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TRISTRAM DE PIRO

ABSTRACT. We prove that if the frame S is decaying surface non-

radiating, in the sense of Definition 1.1, then if (p, J) is analytic,
either p = 0 and J = 0, or S is non-radiating, in the sense of [6].
In particularly, by the result there, the charge and current satisfy
certain wave equations in all the frames Sz connected to S by a
real velocity vector @, with |7] < c.

This paper is divided into two parts. In the first part, we begin in
Definition 1.1 with the concept of surface non-radiating, that is an all
inertial frames S’, relative to the base frame S, moving with veloc-
ity ¥, || < ¢, there exist real electromagnetic solutions (Ey, By) to
Maxwell’s equations, for the transformed charge and current (pg, J3),
with divg(Ey x By) = 0. The general strategy of the paper is to
prove that this condition implies the existence of a complexr solution
to Maxwell’s equations, with the Poynting vector £ x B = 0. In or-
der to achieve this, we need to consider rotations ¢ of frames, and
Lemma 1.4 shows that Maxwell’s equations are both preserved for the
rotated quantities (pg,jg,Eg,Fg), and so is the flux, div(Eg X Eg) =
divd(E’ x B’). A similar result is required for the composition of
boosts and rotations in Lemma 1.8, and we give the representation
of the Lorentz group as a product of boosts and rotations in Lemma
1.5.  We have to move in a triangle ABC from the base frame S.
Lemma 1.7, using potentials, shows that the transformation of quan-
tities (p, J, E, B), along the sides of the triangle is well defined, that
is the transformation along AB followed by BC', gives the same result
as AC. An essential component of creating triangles with boosts and
rotations is the velocity composition formula of Lemma 1.9, explained
in [10], and, in Lemma 1.11, we prove that any 2 sides of a triangle
AB and AC' can be completed with a third side BC', using boosts and
rotations. In Definition 1.12, we extend the idea of real boosts and
reflections, for velocities T with 7] < ¢, to include complex and un-
bounded velocities, and prove generalisations of real results in Lemma
1.13. This allows us to achieve a boost with an infinite velocity to a
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frame S,,, which we define in Lemma 1.14. We define the stress en-
ergy tensor in Definition 1.15, and use it, in Lemma 1.16, to show how
the surface non radiating condition can be transformed into a series of
equations in a base frame S, (x). The idea of the proof is to extend
the base of the triangle AB to S, and with the existence of a complex
electromagnetic pair (Eu, Boo), With dive(Es X Bso) = 0, (x%), use
Lemma 1.19 to obtain limit equations at C, along the infinite parallel
side BC, by taking a limit of (x). We then, in the same Lemma, trans-
form these limit equations back to the base frame S at A, to obtain a
set of equations for (E, B) corresponding in S to (Es, Bs). Lemmas
1.21 and 1.22 are concerned with solving these 40 linear equations in
40 unknowns, corresponding to the first derivatives of the components
of the stress energy tensor. We do this we do by splitting them into 2
groups and using a symmetry lemma, which we prove in Lemma 1.26,
noting that the coefficient matrix A is not invertible, but still obtaining
that the derivatives of the Poynting vector E x B are zero. We exclude
the non-zero constant solution, by imposing a limit condition in Re-
mark 1.32, which seems physically reasonable, that the fields vanish at
infinity, and summarise the result that £ x B = 0, in Lemma 1.23.
In Lemma 1.24, we show that this implies £ = \B, for some A\ € C,
and p = 0, where the field B # 0. In Lemma 1.25, we note that the
surface non-radiating condition is invariant under real boosts with ve-
locity vector 7, |U| < ¢, reflections and rotations. The rest of the proof
is concerned with deriving the property (x*), we do this in Lemma 1.27,
using a polynomial approximation and 2 parallel boosts with velocities
above and below ¢, and give a more rigorous explanation, involving
the Stone-Weierstrass Theorem, in Lemmas 1.29 and 1.30, noting in
Lemma 1.31, that the errors in this polynomial approximation are van-
ishing. We conclude, in Lemma 1.33, that, assuming (p, J) is analytic,
the surface non-radiating condition implies either that p = 0, J = 0,
or the non-radiating condition, developed in [6].

In the second part, we are concerned with some thermodynamic ar-
guments. We define a reversed process in Definition 2.1, noting, in
Lemma 2.2 that the reversed process satisfies Maxwell’s equation and
reverses the flux. We give the classical definition of non radiation in
Definition 2.3, explored extensively in [3], and use Lemmas 2.4, 2.5 to
conclude in Lemma 2.6, that, in thermal equilibrium, classically non-
radiating systems satisfy the surface non-radiating condition, explored
in the first part. We make the point, in Remark 2.7, that atomic sys-
tems can reasonably be thought of as classically non-radiating and in
thermal equilibrium.
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1. THE SURFACE RADIATING CONDITION

Definition 1.1. Using notation as in the paper [6], we say that S is
decaying surface non-radiating, for a given smooth real pair (p,J) sat-
isfying the continuity equation if;

(7). S is surface non-radiating with respect to (p, J)

that is there exist solutions (Ey, Ej) to Mazwell’s equations for the
transformed current and charge (pg, J3) in the frames Sy, connected to
S by a real velocity vector v, with [v| < ¢, such that divs, (Eyx By) = 0.

7) decay at infinity in the frames Sy, that
m Sy, for gwen t € Ry, we have that
B(z,

t) =

(ii). The solutions (Ey, By
is for coordinates (z,y,2,t)
lzm‘x|_>ooE(:v, t) = lzmm_)oo

Definition 1.2. We let C'(R3, R~¢) denote the continuously differen-
tiable functions f in the variables (x,y,z,t). We let xg = t, 1 = x,
xo =y and x3 = z. Given g € O(3), which defines a coordinate trans-
formation (z',y,2') = g(x,y,2), and f € C*(R3 Rsq), we define f9
by;

fg(%a I/p I/m xé) = f(%, Ty, T2, 173)

where xy = xo and g(x1, o, x3) = (2], x5, x%). Define;

Ll = 2L

oxg

Ll = (Df)la - (g71)sE, for 1 <i <3,

T

We observe, using the matriz representations g;; and (g~1);;, with
1<1i,5 <3, for g and g=* respectively, and the fact that g* = g~1, that
(g7 i = gij- It follows;

of9 3 — 3
f ’x = Zj:l(g l)ﬂaac Iz = Z] 19Uax]‘x (*)

Given a vector field F, with components (fi, fa, f3), we define F°
with components (f1, f5, f3) by;

=30 gifl, for 1 <i<3
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We adopt the convention that if {g1, g2} C O(3), then;
fo192 = (ng)gl T (ng)!h

Lemma 1.3. Given g € O(3), f € CYR? Rso) and vector fields
{F,H}, we have that;

. 79 I
(0). G = (5)’

(i2). 7'(f9) = (v ()

(i1). /'« F' = (v . F)?

(iv). 7' x F' = sign(g)(v7 x F)?

(v). (F* x H’) = sign(q)(F x H)9

where sign(g) = det(g) and can take values 1 or —1, as g € O(3).

Proof. For the first part, using components (f1, f2, f3) for I, we have,
for 1 <i < 3, that;

., 3

()l = %(ijl%ff iz
q

= Z] 1 9ij 3t' |x’

3 0f;

= ijlgijﬁff
0

—Z 19@]( fj) |f

- (Eyk

For the second part, we have, using the observation (x) in Definition
1.2 that;

V' (f)ile =55 |
= 23 19@]390 |w

= Z?:l 9i; ¥ (f)ilz
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For the third part, we have that;
V' Fg|§’ = Z?:1 %H’
=30 %(2321 9ii 1)z

= Zj 121 19@9395 |ac

= 23:1 > i1 95 Lt gik%b
= Z?:l Zik:l (g_l)ﬂglk prn Lz

= ZJ 1Zk 1 Jkaxj ‘x

- 23:1 ng;|5

= (V. F)z

For the fourth part, we let o be the permutation of (1,2,3), with
(1) =2, 0(2) =3 and 0(3) = 1. Then, for 1 <i < 3, we have;

3(F )o2(i a(Fg)o'i
(v X F ) 7 :( amg()(> — 81'2(_()>>7/

9 3 9 3
= (81';-(7;) (Zj:l 902(i),jff> - 32;2@) (Zj:l gd(i),jfjg)”f’
o (23 3 of; 3 3 af;
= (22521 90200, Q=1 Jo)kgas) — 22 j=1 9o D=1 Go2() k550 |7

_ 3 of
= > i k=1(902(),390 ).k — 9o(5).1902(i) k) B |

= 3 it k(902000390 — o002 k) St
= Z?’,kzl,j;ék 7(j, k)cof (g )wk Ern Lz

= sign(g) Z?,k:l,j;ﬁk 7(J, k)gi,jkg%k

= sign(9) Y1, gil((z}%j(il)) - %;Z)ﬂi

= sign(g) 2?21 9a(V X F)ilz
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= sign(g)(V x F){|z

where 7(1,3) = 7(2,1) = 7(3,2) = 1 and 7(1,2) = 7(2,3) =
7(3,1) = —1, jk denotes the remaining element in the tuple (1,2,3),
cof(g)i; is the representation of the cofactor matrix of g, and we have

used the fact that g;; = (¢971); = sign(g)(cof(9)*);i = sign(g)(cof(g))i;-

The proof of the fifth part is similar to the fourth, replacing the
components of F' with H and those of sy with F, using the fact that

V' =vr U

Lemma 1.4. Given a tuple (p,J, E, B) satisfying Mazwell’s equations
in the rest frame S, and g € O(3), then the tuple (p9, J° E’, sign(g)B’)
also satisfies Maxwell’s equations, and the tuple (pg,jg) satisfies the
continuity equation in the rotated or reflected frame S'. Moreover;

V'« (E” x sign(g)B’) = (v« (E x B))?
In particular;

V' . (B’ x sign(g)B") =0 iff v.(E x B) =0

Proof. The second claim follows immediately from the first. For the
first claim, we check the conditions using Lemma 1.3. We have that;

(i) v'.E'=(v.Ep=(Ly="2

(i1). 7' x B’ = sign(g)(v x )7 = sign(g)(~57)? = — 2508

(iid). 7'« (sign(g)B’) = sign(g)(v « B)? = 09 =0

(iv). ' x (sign(g)B’) = sign(g)sign(g)(v x B)?

= (o + 11060 %2)9 = 1o’ + proco 2%

For the penultimate claim, using Lemma 1.3 again, we have that;
V'« (E? x sign(g)B’) = /'« (sign(g)sign(g)(E x B)?)

=v . (ExB)=(v.(ExB))
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The final claim follows immediately from the penultimate claim, ap-

plied to the transformations ¢ and ¢—*.
O

Lemma 1.5. Let g € O(3), and let T define a boost, with matrices R,
and By respectively in the Lorentz group, then;

RyBy = Byw) Ry

Moreover, the representation is unique, in the sense that if;

RyBy = R, By

for {g,h} C O(3), and {v,w} wvelocities defining boosts, then g = h

and U = W.

Proof. We first prove this as a footnote in the case when v = vey,
(!). For the general case, let U be an arbitrary velocity, and choose
g € SO(3) with v = g(ve;y). By the result proved in the footnote, we

1Bz, is given in coordinates by;
(Bue, )oo = (By)11 = v(v)

(Buye, )22 = (By)ss =1

(Bye, )10 = (B)o1r = —%(”)

(Bye, )ij = 0 otherwise, 0 <i < j <3
and Ry is given in coordinates by;
(Rg)oo =1

(Rg)ij = gijs 1 <i<j<3

(Rg)i; = 0 otherwise, 0 <14 < j <3
where;

Z?:lg?j =1 for1<j<3

2 gijgin =0,for 1< j k<3, j #Fk ()

so that;
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 (ByBue)oo =1
(RgBuz o1 = =4
(RgBue, o2 = (RgBg)os = 0
(RgBye, Jio = =22 for 1 <i <3
(RyBue, )i1 = 791, for 1 <i <3

(RQBUE1)ij = gij7 fOI‘ 1 S ’L S 3, 2 S j S 3

Using the formula in [1] for a general boost with velocity W, using (x), we can

compute B! B to obtain;

g(vey) — P-vgler)

(B_vg(e))oo =7

(B_vg@))oi = T2 ga Zizl gp1 =g, 1<i<3
(B_uvg(@))io = g, 1 <i <3

(Bovg(er))ii = (v —1)gh +1,1<i <3
(B_uvg@))21 = (B_yg@))12 = (v — 1)g11921
(B_yg(e1))31 = (B_yg(e))13 = (v — 1)g11931
(vag(él))32 = (vag(él))% =(y- 1)921931

. . . . 2
Finally, using () and the identity ~2(1 — %) =1, we compute B_,z,)RyBue,
in coordinates, to obtain;

(Zi:1 91%1) =1

vy? vy? 3
(B—vg(él)Rngél)Ol = _% + %(Zkzl 9131) =0

,02 2
(B-vg(e1) Rg Buz Joo = v? - =

v 3 .
(B_vg@) Ry Bue,)oj = L2 (D 5—1 gr1gkj) =0 (2 < j < 3)

2

(B_vg(e)RgBue, )io = gin (777 — L — O=wy — g (1<i<3)

2 2 .
(B_vg@)RgBoe, )it = gin(y(y = 1) +v = T5-) = g1, (1 <i < 3)
3
(B—vg(él)Rngél)ij =(- 1)9i1(2k:1 gklgkj) + 9ij = Gij
(1<i<3,2<5<3)

as required
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have that B;R, = R;Bye,, (¥x). Now let h € O(3), then, using (*x);
Ry,By = RhRnggle_l ( * %)
and the claim that R, By = By Ry is equivalent, by (x  x), to;
RuRy Bz, R;* = By Ry or RgByg, Ry = R} By Ry (% % %)

We have that h(v) = hg(ve;) and hg € O(3), so it is sufficient, from
(% * x%) to prove that;

Rnggl Rg_l = R;lBhg(vgl)Rh or BU€1 = R;IRilehg(qul)RhRg = R};;Bhg(vél)Rhg
(s s % % x)

Clearly, the claim (* * * * x) or equivalently, RyqByz, = Bhg(ve,)Rhg
follows from the proof in the footnote, as required. The second claim
is noted in [10], and is straightforward to prove. We have that;

R,'R, = Rj-1, = ByB;' = BB _4

The following formula is given in [10] for the boost matrix Bg;

Vi bZ
c? ('Yw +1)

By =1 + 22b= 4
where, (?);
(bw)oj = (bw)jo = —w; for 1 < j <3
(bw)ij = 0 otherwise (0 <i,j < 3)

It follows that;

B b A2 b2 wby Vb3
BB = (I +1 c T cQ(’Yw-&-l))([ N 70 T 02(%‘*‘1))
_ Yobz Ywbw ’YEb%
= ] - _C + c + 62(’)'1,4-1)

Yorwbbs Yo wbiby
Sw+l)  Flrwtl)

+ ’Yﬁ;b% _ YYwbsbw +
2 (yw+1) c?

