X to lie in the field L; = L(p;1;)™. Hence, F) does not pass
through any of the other independent generic points {py;, ..., pi;}. Let
Ly = L(poj,--.,pij)™. As dim(pg;j/L) = 1, for 1 < k < i, we may,
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without loss of generality, assume that L, is linearly disjoint from L,
over L. Hence, by the amalgamation property for the universal spe-
cialisation, see the paper [7], we have that {po;,...,p;;} still belong to
V, N C when taking P(L;) as the standard model. Now, we consider
the subsystem >’ C ¥ defined by;

Y = {F)\ : F\ passes through p;i1;}

As p;11,; was chosen to be generic, it cannot be a base point for any
of the subsystems;

Y1 C...CYH;C...CYXCX
Hence, we obtain a corresponding filtration;
SponNYcC...cunNYcCc...cy¥yn¥cyY

with the properties in Remarks 6.6. We now apply the induction
hypothesis to F\v € ¥; N Y. We can find \’ € V) such that Fy»
passes through {p;,...,p;;} and Fy» belongs to 3'. Hence F)» passes
through {po;,...,pit1,;}. Finally, note that \” € V), if one considers
P(L) rather than P(L,) as the standard model. Hence, one direction
of the theorem is proved.

The converse direction may also be proved by induction on 7 > 0.
Suppose that F\» passes through independent generic points
{pojs---,pit1} In yg. As before, we may consider p;;; ; as belonging
to the standard model P(L;) and {py;, ..., p;;} as belonging to V,NC,
relative to P(L;). We again consider the subsystem >’ C ¥ as defined
above. Let X' be the specialisation of A" relative to P(L;). Then, Fy
belongs to X', as ¥ is defined over p;;; ;. Moreover, by the inductive
hypothesis applied to ¥, F\, also belongs to ¥;. We now apply the
argument at the beginning of this proof, with P(L) as the standard
model, to obtain that F) belongs to >;,1, where A is the specialisation
of X, relative to P(L). Clearly A" specialises to A, hence the converse
direction is proved.

We still need to consider the case for arbitrary C' C P“. Let C™* C
P be a non-singular model of C' and suppose that the presentation
®yy of (C™,®™*) has Base(¥') disjoint from the fibre I'igns)(y, p). Let
7; correspond to the infinitesimal neighborhood V,,; of p; in T'jgns)(y, p)
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and let {F)} be the system ¥ of lifted forms on C™ corresponding
to the space of forms {F\} in 3. By Lemma 5.12, it follows that, for
A € Pars, Liaian(p, 7{;, C, F\) = Liatian(pj, C™, Fy), hence the charac-
ter (Bo, ..., n) of the branch ’yg with respect to the system X is the
same as the character of the branch ~, with respect to the lifted system
Y. Moreover, we obtain the same filtration of Pary, as given in Remark
6.6, for both systems with respect to the branches {y7,7,,} (f). Now,
suppose that we are given independent generic points {po;, ..., p;;} in
7. Then, by definition of 77, we can find corresponding independent
generic points {pj;,...,p};} in ;. Now suppose that F) € ¥;, then
the corresponding Fy belongs to ;. By the proof of the above theo-
rem for non-singular curves, we can find ' € V), such that Fy passes
through {p;, - .., p};}. Then, by definition, the corresponding F) passes
through {po;,...,pi;j}. Conversely, suppose that we can find X' € V,
such that F\ passes through {po;,...,p;;}. Then the corresponding
F\ passes through {pbj» - - -»pi;}- By the proof for non-singular curves,
the specialisation Fy belongs to ;. Hence, by the observation (f)
above, the corresponding F belongs to ¥; as well. The theorem is
then proved. O

Remarks 6.8. One can give a slightly more geometric interpretation
of the preceding theorem as follows;

Consider the cover F C C"*! x Parys, given by;

F(p1, .. piv1, A) ={p1, -, pis1} CONFY=0

Generically, the cover F over C**! has fibre dimension n — (i + 1).
For a tuple (p,...,p) € A™Y the dimension of the fibre F(p,...,p) is
n—1. By the above, ¥; C F(p,...,p), which has dimension n— (i+1),
s reqular for the cover, in the sense of the above theorem.

