SOME ARGUMENTS FOR THE WAVE EQUATION IN
QUANTUM THEORY

TRISTRAM DE PIRO

ABSTRACT. We clarify some arguments concerning Jefimenko’s
equations, as a way of constructing solutions to Maxwell’s equa-
tions, for charge and current satisfying the continuity equation.
We then isolate a condition on non-radiation in all inertial frames,
which is intuitively reasonable for the stability of an atomic sys-
tem, and prove that the condition is equivalent to the charge and
current satisfying certain relations, including the wave equations.
Finally, we prove that with these relations, the energy in the elec-
tromagnetic field is quantised and displays the properties of the
Balmer series.

This paper is divided into three parts. The first part deals with some
technical issues concerning Jefimenko’s equations, which are perhaps
not completely clear from [7]. Namely that we can obtain solutions
to Maxwell’s equations from a given charge and current configuration
(p, J), satisfying the continuity equation, with .J vanishing at infinity,
using Jefimenko’s equation to define the electric and magnetic fields
{E, B}. In particular, this is the case for localised charge and current
configurations, or when the charge and current decays rapidly at in-
finity, a condition true for the Schwartz class of functions which we
have denoted by S (Eg) and we have referred to as smoothly decaying.
This result is applied in Lemma 2.4, where we construct (p,.J, £, B)
satisfying Maxwell’s equations and various other relations, just from
the assumptions that p satisfies the wave equation, has a restriction on
the initial condition, and belongs to the Schwartz class.

The second part of the paper is mainly concerned with deriving these
relations, and proving a converse in the context of special relativity,
that these relations are characterised by a no radiation condition in all
inertial frames. In Lemma 2.2, we characterise the smoothly decaying
solutions of the wave equation [J?(E) = 0 for electric fields, as well as
the smoothly decaying electromagnetic solutions (E, B) to Maxwell’s
equations in free space. This requires a careful Fourier analysis, and,
in particular, we require the smoothly decaying hypothesis to apply
the inversion theorem. We conclude the Lemma by proving that if
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[J2(E) = 0, then we can find a free space solution (Ey, By), such that
v X (E — Ey) = 0. This result is required in Lemma 2.4.

In Lemma 2.3, we characterise (J?(F) and [(0?(B) in terms of the
quantities (p,.J). Combining these last two Lemmas, we obtain the
result of Lemma 2.4 mentioned above, that we can obtain a number of
conditions on (p, J, E, B) from essentially the assumption that p satis-
fies the wave equation. In particularly, we can arrange for the magnetic
field B and Poynting vector E x B to be both zero. In Lemma 2.5,
we strengthen this result, to show that if we can obtain the relations
of Lemma 2.4 for (p,J, E, B) in the rest frame S, then for any inertial
frame S, we can extend the transformed charge and current (o, J) to

(o ,jl,E/,F/), satisfying the same relations. This requires the trans-
formation rules for quantities in S, and we rely on the fact that the
transformed quantities are bounded, which follows from the smoothly
decaying hypothesis, to apply Liouville’s theorem.

These last two Lemmas are the basis for the non-radiating condi-
tion, which we formulate in Definition 2.6, that in any inertial frame
S’ we can arrange for a solution (p’ ,7I,E/,§/), extending the trans-

formed quantities (p’ ,7/), with B = 0. This certainly ensures that
the transformed system doesn’t radiate, according to the definition in
[7], as the Poynting vector E x B is zero. Interestingly, in Lemma
2.7, a converse is proved, namely that for any system satisfying the
non-radiating condition, in the rest frame S, p and J satisfy the wave
equation, and we can obtain all the relations proved in Lemma 2.4.
This suggests that the no-radiation condition might be enough to con-
sider using wave equations for (p,J) in atomic systems, which should
not radiate according to Rutherford’s observation.

However, there are weaker definitions of non-radiation, which we
give in Definition 2.8. Some of these we are able to exclude, while
supporting our hypothesis, which we do in Lemmas 2.9 and 2.10, and,
others exclusions we leave as conjectures. Certainly, a successful proof
of these conjectures, which we believe might be possible with a careful
analysis of the stress energy tensor, see [22], would be a compelling
argument for the use of the wave equation in quantum theory, and we
should make some comparisons. Although Schrodinger’s equation has
a relativistic formulation in quantum field theory, through the use of
the Klein-Gordon equation or the Dirac equation, it still lacks the rel-
ativistic invariance of the relations which we were able to derive, and,
indeed, uses the possibility of radiating atomic systems to account for
the Lamb shift in the hydrogen spectrum. We believe this shift might
be accounted for in the discussion of the final part of the paper, and
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still believe that radiative behaviour would be a strange property. For
example, the radiated energy would have to oscillate, if the system is
to remain stable, and we do not observe this behaviour in the Lamb
shift. Another important point to make here is that, if energy is radi-
ated locally in the system, div(E x B) # 0, then, assuming that locally
work is done on electrons in the system, the condition (E,J) # 0, we
can obtain a transfer of heat from electrons in one part of the system
to another. If we impose a condition of thermal equilibrium and ex-
pect that the system does not radiate to infinity, necessary to counter
Rutherford’s observation, we can obtain a violation of the second law
of thermodynamics. We save this point of view for another occasion,
the reader might be interested in [13], which considers cavity radiation
on a fairly qualitative level. A successful resolution of these issues is
clearly required and we believe that we have made a step in the right
direction.