2Ungar’s definition of bz differs by a minus sign, as he relates unprimed to primed
coordinates in the definition of the boost matrix, which seems to go slightly against
the usual convention. We have also changed his formula slightly for the case when
xo = tc, rather than xy = t.
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Ve Vob2;b2

VWU

T At D (D)

Using the fact that we must have;
(Rh—lg)oo = (BEB—ﬁ)OO =1
(Rp-1g)0j = (BeB_%)o; =0, (1 <j <3)

we obtain the equations;

vav® RS 1% TP vevaviw?
62(’7U+1) 02(7uf+1) c? + C4(711+1)('7w+1) B O (T)
B -2 =0 (1< <3) (1)
It follows from (ft) that;
v =2 and v.w = 2
gk ) Yo
and, substituting into (f), using the relation 25— = ~7 —1, we

obtain that -y, = 7,, so that, from ({}), W = 7 as required.
0

Definition 1.6. Let g € O(3) be a rotation or reflection, then, as in
Definition 1.2, if f € C*(R3, Rxq), we let f9 be defined by;

fg(t,7 xl? y’? Zl) = f(t’ x? y7 Z)

where ' =t and (2',y,2') = g(x,y,2). For a vector field V with
components (vy,va,v3), we let V7 be defined by (v}, vh, v}) where;

v = Z1§j§3 gijng-, (1<i<3)

and (gi;)1<i j<s is the matriz representation of g. For a four vector
W with components (wg, wy,ws, ws), we, similarly, let W be defined
by (w, wh, wy, wh), where;

wh = w
w; = Z1§j§3 gingg'f (1<i<3)

We introduce rotated frames S’ relative to a fixed frame S, with co-
ordinates (t', 2.y, 2") linked to the coordinates (t,z,y,z) in S, by the
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relations;
=t

(@', ) = g(x,y,2)

where g € O(3). We define the Lorentz group as generated by boosts
in a given direction T and by rotations defined by g € SO(3). By the
augmented Lorentz group, we mean the group generated by boosts and
elements g € O(3). It is shown in [10] that the composition of boosts
1s equivalent to a boost followed or preceded by a rotation, the so called
Thomas rotation. It follows that any element L of the (augmented)
Lorentz group can be written (uniquely) as L = RyBy = By Ry, where
g € SO(3) (or g e O(3)).

Lemma 1.7. Given potentials (V,A) in the rest frame S, satisfying
the relations;

E=—-(v(V)-%)

B=xyx A (x)

for electric and magnetic fields {E, B}, the four vector (%, A) trans-
forms covariantly with respect to elements of the Lorentz group, aug-
mented by O(3), when the transformation rules are given by;

(VA = (¥, Ay

c

when g € O(3) is a rotation or a reflection, and by,

(L A) = (y(¥ — 42) y(F - %o) +4))

c?

when T defines a boost, see [1]. Let the frame S’ be defined relative to
the base frame S by an element T of the Lorentz group, which is either

a reflection, rotation or a boost. Let (EI,EI) be defined by;
(E,,E,) = (E", sign(7)B")
when T € O(3) is a rotation or a reflection, and by;

(E,B) = (Ey+~(EL.+7x B),B+7(B.— % x E))
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when T defines a boost with velocity T, see [1]. Then with the trans-

formed vector (VT/,X/), we still have that;

E =—(v'(V) - 24

B =/ x4 (%)

There exists a well defined transformation of (E, B) for an arbitrary
element 7 of the Lorentz group, augmented by orthogonal transforma-
tions. Moreover, if T is represented by two distinct products of boosts,
rotations and reflections, then the transformation of (E,B) coincides
with the two transformations obtained by iteration in these representa-
tions.

Proof. The fact that the (¥, A) transforms covariantly with respect to
Lorentz boosts is noted in [1], alternatively it can be shown by writ-
ing the transformation rule in matrix form and comparing it with the
corresponding Lorentz matrix, the details are left to the reader. For
rotations or reflections, the result is immediate from the definition. To
check the second claim in the case of a rotation or reflection 7 € O(3),
we have, using the definitions in the statement of the Lemma, Defini-
tion 1.2 and Lemma 1.3, that;

—(V(V) + 9y

and, similarly;

V' x A

= sign(1)(v x A)7
— —

= sign(1)B’ = B

We check the second claim in the case of a boost when 7 = ve;. We
have, using the transformation rules above, the transformation rules
for derivatives, see [1], with components {(a1,as,as), (a},ah,a})} for
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{A, Z/} respectively, that;

(a’17 a27 a3) (,yal 2V7 a2, a3)

V=& + 55 5 %)
=5 tvs)
Using () from the statement of the Lemma, with components {(ey, ez, €3), (b1, b, bs) }

for {E, B} respectively, we have;

(~Qu OV _day OV day V)

(e1,€2,€3) = (=5 — 5> =% 9y’ ot oz

Oaz _ Oaz Oay _ Oaz Oap __ Oay
(bl,bg,bg) ( Oy 0z ' 0z Ox ' Ox 8y)

We then compute:

(=5 =V (VD = =1 +og) (=28 =G+ 5) 0V —yvan)

_ zam ~2v 8V da1 | v*? av 20V 0oV, 2, 8a1 7202 day
=7 t = c? Ot - Uax+ c? oz c? Ot +y7v t = 2 ot
_ _ov 2Ba1 7?02 day
- Ox + c2 Ot

oV da1 __

=T e O

(=55 = V' (V)2 = =1 +vd)az = 5,0V — yva)

(9(12 8a2 a(11
e ot — TV ox 'Y dy + ’)/U

= yes + (G — 52)

= yey — yvbs

(=57 = V'(V)s = =G +v5)as — £ (0V — yar)

da da Jda
=V ~ Vo — 76z+7” s

=es + 7”(% - %)
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= ves + Yvby
so that;
_%_?’/ — V' (V') = (e1,ve2 — yvbs, ves + yvby) = bk

as required. Similarly;

(V' x A)y = G2 — G2 =,

(V' x Ay = L(yar — ZX) — (& + 3 2)az = by — (L + 2a)
= by + 15
(V' x g =& + &5 - frar — ) = b + F (%2 +50)
=7bs — 25

!/

V' X A = (by, by + 2 by — 22) = B

as required. In the general case of a boost defined by a velocity vec-
tor T, we can find g € SO(3), with 7 = g(ve;). Then, by Lemma 1.5,
we have that;

By = RngélR‘;l = Rngglefl

By the two cases checked so far, we then have that the property (xx),
in the statement of the Lemma, holds by iteration. If 7 is an arbitrary
element of the Lorentz group, it can be written uniquely as the prod-
uct of a boost and a rotation or a reflection. By iteration, we can then
define a transformation (E", B'), of (E, B). If 7 is represented by two
distict products, then by the covariant property of the potential (%, A),
the two transformations, (2, A;) and (12, 4,), obtained by iteration in
the representations, coincide. In particularly, we have that V; = V;
and A; = A,. Again, iterating the relation (*#), we must have that;

B = (VW) + 51 = —(V'(Va) + 5) = E;
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Elzlezlzv,XZQIFg
where v/ and % are differential operators in the new frame S’ and
{E\, Ey, By, By} are again obtained by iteration in the representations.
]
Lemma 1.8. Let (p,J, E, B) be a solution to Mazwell’s equations in
the rest frame S, let g € O(3), and let (p9,J°, E’ sign(g)B’) in S’
be as given wn Lemma 1.4. Let v be a welocity, with corresponding
image w = ¢(v). Let S” and S be the frames defined by v and w,
relative to S and S’ respectively. Then, if (p”,jﬂ,_E”_,E_”) is the so-
lution to Mazwell’s equations, corresponding to (p,J, E, B) in S" and

(p’”,jm,Em,Em) is the solution to Mazwell’s equations, corresponding

to (p?,J°,E’ sign(g)B’), in S", then;

111 =

V" (E"x B =" . (" xB")

In particular, we have that;

——=/I!

v . (E'xB)=0ifv".(E"xB")=0

Proof. The final claim follows immediately from the first. By Lemma
1.5, we have that B,R, = R,B,, and by Lemma 1.7, we have that

=/

E = E//g, B = sign(g)?ﬁg. Then a straightforward calculation, us-
ing Lemma 1.3 shows that;

111 ——=/I!

V" (E" xB")y=v".(E" x sign(9)B")

_ v,// . (EI/ % E//)g

-/

— [v". (B x B

U

Lemma 1.9. Let the frame S’ move with velocity u relative to S, and
let the frame S" move with velocity U relative to S’, then the velocity of
S" computed in S is given by;

Ty ux (uxv)

U*xvV = —— —
UFU= 105 T 20t 145

Moreover, there exists g € SO(3) defining a rotation Ry, such that;
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BHBH = RQBE*E = BE*ERQ

where Ry(u % V) = U xu and the velocity of S computed in S" is
—(v*7).
Proof. The first formula is given in [10]. We use the original formula
there for the boost matrix;

By =1+ v,b+ 7711b2

as it is unnecessary to introduce the variable xzq = ct, but see the
footnote in Lemma 1.5. The frame S moves with velocity —u relative
to S’ and, using primed coordinates for S, and unprimed for S’, we
have, using the matrix B_5 to relate the two frames, that;

dt' = v, dt + c 2y urdry + ¢ 2yuadzs + 2y uzdes

drly = yundt + (1 + )y + Ry + s dy

daly = vy uodt + 63?7“13:21) dry + (1+ CQE’;ujl))d:vg + C}(‘;”fl’ dxs

dry = ~y,uzdt + clﬁulﬁﬁdxl - %um de +(1+ cQ(V;ujl Jdas

Using the facts that v; = dt yfor 1 <i <3, -=1- —02?,;711) and

the formula @ x (T x ) = u(u.v) — (U . )

we compute;

2
'Yu“1 ’Y ujuy ’Y ujug
, do,  uwndiA (14 s e )dan+ sy deat oy das

v = ar Yudt+c—2 uuldw1+c*2 Yuuzdra+c— 2y uzdrs

2,2
1 TYu ¥l 'Yu“1“2 7““1”3
et o ) 2 e 2 2 hu e

Yute 2 yuur v+ 2y ugva e 2y, uzvs

v1+ul ('Yu'f‘M)

— 2(’Yu+1)
'yu(l—‘,—"f))
1 Yy UV
= TR < (yu +1))
1+u U
C
oty T
— (1 2<’Yu+1)) + (1+ 2(7u+1))
1+ 1+ ey

_ u1+U1 + Yu (@0)us —
1+ 5P 1+ 57
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— wtu Yu (WX (WXV))1
14+ 57 1+ 57
C C

and similarly;

I uitv Yu (WX (WXD))i <4<
Ui_1+%+ i ,for 2 <i <3

c

so the result follows. The first of the second set of formulae is also
given in [10], (*). We can deduce the second formula from the first. We

3In fact Ungar claims that BgBy = B(T % T) Ry, for some h € SO(3). Remem-
bering that the boost matrix we use in this paper, for ¢ coordinates, reverses the
signs of u, v and u * U, we obtain;

B'By' = B_gB_5 = B_(mw) R = By Ry,

so that;

B@Bﬁ = Rh—lBﬁ*g (*)

and we can take ¢ = h~!. This formula also holds for the boost matrices with
o = ct coordinates, as letting A, be defined by;

(Ac)oo = ¢

(Ac)ii=1,for 1 <i<3

(Ac)ij = 0, otherwise, for 0 <i4,5 <3

we obtain from (x) that;

(AcBzA; ) (AcBzAY) = (AcRgA; ) (AcBuiw AL Y) = Ry(AcBaig AL

and the boost matrices in xg = ¢t coordinates are given by
{AcBﬂAglv ACBUAgla AcBﬂ*iAgl}

The explicit representation of h and, therefore, g is known, and included by
Ungar. The formula is given by;

Rg = Rh—l =1- ClQ + 6292

where;
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have that;

Bﬂ*ﬁB,ﬂB,§ — Rg—l

and, as this holds for any velocities {u, 7}, making the substitutions
—v for w and —7u for T, and, using the fact that —(v * w) = —v * —7,
we can find h € SO(3) with;

134(@*5)13613ﬂ':: B_3 By By = }%hfl

so that;

Zgﬁlgﬂ'zzlgﬁ*ﬂ}%h—l (T)

By the first part of Lemma 1.5, and using the first result, we have
that;

BUBH = RgBﬂ*E - BRg(E*E) Rg

and by the uniqueness part of Lemma 1.5 and (}), we have that;

Ry = R, and 1w = Ry(u*7)

It then follows from (1) that;

BUBE = B@*ﬂRg

as well. For the final claim, observe that S’ moves with velocity —v
relative to S” and S moves with velocity —u relative to S’. Using the
first claim, we have that the velocity of S computed in the frame S” is

—U* —u = — (U xu) as required.

O

(Q)ij=—();, 1 <j<i<3

Ww=uXT=(wy,ws,ws)

o = —Yu Yo (YuFYo+Yusv+1)
L= 2t ) (vo 1) (Yuro+1)

Yate
C4(7'u+1)(7'v+1)(7u*v+1)

Cy =
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Remarks 1.10. The presence of the Thomas rotation resolves the so
called Mocanu paradoz, explained in [9], that the relative velocities of
two frames S and S”, connected by two successive boosts {u, v}, do not
differ by a minus sign, when computed in S and S” respectively. An
interesting perspective on the relativistic effects of rotations is given in

[2].

Lemma 1.11. Given a scalar v € R, with |v| < ¢, and a velocity u,
with u < ¢, there exists a unique velocity w, such that;

BwBﬂ - Rg ngl

where g € SO(3). Moreover, if U is fized and v — 0o, when u; # 0
and U # ui€;, we have that;

w — (0, ug, uz)
When, uy # 0 and uw = ui€y, we have that;

2—
YTt cTe
w_)__l

Uy

When u; =0

W v(l - vz ius)

c c? c

Proof. By Lemma 1.9, we have that;
BB e, = RgB—vél*ﬂ
where g € SO(3), and, rearranging;

Bvél*—ﬂBﬂ = B—(—vél*ﬂ)Bﬂ = B_l

—Vel*u

-1
By = RyB~ 5, = Ry Due

so it is sufficient to take w = ve; * —u. The uniqueness claim is clear
by the second part of Lemma 1.5. By the formula in Lemma 1.9, we
have that;

W = 7)517—57 o ’YU(U€1 ><(U€1 >jﬂ)7)
1= ) ()
__vei—u __ u1v2él—v2ﬂ

— 7’“1’[} 2
TE - 1-5)
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For the first case, taking the limit as v — oo, keeping w fixed, we
obtain;
VUL

_ 7 _ v —
Weo = — €1+ =g u
c

_v1
2

(&
= —icvey + icvey + icv(0, 22, 42)

TR

= v (0, ug, ug)

In the second case, we obtain the finite limit;

0251
U1

Weo = -+ — icvey + icvep = —
-2
C

and, in the final case, we obtain;

as required.
O

Definition 1.12. We extend the definition of boost matrices in Lemma
1.5 to include complex vectors v, with v # ¢*, where v* = v? +v3 + v3,

and vy = \/%, where we can take either square root, provided we
=%

do so consistenctly in the definition. We denote the two complex boost
matrices obtained from a complex vector v by Bl and B2. The fact
that (BL)™! = (B',), for 1 < i < 2, follows easily from the real case
and the fact that it holds generically, noting that (=v)? = v2, so we
can take compatible square roots. Similarly, we extend the definition of
u* 7, to include complex vectors u and v, with u* ¢ {0,c*}, v* # 2,
and 1+ z—f # 0, taking uw.v to be ujvy 4+ usvs + uzvs, and noting there
are two possibilities, (w*v)' and (u % v)?, depending on the choice of
square root in g We extend the orthogonal group O(3), to consist
of complex transformations R, in the spatial coordinates with Rng] =
RZRg = I, where t denotes transpose. We denote this group by G(3),
noting that it is a group, as RyRy(RyRy)" = RyRy Ry R, = RyR, = I,
and, similarly, (RyRp)'RyRy, = I. We denote by SG(3) the subgroup of
G(3) consisting of complex transformations with det(R,) = 1. We let
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C(C*) denote the set of analytic functions in the variables (z,v, 2,t),
and, given f € C™(C*), g € G(3), define 9 by extension from the real
case. Using analytic derivatives, we similarly define the transformation
F? of a complex vector field. We extend the definition of the operator
v using analytic derivatives. Let the frame Sy be connected to the
base frame S by one of the boost matrices BL, 1 < i < 2, for the
complex vector T, with v* # ¢*. Given a real valued tuple (p,J), and
a complex valued tuple (E, B), such that (p,J, E, B) satisfy Mazwell’s
equations in S, we extend the transformation rules, given in [1], for
(p,J) and (E,B). We use the above definitions of U .v and 7y, for
complex vectors {u, v}, with v? # ¢, and use the choice of square root,
determined by i. We can link the coordinates with the boost matriz
B, and we are only interested in the coordinates of C* determined by
the image of R X Rso, under the boost matriz. Similarly, we define
the transformation of derwatives from Sz to S, using the boost matrix

(B%)ila m COOTd?:TL(lt@S (1767 xllv lJQ? 93'%) fO?" th@ fmme SE’ by the TUZ@ 8?3; -

S (B

Lemma 1.13. With the notation of Definition 1.12, we still have that
the results of Lemmas 1.3, 1.5 and 1.9 hold. That is, the results (i) —(v)
of Lemma 1.3 hold, with analytic derivatives, the extension of the <7
operator, and taking g € G(3). Moreover, noting g(v)? = v2, so we can
take compatible square roots;

R,BL = B;(@)Rg, for1<i<?2

when g € G(3), 12 # 2, and we still have uniqueness of representa-
tion, that s if;

RyB}} = R,B
for{g,h} C G(3), and {v,w}, withv* # ¢* and w* # *, then g = h,

U =w and iy = iy in the sense of taking compatible square roots in v
or vg. Finally, for {u, v}, with {u*,7°} N {0,¢*} =0, 1 + % # 0 and

(L+Z02—(1-Z)(1— %) #0, (1), taking;
Yoo = Yorw = Yayo(l + ﬂc_zﬁ> (*)

we have that there exists gi i, € SG(3), with;
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B2BY =R, B! . =B!