The theorem may be construed as a generalisation of an intuitive no-
tion of tangency. 1+ 1 independent generic points on the branch 71];
determine a projective plane H; of dimension i. As these i + 1 points
converge independently to p, the plane H; converges to the i’th oscu-
latory plane at p. As with the proofs we have given of many of the
original arguments in [11], the method using infinitesimals in fact re-
verses this type of thinking in favour of a more visual approach. In this
case, we have shown that, by moving the i’th osculatory plane away
from p, we can cut the branch fyg it + 1 independent generic points.
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The theorem also provides an effective method of computing oscula-
tory planes at a branch 'yg forpe C.

We now require the following lemma;

Lemma 6.9. Let F/ have finite intersection with C, where the parame-
ter X' is taken inside the non-standard model P(K). Then there exists a
mazimally independent set {po;,...,pij} of generic intersections (over
L) inside .

Proof. Let W be the finite set of intersections inside fyg of F\ with C.
As C'is strongly minimal, if dim(W/L) = i+1, then there exists a basis
{poj, .., pij} of W over L. In particular, we have that {p;, ..., p;;} are
generically independent points of C' and are maximally independent in

wW. O
We then have the following theorem;

Theorem 6.10. Intersections along a Branch

Let hypotheses be as in the previous theorem. Let i be mazrimal such
that Fy belongs to X; and suppose that Fy intersects ’yg m the maxi-
mally independent set of generic points {piy1j, ..., Pitrj} over L, where
r < (n—1)—1i. Then, if the branch 713)' has character (B, ..., Bn) with
respect to the system X, Fy/ intersects (7% \p) in at least Bi1+. ..+ Bisr
points, counted with multiplicity.

Proof. We assume first that C is non-singular. Let F\ be the special-
isation of F) relative to the standard model P(L). Then by Theo-
rem 6.7, F\ belongs to ¥;,, (replace the system 3 in Theorem 6.7 by
the system X;.) Hence, Litgiian(p,C, F\) > Bo + ... + Biyr, whereas
Litatian(p, C, Fx1) = Bo + ... + B;. It follows immediately, by summa-
bility of specialisation, see the paper [6], that the total multiplicity of
intersections of Fy with C' inside the branch (77 \ p) is at least;

Lo+ .-+ Bisr) — Bo+ .-+ 05) = Biv1 + - + Bisr

as required. If C' is singular, let (C™* ®"*) be a non-singular model,
with a presentation ®s such that Base(¥') is disjoint from I'ig)(z, p).
Then, given the maximally independent set of generic points
{pi+1js-- - Pitrj}, in fyg, for the intersection of C' with F\/, we obtain
a maximally independent set for the intersection Fyy N C'NV,. By the
above, and the fact that the character of the branch fyg with respect
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to {F)} equals the character of the branch ~,, with respect to Fy, we
obtain that Fy/ intersects the branch (7p, \p;) in at least Biy1+. .. +Bipr
points with multiplicity. Hence, using for example Lemma 5.12, and
the fact that Base(¥') is disjoint from 7, , we obtain that F) intersects
(77 \ p) in at least Biy1 + ...+ fip, points with multiplicity as well. [

Remarks 6.11. Note that, in the statement of the theorem, one cannot
obtain that Fy\ intersects the branch (fyg \p) in exactly Bix1+ ...+ Bisr
points, with multiplicity. For example, consider the algebraic curve C
given in affine coordinates by x3 — y* = 0. At (0,0), this has a cusp
singularity with character (2,1). The tangent line or 1’°st osculatory
plane, is given by y = 0. The line y—e = 0, where € is an infinitesimal,
cuts the branch of C at (0,0) in exactly 3 =2+ 1 points. However, the
total transcendence degree (over L) of these points is clearly 1. Neither
can one obtain that Fx intersects the branch (y) \ p) transversely. For
example, consider the algebraic curve C' given in affine coordinates by
y—ax? = 0. Let X be the 2-dimensional system consisting of (projective)
lines. As (0,0) is an ordinary simple point of C, it has character (1,1),
which is also the character of (0,0) with respect to the system 3. Again,
the tangent line or 1’st osculatory plane, is given by y = 0. The line
y = (2€)x — € cuts the branch of C at (0,0) in ezactly one point (¢, €*),
with multiplicity 2, and specialises to y = 0.

Remarks 6.12. The above theorem s critical in calculations relating
to the transformation of branches by duality. We save this point of
view for another occasion.