In the last part of this paper, we deal with a common criticism of
classical electromagnetism, in it’s failure to explain quantised phenom-
ena, in particular the behaviour of the Balmer series or the results of
the Franck-Hertz experiment. In Lemma 3.1, we start with the rela-
tions of Lemma 2.4, and characterise these relations in terms of the
coefficients governing the Fourier expansions of p and J, a coefficient
relation which we later refer to as a radial transform condition. In
Lemma 3.2, we show that these relations can be obtained while also
imposing the condition that .J| s(ro) = 0, a natural requirement for an
atomic system. This introduces a discreteness phenomena in terms of
the zeroes of Bessel functions vanishing at ry and, in Lemma 3.4, we
prove a technical result on how these functions, combined with the
spherical harmonics, provide an orthogonal basis for smooth functions
on the ball B(rg), vanishing at the boundary.

In Lemma 3.5, we compute the energy stored in the electromagnetic
field, when restricted to B(rg), and find, that when the total charge
confined to the ball is non-zero, we are able to remove the one con-
tinuous degree of freedom, to obtain quantisation of the energy values,
in line with the Balmer series, see [12]. The ionisation condition, on
the total charge () confined to the ball, seems quite interesting, and
is observed in the Frank-Hertz experiment. Again, some comparative
remarks should be made, namely the success of Schrodinger’s equa-
tion, together with Bohr’s atomic model, in accounting for the Balmer
series. We were not able to verify the value of the Rydberg constant
in this paper, due to computational issues, but we emphasise that we

were able to get the # dependence, where n is an integer. Possibly,
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further computations of Bessel functions and spherical harmonics can
be done to resolve this issue, and, again, we believe that we have gone
some way to answering this potential criticism of the use of the wave
equation. We believe there is some scope for developing the classical
theory here, without relying on Planck’s photonic theory of radiation,
in how the system switches between electromagnetic energy levels, and
in how light of certain energies, which we propose would come from the
differences in these energy levels, is emitted.

We make some observations which are not part of this paper, but
instead direct the reader to further work. A principle justification for
using the Schrodinger equation is its reliance on wave-particle duality.
This requires that an electron can simultaneously be both a particle
and a guiding wave, modelled on the square of the wave function |¥|?.
The particle nature of the electron can be observed in experiments such
as Millikan’s deflection or Compton scattering, while the wave nature,
can be seen in the interference patterns of electron diffraction, see [12].
However, it seems that a dual nature which explains these experiments
is a failure to find a better explanation, with the cost of developing
a rather paradoxical theory. Instead, a wave function, modelling the
behaviour of charge and current, and linking directly with classical
electromagnetism, has been proposed here.

The author believes that, using nonstandard analysis, one can de-
velop the idea of the wave being composed of individual infinitesimal
entities, which behave as particles, and propagate independently, with
trajectories determined by a charge and current (p,J) satisfying the
continuity equation. Some successes for this viewpoint can be found
in [19], where the heat equation solution is modelled as a random dif-
fusion, and [15], where the nonstandard wave equation is shown to
perfectly approximate the wave equation at standard values. Instead
of considering individual velocities and momenta, one can instead com-
pute the distribution of these quantities, and some unfinished progress
in this direction has been made for the diffusion equation in [16]. A
similar idea is present in Boltzmann’s derivation of the distribution
of molecular speeds for ideal gases. In the case of the wave equation
satisfying additional conditions which we have examined, we expect a
sharp peak in the distribution function, as would be expected from a
single particle. Similar consideration might apply to photons.

We finally mention the theory of black body radiation, developed
by Planck, and explained concisely in [6]. A criticism of classical elec-
tromagnetism has been its failure to explain the spectrum of black
body radiation, by postulating that the radiated energy is indepen-
dent of frequency, often referred to as the ultraviolet catastrophe. A
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central concept used in the experimentally successful resolution of this
problem, was Planck’s use of the quantisation of particular energies
of molecular systems. The author hopes that the present paper goes
some way to assuage these criticisms, without abandoning the main
component of Planck’s argument in quantum statistical mechanics.