Giyia 7 (uxv)'3 (vx7) % Rgilig

and,
Ry, ., (@*0)") = (V7)™

where i3 1s determined by the choice of 11, i5 is determined by the
choice of ia, i4 is determined by the formula (%), and g;;, is determined
by the choices of i1 and is.

Let the frames Sy and S as in the above definition, be connected by
the boost matrices B. and B’ . Then, if (p%,J.) and (E5, By) are the
transformed quantities, we have that;

p= (/%)i—m J = (‘_];)267 E = (Eﬁ)ifﬂ7 B = (Eg)z—ﬁ

Let {u,v} satisfy the conditions (1) above, with frames {3, 5", 8", 8", 5™},
such that S" is connected to S by By, S" is connected to S’ by B2, S”’

is connected to S by B’fm) S™ is connected to S by Ry, , S" i
connected to S™ by Ry, , S” is connected to S"" by B’U*u) , for the

appropriate choice of {i1,ia,13,14,15}, then we have, for the transfor-
mations, corresponding to the pairs (p,J) and (E, B), that;

14 Tk i4 iq

((p%l )%2’ (7%1 )%2) = ((p(ﬂ*ﬁ)ig )gi1i27 (J(ﬂ*ﬂ)ig)giliz) ((pghm)(v*u)l5 (791‘11'2)(@@). )

i5
((Ezﬂl )%27 (EZUI )%2) = ((EZ(%*F)iB )gilz‘Q? (Eg*ﬁ)ig )giliQ) = ((EgiliQ )Z('%*ﬂ)i (EQHQ )(v*u) )

5 5
Moreover, the transformation of derivatives from S” to S is indepen-

dent of the path taken, in the sense that for coordinates {x",y", 2" t"}

in S”;

(Bl )™ (R )™ (52) = (B (B2 () = (Ryy )™ (Bt )7 (52)

3

Proof. For the first part, in (i), we use the complex linearity of the an-
alytic derivatives. For (i7), we still have the property (¢7!);; = g;; for
the complex entries of g € G(3), the rest follows using the chain rule
for analytic functions. For (iii), we again use the properties mentioned
to prove (), (i1). (iv) is similar using the definition of the inverse of a

complex matrix A1 = det (cof( )t (v) is similar to (iv). For the
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second part, the fact that g(v)* = v for g € G(3) is a simple calcula-
tion using the definitions. We first prove the footnote relations;

R, (1<i<2)

RyBie, = Bye,y Iy

for any v € C with v? # 2. These follow, using the properties of
g € G(3) and the fact that the identity 72, (1— Z—z) = 1 holds for either
choice of square root in 7,z . The rest of the proof follows similarly to
Lemma 1.5. We note that if 72 # 2, then for a choice v € C of the
square root of 7, we have that (2)* = 1. We can then find g € SG(3)
with g(e,) = £, by taking a matrix with first column 2, then choosing
h, with % .h =0, and h? + h2 + h? = 1 as the second column, and
finally taking the complex cross product % X h as the third column.
Interchanging the second and third columns if necessary, we can en-
sure det(g) = 1. Then g(ve;) = v by linearity and v* # ¢®. For the
uniqueness claim, we can compute 15’%3126 and using the definition of
G(3), obtain the same relations, including;

Yaw; = Y5v;, for (1 < j <3) (%)

for the appropriate choices of a square root in 75 and 7. As in
the proof, we conclude that 15 = 74, which from (%) implies that
v = w and that we have taken compatible square roots i; and i».
For the final part, we note that, using the real formula for u * v,
the matrices { Bz, By, Baw, Ry} depend algebraically and rationally on
the parameters {u, v, Vg, Vs, Yass }, Where {u, v} are real vectors with
max(u?,v?) < ¢®. Tt follows that the identity;

BgBﬂ - RgBE*E (**)

amounts to a set of rational algebraic identities R; = 0, 1 < i < 16,
involving {@, 7, v, Vo, Yasw} @s well. As noted in [10], these identities
are still true when we make the substitution vzv5(1 + Z—f), (% * x), for
Yass. We let V' C C%, be the open subvariety defined by;

V={(w7n)eCl: {w,v°}n{0,c} = 0,14+ %2 #0,(1+ %)

~(1-&)(1 - %) #0}

and C' C V x C? be the double cover of V defined bys;
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C ={(u,v,wy,wy) €V xC?: w? = 1_;12’7“”% _ 1_1ﬁ}
c2 2

Making the substitutions w, for 7z and ws for v, the closed ratio-
nal algebraic relations R;(u, v, w;,ws) = 0 hold generically on C. The
conditions on {u, 7} are necessary to ensure the denominators in the
definitions of {Bg, By, Bu.w, Ry} are non-zero on C, so, by construc-
tion the rational functions R; have no poles. It follows that the R;
are identically zero on C. In particular, the identity (xx) holds for
all complex vectors {u, 6} with {w?, 9} N {0,*} = 0, 1 + % # 0,
(1+28)2 — (1-%)(1— %) # 0, and choices of square root in {%, Yo},
(). We need to take g = Ya¥s(1 + %), and the coefficients {c1, c;}
in g,,, see the footnote in Lemma 1.9, must be determined by the
choices in (). Again, formulating the property g € SG(3) as a set of
closed conditions, and using the fact that they holds generically, we
obtain that g;;, € SG(3). Finally, we need to check that the identity
(% % %) holds up to a minus sign, for any choice of root in {vz, ¥z, Yass
and for {w, v} satisfying the usual conditions. This follows by verifying
the identity given in [10];

(u+v)? 1 (uxw)?

g— —\ 2 . _ <v)
<u X U) - (1+%)2 c2 (1_,'_%)2

This is a straightforward calculation involving verifying the identi-
ties;

ux (uxv)=(u.v)?—u*v% (ux0)? =00 — (u.v)?

for complex vectors. Then, computing Y. gives the result. We thus
obtain the relation;

BBy = Ry, Bil . (1)

for some g;,;, € SG(3). For the rest of the proof, we can follow the
argument in Lemma 1.9. Note that the conditions in this Lemma on
{@, v} are symmetric, so that making the substitutions, —v for @ and
—u for v, observing the choice of root for V4. is admissible for v_z. %
Or Y_(mm), We can use the first part of this lemma, to conclude that
there exists h € SG(3) with;

BEBY = BY . Ry (11)

(vxu) %5
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where i is determined by the formula (%) in the statement of the
Lemma. Then, we can use the conjugation result ({), applied to (1),
noting that ((uw*v)®)? # 2, by (x), to obtain;

l2 Ri1 _ R4

Bﬁ Bﬂ o Bgi112((ﬁ*ﬁ)i3)Rgili2

By the uniqueness of representation, noting that ((v * v)%)? # ¢?
and (gi,4,((W * 0)®))? # ¢*, we conclude that h = g¢;4,, 14 = ig, and
Giri, (W 70)B) = (V* )" as required.

The next claim can be seen by following through the computation
for real U, with [0] < ¢. For the penultimate claim, we can use the fact
that (p,J) transforms as a four-vector, and the components of { £, B}
transform as part of the covariant field tensor, see [3]. Then we can
use the result that the identities holds for generically independent real
{u, v}, with |u| < ¢ and |v] < ¢. For the last claim, we can just use the
identification of matrices in (xx) of the lemma. O

Lemma 1.14. Limit Frames

Given a series of frames Sy(sy, where [U| = 1, connected to the base
frame S by the boost matrices By(sys, with lims oo f(s) = 00, f smooth
and positive real-valued on Rwq, the boost matriz lim,_ee ()£ Bf(s)w
exists, with a given choice of square root, and defines a limit frame Sy .
Given a series of transformations (pf(s)g,jf(s)g) and (Ff(s)g,gf(s)g) of
(p,J) and (E,B) from the base frame S, we define the transforma-
tion to Sy by taking the limit as s — 0o, of the transformation rules,
see [1], for the pairs (pssys, J fsy5) and (E sy, Bsys)- If ((p,J) is a
real pair and (E, B) is a compler valued pair, then the limit exists at
the corresponding coordinates in So,. Defining the transformation of
derivatives from S to S in the usual way by (limg_eo f(s)2eBr(sys)
we have that the transformation is given by lims_ oo t(s)2e((Bfsys) ).
In particularly, the limit definitions are independent of the choice of f
with limg_o0 f(8) = 0.
Proof. For the first claim, using the formula for the boost matrix B4y,

given in Lemma 1.5;

212
Vsb%(o)w
02(’734‘1)

Biyw =1+ %b’;(sﬁ +
where v, = #)Q We can compute the limit, taking a positive
’/1_%

square root;
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lims%oovf(S)#c('ys +1) =1+ Limms 00, f(s) ¢ £()2
1-+55

:1—|—lzm5 0o, f(s)#c L =1
T o

lims—>oo,f(8)¢€f(5)75 = lims—mo,f(s)?éc\/%
2
= 1Moo, f(s) e T— = —iC
f(9)2 2
. N 2
llms—mo,f(s);écf(s)z’yz = lzmﬁoo,f(s)#lf(;()s)é = —c
_IQ?
It is then straightforward to see that that ll.ms_mo’f(s);éc(’hbf#)ij

22
and limsﬁooﬁf(s#c(%)ij exist for 0 < 4,5 < 4, as required. For the
second claim, we have that;
v,J
Py = Ts(p — <L)

Tpew =T = f(s)00) + T s

We have , for a vector field F and scalar p, that;
lim oo F s = lims—ﬂm%w =< F,v>1=F|
so that;

liMms oo psy2cF 1s =F — F s =F

and i o, (52 Vs F s = limsoeys ==L = 0
As above, we have that lim,_,o, f(s)£c7sp = 0, and

liMis o0, f(s) Vs < f(3)0, F >= limyoosf(s) < T, F >= —ic <
T, F >

liMis—soo, f(s) Vs S (8)TUp = —icUp

so that;

limis o0, f(s) 2P ()0 = % <v,J >



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 27
lims o0, f(s)ed f(syp = 1€UP + J 1

Similarly, we have that;

Ejow = B +7%(ELs + f(s)0 x B)

Ef(s)@ = EH,S + PYS(FJ_,S - f(s)chE)

so that, using the above computations again, replacing < 7, F > by
T X F

limsﬁooyf(s)?gcﬁf(s)g = EH — iC(U X E)
lim oo f(s)2eBrisyp = B) + £ (U X E)

For the penultimate claim we have that [im,_, (s)2.Bf(s)w 1s invert-
ible, which can be seen from the inverse boost matrix, replacing v by
—7v, and noting the limit exists again. Then, we can use the formula
for the inverse of a matrix, and elementary properties of limits. The
last claim is clear from the above calculation.

O

Definition 1.15. In the context of special relativity, we choose coor-
dinates 2° = ct, 2t = x, 2> = y, 23 = z. We have the coordinate
relationship for the Lorentz transformation;

’U:)L‘1
r = 7(330 - T)

where v s the velocity of a boost in the x-direction, and v =

_ We can encode the transformation with the Lorentz matriz given by
A, which is defined by;

(Moo = (M) =1
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(K)Z-j =0, otherwise, for 0 <i,j <3
where 3 = 2. We let;
o= 2(e* 4+ )

where e = |E|, b= |B|, and {E, B} are electric and magnetic fields,
satisfying Maxwell’s equations, in the rest frame. We let;

g = (91792793) = €0<E X E)
For1<i,j <3, we let;
Pij = _€0<€iej + CQbibj — %61']'(62 + CQbQ))

be Mazwell’s stress tensor, where E_: (e1,€2,e3) and B = (by, by, b3).
The stress energy tensor is given by M, defined by;

(M)oo =0

(M)io = cgi, for1 <i <3
(M)o; = cgj, for 1 <j <3
(M)'Lj :Pij; fO’f’ 1 S 7/7.7 S 3

It transforms between inertial frames, using the summation rule, see
[3];
—

(M )iryr = (N)iar (N) 5 (M)

Lemma 1.16. Suppose that (p, J) satisfies the continuity equation and
is surface non-radiating in the sense of Definition 2.8 of [6], then there
exist 3 real families of electric and magnetic fields, indexed by v € R,
(Ei7§11;)7 (Ei,gz), (Fi,?i), satisfying Mazwell’s equations in the rest
frame S and the additional equations;
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691 v 81311 v dol 891 v
avaz + ot + w7 0 et o5

alv
+‘9v(f1v+ %t ):0

81311 v

+ 1y div(g,,)

892 v Ip3, v do2 993 v 81"22 v
a, 2% 5 +6v gt + 0 gt + &gt + nudiv(gi)

+0,(f3, + 8%1“) =0

o] v 0, v BO',U 0 v a v
Qy 8z +5@ 93 + Vo pdz 5” ot & %; +§1} p33 +77vdw(gv)

H0,(f3, + 22y = 0 (1)

where;

ay = —5073’Bv = ((52 + 1)73 - 7)77@ = (%8 - 2)751; == b7

52+1 Poil &y = —By%v 18
v

€y = pe) ,7711:%91;:7

Moreover, we can take a ﬁxed pazr (E, B) in the rest fmme with
div(Ex B) = 0, such that E = E —E —E and B = B —B —B

Proof. Transforming between frames, and corresponding fields (E/, E/)
in S" and (Ei,ﬁi) in S, we have, dropping the index v throughout the
proof, that;

o' = (M)oo = (A)io(A)jo(M)y

=70 —y*Begi — 7*Begr + ¥ B*pu

= (0 — 2Bcg1 + f7pu)

cgi = (M')10 = (M) (R)jo(M);

= —7*Bo +7*B%cg1 + y*egr — ¥*Bpu

= *(—=Bo + (B*c+ c)gr — Bpu)

cgy = (M )ao = (N)ia(A) jo(M)s

= vcga — VPP
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_/ — — R
cgz = (M )z0 = (A)iz(A)jo(M )
= ycgs — 7Bpar (*)

The condition that div/(E x B') = 0 in the frame S’ is equivalent
to;

V’ . (giugéugé) = 0 (**)

We have the transformation rule for 5/, given in [1];

R
ox' 7((%: + c? 875)
o _ 2
oy’ — Oy
o _ 0
0z T 0z

+5 5 (7 (=Bo + (B%c + c)g1 — Bpn))
+2 2 (vega — vBpar)

L9 (yegs — Bps1) = 0, (x )
and, rearranging, we have that;

G (B + 17 = )G+ din(g) + (2 - 2%

c Ox c

VB ;0 (7T By vao | (B4 dgr _ BrPvdpn
—di(Th) — =557 + =5 — T = 0, (k)

where T is the Maxwell stress tensor. We have, see [3], that;

div(Ty) + % = —fi
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where f = (f1, fo, f3) is the force applied by the fields {Fi, Ei} rel-
ative to the charge and current (p,.J) in the rest frame S.