We finish this section by applying the above ideas to examine the
behaviour of hyperplane systems on an arbitrary projective algebraic
curve;

Lemma 6.13. Let C' C P" be any projective algebraic curve and let;
V* C NonSing(C) x P** be {(x,\) : © € NonSing(C) AN Hy D 1}

Then V* defines an irreducible algebraic variety and, if V* C C x
P defines its Zariski closure, then, for a singular point p, which is
the origin of branches {’y;, ), the fibre V*(p) consists exactly of
the parameters for hyperplanes Hy, which contain at least one of the
tangent lines l%, (1<j<m).

Proof. The fact that V* defines an irreducible algebraic variety follows
easily from arguments given in Section 1. We let ¥ be the linear sys-
tem defined by the set of hyperplanes {H, : A € P**} and let C™* be a
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nonsingular model of C, with presentation @y, such that Base(Y') is
disjoint from the fibres {I'jg)(z,p1), ..., Te)(z,pn)}, where {p1,...,pn}
denote the singular points of C, (x). Let {Vs,_,, W, } be the canoni-
cal sets associated to this presentation and let ¥ also denote the lifted
system of forms on C™. We now lift the cover V* to C™ by defining
Volift ¢ Vo, x P

VA= {(2,\) 1 V(D (), \)}

Using the fact that V* defines an algebraic variety, it is clear that
V*lft defines an algebraic variety as well. Let V*%/t be the Zariski
closure of this cover inside C™ x P*. Now let p be a singular point of
C, let ”yg be a branch centred at p and let p; be the corresponding point
of C™. By the assumption (x), the character of the branch fyg, with
respect to the system X, is the same as the character of the branch
Yp;, With respect to the lifted system X. In particular, the filtration
given by Remarks 6.6 is the same. As in Remarks 6.6, we let ¥; C X
consist of the set of hyperplanes {H) : H), D l%}. We now claim

that the fibre V*!/!(p;, 2) defines ¥y, (x*). The proof is similar to
the beginning of Theorem 6.7. Using the fact that p; is non-singular,
we have that dim(V*'/*(p;,2)) = w — 2, (1), and is regular for the
cover (V*lift [Cms). Now, suppose that V*!i/{(p; ) holds, then, given
generic p € (V,, NVa,,), we can find X' € Vy such that V= (pl ).
In particular, using the assumption (x) again, the corresponding form
Hy, must contain the tangent line lp;_. Now, applying the result of
Theorem 6.7 to the linear system Zp; C Y of forms passing through
p;, taking {p;,p;} as belonging to the standard model, we can find
P € Vy,, generically independent from {p;, P}, and X" € Vy such
that Hy» passes through {p}, pj}. As the pair {p},p]} are generically
independent over p; and belong to V., taking only p; as belonging to
the standard model, again applying Theorem 6.7, we obtain that the
specialisation H, of Hy» belongs to ;. Hence, ¥; C V*i/t(p; y) and
the result (#x) then follows from this and the dimension consideration
(). We now project the cover V*!/t to a cover W* C C x P¥, by
defining;

W* = {(y,A) : y € CA3a[Tig)(x, y) A VT (2 \)]}

By construction, we have that W* is an irreducible closed projec-
tive variety, such that its restriction W*|Ws_, agrees with V*. Hence,
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W* = V*. Moreover, for a singular point p of C, the fibre W*(p) con-
sists exactly of the parameters for hyperplanes H,, which contain at
least one of the tangent lines l%, where {7;, YoV} are the
branches centred at p. This completes the proof.

O

Lemma 6.14. Let C' C P" be any projective algebraic curve and let
O be a fixed point of C, possibly singular, let;

Ve (C\{O}) x P be {(z,A) : x € C\ {O} A Hy O log}

Then V* defines an irreducible algebraic variety and, if V* C C x
P defines its Zariski closure, then, if O is the origin of branches
7, ...y}, the fibre V*(O) consists exactly of the parameters for
hyperplanes H)y, which contain at least one of the tangent lines l%,

(1<j<m).