1. JEFIMENKO’S EQUATIONS

We begin this paper, then, by first clarifying a technical issue sur-
rounding Jefimenko’s equations.

Lemma 1.1. Suppose that {E, B} satisfy Mazwell equations, for given
charge and current {p, J}, and the potentials {A,V'}, with;

v _ 0A

E=-v(V)-%

B=yvxA

are chosen to satisfy the Lorentz gauge condition;
Ve A+ poedr =0

Suppose that {ZI, V'} also satisfy the Lorentz gauge condition, with
the additional equations;

21/ .
VAV') = poco T = — £ (4)

— —/

VQ(A) - /10608572l = —Moj (41)

Then the corresponding fields {E/,F/} still satisfy Mazwell’s equa-
tions for the same charge and current {p, J}.

Proof. Tt follows from [7] that {A, V'} satisfy the equations (i), (ii) from
the lemma. Let V" =V — V', A" = A — A, then {X”, V"} satisty the
equations;

2y

VA(V") = toco %5 =0 (i)

2*//

VA(A) — poeo %k =0 (i)’
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and the Lorentz gauge condition. Let {E//, Eﬂ} be the corresponding
fields. Then, it is sufficient to show that they satisfy Maxwell’s equa-
tion in vacuum;

vV.E =0 (a)
v.B =0 ()
VXEH——% (c)

For (a), we have, using the definition of E”, the Lorentz gauge con-
dition, and condition ()" that;

V.E' =v.(—v (V") -2

_ VQ (V") — A(7-A")

2v"”  9(wv.A")
_II’L0€0 8t2 - ot

_ 62‘/// 62‘/// o
= —o€oFz + tocoFz =0

For (b), we have, using vector analysis, see [1], (4.46);

V.B =v.(vxA) =0

For (c), we have, using the definition of E", B" and vector analysis,
see [1], (4.47), that;

VX E =vx (v (V") -2

= —(v x (v(v") - 245

S4

9B

ot

For (d), we have, using the definition of B" and condition (i)’ that;

VXFH:VX(VXZH)
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A simple calculation shows that;
V X (VX Z”) = (dy,dy,d3) = (c1,ca,c3)

where;

__ 0%as 9%as _0%a1 Dy
dy = Ozdy + Ox0z + ( Oy? 022 )

_ 82a1 62a3 _82a2 _ 82a2
d2 ~ Oz0y + Oydz + ( Ox2 0z2 )

2 2 2 2
d3_8a1+8a2+(_8a3_8a3)

~ 0z0z Oydz Ox2 Oy?
o =S 4 s (Ta— e 8
2= gy it + (5 — poco5)
s = Gags + Gt + (5 — moco5E)

whereas, using the definition of E”;

8E//
Ho€o ot

—11
_ a(=v(V")-2%5-)
- /’[/060 ot

_ av” 92A"
= —lo€o V/ (W) — Ho€o gz

It is, therefore, sufficient to prove that;

—lo€o NV (‘%ﬂ) = (ey, €9, €3), where;

_ 32(12 82113 82(11
€1 = 0x0y + 0x0z +
0%a; d2%as
€2 = Ozdy + Oyoz + Oy?

9?44 82%as
€3 = 9z0- + OyOz + 022

This holds, using the Lorentz gauge condition, as;

— oo \/ (83—,5”)
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O

Lemma 1.2. Let the potentials {A', V'} be defined be given as retarded
potentials;

VI ) = g [ AR

T T(7 tr)

A(r,t) =52 | ==dr’

then, assuming {p, J} satisfy the continuity equation and J vanishes
at infinity, these potentials satisfy the Lorentz gauge condition and the
equations in the hypotheses (i) and (ii) from Lemma 1.1. In particular,

the corresponding fields {E/,El}, given by Jefimenko’s Equations;

E(r 1) = 2 [[Ang 4 2ty Tt

4meq 2 ct c2t

E/(T, t) =1 f[j@“) + J(T;t’t’“)] X Tdr’

satisfy Maxwell’s equations.

Proof. The first part of the claim, under the stated hypotheses, is
proved in [7], p424, see also footnote 2 of that page and Exercise

L A simpler proof is;

vxB =yxyxA4

2—//

=v(v.A)-v*A

_ 1 9v” 1 9%4”
_V(_? ot )_ 2 ot2

Wi
_ 1 o= (v)—
c? ot

. L(,)E//
T2 Ot
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10.8, with the solutions given in [8]. For the final part of the claim,
one can assume the existence of a solution {p, J, E, B} to Maxwell’s
equations, then construct potentials {V, A} abstractly, satisfying the
Lorentz gauge condition, as is done in [7]. Applying the result of
Lemma 1.1, we obtain the result. Alternatively, one can verify Maxwell’s
equations directly, for {E/,El}, using the method of Lemma 1.1, just
replacing the conditions (i)'(ii)’ on {V’, A}, in the proof, with their
non-homogeneous versions. The fact that the fields {F/,Fl} are given
by Jefimenko’s equations is proved in [7], p427-428.