Rearranging again, we obtain;

=B 60 ((62+1) 7)391 _}_(___5)%_@%

c

+(62+1)73v 91 _ B 3p11 + ,Yd“)( ) Wﬁ(fl + %) -0 (* % ok % *)

c? ot B

By symmetry, for boosts with velocity v in the y and z directions,
we obtain the relations for (Ei, Ez) and (Ei,gi) in the rest frame S;

C

_ o 3U o
By3 a ((52+1) 7)%9; +(ﬁ_ﬂ>%_5”¥_3_

+(ﬂ2+1)7 vdg2 _ Byv vapzz + ydw( ) (f + 392) 0

c? ot T3

and;

TEE (B0 -+ (P - -

C

+(,82+1)73v gz _ B v8p33 + vdiv(g) + ?B(f;; + %) -0

c? ot c3

The final claim is clear by the definition of surface non-radiating.

0

Lemma 1.17. For (T, to) in the rest frame S, there exists, at (Tg, to)
a polynomial approrimation of (Ei,?i) from Lemma 1.16, satisfying
Mazxwell’s equations, and the additional equations there. Moreover, the
conditions are algebraic.

Proof. Fix (Zo,to) in the rest frame S and define the vector fields
(L., M,) by:

lil,v = Zogj+k+l+mg1 lil,jklm,v<x - mo)j(y - yo)k(z - ZO)l(t —to)™

mil,v - ZO§j+k+l+m§1 mz{jklm,v(m - xo)j (y - yO)k(Z - Zo)l(t - t())m

—1
1 1 _ 1 1 1 .
l2 U9 l3,v)7 Mv - (ml,v’ m2,v7 m3,v) and?

for 1 <i < 3, where Zi = (I

1,0

1 8(]+k+l+m) 1
l; i,jkimy = azﬂaykazlatm | (To,to)
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1 8(J'+k+l+m)b}v

M jkimow = axjaykazlat;" |(EO¢O)

Then, for v € R, at (T, to), (fi,ﬂi) satisfy Maxwell’s equations,
see the proof in [1], and the first equation of (f) in Lemma 1.16. The
satisfaction of Maxwell’s equations at (xg,to), defines 8 linear condi-

: : 1 1 ; .
tions on the 30 coefficients I; ., , and m; ;.. given by;

1 1 1 p(@osto) _ ;
1 10000+ 12,0100,0 T 300100 — F =0 (4)

lé,OlOO,v - l%,OOlO,v + m%,OOOl,v =0

l%,lDOO,v - l%,DOlO,v + m%,OOOl,v =0

1310000 — 101000 T M3.0001,0 = 0 (77)

M1 10000 + M3,0100.0 T M3.00100 = 0 (777)

mé,OlOO,v - m%,OOIO,v - MOEOZ},OOOLU — poj1(To, t0) = 0
m£1571000,v - m%,oom,v - :u060l%,0001,v — fioja2(To, to) =0
m%,lOOO,v - miOlOO,v - /’LOEOZ%,OOOLv — f10J3(To, to) = 0 (iv)

where J = (ji, ja, j3). For the first equation of (1) in Lemma 1.16, a
simple computation using the product rule and the formula given in [3];
Fo=pB,+7 xB,
we obtain that;

dol 1 1 1 1 1 1
Oy 50 = €0av(ll,0000,vll,1000,v + 12,0000,1;12,1000,1; + ls,oooo,ul3,1ooo,u

2.1 1 2.1 1 2.1 1
+C"M 6000,0"1,1000,0 T € M2,0000,"2,1000,0 T € ms,oooo,vms,moo,v)

991 ,, 1 1 1 1 1 1
v pn = eoﬁv(lz,moo,vmg,oooo,v + 13,0000,6™3,1000.0 — 13,1000,6"M2,0000,0

1 1
_l3,0000,vm2,1000,v)

P11, 1 1 2,1 1 1 1
Tz — —60%(11,0000,1111,1000,1; + €M 0000,0™1,1000,0 — lz,oooo,vluooo,v
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_l?lj,OOOO,v%,lOOO,U - CQmé,OOOO,vm%,lOOO,U - 02m§70000,vm§71000w)
51158;'; = 6060(H,OOOO,Ul%,OOOl,v_'_l%,OOOO,Ul%,OOOl,U+l§,0000,vl?1>,0001,v+62m%,00007vm%,0001,v
+62m%,0000,vm%,0001,v + 02m:1a,0000,vm:1«:,0001,v)

991 1 1 1 1 1 1
Co o = EOev(12,0001,vm?),oooo,v + l2,0000,um3,0001,u - l3,0001,vm2,0000,v

1 1
_13,0000,vm2,0001,u)

i1, 1 1 2,1 1 1 1
& ot _Eﬂfv(l1,oooo,vl1,ooo1,v + MM 0000,0"1,0001,0 — l2,0000,vl2,0001,v

_lé,OOOO,vlé,OOOLU - CQm%,oooo,vm%,oooLv - CQmé,OOOO,vmé,OOl)l,v)

ndiv(g,) = EOWv(l%,looo,vmé,oooo,v + l%,OOOO,vmil’»,lOOO,v - lé,lOOO,vm%,OOOO,v
_lé,OOOO,vm%,IOOO,v + l%,OIOO,Um%,OOOO,v + l?l,,oooo,vmiowo,v - l},omo,vm?l,,oooo,v
_liOOOO,vmé,OlOO,U + lioom,ymioooom + l%,OOOO,vm%,0010,v - l%,oom,vmioooom
_l%,OOOO,vm%,()OlO,v)

evfll,v = 0,(p(7o, tO)l},oooo,v + ja(To, t0>mil‘),0000,v — J3(To, to)m%,OOOO,v)

991 1 1 1 1 1 1
0, ot 6091}([2,0001,117'13,0000,1; + l2,0000,vm3,0001,v - l3,0001,vm2,0000,v

_lé,OOOO,vm%,OOOLU) (1)

Combining () and (1) we obtain 1 condition on the coefficients.
We introduce 30 new variables {z .., % ijm}, for 1 < 7 < 3 and
0 <j+k+1+m < 1. Substituting the variables for the corresponding
{0 jkim > Mi jim o} i the equations (1), (1) and (i) — (iv), when v €
C \ {—¢,c}, we obtain algebraic conditions. O

Lemma 1.18. Limit Fquations We can take a limit as v — oo of the
equations (T) in Lemma 1.16, to obtain the limit relations;

—1 —1 8p1 - 8p1 -
2(Bo x By = — (= + T
2 =2 op3 op2
G(B x Bo)o = — 5 (M= 4 2
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-3 =3 op3 o op3 oo
5i(B X Boo)s = — o (m52= + —50=)

for the transferred fields (EZOO,FOO), 1 <1 <3, see Lemma 1.14.

Proof. Observe that, taking compatible square roots;
lzmvﬁoo’y = limv%ooo% = limv%ooﬂv = limv%ooév = va%oofv
= limv%oonv =0

. T T ~B
lzmv—>oo’7v — llmv—ﬂxﬂv - lzmv—ﬂ)oT

— y v
= l'lmfu—moﬁ
c \/1—C—2

3
= lim t
V— 00 2.3
11—}
17 1
- c_4lzmv_>°° 11,3
()
_1f i
Tt T o

Taking the limit of the first equation in (}) of Lemma 1.16, we obtain;

, 8p1 . 8g1 . @gl
7 11,00 2 l,oo _ 2 1 1,00 —
c Oz + c Ot c<f1700 + ot ) 0

which simplifies to;

opt oo
flow = =2k (1

Similarly, taking limits of the second and third equations in (}) of
Lemma 1.16, we obtain;

2
f2 _ _81922,00
2,00 T

0,
fg),oo - = Pgr;,oo (**)
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Using the definition of p;;, for 1 < i < 3, we can rearrange (x), ()
to obtain;

Fioo = (fozp (€1 00)* + (01 0)?) — B3 ((e0)* + (02)*))
oo = (035 (3 00)* + (03 20)°) — $ 5, ((€2) + 2(b3)%))
Fioo = (cog:((€3 00)* + (0 o)) — T ((eX)? + A(03)%) (+ % %)

Using the definition of force density f, we have, see [3], the formula;

8

|3

F=-1v (0B + LB~ (ExB)+ea(v.EE+(E.v)E)
_|_

+((V+«B)B+(B.v)B)
and, substituting for the first equation in (x * %), using the product
rule, we obtain;

= goleolelo)” + fo(bioo)Q) —e(—5=+ 5=+ 222)e] o

_ ( 1 2_{_ 1 Q_i_ 1 g) 1 _ L( 1,00 _'_ ab%,oo _|_ abé,oo)bl
€0\€1,00 Bz 627008y €3,0092/€1,00 o\ Ox Ay 0z 1,00

Ll 0 g1 9 g1 9l
— 0 (Mo z + 02,0055 + 03,005 )01

9(el ot o0) | Olel 003 00) 1001 00b3 00) | O(b1 oob5 00)
:_60( dy + 0z ) ( oy + 0z )

Ho

and, rearranging;

—1 —1 8(100100+2b100b100) 8(looloo+2bloob‘1oo)
ai(Bo X Bo)y = (resttesy oo | Sl i) ()

Similarly, substituting into the second and third equations of (%),
we obtain;

Q(EQ EQ ) _ (8(€%,ooe%,oo+02b%,oobg,oo) + 6(e%,oo€§,oo+czb%,oob§,oo))
ot \ oo 00/2 ™ da 9z

9 /=3 -3 8(6370063&0-"-02123,00[73’00) 8(6%0063!00—1—021)3’00123700)
bi(Boo X Byg)s = (mse—smes f —eteg = ner) (i)
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Using the definition of the stress tensor, we can write this as;

! ek opy opt
(B x By = = (5= + 752)

—2 —2 8p2 - 8p2 -
2(Fo x Bog)y = — 2 Mz 4 oo

-3 -3 op3s oo | OP35 oo
(B x Boo)s = — 5 (5= + =50=) (f11)

€0

O

Lemma 1.19. For the construction of (E,B) in the base frame S,
transferred from the limit (EOO,EOO) in the frame Sipfyy, see Lemmas
1.27,1.29,1.30 and 1.31, we obtain a set of equations (x % x x xx), as
in the proof of the Lemma, for the quantities {0, g;,pjr}, 1 < i < 3,
1 <5 <k <3, valid for w real, with uy # 0, u # wu€1, and with
coefficients as defined in the proof of the Lemma.

Proof. Fixing w real, with u; # 0 and @ # uje;, choose g € SO(3)
with (&) = —L—(0, ug, ug), so that, for v € R, g(iv(u2 +u2)ze,) =

(us+u3)2

iv(0, ug, u3). By the result of Lemma 1.13, we have that;

_ -1
BiU(O’UQ’u?’) o iv(u§+u§)%él Rg

and, by Lemma 1.11, there exists a unique w, with w — iv(0, ug, us),
such that;

BEBE = Rthél

where h € SG(3). Let (E,, B,), be fields in the frames 5, travelling
with velocity ve; relative to S, such that div(E, x B,) = 0, then, in the

rotated frames Ry, (.S,), we have, by Lemma 1.13, that div(EZ XES) =0,
and this property is preserved in the limit frame R;__ (S« ), see Lemma

1.14 and Lemmas 1.27,1.29,1.30, 1.31, so that div(E.= x B-=) = 0 as
well. By the same argument, in the rotated frame, R,-1R;_(Sx), we

—-1p —g~1h

have that div(E?, ~ ) =0. Following the same argument as
above, and taking compatible square roots, we have;

llmv—mo/y = limv—moaiv = limv%mﬁiv = limv—mo(;iv - va—mogiv =
lzmv—moniv =0
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limv%oo/yiv = limv%ooei’u = llmw%oo%
= lim v
V—00 2 /1+§

i ]z 1
= Zlimyoo——
Vvt

ol

. g B2ivy3
llmvﬁoogiv - l'”nv%oo_cQ’L

Taking the limit again of the first equation in (1) of Lemma 1.16,
with iv replacing v, see Lemma 1.18, we obtain, for the transformed
quantities in the limit frame S’, connected to Ry-1 Ry (Ss) as the limit
of boosts with velocity vector iv(0, ug, us) ;

i OP11,00 i 091,00 i 091,00\ __
¢ dx ¢ ot +E(f17oo+ ot )=0
which simplifies again to;

fl,oo = _810(‘1)% (T)

Following the same argument as Lemma 1.18, and using Maxwell’s
equations, we have;

9(E B — _ 1 (920 | 91300

8t( oo! X OO’)l - 50( oy + 9z ) (H)

for the transformed fields (Eu, Boo) in S’. Let S” be the frame con-
nected to S’ by the relation R,-1(S") = 5, where R,-1(0, ug, u3) = wey
and w = (uf +u3)2. Let Rp(e) = %, where u = (u} +u3 +uj)?. By
the same conjugation result, we have that;

R¢Buz R;' = By
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Let S be the frame connected to S” by the relation R(S") = 5",
the derivatives on S’ transform to S”’ by the relations;

A

2 (R Ry) ML) = Ry Ry(2)

& (R Rp)TH(E) = Ry Ry(£) (0)
We have that;

(B m = =w

Let;
T={0:0.ue,} =w

so that, as f € SO(3), 6,u = w, where 0 = (6, 05, 03), and R;le(El) =
0, with |0] = 1. We have that R,(¢;) = v, with ¥ € (0, ug, u3)* and
|| = 1. Observing that;

(T, (u1, ug, ug)) = V1

(6 (O,uz,U3)> -0

w

Let;
T = {5/ s U] = vlul,gl .0=0}

so that, again as f € SO(3), Oju = vjuy, § = 14 6.9=0,and

R7'Ry(e:) = 0, where § = (6/,605,6;) and ['| = 1. As {f, g} C SO(3)
and €; X €5 = €3, we have that R;le(Eg) =0" =0 x 0'. Transforming
from S’ to S”, we have, using (#), that;

%((Eoo/ X Ew/,él)) —> %((Eoo”’ X Eoo“’ag))

= H(2%+ 2a 4+ £5)

€ u

_ 9g 99 B 9g
= o 2% o
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where § = (g1, g2, 93) = €0(Eoor X Boor), for the transformed fields
{Eoo’” oo”’} in S”/ and 9 = (u ,ﬁ)

(Esr 1) 5 (Eoom, 0)

(Ewwr @) = (B, 0)

(FEsr,@3) — (Eoorn, 0% 8)
(Eoor,81)(Ener, @) = (Eoorr, 0)(Eoom, )
= (2" + e2a + e38) (2 + eay + €30)

= ’””1“1e%—i—(%—}—%)elep%wfﬂ“lul’g)6163+a762 +(ad+Fv)eses+
poe3

wEere 0 = (P, y,0), Eom = (1, s, e3). Using the same reasoning
for B, we have that;

(5 + 232 )pra + (3 + 290)pis +aypaa + (a0 +
ﬁfy)p23 + 55]933

_e_owv1u12_o__ 0’_60/8 20
2 u? ¢ 2

= i pn + (5 + 2 )pra + (%5 += vlulﬁ )P13+Qypas + (b + By)pas +

U

Bops3 (ﬁﬂﬂ)

as 5 +ay+ 30 = 0, where (p;;)1<i<j<3 are the components of the
stress tensor and o is the energy term in S”. We have that;

(Bowr 1) (Bocr, @) = (Bown, 0) (B, 0 % 0)

= (2% + eqa + e3f)(e1(ad — By) + e (6”1“1 — ‘57“’) + eg(L¥ — au))

u

= 2(ad — fv)ed
(Buw _ ) + a(ad — By))eres

u

(55— =5) + B(ad — Bv))eres

—+
—~
ele

-
—~
28
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+Ha(Pm = 2))e

—i—(a(ﬂ _ av:;u) _1_5([31);1” . 6w))6263

u u

(2 - 2]

u u

Again, following the same reasoning as above;
P13,5" > %(045 — By)pu

(2 — 22 4 a(ad — B7))pr2

(% — =) + Blad — B7))pis

(P — 09))paa

u

+(

gle

+(

elg

+(a(Tr — o) + 5(% - 57“)))1?23

u

+B(L7 — *)pas

—@ (0§ — )2

(i - iy

_%Oﬁ<% _ av;UI)z_Z

= Y(ad — B7y)pu

+(%(M _ %’J) + a(ad — B7))pi2

u

+(2(TF — =) + B(ad — B7))pis
+(a(m - 671”))]922

u

Ha(% - 22 4 (e — 2y

u

HOCT — = s (8220)

as L(ad — By) +a(fuu — dw) 4 g(re _ aviw)
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By (&), we have that;