Proof. The proof is similar to Lemma 6.13. Using the same notation
there, we choose a presentation @y of a nonsingular model C"™*. We de-
fine 31 C X to consist of the set of hyperplanes { Hy : Hy D l% }, where

vg) is one of the branches centred at O. We define V*#/* and V*¥/t ag
in the previous Lemma 6.13, using @y, (with the corresponding mod-
ification of V*). The aim is then to show the corresponding statement
(*x) of Lemma 6.13, that the fibre V*(O;, 2) defines ¥, where O; cor-
responds to 72, in C™. As before, we have that dim/(V*(0;, 2)) = w—2,
(1), and that O is regular for the cover (V*{i/t/Cns) 1f V=it (O; \)
holds, then, given generic O} € (Vo, N Vs, ), we can find X € V) such
that V*#/%(0), N'). The corresponding form H then contains loor for
some O’ generically independent from O, lying on 7%. Applying Theo-
rem 6.7 to the set of hyperplanes >y passing through O, we obtain that
the specialisation H) contains the tangent line l% . Combining this re-

sult with the dimension consideration (), we obtain (xx) as required.
The result then follows by the same argument as Lemma 6.13. U

7. SOME REMARKS ON FROBENIUS

When the field has non-zero characteristic, many of the above ar-
guments are complicated by the Frobenius morphism. However, we
take the point of view that this is an exception rather than a general
rule, hence the results are true if we exclude unusual cases. We will
consider each of the previous sections separately and point out where
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to make these modifications. We briefly remind the reader that given,
algebraic curves (' and Cy, by a generally biunivocal map, denoted for
this section only using the repetition of notation, ¢ : C; « Cs, we
mean a morphism ¢, defined on an open subset U C (', such that ¢
defines a bijective correspondence between U and an open subset V' of
Cs. In characteristic 0, a generally biunivocal map is birational, in the
sense of Definition 1.19. However, this is not true when the field has
non-zero characteristic, Frobenius being a counterexample.

Section 1. The results of this section hold in arbitrary characteristic.

Section 2. We encounter the first problem in Theorem 2.3, the proof
of which depends on Lemma 2.10. Unfortunately, Lemma 2.10 is not
true in arbitrary characteristic. However, as we will explain below,
Lemma 2.10 is true for a linear system > which defines a birational
morphism @y on C. As this was assumed in Theorem 2.3, its proof
does hold in non-zero characteristic.

Lemma 2.10 does not hold in arbitrary characteristic. Let C be the
algebraic curve defined by y = 0 in affine coordinates (z,y). Consider
the linear system X of dimension 1 defined by ¢(x,y) := (y = 2% + t)
in characteristic 2. Then ¢; is tangent to C at (t'/2,0) for all t. In par-
ticular, (0,0) is a coincident mobile point for the linear system. The
reason for the failure of the lemma is that the function F(z,y) = y— z?
defines a Zariski unramified morphism on y = 0 at (0,0), which is not
etale, it is just the Frobenius map in characteristic 2. One can avoid
such cases by insisting that the linear system 3 under consideration
defines a separable morphism on C' (x). With this extra requirement
and a result from [5] (Theorem 6.11) that any locally Zariski unram-
ified separable morphism between curves is locally etale, the proof of
Lemma 2.10 holds.

The remaining results of the section are unaffected, with the restric-
tion (%) on X in non-zero characteristic. In particular, Lemma 2.30
holds with this restriction. The proof of the Lemma gives the existence
of a generally biunivocal morphism ¢. By seperability, this induces an
isomorphism of the function fields of the respective curves. By an ele-
mentary algebraic and model theoretic argument, see for example [2],
(Theorem 4.4 p25), one can then invert the morphism ¢ in the sense
of Definition 1.19. Therefore, ¢ will define a birational map.
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Section 3. The proof of Lemma 3.2 requires results from Section 2
which may not hold in certain exceptional cases. However, the Lemma
is still true in arbitrary characteristic. One should replace the use of
Lemma 2.30 by invoking general results for plane curves in [6]. Lemma
3.6 and Theorem 3.3 also holds, if we replace birational with biunivo-
cal. In order to obtain the full statement of Theorem 3.3 in arbitrary
characteristic, one can use the following argument;