O

Remarks 1.3. There is an alternative strategy to construct explicit
solutions for (A, V), given the corresponding fields {E, B}, satisfying
Mazxwell’s equations, and the potentials satisfying the Lorentz gauge
condition. Namely, one can use the explicit formulas, suitably rescaled,
for solutions to the homogeneous and inhomogeneous wave equations
given in [5], (p73 formula (22) and p82 formula (44)) respectively, with
the initial conditions given by {Vo, Vo, Ao, Aoy} and the driving terms
given by {—%, —poJ}. In the context of Lemma 1.2, one can easily
compute the initial conditions, and, in principle derive new formulas
for (A, V), replacing the retarded potentials, and for {E, B}, replacing
Jefimenko’s equations.

We clarify this remark in the following lemma.

Lemma 1.4. Alternative Strategy

Given smooth processes (p,J), with compact support, satisfying the
continuity equation;

o))
IS

9% — _<7.J

t

there exist (E, B) such that (p,J, E, B) satisfy Mazwell’s equations.

Proof. We claim that we can find (V, A) potentials such that;

(). (V) = ~£

€0

(i1). O2(A) = —po ]
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Choose arbitrary initial conditions {Ag, Age}, with compact sup-
port, then we can choose;

ng = —02 Vv .Z()l (A)

and, by solving Poisson’s equation, using the fact that the right hand
side has compact support, choose Vj; such that;

VA(Vor) = = 7 +Apz — B (B)

Using Duhamel’s principle, the pairs (Vor, Vaoz) and (Agp, Agz) gener-
ate unique solutions (V, A) to (7), (i7), with the property that Vo = Vjy,

(9%)0 = Va2, Ao = Ao1, (%})o = Aga, (x). We claim that (V, A) satisfies

(#7i). Observe that, by the continuity equation and (7), (ii);

2" o
=V (—poJ) clza(;;%)
= —no(=5) — @ o
= Mo% Mo%
=0
so that 7. A + C%%—‘t/ satisfies the homogeneous wave equation. We

have that, by (x), (A);
(V- A+ 5500
=Y .Zol + CLQ%Z
=0

and by (x), (B), (1);

8(v.2+8%%/)
(—")o
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=V (%)0 + C%(%QT‘{)O

=+ Ap + (V) + 2
=V Ap + (Vo) + 2
:V-ZOQ—V-ZOQ—%O+’Z—§
=0

By uniqueness of the homogeneous wave equation with initial condi-
tions, using Kirchoff’s formula, we must have that;

V'Z+ 18‘/:0

2ot
and (4ii) holds. Now define (E, B) by;

E=-y((V)-%

B=vyxA()

Then, using the proof in [7], by (C), (i), (i77) and vector identities;

(@). V. E=v.(—v(V)-2Z)

— v2 (V) _ 8(3;4)

=55

= - v () - L5

By (C) and vector identities;

). vxE=vx(-v(V)-2%)

(v xA)

ot
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_9B

ot

By (C) and vector identities;

(c). VB =v.(VxA4)
=0
By (C), (i1), (i7i) and vector identities;

(d) 7 x B=v x (v x A4)

as required.

U

Lemma 1.5. If initial conditions {Vo1, Voo, Ao1, Ao}, are chosen as in
the previous lemma, then;,

_ (G t— W;fl ) _ »
V(z,t) = _ﬁ fB(E,ct) ‘ y|y—5| dy + 47rc12t2 féB(E,ct) ctVo () + Vor(y)

+DVo(9) - (¥ — 7)dS(®)

— T@t— W;?l ) - -
A1) = -1z fB(z,ct) y|y—f| dy + gz féB(E,ct) ct Aoa(Y) + Ao ()

+D Ay (¥) - (7 — T)dS(7)

provides a general formula for (V, A), satisfying conditions (i) — (i)
of Lemma 1.4.

Proof. This is just a combination of Duhamel’s principle for solving the
non homogeneous wave equation and Kirchoft’s formula for solving the
homogeneous wave equation, see [5].

O
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Remarks 1.6. The formula works fort > 0, but if the process (p ,J) s

defined for all t € R, we can take the initial conditions Ay = Ay = 0,
Voo = 0, Vor with 7%(Vyy) = —;L, and use the formula, fort < 0;

_ @+ -
V(z,t) = _47360 fB(E,fct) py\y—x\dy ™ @ féB(E,fct) Vo ()

+DVor(y) - (¥ — 7)dS(y)

— TGt y—=zly

A@ 1) = 4 [y "

Note the similarity with Jefimenko’s equations. One advantage of
this formulation is the restriction of the integral in the case when the
process (p,J) is defined for all t € R. This makes it easy to estab-
lish the existence of the potentials (V, A) and the corresponding fields
(E, E). V' may not have compact support as a process, as it is not clear
that the initial condition Vo1 can be chosen to have compact support,
then the same considerations apply to the field E. However, we can
obtain very moderate decrease.