(2)s > 22 92 152
()s = (@b = By) & + (Famn — Sy & 4 (U — awte) D (gt

Combining, (11), (8),(888),(444),(48488), we obtain the relation in the

frame S,

w 9q1 | adga | B Igs
eou Ot + eg Ot + e Ot

_610[111111 0 _i_,yay_i_(saz](wvlulp _'_(uw_'_vluloc)p +(w6+v1u15>p 5+

u  Ox

aypaz + (ad + 57)pas + Bpss)
—L[(ad = )& + (Pum — ) B g (10— euw) IY(L(af — fy)p
(fut — 22) 4 a(ad — B7))pi
(L — =) + B(ad — By))ps
+(04(% - 671”))]922
oLl — aumy 4 g(oum _ duyy),

u

+O(E — = )pss) (117)

Let S be the frame connected to S” by the relation B, (5"") =
S" . Using the formula for the boost matrix, we have that;

+(

elg

+(

s g

(B)so ol + 48
(%)Sl!/ —> aiy

(Z)sm = &
(aﬁ)s”’ = ’YU(at + uax) (TTH)

and, using the energy stress tensor;

u 2 U 2
(cgr)sm > (—222)0 + (en2 + L0 ) gy — (“a)py,
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(cg2)sm + YuCga — 2 pay
(cga)sm = Yucgs — 24pa
(p11)sm = %(C— —2ug1 + pu)
(p12)sm = Yu(—ug2 + pi2)
(P13)sm = Yu(—ug2 + p13)
(P22)sm > p2o
(p23)sm = pas
(p33)sm = paz (T1111)

Using the relations (t17), (1T11), (tT111), we obtain the following re-
lation in S";

u 2 U2 2 w 2
Yl +uzp) (=)o + (evi + “2)g1 — (“2)pu)

€0U
+60u/7“(8t + u%)%(’VUCQQ - %p21)
+eou%<at + Ua%)%(%cyg - %‘Tup:’)l)

= i (L4 5 8) 4yl + 6L (M2 (M2 — 2ugr + pu) +

(42 +w18)y (—ugy +pra) + (L2 4+ L8 )y, (—ugs + pi3) + aypae + (ad +
BY)p2s + BOpss)
—1[(ad — BY) (L + %5) + (Bum — )0 4 (1w _ auwm) 0]

u u

() (a0 —=By)72( S —2ugr+pin)+ (L (P44 —22) o (ad—BY))yu(—uga+
P12

(L — ey 4 Bl — By))vu(—ugs + pia) + (a(ZLU — 0wy)p,,

(L — ) GO )y - (10— QUML) pg) (% k %)



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 23
Aij = (005 +0:0;) for 1 <i<j <3
vijg = (0,0 + 0707) for 1 <i < j <3
Then, using Lemma 1.20, we can rearrange (x * * % %), to obtain;

3 1%
—w3ys do + wy2uv12 do + wyguwis do + Wy (453 9o
eouc? Oz €c? Oy ec? Oz €oc? ot

30,2, 2w2c? 2
—i—w%(u T2 ) dg1  2wylvip 8gr | 2wyivis 891 + wnCuioutie) 99y
€oc? ox €0 Oy €0 eouc? ot

uyg (02—01 A2 — 91M12)692 uyu(—05A12—05 112) 892 uyu (=05 12—04 112) Hgo
+ . + + s
0 €0 €0 z

+'yu(02——(9’/\12+91 H12)) 392 4 uy2(03—05 \13—07 p13) 8g3 + uyu (=05 13—05 113) dgs

€0 €0 €0 Oy
wyu (—045 A 13—04 p13) 893 Ya (03 = (9 A3 +07p13)) ag3 (=" —%3) apny
+ . +2 SRR R 20
0 €0 EQU xr

_|_’7qu12 3p11 + Y2wviz Opi1  vew® dpiy + Ya(—b2u+c20) Ma+c0] p12) Ipio
€ou eu Oz egc?u? Ot c2eq Oz

+'Yu(9 LA 12405 112) 8p12 + Yu (05 12404 p12) 8p12 + Y2u(—02+0) A\ 12467 n12) Op1o
€0 €0 c2eq ot

+7u( O3u+c20) \13+c20 j113) 8p13 + Yu (05213465 p113) 8p13 + Yu (0513404 1113) Api3
ey €0 €0 0z

03401 A13+67 113) O Ooyuv1z O 0 0, 0 0, Oouryy,via O
+ au(— 626 1 ) P13+ 2Yul12 P22_|_ 2122 P22+ 2123 P22+ 2 ’Yu2 12 (1;22
0 €0 €0 €0 €oC t

+7u(9 1A23+607 p23) 8p23+(9 5 A23405 p23) 3p23+(9 5X234-0% p23) 8p23 +7uU(9i)\23+9’1’M23) Opas
€0 €0 €0 c2eq ot

03vuv13 9}?33 03103 5?33 0333 81?33 O3uyy Op3s __
= €0 + €0 + €0 + Teoc? Ot 0<******>

O

Lemma 1.20. With notation as in the previous Lemma 1.19, we have
that;

(ad — By)? + @l 4w —

Proof. By the fact that |#”| = 1, and the definition of 6 x ', we have
that;
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(a5 _ 5,7>2 + (vlulﬁ _ @)2 + (M _ av1u1)2

u u u u

2 2

= (06— )+ L ( w2y p (w9 (0, ) (ay+ B8) =

u? u?

(*)

As ¢ and ¢’ are orthogonal, we have that ay + 36 + “24** = 0. Sub-
stituting into (x), we obtain that;

2 2

(@8 — B7)? + (vur)2(1 — %) + (1 — W%%) — 2W (g py ) (— L)

u u

= (a0 — By)? + gl w2 =1

u

O

Lemma 1.21. With notation as in Lemma 1.18, for the equations
(% % % * %), we must have that;

Ooc __ Qo __ 091 _ Og2 _ Oga _ Og2 __ Ogs3 _ 093 __ Og3 __ Opiz __ Opi3

9y — 9z  9xr  dy 9z 9t 9y 9z ot oz Oz

— Op22 _ Op2p _ Opz2 _ Op2s _ Opas _ Opss _ Opss _ Opss _ )

oy oz ot 0Oy 0z oy oz ot

Proof. Note that as u — 00, 7, ~ ©=. We let 2 = x and W= A, with

uy # 0, so that w = su, with s = (%) . The equations (s s %)
in Lemma 1.18 hold for all © with 0 < v < ¢, and are algebraic, so

letting u — oo, we obtain that;

—vi0s 8o vizs o | sicOgr (=05 12—05pu12) Oga  ic(=05M12—05'p12) ga

€0 Oy eg Oz eg Oz €0 oy €0 Oz
_+_(9'1>‘12+9'1'H12) Oga _ ic(=05M13—05p13) 9gs _ ic(—05M13—051u13) Bg3+(9'1>\13+9’1’lt13)%
€0 ot €0 oy €0 €0 ot
02 Op12 | 03 Op13 92V22 3;022 Ova3 Op22  i0avia a1022 (05223+05 p23) Opas
+60 ox + eg Ox + + € Oz €ocC + €0 oy
(03223405 po3) szs 03123 ap33 O3v33 Op3ss i Opaz __
+ €0 + €0 + €0 0z €ocC ot _O(*******)
where;

9128792204793:5

/ __ _SuU1 /_
00 =15 0 5 =

_ i _sPBur " __ sav
=ad — f, 05 = — — 80, 04 = sy — =L
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sawy

M2 =87+ %

)\1328(5‘*’\/8%

Agz = ad + By

pz = s(F2 — 50) + aad — B)

savy

pis = s(sy — \/T) + B(ad — B7)

sauy

fro3 = sy — \/7)"‘5( )

v = f}riz + (ad — Bv)?

vis = S 4 (a6 — ) (225 — s9)

Vi3 = /Lﬁ;z + (ad — By) (s — _/7810:”3;2)

Voo =7y +( S/Lvl —85)
oy = 46+ (22, — s58)(sy — 322
Vg3 = 02 + (57 — %)2

and, by the orthonormality relations between 6 and 5,;

1+n2+7 +52_1

s oy +50=0

on] < 1(1)

Now, take kK = 0, v =0, 0 < s < 1, 7 = (1 — s2)2, & = 7cos(8),
B = 1sin(f), v = —sin(h), 6 = cos(f), 0 < § < 2m, then it is easily
verified that the conditions of (') are satisfied. Substituting into the
equations (x * % % x *), and taking the power series expansions of the
functions involving 6, we can equate coefficients in {1,6,6%} respec-
tively, to obtain the following set of equations;
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N s27 9o | sicOg1 _ sic(t%—s )892 T(r2=s )892 sicdgs | T Opiz | s27 Op22
(Z) €0 8y+ €0 Oz €0 + €0 + eg Oz +eo ox + €0 Oy

+zs‘r 8;022 + T Op2s _ i Opss __ 0

ceo e 0z ceg Ot
N 27 9o dcs(14(r%—s%)) 9ga _ ics(1+(m2—5?)) 893 (2 )893 T 9p13
(”> € Oz €0 0z €0 + €0 + o eg Oz

+T(S —1) 8p22 4 (25 —1) 3p23 + 7 Op33 =0

€0 €0 €0 0z

2¢p Oy €0 oy 2¢0 ot €0 0z 2¢g O

(ZZZ) —s27 9o + sic(1+(7%—s?)) 9ga _ 7(12—5%) 8g2 __ sic(1+(r2—s%)) 9gs T Op12

273752 Opaa _ sit? 8}722 7(4s2-1) )31323 7(s°~1) Opaz _
+ 2¢ep oy ceo + 2¢eg + €0 dy 0

Using 72 = 1 — s%, we can simplify (i) to obtain;

_7(8_0 + 8p22> + 310(891 + ng) _ sic(1-2s?) 9go + 7(1-252) dgo

Jy dy ox 0z €0 By €0 ot

+ (81712 + 6p23) + is(1=s%) Opos i Opsz _ 0 (%)

ceQ ot ceQ ot

We can write () in the form ZI=1 Aipt; = 0, where;

__ (0o | Opa2 9g1 | Ogs3 992 992 Opi2 | Opes
Ml_(a_y—i_ ay>7u2— +3z,/~63 3y?ﬂ—ataﬂ5 8x+8z
__ Op22 32733
He = at M

Using Newton’s expansion of;

and equating coefficients up to s® to zero, we obtain the following
equations;

a(l). g+ ps — %m =0
b(s). ic(pz + pz) + Lpe =0
c(s%). 1 — Spa — pis = 0
d(s®). —2icps — tpg =0

6<S4>. %l,ul + §M4 - %/J5 =0
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6 —1 3 _
f(s°). 5+ 551a =0

Using c, e, f, and solving the three simultaneous equations, we ob-
tain that uy = pugy = pus = 0. From a, we then obtain that u; = 0.

Using b, d and eliminating s, we obtain py = pz and g = —2c?us, so
we obtain;

Qo _ _Opaa Opi12 _ _ Opas Opar _ _202@

oy dy ' O 0z 7 Ot dy

992 __ Opss __
ot~ ot =0

9 g5 _ O
e T o = 3y ()
Using 72 = 1 — s? again, we can simplify (ii) to obtain;

(“) 27 o ics(2—252)) (% + %) + 7(1—-252) (ng N %) + L(% . %)

€g Oz €0 0z oy €0 ot dy €0\ Oz 0z
m(s>=1) Opga _
+=—%2=0(1)

We can write (1) in the form 327 A\ju; = 0, (1) where;

_ Odao _ 092 | Og3 __ 0Ogs _ Opas __ Opis _ Opss __ Op2s
1= 5 H2 = 37 T 3.5 3 = oy 0+ M4 = 5y 0z 1 M5 = 752

where A\; + A3+ A5 = 0 and A\; — Ay — A5 = 0. Using the first relation
in (f), we can write (ft) in the form;

A1 ([Ll — #5) + /\2M2 + )\3(,&3 - MEJ) + )\4#4 =0, (-HT)

Using the second relation in (§), we have that 2\; = Ay — A3, so that
multiplying (111) by 2, and substituting, we obtain the relation;

2Xop2 + A3 (2(ps — pt5) — (1 = pi5)) + Aa(2pa + (1 — p5)) = 0 (F7771)
By taking a power series expansion of (1 —32)% or otherwise, it is eas-

ily checked that varying the coefficients (2A2, Az, Ay), with 0 < s < 1,
gives that;

2 = 2(p3 — pis) — (i1 — ps) = 24 + (p1 — ps) =0

so we obtain;
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992 %
0z dy
oo d 0 d 3 B B
fe = o(0gs — 2gm) — g = —(o(%p — ) — &)
B 0 B B d
g = (Y — %) 1 (% - 253
) 3 3 B 0
fe = (% — =) — (%2 - %) ()
Using 72 = 1 — s? again, we can simplify (ii7) to obtain;
—s%7 9o + sic(27232))<8£ . %) _ 1(1-25%) 892 1 Op12
2¢g Oy €0 oy 0z 2¢p ot 2¢p Oz
271—371s2 0, si(1— s)a (45—1)8 (s—1)a _
+ 726075 g;;z o P2z | - P2 | . p33 =0 (+11")
We can write (111') in the form 375 A = 0, (+111) where;
) B ;) ) _ 9 _ 9
=50, e = G2 =GB g = 2y = B2, s = B2, g = 52
M7 = 85237 Hg = 85;3
where 4)\1 - 4/\4 -+ 2A8 = 07 6/\1 - 4)\4 - 2)\5 = 0, 4A1 - )\4 + )\7 =0
and 2y + A3 — Ay = 0. Using the first relation of (ff), we can write

(1711) in the form;

A (1 — 2p8) + 30 Nigti + Aa(pa + 2p8) + 37 Nigti = 0

Then, using the second relation of (ff), we can write (}111) in the
form;

At (i + 315 — 2018) + D20y Nipta + Na(pa — 2415+ 2p18) + 301 Aapai = 0

Using the third relation of (ff), we obtain;

A1+ 3ps

+Aepte = 0

— Apar — 2p8) 4+ S0y Nipts + Malpua — 2ps + pr 4 pr + ig)

and, using the fourth relation of (£), we obtain;

A — 23 + 3ps — 4pr — 28) + Agpta + Aa(ps + pa — 25 + i
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+pg) + Agpis = 0

Using Newton’s expansion of 7 again, and equating coefficients up
to s2, we obtain the equations;

o(s?). 4 4+4 =0

where 01 = p1 — 23 + 35 — 4 — 28, 09 = fi2, 04 = pz + pa — 205 +
7 + g, 06 = Hg

From b, we obtain that u, = %,uﬁ, so that;

g2 dg3 __ 1 Opa
By T Bs = 3 i (¥ x oK)
From the rearrangement of (7), we had that 85? = —202%—95, so that,

using (* * %), we obtain;

992 _ 993 _ _ 0g2 992 __ 993 ()
Oy oz Oy andZay Oz <)

It follows by symmetry that 2% = %—9;, so that by (1), 4%2 = %—9;
and, using (k * *%), % = % = % = 0. It follows from the second
y z t

equation in (f) that 92 = 0 as well, (E).