We obtain from the argument of Theorem 3.3, in arbitrary charac-
teristic, a generally biunivocal morphism ¢ from C' C P? to C; C P¥.
This induces an inclusion of function fields ¢* : L(C}) — L(C). We may
factor this extension as L(Cy) C L(D) C L(C), with D an algebraic
curve, L(D) C L(C) a purely inseperable extension and L(C}) C L(D)
a seperable extension. We, therefore, obtain rational maps ¢; : C' '~ D
and ¢ : D ~~ (1, such that ¢ o ¢ is equivalent to ¢ as a biunivocal
map between C' and Cy. Now, using the method of [5] (Remarks 6.5),
we may find an algebraic curve C' C P? (apply some power of Frobe-
nius to the coefficients defining C') and a morphism Frob™ : C — (',
together with a birational map ¢35 : D «~ C’ such that Frob™ and
¢3 0 ¢1 are equivalent as biunivocal maps between C and C’. We now
obtain a seperable rational map ¢4 = ¢y 0 ¢5* : C' ~» Cy, such that
¢4 o Frob™ and ¢ are equivalent as biunivocal morphisms. Now let
U C NonSing(C) be an open set on which ¢ and ¢4 o Frob™ are de-
fined and agree as morphisms. By an elementary application of the
chain rule and the fact that the differential of the Frobenius morphism
is identically zero, one obtains that, for any x € U, (D¢), contains the
tangent line [, of C'. By the methods in the introduction of Section 1,
this is in fact a closed condition on (D¢), hence, in fact (D¢), contains
the tangent line [, of C, for x € NonSing(C'), at any point where ¢ is
defined. We can summarise this more generally in the following lemma;

Lemma 7.1. Let ¢ : C' ~ P™ be an inseperable rational map, then,
for any nonsingular point x of C" at which ¢ is defined, (D¢), contains
the tangent line I, of C.

By Remark 3.7, this property is excluded for a transverse g, as used
in Theorem 3.3.

Section 4. The projection construction defined at the beginning of
the section may fail to define a separable morphism in non-zero charac-
teristic. However, using Lemma 7.1 and methods from Section 1, one
can easily show that this only occurs for projective curves C' with the
property that, for every z € NonSing(C'), the tangent line [, passes
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through a given point P. In this case, the projection of C' from P onto
any hyperplane will be inseparable. In [2] such curves are called strange.

Non-singular strange curves were completely classified by Samuel in
[10];

Theorem 7.2. The only strange non-singular projective algebraic curves
are the line and the conic in characteristic 2.

However, there are examples of other singular strange projective al-
gebraic curves in PY, for w > 2, not contained in any hyperplane
section. For example, the curves F'r,, C PY obtained by iterating
Frobenius, given parametrically by;

(¢, 2, 17" ... #*"7") in characteristic p.

For these examples, Lemma 4.2 fails. In order to see this, pick inde-
pendent points {7, S} on F'r,, given by (¢,t?, ... ,tpwfl) and
(s,s7,...,s""""). Then, the equation of the chord Irg is given para-
metrically by;

(t4 As, 82+ XsP, .. 17" 4 AP )

If t + \s = v, and V is given by (v,v?,...,v"" "), then we have
that the chord lrg meets V', distinct from {T,S}, iff we can solve
ANL= 1 T = for A # 1. This is clearly possible if p > 3.
In this case, we would have that the chord ;g intersects F'r,, in at least
p points.

Lemma 4.2 holds in arbitrary characteristic, if we exclude singular
strange projective curves, however the proof should be modified as it
involves Lemma 2.10 applied to a projection. If C' is a non-singular
strange curve, using the classification given above, the theorem has no
content as we assumed that C' was not contained in any hyperplane
section.

Lemma 7.3. Lemma 4.2 in arbitrary characteristic, excluding singu-
lar strange projective curves

Let C' C PY, for w > 3, not contained in any hyperplane section and
such that C' is not a singular strange projective curve. Suppose that
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{A, B} are independent generic points of C, then the line lag does not
otherwise meet the curve C.