Definition 1.7. We say that a scalar A or a field W has very moderate
decrease, if fort € R, |W(Z,t)| < \%I’ for some constant Cy € R, suf-

ficiently large |T|, and simalarly for \. We say a field W has moderate
decrease, if fort € R, |W(z,t)| < Clg, for some constant Cy € R,

sufficiently large |Z|, and similarly for \. We say that a scalar X\ or
a field W has compact support, if for t € R, W, has compact support
and the support varies continuously with t, similarly for \. We refer
the reader to [17] for the definition of quasi split normal.

Lemma 1.8. Given (p,J), defined for t € R, bounded and with com-
pact support, we can choose potentials (V, A) and fields (E,B) such

. ) . 1 OA
that (p,J, E, B) satisfies Mazwell’s equations, E = — v (V) — %1,
B =7 x A with the properties;

(1) V. =V'+h, where V' is time independent and quasi split normal
of very moderate decrease, h has compact support.

(ii). A has compact support.
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(iii). E = E + H, where E is time independent, the components
are quasi split normal of moderate decrease, H has compact support.

(1v). B has compact support.

Proof. Using the above remark, we can assume that the potentials
(V, A) are given, for ¢t > 0, by;

[y—=| )

— 1\ 1 p(@t—— 1 —
V(z,t) = " 4meo fB(E,ct) [7—7| dy + anc2t? f(SB(E,ct) Vou ()

+DVor(y) - (¥ — 7)dS(v)

=Vi(z,1) + Va(z, 1) + V3(Z, 1) (A)
where;

— 1 p(?7t_LcE|)
Vi(z,t) =  neo fB(E,ct) [—2| dy

Va(@,t) = fromm féB(E,ct) Vou(9)dS ()
V3(T,t) = prm féB(E,ct) DVou(y) « (¥ — 7)dS(9)
and;

A= j(?vt_‘y;cil)
AT, t) = -0 fB(E,ct) 73| dy

with Vj satisfying Poisson’s equation;

V (Vo) = =2 (%)

€0

Fix t € R and choose T € R?, such that d(Z, Suppjy (J)) > ct.
Then for y € B(T, ct), we have that § ¢ Suppjo(J) and J(7, t—'y;f‘) =
0, so that A(7,t) = 0 and A has compact support, and (ii) is shown.
In particularly, B = 7 x A and % have compact support, (B), so (iv)
is shown.

Similarly, we can show that the term;

— p(?vt_@;cfl)
Vi(T,t) = _ﬁ fB(f,ct) -7 dy
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has compact support, ().

As py has compact support, by (x), we have that 72V (y) = 0,
when 5 & Supp(po), that is Vp; is harmonic outside the support of py.
In particularly, if we choose T such that d(Z, Supp(po)) > ct, then Vy is
harmonic inside B(ZT, ct), so that, by properties of harmonic functions,
see [5], we have that;

%(fv t) - 471—(;;2152 f(SB(E,Ct) ‘/01 (g)ds(gj) = Vbl (E>

so that V5(Z,t) — Vp1(Z) has compact support, and Vo = Vi1 + A,
where A has compact support. We have that, as py has compact sup-
port, by (%) and [5];

Vor(T) = — i Jrs 5y

and Vy; is time independent, of very moderate decrease and quasi
split normal, (1), see [17]. We have that, using the divergence theorem;

Vs(Z,t) = 1rz [spzen PVor (@) « (¥ — T)dS(7)

DV (9) « ctndS ()

1
T 4wc?t? f&B(E,ct)

= Tt féB(E,ct) DV (y) + dS(y)
- ﬁ fB(E,ct) div(DVo1)(y)dB(Y)

= s fB(i,ct) V*(Vor)(@)dB(7)

1 f (@)
4net J B(T,ct) €0

dB(7g) (* * *)

so that, as pg has compact support, so does V3. It follows, from (xx),

(% %), (1), (A), that;
V=Wi+Va+Va=Vi+ Vo + )+ Vs

where {Vi, A\, V3} have compact support, and Vy; is time indepen-
dent, quasi split normal, of very moderate decrease. It follows, taking
Vi =Vyp and h = Vi + A+ V3, that V = V' + h, where V' is time
independent, quasi split normal, of very moderate decrease, and h has
compact support. (¢) is shown. For (iii), we have that;
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E=-v(V)- 4%

=-v(V)-v(h) -4

where, by (B), 24 o 4 has compact support. By the proof in [17], we have
that the components of 57(V’) have moderate decrease, and, clearly
/() has compact support. Using the inequality;

o B B | < 15 1+ 150+ 15

<gEtEEtee

C

= &P

where C' = C + Cy 4+ Cj, || > 1, it follows that 7(V’) has mod-
erate decrease as a field. Clearly, 57(V’) is time independent and, by

the proof in [17], the components of 7(V') are quasi spht normal. It
follows, setting £ = — v (V') and H = — v/ (h) — 94 that F s
time 1ndependent, the components are quasi split normal of moderate

decrease, H has compact support. (iii) is shown.