From a, ¢, we obtain that 6; = d, = 0, so that p; — 2us+ 3us — 4uy —
2us = 0 and pg + pa — 25 + p7 + ps = 0. It follows that;

do _ o0g2 Op22 _ 4Op23 _ oOp2s __
Oy 28t +38y 487: 28y =0

992 4 Opi2 _ 90p22 4 Op2s | Op2s _ (y (111
8t+8x 28y+82+8y _O()

From the third and fourth equations in (££), we have;

993 __ Op2o Op22 _ Opis Opss
8t_6z+8y Bx+82

90 _ 995 _ Opas _ Opis 4 Opss
0z ot oy oz 0z
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81022 + 3;022 . 81013 + a1733 Op23 0:013 + 31033

231?13 + 8p22 + 3p22 _ 5?23 + 23p33’ (m)

and, from (!!!), second equation of (4), we have that;

992 __ 811712 81?22 _ Op2s _ Opas __
n + 2 =0

oled 892 81022 32723 3]?25
oy = =252 3=k [oR28 | DZFRI3

— 2( 81012 _‘_2@ _ % _ %) 381)22 +43p23 + 231723

We also note, from the fact that % = 0 in (f), that % = 0 by
symmetry. Rewriting the equations (%% %) of the previous lemma
in terms of the stress tensor, using the above relations, we obtain;

—V125<_23p12 73p22 + 231023)

€0

_1/138( 231713 + 3p22 + 3p22 _ 3?23 + 231)33)

€0

_ie(=05M2—012) dgs _ ic(=05M3—05 113) —dgs
€0 0z €0 0z

62 Op12 03 Op13 | Bavoo 31022 O2v23 31?22 (05223405 p23) Opas
+eo ox + eg Oz + €0 + €0 + €0 oy

+(9§)‘23+9/3//‘23) 31012 + 93!/23 3P33 4 Osvs30pss _ (s s s % ok k)

€0 €0 0z
with;
81712 3}722 _ Op2s _ Opas
+2 Oy 0z 0
__o0pi2 = 0p22 Op2s __ _ Opao
20 7lpm 4 9l — D2 (4)
by (1) and the fact that g—;’ = —8(1;’;2 in (#), and the additional
relations;
232913 + 32722 + 51722 _ 81)23 + 23p33 _ _3523
3;013 31033 _ Op2s _ Opas __
+2 oz oy (B)
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a1733

which we obtain by symmetry, see Lemma 1.26, ‘9" = , from

g—; = 8552, and from — 8]’12 —I—ZM—%—% —O

Eliminating {%, %, 85;2, ang} from (A), (B), we obtain the equa-
tions;

% — 12( a2933 + 32722 8%)

% — (1981)33 + 531722 435%)

Op22 __ 1 (090p33 _ oOp2 Op23
oy <2 0z 2 o) +4 o )

% _ 1_12<53523 531722 +4<9p23) (C)

Substituting into (x * * * % % %x), we obtain;

ic(03A12+05 12 —05 13—05 13) Oga
€0 0z

+ 03123 Opss

e Oy
(V162S 1993+93/\23+93M23+92V22 105033) Opss
+ €0 0z
503 _ 03323  05ua3  6gvgg 0
_|_(_ o s~ g +02123) 9pyo
€0 0z
_2 26 200 20! P)
+(%—T2——+ =728 4 3098 4 2222 40/ N3 +0Y 123) Opas 0
€0 dy

Taking k = 0, vy = 0, s = 0, 7 = (1 —s*)2 = 1, a = 7cos(f),
B = 1sin(), v = —sin(h), § = cos(d), for § € {0, Z, 37 2} respec-
tively, noting that the first coefficient in i; is zero, we obtain the

coeflicient matrix (A);;, for 1 <14 < j <4 for the remaining 4 variables

{% Op3s  Opa2 31’23}

dy 7 9z 7 9z’ Where

ar = 0,a12 = 0,013 = 0,014 = 5

Gon — =L g A3 T o]
21 7 9 /360" Y22 T 62607 Y23 T 12v2e0? %4 T 64260

1 2 _ 5 _ _-13
a3y = 2\@60;@32 = _ﬁ€07a33 —12\/560;%4 6v2e0

-1
ag = 0,a42 = ag3 = 0,044 = o

19
12¢0?
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By a straightforward calculation, we have that det(A) = % # 0, so

= e
that;

Opss _ Opss _ Opaz _ Op2s _ )

Oy 0z Oz Oy
By (C), we have that;

Opiz __ Opiz __ Op22 __ Opes __ 0

o ox dy 0z

992 _ 9o _
ot _3y_0

By (!!!), we have;

993 _ 9o _
ot _8z_0

By (E), we have;

@—%—%_8@2_0
dy ~ 0z ~ Oz ~ ot

Substituting these values into (x * % % * % *) and using the relation;

092 _ _ 0Ogs
0z Oy (F>
we obtain;

ic(05 12405 p12—05X13—05 1113) Hgo
€ 0z O’ (G)

Let S = %7 T = (1_82)% ey \/75’ 1/1 = ]_7 1—|—/§;2 = 27 p = (1—1iig) —=

N =3+43k% a=rTcos(§), f = Tsin(g), v = pcos(%), 6 = —psin(F),
then ad — py = —% and s = % It is easily verified that the
conditions of (f) in the Lemma are met. Calculating the coefficient in

(G), we obtain that;

SIS

Y

—3ic 0g2 __
S0 0=~ U
so that, using (F), 92 = %—g; = 0. This proves the Lemma.



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY %3

Lemma 1.22. Using the notation of Lemma 1.19, we have that;

331911 _ _ Op12 _ 62@ _ Opis _ 02% _ anp% + 81)23

ot Oz ot

8:1:

_ 991 __ 0991 __ Opi2 _ Op12 __ Opis __ Opiz __ Opaz __ Opss _ 0

oy ~ 0z ~ Oy ~ 0z Oy 0z Ox ox

Proof. Using the result of Lemma 1.21, multiplying the equations (x
% % %) in Lemma 1.19 by u, taking the limit as u — oo, and again
noting that the equations (% xx) in Lemma 1.19 hold for all v with
0 < u < ¢, and are algebraic, we obtain that;

—ics® do + 2c2v19s 991 + 2cv13s 991 + sic(2s2—1) g1 2(02—01 12—07 p12) dga
e Ox €0 oy €0 0z €0 ot €0 oz

€0 ox €0 ox €0 oy €0 0z

(0307 A13—07p13) g3 s(s®+1)ci pi1  ic(0hMi2+0) pi2) Opia  ic(05M24604 pi2) Opiz

. (7924»0/1)\124»91/“12) 8])12 . ic(@’z)\13+9§'u13) 8p13 _ iC(aé)\l?)‘FeélNlS) 8;013 _ (703+9l1/\13+0l1,/"13) 82713
€0 ot €0 oy €0 0z €0 ot

_icOorin Op2a  1c(01A23+07 pas) Opas  (01A23+07p23) Opas  ichzvis Opsz 0
€0 ox €0 ox €0 ot €0 or

Rearranging, we can write this as;

—ics®

1
a (8 331311) + 2c2v128 391 + 2c%v13s 591 + 820(28 )(591 + 81)11)
0 T €0

€0

_dc(05M124+05 1) Opra  ic(03M12+05p12) Opra  (=02+01 A 124+607 p12) (8p12 B 2@)
€0 dy €0 0z €0 ot Ox

_dc(0pM3+05 i) Opry  ic(03M3+0513) Oprs (=030 134607 pas) (‘91913 _ 2%)
€0 dy €0 0z €0 ot oz

_ic@:oz/lg 85% . (0@23:;0'1/#23)( 8p23 + 8p23) . ic@soylg Bg% -0 (*)
Now follow the method of the proof in Lemma 1.21 to obtain the
result.

O

Lemma 1.23. Let S be surface non-radiating, for real charge and cur-
rent (p,J), then there erxists a complex solution (E,B) to Mazwell’s
equations with E x B = 0.

Proof. By Lemma 1.21, there exists a complex solution (E, B) to Maxwell’s
equations, with, in components, £ x B = %(gl, g2, g3), such that;

91 _ 992 _ 992 __ 092 _ 995 _ 993 _ 9935 _

Oz dy 0z ot dy 0z ot
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By Lemma 1.22; we also have that;

991 _ 9091 __ Op12 2092 __ Op1s 2093 __ 9q1 + opun _ 0
ot

0y ~ 0Oz ot Or ot or or

It follows that g; is independent of Z € R3. By the boundary condi-
tion that limz0g1(T,t) = 0, see Remarks 1.32, for t € R>g, we have
that g; = 0. Similarly, g, is independent of the coordinates (y, z,t),
and we have that;

992 __ 1
Ox ~ c¢? Ot

By Lemma 1.21, we have that % = 0. It follows that % is inde-
pendent of x, and, therefore, g is constant. Again, using the boundary
condition that limz|—g2(T,t) = 0, for t € R>o, we have that g = 0.
Finally, g3 is again independent of the coordinates (y, z, t), and we have

that;

W

995 __ 1 0p
oz c? Ot

Again, by Lemma 1.21, we have that % = 0. By the same argu-

ment, gs is constant, and, using the boundary condition, that g3 = 0.
O

Lemma 1.24. Let_(E, B) be a complex solution to Mazwell’s equations
for a real pair (p,J), with E x B =0, then on the open set U C R4,
for which B # 0, we have that E'= AB, and p|U = 0.

Proof. Writing E and B in components (ey, ez, e3) and (b, by, bg), the
condition that £ x B = 0 amounts to the equations;
62b3 - €3b2 6361 = €1b3 61b2 = 62b1

Without loss of generality, we can assume that {b, by, b3} are non-
vanishing on U, to obtain that;

e _ es _
e = e = A
er _ es _
b b M
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and, clearly then, A = = v, so that £ = AB, (x). We have that the

pairs (Re(FE), Re(B)) and (Im(E), Im(B)) satisfty Maxwell’s equations

for the pair (p,J), and in free space. In particularly, div(Re(B)) =

div(Im(B)) = 0, (+%). From (), we have that;
Re(E) = fRe(B) + gIm(B)
and, from (+x);
2 = div(Re(E)) = grad(f) . Re(B) + grad(g) . Im(B) (+ * %)

Let v be a level surface for f, with interior U,, then by the diver-
gence theorem;

Ju, bt

= [, div(Re(E))dz

— [ Re(E).dS

= J,(fRe(B) + gIm(B)) . dS

= f [, Re(B) .dS + [ gIm(B).dS
= [, div(gIm(B))dz

= [, grad(g) - Im(B)dz

By continuity of f, we can cover U with open sets of the form U,
contained within any ball B(xo, €) of radius € > 0, so that we conclude;

L = grad(g) « Im(B) (% * *¥)
Similarly, we can conclude that;
L = grad(f). Re(B) (* * * x *)

From (x % ), (% % %), (* * % * %), we have that p =0 on U.
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Now observe, that if we take a sequence f, — f, g, — ¢, with uni-
form convergence of derivatives, on B(y,r) C By, # 0, for a fixed ¢, €
R, and define E,, = (f,,—ig,)B, so that Re(E,,) = f,Re(B)+g,Im(B).
Then, if we take p, = eodiv(E,,), we still have that (* x %) holds for p,,.
If each f,, has a bounded level surface ,, and each g, has a bounded

level surface 6,,, then we can repeat the argument to conclude that;

wa Ln 7 = fU"m grad(g,) « ]m(E)df

€0

Assuming we can cover B(y,r) with open sets of the form {U,,,, Us, },
contained in any ball B(zy,€), (M), then we can reach the conclusion
that p,|pgrs = 0. As E, — E, div(E,) — div(E), so that p, — p,
we conclude that p|p,) = 0. Suppose that the contours of {f,g}
are open, but we can cover the ball B(y,r), with surfaces of the form
f—c=0,g9g—d=0, then we can consider the functions;

fop=al(@ =)+ (y—12)* + (2 —y3)* = 7°) + Bf(x,y, 2)
Jap = a((x —11)* + (y — v2)* + (2 — y3)* = 7°) + By(z,y, 2)

which have that property that f,53 = f, gog — gasa — 0, 8 — 1.
The level curves f,3 —c = 0 and g, — d = 0 converge to the level
curves f —c =0, g —d = 0, in the pencils of surfaces;

a((@ = y)* + (y —y2)* + (2 —y)* = 1) + B(f(2,9,2) —¢) =0

a((z—y1)? + (y —v2)* + (2 —y3)* = 7%) + B(g(,y,2) —d) =0

as a — 0, 8 — 1. By taking a small enough ball B(7,r), we can
assume that all the level curves f — ¢ and g — d, restricted to the ball,
are unramified with respect to the projection pr(z,y,z) = (x,y), so

by the implicit function theorem, can be written as z — f.(x,y) and
2z — ga(z,y). Then, we can write the pencils restricted to the ball as;

al(z—y)?+ (y—y)?+ (2 —y3)* —r?) + B(z — fe(z,y)) =0
a((x =)+ (W —v2)* + (2 —ys)* = 1%) + B(z — ga(z,y)) = 0 (F)

so that;
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az? + (B —2ay3)z +a((z —y1)* + (Y —y2)* +y3 — %) — Bfe(z,y) =0
az? + (B —2ays)z +ol(z —y1)* + (y —42)* +y5 — %) — Bga(z, y) = 0
with discriminants;

Diap = (B—2ays;)* —da(a((@—y1)*+(y—y2)* +y3 —1°) — Bf(2,))
Dy p = (B—2ays)’ —da(a((z—y1)* +(y—y2)* +y3; —r?) — Boa(z,y))
sothat D1 o3 —+1>0,Dyqp—1>0,as 0 — 0, 8 — 1.

It follows that the pencils defined by (F'), form, pointwise, closed
loops Lcag, Ldap, containing the segments z — f.(z,y) N B(y,r),
z—ga(x,y) N B(y,r) as a — 0, § — 1, where we can analytically con-
tinue f.(z,y) and g4(z,y) outside pr(B(y,r)) if necessary. The level
curves of f, g and g, g can then be approximated by the loops defined
by the pencils in (F') as @ — 0, § — 1. It follows that {f, s, 9.3} are
approximately constant on the loops {Lcq g, Lias} and we can carry
out the argument above to obtain;

Ju,

By shrinking the ball B(¥,r), we can make the approximation (M)
hold over smaller loops, to conclude that p =0 on U. U

fatdr — fULC’aﬁ grad(gas) « Im(B)dz (P)

c,a,fB

Lemma 1.25. Let the frame S be surface non-radiating in the sense
of [6], for charge and current (p,J), then in any inertial frame S’ con-
nected to S by a boost with velocity vector U, with |v| < ¢, we have that
S’ is surface non-radiating, for the transformed current and charge
(p’,jl). Moreover, if the frame S is surface non-radiating for charge
and current (p,J), then for any g € O(3), if (p?,J°), are the trans-
formed current and charge in the rotated or reflected frame S', then S’

1s surface non-radiating.