Proof. We use the same notation as in Lemma 4.2. Let prp be the pro-
jection defined in this lemma. Suppose that prp is inseperable, then,
by the above remarks C' is a strange projective algebraic curve, such
that all its tangent lines [,, for x € NonSing(C), pass through P.
Hence, we can assume that prp is seperable. We now show that the
degenerate case (T) cannot occur. Suppose that prp(l4) is a point. We
have that dimp(A) = 1, hence we can find an open W C NonSing(C),
defined over P, such that, for z € W [, passes through P. In partic-
ular, as dimp(B) = 1, lg passes through P, hence we must have that
la=1lp=AB. As A and B were independent, it follows easily that C'
must be a line [, which is a contradiction. We can now follow through
the proof of Lemma 4.2 to obtain that;

There exists an open W C NonSing(C), defined over the field of
definition of C, such that, for y € prg(W), the [, intersect in a point

It follows that, for z € W, the [, intersect lg. In particular, I4
intersects lg. If 4 = lg, we obtain that C is a line, hence we may
assume that [, Nlg = Q). As B was generic, we can find an open
subset W’ C NonSing(C), defined over AB, such that, for x € W,
the [, intersect 4 and [g. Then, either, for such x € W', the [, all
pass through @ or the [, all lie in the plane P4p defined by (4 and
[g. In the first case, we have that C is a strange curve, contradicting
the hypotheses. In the second case, we use the fact that the plane
Pl = P, must be defined over the field of definition of C' and then, by
the fact that the generic chord [4p lies in Pl, that C' must be contained
in Pl as well, contradicting the hypotheses. O

Lemma 4.5 is true if we exclude singular strange projective curves.
In order to obtain the corresponding result for a singular strange pro-
jective curve C', pick a generic point point P € P“. Let © € C be
generic and independent from P. We claim that [p, does not otherwise
meet the curve (x). If not, we can find y € C, distict from x, such that
P € l,,. Hence, dim(P/zy) < 1 and dim(P/z) > 3. Now calculate
dim(Pxy) in two different ways;

(i). dim(Pzy) = dim(P/xy) + dim(zy) <1+2=3
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(ii).dim(Pxy) = dim(y/Px) + dim(Pz) > 0+4 =4

This clearly gives a contradiction. It follows, using (x), by an ele-
mentary model theoretic argument, that the projection prp onto any
hyperplane H will be generally biunivocal on C. Lemma 4.6 may also
be easily modified to include the case of singular strange curves. Theo-
rem 4.8 holds in arbitrary characteristic by the modifications of Lemma
4.5 and Lemma 4.6 and by ensuring that the projections prp always
define seperable morphisms. In the case of strange curves, we can al-
ways ensure this by picking the centre of projection P to be disjoint
from the bad point @), defined as the intersection of the tangent lines.
Lemma 4.9 is still true in arbitrary characteristic but the proof needs
to be modified in order to take into account singular strange projective
curves, (we implicitly used Lemma 4.2 in the proof). Using the same
notation as in the lemma, given x € C, using the same argument, we
can find P € P" generic, such that [,p does not otherwise meet the
curve. Now using the modification of Lemma 4.5, the projection from P
will be generally biunivocal and, by construction, biunivocal at x. We
can then obtain the lemma by repeating this argument. Lemma 4.12
holds in arbitrary characteristic provided the projection pr is seperable.
As we have already remarked, this can always be arranged in non-zero
characteristic. Lemma 4.14 holds in arbitrary characteristic, using the
previous modified lemmas, and the fact that a seperable biunivocal
map, between C' and pr(C), may be inverted to give a birational map
including the nonsingular points of pr(C). It follows that Theorem 4.15
holds in arbitrary characteristic as well, by the modifications from Sec-
tion 3. Finally, Theorem 4.16 holds by checking the result for certain
further unusual curves, depending on generalisations of results in later
sections, (see (f) below) . We should note that, without these general-
isations, Theorem 4.16 still holds if one accepts the weaker definition
of a node as the origin of 2 linear branches (see Definition 6.3).

Section 5. The results of this section hold in arbitrary characteristic
up to Lemma 5.24. We only make the remark that it is always possi-
ble to choice a maximal linear system such that it defines a separable
morphism on a projective curve C. The proof of Lemma 5.24 has the
same complications as Lemma 2.10. Again, we can avoid these com-
plications and recover the remaining results of the section in arbitrary
characteristic, by the assumption on the linear system > that it defines
a seperable morphism on C.
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Section 6. The results up to Definition 6.3 hold, by appropriate
choices of linear systems >. In Definition 6.3, the claim that a generic
point of an algebraic curve is an ordinary simple point does not hold in
arbitrary characteristic, (). An example is given by the plane quartic
curve F(z,y,2) = 23y + >z + z3x = 0 over a field of characteristic
3. Every point of this curve is an inflection point, that is a point with
character (1,2). In this case, the natural duality map;

DF:C — C*
[w:y:z2]— [Fp: F,: F=[2%: 2%

is purely inseparable. In order to prove Theorem 4.16 in arbitrary
characteristic, one needs to classify such exceptional curves. This can
be done, using work of Plucker on the transformation of branches by
duality, we save this point of view for another occasion.