O

Lemma 1.9. Wave Equation Representation If E is as in Lemma 1.8,
with T*(E) = 0, then we can use the integral representation;

E(T; t) _ fRS Ea (%) ez‘E.iJrkct dk + fns Fb (E) eiE.E—i-kct dk

Proof. Using the calculation in [17], we can use the fact that E has mod-
erate decrease and is quasi split normal, to define the Fourier transform
F(E), for k1 #0, ky # 0, ks # 0. As is done in [14] using integration
by parts, and the fact that the the derivatives 2 8% and a E have mod-

erate decrease, for 1 < ¢ < 3 and are quasi split normal, we have for
kl ?é O) k2 3& 07 k?) 7é 07 tha’ta
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F(V?E)(k,t) = —k*F(E) (k1)

Using the fact from Lemma 1.8 that 2£ has compact support, we
can use the DCT to show that, for k; # O kz # 0, ks # 0;

2
F(ZE)(k,t) = SE00

It follows, from (J2E = 0, that, for k; # 0, ko # 0, kg # 0;
F(E)yu(k,t) + 2 F(E)(k, 1)

and, we can use the usual method of ODFE’s, to show that, for k; # 0,
k2 7£ 07 k3 # Oa

F(E)(F,t) = Ey(k)eitt + By (F)ek

where E, and F, are as in the statement of the lemma. Now we can
apply the inversion theorem, which is justified in [14], as F is quasi
split normal and of moderate decrease, to obtain that;

I’RS il zk x+kctdk, + f'RS inl zk x+kctdk

The components of F (Eo) are in L'(R?), as proved in [14], ‘and
as (%—]f)o has compact support and is smooth, we have that F ((%—f)o)

is smooth and of rapid decrease. It follows easily, using a calcula-

tion with polar coordinates, that the components of % are in

Ll(R3)._ We can, therefore, split the integral because the components
of {E,(k), Ey(k)} are then in L'(R3).

O

2. A No RADIATION CONDITION

We now clarify some results about smoothly decaying solutions to
Maxwell’s equations in free space.

Definition 2.1. By Mazwell’s equations in free space, we mean;

(1). div(E) =0
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(i1). div(B) =0

_ 9B
bt

(iii). v x B =
(iv). v x B = poeo2Z
We abbreviate the operator 7% — Moﬁog—; by (12
Lemma 2.2. The smoothly decaying solutions of the wave equation
(*(E) =0 are given by;
_ t) _ fRS Z(E)ez(ﬁf dk+fR3 (k ac—&-w(k)t)dk
where A, B C S(R?)

while the smoothly decaying solutions of Maxwell’s equations in free
space, are given by;

fkeR«? J'SL E ﬁ i(kax—w(k)t) dS ( )dk

+ e sz (k, m)e’Emte®N S (m)dk ()

where k = |k|, w(k) = clk| = W and {G,H} C S(M) where
S = (S2(F,1) N Py, sz{ﬁ:(ﬁ ). % =0}, dS-(n) = (7 — F)dS
M {(Eﬁ)GRG n E) k=0,n—kl =1} and S(M) = {f €

fk€R3 fs i (k)t)dsﬁ(ﬁ)dg

+fk€R3 fs N(k,m)el ik +wk)) g G ~(n)dk (**)

where k = |k|, w(k) = c|k| =

N(Fm) = =1E0 5 x )

Fﬁzally,_ifE is a smoothly decaying solutions of the wave equation
(0*(E) = 0, there exists a pair (Eqy, By) which is a smoothly decaying
solution of Maxwell’s equations in free space, such that;

v x(E—FEy)=0
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Proof. 1t is easily checked that the solutions (x), (xx) satisfy (i) —(iv) of
Definition 2.1. Conversely, let { E, B} be smooth solutions of (i) — (iv).
We have, using (7), (iii), (iv), that;

(V x E) = =28 and, hence;

= 27
-V E= _%(V x B) = —MOGO%tf
— -
VE =557 (¢= Zi)
If E; € Srsr)(R*) solve the wave equation, V/2E; = & 6;/21, where

S(’R3,’R) (R4) = {f € OOO<R4) : ft S S(RS)}, fort € R, then
E;i(7, f,R3 R
by the inversion theorem of Fourier analysis, see [5] and [23]. Hence;

V2E; = —(£)? [ [EPPEi(k, t)e™"dk

Gt = (55)° Jra S (R )™ dk

V2B = B8E = (L) [ra(—R2E; — 255 (R, t)edk = 0

2 02 02 o2

so that;

—_— A 2 '\‘
B+ 58 =

using the inversion formula again.