Proof. Let S” be a frame connected to S" by a velocity vector w. By
Lemma 1.9, we have that By By = R, Bp., where g € SO(3). Let S”
be connected to S by the velocity vector v*w, then as S is surface non-
radiating, there exist (EW, EH/) satisfying Maxwell’s equations in S for
the transformed charge and current (p”, J" ), with div” (E" x B") = 0.
By Lemma 1.4, we have that in S”, (EH, Eﬁ) satisfy Maxwell’s equations

for the transformed current and charge (p”, 7//) with div(EH X Fﬂ) =0,



58 TRISTRAM DE PIRO

—ig ///g

where E' = E"¥ and B' = B". As (p,J) transforms as a 4-vector
between inertial frames, and using the result of Lemma 1.7, we have
verified the surface non-radiating condition for S, with the transformed
current (p/, 7/). For the last part, let S” be a frame connected to S” by
a velocity vector v and let w = ¢! (w). In the frame S" connected to
S by the velocity vector w by the definition of surface non radiating,
there exist fields (E", B"), satisfying Maxwell’s equations in ", with
v”(E" x B") = 0. Using Lemmas 1.4, 1.7 and 1.8, if (E",B") are
the fields in S” corresponding to (E’, sign(g)B’), where (E, B) are the
fields in S corresponding to (E", B ) in S, then " . (E" x B") = 0.
Moreover, (p” ,7//,EH,§”) satisfy Maxwell’s equations in S” for the

current and charge (p”,J ) in S” corresponding to (p9, J°). . O

Lemma 1.26. Let 7 be a permutation of (1,2,3), and let (p, J, E, B)
satisfy Mazwell’s equations in S. Let (E ", sign(t)B") be the corre-
sponding fields in the reflected frame S'. Let {h;, hi}, for 1 < i < 3,
{pij: i}, for 1. < i < j < 3, and {o,0'} be the components of the
Poynting vector, stress tensor and energies for (E, B) and (E', sign(t)B")
respectively, then;

_ ! T T
o' =07 hi = hl; Pij = Prayrg)

Let hypotheses be as in Lemma 1.19, with the assumption that S is
surface non-radiating, for charge and current (p, J), and (Es, Bso) are
the fields constructed in the limit frame S, then the conclusion is sat-
isfied by ( E™ —-B 23) in the reflected frame S72 for charge and current
(p™s, J7°). Moreover, for the permutation T3 of (1,2,3,4), if, in the
context of Lemmas 1.21 and 1.22, we derive a relation of the form;

Opi
D i<k<d kG Back D 1<ics1<h<d Bin 5 or D 1<icj<si<hea Vitk ge = 0 (%)

where {ag, Bir, Vijk} C C, then we can derive the relation;

89723(2
Zl<k<4 kax + Zl<z<3 1<k<4 Bik g 22— O 7 (i)

. p723(2)723(1) _
+Zl§i§j§3,1§k§4%1k 021y (k) =0 (xx)

Proof. For the first claim, it is sufficient to prove the result for the ele-
mentary permutation 7o3. We have that, in components, (¢}, ¢}, ¢es) =



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY %9

(e, e5?, e3®) and (b, by, by) = (—b7%, —b3**, —b3**). Then, by a straight-
forward calculation;

e/2 — 6/12 + 6122 + 652 — (671'23)2 + (6;23)2 + (6;2?’)2 — (62)723
b2 = VP + b+ b = (—b])? + (=b5™)* + (=b5)* = (0%)™

/ 1 12 2172\ __ 1 2\ T2 21,2\ T2 _ T2
o (€7 + %) = (€)™ + 2 (b%)™2) = o™

_60

Ry = (egbs — e3bg)™3 = h]*
hY = (e1by — egby)™3 = h3*
Ry = (esby — e1bs)™ = h3*
pi; = —coleje + CQb;b;») + 650

— _60(6723 67'23 + 62(—bT23 )(_bT23 )) + 5@']‘0'723

723 (1) “T23(j) 723 (%) 723(4)

= —co(e ety T Vi) ra)) + Oraa(iyraa(i) 0™

723

= Pryy (4)m23(j)

For the second claim, we have by both parts of Lemma 1.25, that the
reflected frame S"™3 corresponding to S’ is surface non-radiating for the

transformed current and charge (p™3, T ™), where (p',J) correspond
to (p,J) in S. Let {E,, B,} be the fields constructed in Lemma 1.27,

5723

with corresponding fields {E.°, —B,”} in the reflected frames S/

corresponding to S”, then 7”(E.* x —B."*) = 0 by Lemma 1.4 and, as
To3 fixes €y, S/ is connected to S” by the velocity vectors —re;. More-
over, in the notation of Lemma 1.19, w is fixed, so that when we con-
struct (E., B..) from the fields {E*, —B**}, it is clear, using the fact
that the transformations connecting the frames {5, 5", S/'} with S, are
the same as those between {$73, §'™3 5”73} and S725, that B =
and Ego = —B. For the final claim, let (p,.J, E, B), be the tuple,
satisfying Maxwell’s equations in the base frame .S, for which we derive
the relation (%), then (p™2,J " E*°, —B ") satisfies Maxwell’s equa-
tions in the reflected frame S™3, and, by Lemma 1.25, S™3 is surface
non-radiating for the reflected charge and current (p™,.J ). Using
the fact that (E, B) corresponds to the fields (Fw, By) in the limit

frame S, by the proof of the second claim, we have that (E., —B_.")

oo )
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T7723 723
)

corresponds to the fields (E ", —B_.) in the reflected frame S723. We

can then follow the proof of Lemma 1.18, to obtain the same rela-

ti_o? (*)E)Tr the quantities {0”, (g)1<i<s, (P};)1<i<j<s}, corresponding to

(E™,—B™). By the first part of the lemma, we obtain the relation;
397'23

90723 . _7723(4)
Zl§k§4 Ok "Dy + 21933,1934 Bi D,

ap7'23 ) .
» T23(9)7T23(5) __
+ Zl§i§j§3,1§k§4 Vijk ™ oz =0

Using the chain rule, we then obtain that;

do 99r93(1)
Aps5—— + ' kA
Zl§k§4 D1y 1) 21§z§3,1§k§4 Bi Ty ()

8p7’23(i)7'23(j) _
+Zl§i§j§3,1§k§4 Yijk 0rpahy

as required.
O

Lemma 1.27. We can construct limit fields (Ew, Boo), in the limit
frame S, with dive(Es X Eo) = 0.

Proof. Let € > 0,0 < 0, and let S’ travel with velocity vector

(c — €)ey, relative to S, and let S” travel with velocity vector
2

(—= — §)e; relative to S’. By Lemma 1.9, there exists g € SO(3)

Cc—€

with;

u
w

BEBE - Rg Bﬂ*ﬁ

. — —_— u+w uX (uXw
Wlthu*wzli—%‘l‘ Yo TX(@xT)
2
(&

_ _ut
1+

gl

2l
gl

DO

((c—€)— 2 —8)e
- —6(c—¢)
CQ

A ((e=9)= 2 -8)_
T 8o (%)

By inspection of (x), for given 0 < € < ¢, we can see that, as 6 — 0
from below, u * W — oo along the direction €;. By Lemma 1.25, we
can assume that S’ is surface non radiating, and there exist a family
of electric and magnetic fields {E,, B,}, with 0 < r < ¢, such that
div(E, x B,) = 0 in the inertial frames S”, travelling at velocity —re;



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY %1

relative to S’. Assume that there exists a uniform polynomial approxi-
mation {E, B, }, with error term v > 0, to the fields, transferred back
to the base frame S. By c/ontipuity, for sufficiently small §, we can find
a polynomial family {E), B, }, for 0 < r < [w|, with error term ~/,
and 0 < 7' < 2, such that |dive(E, x B,)| < 7. In the limit frame
Sso, using Lemma 1.3, Lemma 1.9 and Definition 1.12, we obtain that
|div(Eoe X Boso)| < ' as well. O

Remarks 1.28. A more rigorous proof of the final claim in the previous
lemma is given below.

Lemma 1.29. Let S be a frame with bounded current (p,J) and let S!
be connected to S by the velocity vector (c—e)éy, for 0 < e < c, and S!;
be connected to S, by the velocity vector (—c+0)éy, where 6 = (1+7)e,

for;

[N

— £
2

7| < .

C
SaS T

[
oI

m““

c

then the transfers (pes, Jes) to S5 are uniformly bounded in the
frames S5. Moreover, we can assume there exists a constant F inde-
pendent of €, and, for any given e, a family of tuples (pes, Jc.s, Ecs, Bes),
satisfying Mazwell’s equations, with div(Eg,g X EE,(;) = 0 in the frame
s, and maz(|Ecs|,|E.s|) < F.

Proof. We have that S7; is connected to S by the boost matrix B
where T = (¢ — €)ey, U = (—c + d)e; and;

7% 7] = 175 + i e |
(& C
= ‘M
1457
_ | (9—e)er
— [ Fe_ e
c 2
= |45 5 (0=1+7)
c c
= |y e | < 1
c 2

A straightforward calculation using the transfer rules for (p,J) to
frames Sz, connected to S by a velocity vector w, with |w| < 1, shows
that the transfers (p. s, 7675) are uniformly bounded. For the last part,
we can, using the conjecture (7i) in Remark 1.32, assume there exists a

family (ES€17§551) on the frames Sg,, connected to S by the velocity
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vector sél, for |s| < 1, with divee, (Es, X Bg,) = 0, such that the trans-
fers (Esel,Bsel) to S form a smooth family on B(0,r) x (0,). By
continuity, the transfers are bounded by some constant F' as required.

U

Lemma 1.30. Polynomial Approximation

For any v > 0, with F' as in Lemma 1.29, there exists a sequence of
pairs (B o, Bn,oo) forn > n., in the limit frame Ss, with divs,, |(Ep 00 ¥
Broo)| < v and maz(|Ey ool |Bnool) < F + 1 on some B(0,74) X
(0, to0).

Proof. Let S! be as in Lemma 1.29, and let {Ei,é, E;(;} be the transfers
of the fields {F.;, B.s}, guaranteed by Lemma 1.29, to S!. By the
proof of Lemma 1.29, restricted to some B(0,r.) x (0,t.), they form a
smooth bounded family on S/ indexed by —c+48 € (—c+§, —c+5). By
the Stone-Weierstrass approximation theorem, there exists a uniformly
} to
{Eg’(s, Be,(s}- By choosing the approximating polynomials in the frames
Sse, from the previous Lemma, using continuity, the fact that the trans-
fer of polynomial fields are polynomial, and formulating the fact that
divgga(E;é X E;a) = 0 algebraically in the base frame S, see Lemma
1.17, we can assume that, for any v > 0, there exists {n,, €, }, such that
|divgy (En€5, X Bneé,)| <7, for —c+ 9" € (—c—§,—c), and n > n,,

convergent sequence of polynomial approximations {En€6, ne.d

restricted to some B(0,7.4) x (0,t.4), where S!s is connected to S by
the velocity vector (—c+¢')é;. Taking the limit as € — 0, using Lemma
1.27, the constant F' from Lemma 1.29, we obtain a sequence of pairs
(EmOO,BnOO) in the limit frame S,,, with divs_|(Enco X Bnoo)| < 7
and max(|E, oo, [Bnoo|) < F + 1 on some B(0,7) X (0,ts).

]

Lemma 1.31. Choose a sequence of error terms ¥, > 0 with [iMy, oo Ym =
0, and pairs (E,,, o, Bn,, ), satisfying the conclusion of Lemma 1.30.
Then, as m — oo the sequence (Ey,, 0, Bn,,00) converges to a pair
(Ew, Bso) satisfying Mazwell’s equations in S, for the transferred charge
and current (pos, Joo) With dive(Ess X Bs) = 0. Moreover, we obtain
the conclusion of Lemma 1.23 for the transfer (E, B) back to the base
frame S.

Proof. By the construction of Lemma 1.30, we have that the sequence
(En,, .00, Bny.oo) 18 Cauchy and uniformly bounded, and converges to a

bounded limit on S,,. If (p',jl,E/,E)’ is a tuple, satisfying Maxwell’s
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equations in a base frame S’ then, by the proof in [1], (p”,jﬂ,E”,E//)
satisfies Maxwell’s equations at corresponding points of S”, connected
to S by a real velocity vector U, with |v] < ¢, (). By the gener-
alisation of the rules for transforming derivatives, the algebraic for-
mulation of the connecting relations at corresponding points, com-
plex linearity of the transformed derivative, and the generic formu-
lation of (x), (p” ,7///,E/II,§/’/) satisfies Maxwell’s equations at cor-
responding points of S”, connected to S by a complex velocity vec-
tor v, with > # 2. Taking limits, this also holds for a transfor-
mation to a limit frame S, if the limit exists. It follows that the
transformation of the fields (E.s, B.s) to fields (Ec 00, Besoo) in the
limit frame S, satisfy Maxwell’s equations. and so the transforma-
tions (En7€75/7oo,§n7675/700) to the limit frame S, satisfy Maxwell’s equa-
tions up to a constant €(n), which converges to 0 as n — oo, so that
(B, 00, B, oo) satisfy Maxwell’s equations up to a constant € (n,y,),
which again converges to zero as m — oo, both in S,, and the frame
S. 5, for sufficiently small {¢,6'}. In particularly, (Fu, Bs) satisfy-
ing Maxwell’s equations in S, for the transferred charge and current
(Psos Joo), and, so does the transfer (E, B) of (E, Bs) back to the
base frame S, for the original current and charge (p,J). The claim
that divoo(Eoo X EOO) = 0 follows from the transformation rules for
derivatives, back to the frames S, s, the fact that the polynomial ap-
proximations (E,.cs, Bnes) converge to smooth fields ((Ee,y,ge,y))
in the frame Sy, interchanging limits with derivatives in S5 and
the construction that |dive(En,, o X Buyoo)| < Ym, With 7, — 0, as
m — oo. For the final claim, we can approximate the fields (Es, Boo)
by the polynomial fields (E,,, s, Bn,,00), i Seo, and follow through
the argument of Lemma 1.19, to obtain the conclusion of Lemma 1.23
for the fields (E,,, , B,,,) transferred back to the base frame S, up to
a constant €’(n,,), which converges to 0 as m — oo. As the fields
(E,, ,B,,) and their derivatives converge to (E, B) in the base frame

S, we obtain the conclusion of Lemma 1.23 for (E, B). O

Remarks 1.32. In the definition of surface non-radiating, for the
frame S, with charge and current (p,J), we can impose the additional
requirement, that, for any given velocity v, with [v] = 1, there ezist
pairs {Eg, By}, with 0 < s < ¢, such that the condition of surface
non-radiating is fulfilled, and the series is smooth and decaying at in-
finity, that is the fields {E, By} are smooth and ;
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(7). limmﬂ_)oomaxﬂﬁsﬂ, |§s§ )=0

in the coordinates (Tg,ts;) of the frame Sg. With these extra as-
sumptions, we conjecture, using polynomial approzimations, that it pos-
sible to choose { Ew, Bsz} such that the above conditions hold, and also;

(13) The families defined by;

E@,t,s) = E(T,t), B(T,t,s) = By(T, 1)

are smooth on R3xR>o% (0, ¢). In particularly, forﬁm'te {to,r0,c0} C
R, with 0 < ¢y < ¢, mazossse(|Buol 5@ 0)x(00) | [Bsal Baro) ooy <

BOr0)x
Grioeo for some constant Gyryico € R0, where {Eg, Ba} are the
fields transferred back to the base frame S.

Lemma 1.33. If the frame S is decaying surface non-radiating, in the
sense of Definition 1.1, then if (p,J) is real analytic, either p =0 and
J =0, or S is non-radiating, in the sense of [6].

Proof. The transfers of (p, J) to any frame Sy, connected to S by a ve-
locity vector ¥ with || < ¢ is also real analytic. By the proof of Lemma
1.25, the frames S5 are also decaying surface non-radiating. By Lemma
1.24, and using continuity, in each frame S7, either the transfers p; are
identically zero or there exists a real solution (Ey, By) to Maxwell’s
equations with By = 0. If S is not non-radiating, then, without loss
of generality, we can assume that p = 0 in the base frame S. By the
transformation rules for (p,.J), we have that;

_ 7w<m,J>
Pr=—""x3

Jy = %z_]H,@ + 7J_,E

As J is analytic, {v :< v,J >= 0} includes 0 and, if infinite, is
both open and closed inside the ball Bjg ., so that 7% = 0, for every
U € Bj|<. with T # 0, in particular, J = 0. We can, therefore assume
that p; # 0 in all but finitely many frames S5, and there exist real
solutions (Ey, By) to Maxwell’s equations with By = 0. Now, we can
use the proof of Lemma 2.7 in [6], to derive the equation;
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valid for all but finitely many v € Bjj<.. Using continuity, we can
conclude that () holds for all ¥ € Bjgj<. and that;

(V(p)+ 55 =0

Then follow through the rest of the proof of Lemma 2.7 in [6] to
conclude that (0%(p) = 0 and (J?(E) = 0. Now use the proof of Lemma
2.4 in [6] to get 0?(J) = 0, and Lemma 2.5 in [6] to conclude that S is
non-radiating.