8. A THEORY OF PROJECTIVE DEGENERATIONS

We consider a class of degenerations, obtained by projecting a fixed
irreducible curve C' C P3, onto a plane H C P2, from a variable point
. We first show the following lemma,;

Lemma 8.1. Let C C P? be an irreducible projective curve, not con-
tained in a hyperplane section. Let w,l be a hyperplane and a line, re-

spectively, with | G w, and (INw) = Q. Let Par,, = PN denote the pa-
N=m(m+3)

rameter space for plane projective curves of degree m, where 5 :

Then, there exist morphisms {60, ¢};
6 : P* — Pary, Cy defined by 0(t)

¢ Pt ¢(t) = Qi Q = Qo

with the property that, for t # 0, Cy is the plane projective curve,
obtained as the projection of C from @Q; to w, see the remarks at the
beginning of Section 4. In particular, if P is a fixed point of the curve
C, then the requirement that prg,(P) is non-singular for the curve C,
defines an open condition on the parameter t € P*.

Proof. Without loss of generality, by making a linear change of vari-
ables, we can suppose that the coordinates of P? are given by {X,Y, Z, W}
and {X,Y, W} denote the coordinates of the hyperplane w, embedded
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into P3 by the map;
i: P?— p3
XYV : W~ [X:Y:0: W]

We denote the restriction of these coordinates to A? and A® by (z,y)
and (z,y, z) respectively, and we have a corresponding inclusion;

i: A2 — A3
(z,y) = (2,9,0)

We can assume that ) corresponds to the origin (0,0,0) of the co-
ordinate system (x,y, z), with projective coordinates [0: 0 : 0 : 1], and
[ corresponds to the line z = y = 0. Let C be defined by the affine
equations Fy(z,y,z) = Fy(z,y,z) = 0, and let (0,0,¢) parametrise a
point (), along the line [. Let;

Ct(l‘,y) = 3)\32132232’3[[71(21, 29, 23) = FQ(Zl, 29, 2’3) =0
AA(21, 22, 23) +(1=2)(0,0,1) = (z,5,0)] (*)

By the assumptions on C, the construction in Section 4, and the
definition (x), for t # 0, Cy(x,y) = prg,(C), where the closure is taken
inside the projective plane w or P2. We let C' C A® denote the closure
of C(x,y,t). By elementary dimension considerations, and the fact
that the generic fibre Cy(z,y) is irreducible, being an open subset of
the irreducible curve prq,(C), C is also irreducible. One can, therefore,
find a single equation G(z,y,t) = 0, defining the surface C. By making
the substitutions x = % and y = %, we can find a homogeneous poly-
nomial H(X,Y,W,t), of degree m, in the variables {X,Y, W}, whose
restriction to A3, corresponds to G(z,y,t). We define 6, as a mor-
phism to Par,,, by taking the coefficients of the polynomial H. It is

a simple exercise to check that the conditions of the lemma are satisfied.

For the last part, if P is centred at (xg, 3o, 20), the coordinates of the
projection prg,(P) are given bys;

o(t) = 5% () = 2%
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The condition that the projected point prg,(P) is nonsingular for
the curve (4, is given by;
—tzg —tyo

T ; oG 0 ﬁ’
G (p ¢(gx(P)79(t)) _ 9G(5oy )3;0 5:0(8)) £0 and

—tx —ty
8G (pryy (P):0(1)) _ 9G(=% (zO Goopyi0(®) £0
Oy -

both of which are open conditions. Hence, the lemma is shown.
O

We observe the following further property of the degenerations, given
in Lemma 8.1.