Ei(k,t) = Ay(k)e Mt 4 Bi(k)elMet as Ei(k,t) € Sirsry(RY)

Ei(Z,t) fR3 leklct> Zkrdk’“‘fna (F)e z|k|ct) iR k)
fRd WOk + [5 Bi(k)e! TR0 gf)

E(®,1) = [ps AR)eC=ENdE 4 [, B(k)e! 0N g
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where A, B C S(R?), as required for the first part. Using (i), we
have that;

[ (A(E) ik)eiEo=w®N0 g 4 [ (B(k) «ik)e! o+ ®N gk = 0

At t =0 and t = 1, we obtain that;

As this holds for all T € FS, using the inversion formula, we obtain
that;

=[5 G(k,n)dSi(m), B(k) = [, H(k,n)dSp(n) and the first
%) follows.

part of the result

Using the same argument, we obtain that;

B(z,1)

= Jrewo Js, KE)eE5 00 G5 )R+ [ [y L) G500 05 )
(i)

Using (4i);
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+ fkeR3 fs iH(k

= Jrers fs iG(k,m) (7 — k) x k)e!F==®0 45 (7)dk

m)ei O (dS(m) x F)F

§I

+ frers fs iH (k) (7 — k) x k)e'Em+®0q5 () dk

= fiens Js Gk, ) (0 x k)e' 7N d Sy (m) dk

+ Jrers fs iH (k,n)(m x k)e'E=e®n 45, ()] dk

B(z,t)
= Jrers Js; w% (1 x kel =M dSy (m)dk
+rers I, %) " (71 x k)e!Fwte®En gs.(m)|dk + 0(T)

= frers Js. M(k,m)eE7-ONdSg(m)dR
¥ frens Js. N(Em)e 'f-ﬂwwdsg(m ()
where M(k,m) = k (E x 7)), NE,n) = HED T « 7). and
0(z) = 0, using (11).

This proves the second part of the result. For the final part, we can
use the first part to write;

E(f, t) = fRB X(E)ez(kf ) dk + fR3 (lc T+w(k)t) dk‘ (T)

where A, B C S(R?). For k # 0, let;

Then A, (k) .k = 0, and we can write;
Ay(k) = Ay(k)(m — k) with @ € S; and A, € S(R?)

so that;
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f& (k,m)dS;(m) with G € S(M)
It follows that we can write;

fRS Z(E) ei(E.E—w(E)t) dk

= Jrers [ Gk, m)e!Se N dSp(m)dh + [[ o As(k)ke' 7 0kdk

Similarly, repeating the procedure for B(k), we can write;

[rs B(k)eiFm+e®D gf;

= fE€R3 fsi H(E, ﬁ)ei@.i-‘rw@)t)ds dk_|-fk R3 k.)k.ez(k F+w(k)t) 7. kdk
k

We set;

= f fsz G (k, m)eiB7=<®0 S (@) dk+ [ _ps fSE H(k, 7)elbo+®0 5 () dFe

We need to check that if E is real, then so is Eo. If E = E, then,
using () and equating coefficients, we have that;

A(k)" = B(=k), B(k)" = A(—k)

It follows that;

2(k)* =

(B(=k).
|k[?

E\

(k)*.k) 72
Tk

|

Bl

=

)

(B(—K)—F)T.
R k

BB

I

and, similarly By(k)* = Ay(—k), so that E — Ej is real, and, there-
fore, F is real.

Using the second part, we can find By such that (Ey, By) is a smoothly
decaying solution of Maxwell’s equations in free space. Finally, we com-
pute;
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= x( fkm As(F) cikz—w®D Tk +- fEeRS Ba(F) ei(E.erw(E)t)EdE)

+ [rors Bs(k)elFore®0(—if x &)dk =0

as required.

Lemma 2.3. Let (p, J, E, B) satisfy Mazwell’s equations, then;

DZ(E) _ v(p) + MO%?