O

2. SOME THERMODYNAMIC ARGUMENTS

Definition 2.1. Given (p, J, E, B) satisfying Mazwell’s equations, and
to € R-o, we define the reversed process (p’,jl,ﬁl,gl) on R3 x (0, 1)
by;

§(F 1) = pl(E 1o — 1)

J (@, t)=—J(T,tg — 1)

/

E (7,t) = E(T,to — t)

—] JE—

B(z,t) = —B(T,ty — t)

Lemma 2.2. For the reversed process, (p’,jl,E/,Fl), we have that
(0, 7/) satisfies the continuity equation and (p’,j’,E/, El) satisfies Mazwell’s
equations on R x (0,ty). Moreover div(E x B') = —div(E x B)

Proof. For the first part, we have, using the chain rule, the definitions

and the continuity equation for (p, J), that;

& |@ 1) = =%, to — 1)
= _div(j)|(§,t07t)
= div (7/)(5,15)

For the second part, we have, using the chain rule again, the defini-
tions, and Maxwell’s equations for (p, J, E, B), that;
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. . —/ . —
(1). div(E )|z = div(E)|@zw-0 = Zl@w-0 = Zl@o

. -/ - B B
(it). (V%X E)l@n = (VX Bl @t = =%l @0-1 = — %@

(ii). div(B)|@zs = —div(B) g1 =0

. — J— —
(iv). (VvxB )(f,t) = (VX—B)(E,to—t) = —(GOJ)|(f,to—t)—(M0€o%—}f)|(E,to—t)

’ —
= (e )|(§,t) + (PJOEO%”@,U

as required. The last claim follows easily from the definitions of
{E. B}

4

Definition 2.3. Given a solution (p,J, E, B) to Mazwell’s equation,
we say that (E, B) is classically non-radiating if, uniformly int € Ry,
we have that;

UMy o0 [0 ) d0(Ey X By)dT =0

Lemma 2.4. Given a smooth solution (p,J,E,B) to Mazwell’s equa-
tions, and ty € R~o with div(E x B)|y, # 0 and (E,J)|y, # 0, there
exists a smooth volume S C R? and € > 0, with;

fS dZ'U(Et X Et”df 7£ 0

fS(Etajt)df # 0

fort € (ty — e, to+ ¢).
Proof. Choose {To, 71} C R?, with div(Ex B)(Zo, to) # 0 and (E, J)(T1,t0) #
0. As div(E x B) and (E,J) are smooth, there exist disjoint balls
B(f(},ro) and B(fo, 7"1) Wlth,

fB(fo,To) d?:'U(EtO X Eto))df # 0

Jo@ e (Btos J10)dT # 0
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Shrinking the ball B(Z,r) if necessary to avoid cancellations, we
can assume that;

fB(fo,To)UB(fl,Tl) diU(EtO X Et()))df 7£ 0

JﬁB(fo,To)UB(fl,T‘l)(Et(”71&0)dE 7é 0

As div(Ey, x By,) and (Ey,, Jy,) are smooth, they are bounded on a
ball B(0,r) with B(0,r) D B(Zy,79) and B(0,r) D B(T1,r1). Choosing
a sufficiently small strip S” connecting the balls B(Zg, r¢) and B(Z1, ),

and letting S = B(To,70) U B(T1,71) US" be a smooth volume, we can
assume that;

[ div(Byy x Byy))dT # 0
fS(Etoajto)df 7é 0

Using smoothness again, we can assume that there exists € > 0 such
that;

[ div(E, x Bydx # 0
BTz 0
for t € (to —€,to + €), as required.
U

Lemma 2.5. Given (p, J, E, B), with (E, B) classically non-radiating,
such that the hypotheses of Lemma 2.4 are satisfied. Let T be the sur-
face boundary of S, then for any k > 0, there exists volumes {S, Sy}

with SN S, =0, T C S, {T, T, T"} outward normals to the volumes
{S,S,,B(0,7.)}, such that;

Jr(Ey x By) o dT = — [.(Ey x By) . dT’
[sdiv(E; x By)dz # 0
fs(Et,jt)df £ 0

|f5B(6,TH)(Et X Et) . dT//| < K
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fort e (to —€,to +€)

Proof. By the definition of classically non-radiating, for any x > 0,
there exists r, > 0, with S C B(0,r,) such that;

|fB(6,rn) div(E; x B,)dT| < k (%)

for t € (to — €,to +¢). Let Sy = B°(0,7y) \ S, then, as T reverses
the direction of T ;

fT(Et X Et) . dT+ fT(Et X Et) . dﬁ =0
and by (%) and the divergence theorem;
| S8 (Bt % Bi) « dT"| = | J5@.) @iv(Ee x By)dT| < i

as required.
O

Lemma 2.6. Let notation be as above, then, assuming thermal equi-
librium for electrons, we cannot have, in a classically non radiating
system, that;

fS dZ/U(Et X Ft)df >0

Js(E, J)dz < 0 (1)

fort e (to — e, to +€).

Proof. Suppose that;
fs div(E; x B,)dT > 0
Js(Br, Ji)dz < 0 (1)
for t € (to —€,to + €).
Shrinking the interval (to — ¢, to+¢€) if necessary, we can assume that;

fS dlU(Et X Et)df >0>0
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Js(Ey, J)dz < =0 <0 (1)
for t € (to —€,to + €), some § > 0.
Choose k > 0 with k < 4, so that;
k< min( [y div(Ey x B)dT, — [((Ey, Jo)dz), (t11)

for t € (to—e€,to+¢€), and {r,, S., B(0,7,)}, such that the conclusion
of Lemma 2.5 holds. Using Lemmas 2.4 and 2.5, we claim that;

[y (B, T)dz = min(— [(Ey, T)dz, [, div(E, x B,)dz) (1)

uniformly for ¢t € (tg — €,tg + €). Suppose not, then, for some
t1 € (to — €,t0 +€);

Js (Bv, Jn)dT < — [((Ey,, J1,)dT

Js (Bv, Ji)dT < [gdiv(Ey, x By,)dx

and, by continuity, we can assume that;

[ (Ei, J1)dT < — [((Ey, Jy)dT

[ (Ei, J1)dz < [y div(E, x B,)dT

for t € (t; — ', t1 +0") with (t; — 0", t1 + ") C (to — €,to + €)

Let {Es,, Es, Esci, Es,. e, Es, ficld; s, fiela} denote the total energies
in {5, S, }, the energies stored in the electrons contained in {5, S, } and

the electromagnetic energies restricted to {S,S,}, see [3]. By Poynt-
ing’s theorem and the divergence theorem:;

dES,el
t T ar

 dEs, .
(1) =

t

(i5) swct|, < ([(E, x By) +dT),

dt’

for ¢ c (tl - 5/,t1 + 5/)

By (1), (111), there is an energy flux from the electrons in S to
the total energies in Sy, not all of which can leak from the boundary
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6B(0,7.). By (i) and Poynting’s Theorem, there is some energy trans-
ferred into the electromagnetic energy of S,. By (i), not all the energy
transferred from the electrons in S is transferred to the energy of the
electrons in S,. It follows that some of the energy flux from the elec-
trons in S is transferred into the electromagnetic energy of S,.. By the
last claim in Lemma 2.2, the process is reversible, which contradicts
Kelvin’s formulation of the second law of thermodynamics, see [5], that
it is impossible to devise an engine which, working in a cycle, shall pro-
duce no effect other than the extraction of heat from a reservoir and

the performance of an equal amount of mechanical work. Given that
(11) holds, we have;

fS,i (Etajt)dE Z - fS(Eta‘_]t)df
fSN (Et,7t>df > fS’ d@’U(Et X Et)df

uniformly in ¢ € (ty — €, to + €), so that;

dEg el |
dat’ t

(i37) Eswet|, > —

(iv) et

, > ([4(Ey x By) . dT),

uniformly in ¢ € (tg—e€,to+€). By (ii7), and (1'), we have that Eg,_
is increasing. Without loss of generality, we have 2 cases;

Case 1. fB(ﬁ,m) div(E; x By)dT > 0, for t € (ty — €,tg + ¢). Then,
by (iv), the energy in the field from S, is constant or decreasing and
transferring to the electrons in S,, (*). As there is a net energy flux
from S to S., and using (') again, there is an energy transfer from
electrons in S to electrons in S,. Assuming thermal equilibrium and
raising the temperature of the electrons in S, by a small amount, see [5],
noting again that the process is reversible, this contradicts Clausius’s
formulation of the second law of thermodynamics; that it is impossible
to devise an engine which, working in a cycle, shall produce no effect
other than the transfer of heat from a colder to a hotter body.

Case 2. fB(GM) div(Eyx B;)dT < 0, for t € (tg—e,to+e). If () holds,
repeat the argument, otherwise, as there is a net energy flux from S to
S, and none of the energy is leaking through the boundary 6 B(0,r,),
either there is an energy transfer from electrons in S to electrons in S,
from which we obtain the same contradiction as in Case 1, or there is
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an energy transfer from electrons in S to the electromagnetic energy in
Sy, in which case we can use the previous argument, based on Kelvin’s
formulation.

O

Remarks 2.7. We can assume that an atomic system 1is classically
non-radiating in all inertial frames, as, otherwise, by Rutherford’s ob-
servation, the system would lose energy and collapse. Thermal equilib-
rium for electrons in all frames also seems a reasonable criterion for
such systems, though there are difficulties in finding the correct defi-
nition of temperature in electromagnetism. We leave as a conjecture
whether the above lemma holds with just the assumption that,

fS dlU(Et X Et)df 7é 0
fS(Et,jt)dT #0
fort e (to — e, to+€).

Given this, we can probably obtain the conclusion, from Lemma 2./,
that either;

d’L.U(Et X Et) =0
in all frames, or;
(Etajt) - O

in all frames. In which case, we can either use the main result of
the paper to conclude that the system is non-radiating and, by [6], that
the charge and current p, J obey certain wave equations, or classify the
case where (E,J) = 0 in all frames. This is done in the final section.

3. FORCE INVARIANCE

Definition 3.1. Suppose that in the base frame S, (p, J, E, B), satisfy
Mazwell’s equations and Sy is an inertial frame, with velocity vector v,
| < c. Let (py, Ju, By, By) be the transformed quantities. We define
the associated force;

I =pvEs+ Js x By
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We say that (p,J, E,B) is electric current orthogonal in S if for
every inertial frame Sy, we have that (B, Jz) = 0. We say that
(p, J, E, B) is electromagnetic orthogonal in S if (E, B) = 0.

Lemma 3.2. If (p,J, E,B) is electromagnetic orthogonal in S, then
for every inertial frame Sy, we have that (E%, By) = 0.

Proof. This is well known.
O

Lemma 3.3. Suppose that in the base frame S, the tuple (p, J, E, B),
satisfying Mazwell’s equations, is electric current orthogonal, then, for

every Sy, TJ = 6; The converse is also true, in the sense that if for
every frame Sy, 70 =0, then the original system (p,J, E, B) is electric
current orthogonal.

Proof. We have that;
Eﬁ - EH’E + 75(EJ_75 + U X E)
Jy = ’Yﬁ(juj —pv)+J 15

so, using the fact that;
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—(EH@ jH,E + 7¢,§)

= (@x B, J1z) — p(E,0)
= (@ x B,J) - p(E,7)
=@ BxJ)—p(E,v)=0

As 7, with [7] < ¢ is arbitrary, we conclude that;
BxJ—-pE
=—JxB—-pE=0

so that f = 0. By symmetry, we can conclude that f* = 0 in
any inertial frame Sy as required. The converse is clear as the above
argument is reversible.

O

Lemma 3.4. Suppose that in the base frame S, the tuple (p, J, E, B),
is electric_current orthogonal, but not electromagnetic orthogonal, with
{p,J, E, B} real analytic, then p =0, J = 0.

Proof. By Lemma 3.3, Lemma 3.2 and symmetry, we have that fﬁ =0
and (Ey, By) # 0, in every inertial frame Sy, with [7] < ¢, (x). It
follows , using the transformation rules, and Lemma 3.2 again, that;

for every inertial frame Sy, with |[0| < ¢, and, identifying coordinates,
(x%) holds in S, for every v, with [0 < ¢, (% % %). From (), (% * %),
taking ¥ = 0, in the base frame S, we have that p(E,B) = 0, and
(E,B) # 0, (>x< x +%). As {E, B} are analytic, we have that (E, B) is
analytic, so that, by (* * xx), there exists an open set U C R? X Ry,
for which (E, B)|y # 0. From (* * #x) again, we obtain that p|y = 0,
and, as p is analytic, that p = 0, (). From (*%), (**%), (E, B) analytic,
and (t), we obtain that;




74 TRISTRAM DE PIRO

for every v, with o] < c. It follows that J|y = 0, and, as J is
analytic, that J = 0, as required.
O

Lemma 3.5. Suppose that in the base frame S, the tuple (p, J, E, B), is
electric current orthogonal and electromagnetic orthogonal, with {p, J, E, B}
real analytic, then we can obtain a complete classification of cases ex-
cept when in the base frame S, we have that p > 0, and E = —%(7X§),

for which Remark 3.6 is relevant.

Proof. By Definition 3.1 and Lemma 3.2, we have that in every inertial
frame Sy, with 7] < ¢

= ?(EU7 Eﬁ) - Fﬂ( v 5) = 6

In particularly, in the base frame S, E x (J x B) =0. As {E, B, J}
are analytic, it follows that, on an open subset U C R? x Ry, either;

(iii). There exists an analytic A on U, with E|y = A(J x B)|U

In case (i), we have, as F is analytic, that E = 0, and using Maxwell’s
equations and the continuity equation, that p = 0, B is time indepen-
dent, J = %(V x B) is time independent and 7. J = 7. B = 0. In
case (ii), we can assume, without loss of generality, that, either;

(iii)’. There exists an analytic A on U, with B|y = \J

In case (i), we have, as B is analytic, that B = 0. In case (i)', we
have, as J is analytic, that J = 0, and, using the continuity equation,
that p is time independent. In case (ii7)’, we have, using the divergence
theorem, Maxwell’s equations, and integrating over the level surfaces
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{Ss : k € R} for A, that;
Iy, v+ BdB, = [, B.dS,
— [, AT .dS;
— [, J-dS;
=\ [y V+JdB, =0
so that 7. J|y = 0, and, as v7.J is analytic, that 7..J = 0. By the

continuity equation, we obtain that % = —.J =0, so that p is time
independent.

In case (iii), using the fact that f = pE +.J x B = 0, we have that;

(E,pE + J x B)|y

= (PlEI?| + Al x B*)[r = 0, (1)

1)”. Tt is not the case that p|y < 0, then, shrinking U if necessary
p g
to W, and using continuity, we can assume that p|y > 0.

(1)"(a). It is not the case that Al < 0, then, again shrinking W if
necessary to V', and using continuity, we can assume that Ay, > 0. By
(1), we obtain that E|y = (Jx B)|y = 0. As {E, J, B} are analytic, we
have that £ = J x B = 0. We then have the following cases, similarly
to the above;

(i)"(a)(i). E =B =0, so that p =0, J =0 as well.
E = J =0, so that p = 0, B is time independent,
0

(i)"(a)(ii3). E = 0, Bly» = M|y, for some analytic A|y:, V' C
R3 x Rso open. Combining cases (i) and (4i)’, we obtain that p = 0,
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{B, J} are time independent, J = Hio(v x B), 7 .J =0.

(17)"(b). AMlw < 0. As p|lw > 0, we must have that (x\—i—%)(jxﬁ) =0,
then either J x By = 0, and reduce to case (ii), or, using continuity,
we can find W” Cc W, W” open, with (A + %)|Wu = 0.

(D). ply < 0. If p|y = 0, then, as p is analytic, p = 0, otherwise,
shrinking U to W', we can assume that p[y» < 0, then consider the tu-
ple, (—=p',—J',—FE', B'), for which (}) holds with \' = —\, and reduce
to Case (7)".

0

Remarks 3.6. The case (ii)'(b) requires further investigation to obtain
a complete classification. As plw > 0 and p is analytic, p > 0 and is
supported on W. We have that f = 0, so a test particle in this field
would move in a straight line at constant velocity. The electric and
magnetic fields of such a particle are known, see [3], but are not defined
at the position of the particle. However, it seems reasonable to assert
that the force exerted on the particle by its own field is zero. Moreover,
removing a particle from the ensemble of moving charges would not
significantly effect the total field. One might, therefore conjecture that
the description of (p,J) can be found by consideration of diffusions for
the continuity equation, using the intuitive idea that J = pv. This is
work in progress, see [7].
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