Lemma 8.2. Let C C P3 be an irreducible projective curve and w a hy-
perplane, intersecting C' transversely in m distinct points { Py, ..., Py},
where m = deg(C'). Let | be a line, intersecting w in a new point @,
then the curve Cy consists of the union of lines U1§j§m lp;q-

Proof. We show that the curves C; are obtained as the intersection of
w, with the cone Coneg,(C), for t € P, (x). We, first, consider the
case, that t # 0, and, without loss of generality, assume that Q; ¢ C,
the case when @); € C' being left to the reader. It is a straightforward
exercise, to check that;

CO?’Lth (O) = UweC thw

is a closed, irreducible,subvariety of P3. The fact that pro,(C) =
(Coneg,(C) Nw) follows immediately from the definitions of the pro-
jection prg,, and the cone Coneg,(C). As before, we assume that C
is defined by the affine equations Fi(z,y,z) = Fy(z,y,2) = 0, Q4 is
parametrised by (0,0,¢) and w is defined by z = 0, in the coordinate
system (x,y, z). Let;

Di(x,y, z) = INTz1T29323[F1 (21, 22, 23) = Fo(21,22,23) =0
A X(z1, 22, 23) + (1 — X)(0,0,t) = (2,9, 2)]
Let D C A* denote the closure of D(xz,y,2,t). As before, using the
fact that the generic fibre D;(z,y, z) is an open subset of the irreducible
variety Coneg,(C), D is irreducible and we can find a single equation
G(z,y,z,t) = 0, defining the surface D. By projectivizing the polyno-
mial G, we can find a single homogeneous polynomial G(X,Y, Z, W, 1),
parametrising the cones Coneg,(C). We let;
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H(X,Y,W,t) = G(X,Y,0,W,t)

By definition, H parametrises the intersections (Coneg,(C)Nw). It is
a simple exercise, to check that this is a different definition of the same
variety, given in Lemma 8.1, hence (x) is shown. In order to complete
the proof, it is sufficient to compute the intersection (Coneg,(C)Nw). If
w € (C'\w), then (l,g, Nw) = Qo, whereas, if w € (C'Nw), then (Lo, N
w) = lyq,, using the fact that )y € w. The result follows immediately,
from the fact that (CNw) = {P, ..., P}, and distinctness of the point

Q = Qo. U
It is useful to impose the extra condition that the projection mor-
phisms are birational. We first show the following lemma;

Lemma 8.3. Let C C P? be an irreducible projective curve, w a hy-
perplane, and let;

V ={P :prp defines a birational morphism of C to pr(C) C w}

Then V is constructible and V = P3, (*)

Proof. By Lemma 4.2, V is a non-empty subset of P3. If P is chosen,
such that the projection prp is birational, then one finds a bound s on
the number of points {p1,...,ps}, for which prp is not biunivocal at
p;, for 1 < j < 's. This follows from the fact that deg(pr(C)) = deg(C),
and simple bounds on the number of singularities of pr(C), in terms
of the degree, see [9]. It is a simple exercise, then, to check, that the
formula;

P(x) =Ty ... Elys((/\1§j§s y; €EC)N(Vz € O)Z#yj (ﬂw €C)(w#
2ANT E ly,))

defines V. Suppose, for contradiction, that V is a proper closed
subvariety of P3. We construct a point P, not lying on V, for which
prp is birational. One should follow the proof of 4.9; with the notation
there, one can assume that dim(H N'V) < 1, and observe that, for a

generic choice of P € H, P ¢ V. O

ISimilar results hold for the following conditions:
(i). That prp is biunivocal at a fixed z € C.

(ii). That the axis of projection < z, P > is not in special position.
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We make the following further construction;

Using the result of Lemma 8.3, we choose a point P, belonging to
V', and let w satisfy the assumptions of Lemma 8.2. We can also assume
the projection prp is biunivocal on the fibre {prP~1(P}),...,pr *(Py)},
and the axes of projection < PP; > are not in special position. For
C' nonsingular, it follows that the projection prp(C') is nonsingular at
{Py,...,P,}. We choose two points from the set { P, ..., P}, denoted
by {A, B}, and let {l4,l5} be the tangent lines to C' at these points.
We let {Pa, Pg} be the planes {< l4, P >,< lg, P >} respectively,
and l4p = (P4 N Pg). Without loss of generality, we can assume that
l4p intersects w in a new point @, (x). By the choice of P, (I45 NV°)
consists of a finite number of points, in particular, for generic @Q; € l4p,
we can assume that prg, is birational, and, similarly, that prg, is biu-
nivocal at {A, B}, and the axes of projection {< Q;, A >, < Qy, B >}
are not in special position, (x).

Definition 8.4. We refer to a family of curves, satisfying the condition
(%) in the above construction, as a projective degeneration.
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