—= o

O*(B) = —po(v % J)

Proof. As is done in [7], we can choose potentials (V, A) such that;

and (V, A) iatisfy the Lorentz gauge condition. It follows, see Lemma
1.1, that (V, A) satisfy the equations;

(V) = —£

€0
D2 (Z) = —Moj

It is an easy exercise in vector calculus to show that (1> commutes

with the gradient operator 5/, the curl operator 57 x and partial differ-

entiation %. Therefore, we compute;

C(E) =0 (- v (V) - &)

o(02(A
= - v (@) - 252

_ d(=poJ)
= v () - 2
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-
=v(&)+ 1o%s
and;
C2(B) = O¥(v x A)

= v x O*(4)
=V % (—hoJ)

= —ho(V x J)

O

Lemma 2.4. Let p satisfy the wave equation (*(p) = 0, with the ini-
tial conditions %h:o € S(}_%3) and pli=o € S(}_%B), then there exists J
such that (p,J) satisfies the continuity equation, J satisfies the wave
equation (*(J) = 0 with 7 x J =0, and (E, B) such that (p,J, E, B)
satisfy Mazwell’s equations, with 0*(E) =0 and B = 0. In particular,
the Poynting vector E x B =0

Proof. Define J by:

K‘l

- (p)ds + (@), ().

60#0 0

. . . o . —3
21f p satisfies the wave equation on R*, with the initial conditions % lt=0 € S(R")

and pli—g € S(RS) having compact support, then by Kirchoff’s formula for the
backward wave equation on the interval (—oco,0) we have that, for Ty € R3,
there exists a finite interval (¢oz,,%1,3,) C (—00,0) for which p(Zy,t) # 0, when
t € (tozost1,7), in which case 7(To,t)|(—infty,0) is supported on (toz,,t1,z,) as
well. It follows that we can define J by;

j T eoio f V

and clearly lim;_, ?)t =0. Suppose p satisfies the wave equation on R?*, with

the initial conditions 2 2Lli—o € S(R ) and pli—op € S(R ) By Kirchoff’s formula
for the backward wave equation with speed ¢ on the interval (—oo,0), using the
formula with speed 1 in [5] and rescaling the time component by c¢;

(@) = i [y —en (=22 |120) + p(7,0) + Dp(7,0) . (7 — 7)dS(7)

= 572 S5 —oty P2 1=0 + p(7,0) + Dp(7,0) - (7 — 7))dS (7)
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=i féB(ﬁ,l) M\s 0o+ p(T — ctz,0) + Dp(T — tz,0) . (—ctz)dS(Z)

we have that, for 1 < i < 3, differentiating under the integral sign;

f3) _ 1 9 9
lo2l@nl = 2=l [sp@.1) tamss | @-ctz0) T 55 | @—ctz.0)

3 52 —
—Ct Y 51 Bt | @—ctz,0)2)dS ()]

1 |t‘C7 i,
< 2 (e + e +letl Sio qaitss)

t|C;, R Ci, s 3 Ci,'» s
§ i(‘ ||ct|§3 + |Ctl‘22 + ‘Ct|2j=1 |c;|é’3)

< D

when |ct| > 2[z| + 1, D; = i(% + % +4 23:1 C;41,3), and;

2] Ci,
|5z wl < T
0, Ci,
22 ] <
8?2 Cij, —
2201 < Gaas (fa] > 1)

It follows that, for T € R3, we can define the integral;

_QelF+y

=L [T V(p)(E,9)ds

and, as p(Z, s) is smooth on the finite interval (—@JO), for to > _@l—ﬁ-l)
we can also define;

)

v fi0(2\il+l) V(p) (T, s)ds

so that, for T € R3, ty € R, we can define;

J(@,t0) = == [ V(p)ds

By a similar calculation, using the chain rule and product formula, we have that;
0, _ 1 0, 3 3
152 @0l = 2=l Jsp@1) (38 @—ctzi0) = €t 2051 555 | m—ct2,0) %

3 9 3 2? =
—2c375 1 5L @-ctz,00% + 2 35 k1 g @—ctz,0)2i20) S (Z))|

\ /\

C; 2 C;
= (e + et 50 et +2e X0 ey + I 5 o)

C! C
< 17'r(02\2t|22 + ‘ﬂzj 1 cg|:|g +22j 1 cj\t1|22 + |t|2 Z]k 1 CJQTt|143)

IN
I

[t
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aJ _ _ v
ot eopo

In particular, ¥ ( ) 4 Ho'g 37 =0, (). Applying the divergence operator,
differentiating under the integral sign, using the wave equation for p,
we have;

Then, by the fundamental theorem of calculus, we have

div(J) = == fo div(s7(p))ds + div(h)

p)ds + div(h)

T eopo 0

= - fot 9Lds + div(h)
op + %%‘t:() + dZU(E)

Choose h so that div(h) = —%\tzo, then div(J) = gf, so that
(p,J) satisfy the continuity equation. By the initial conditions, that
po and %hzo belongs to the Schwartz class, the general solution of
the homogeneous wave equation with initial conditions, see [5], and an
appropriate choice of h, we have that J vanishes at infinity. It fol-
lows, applying the result of Lemma 1.2, that we can find a pair (E, B),
such that (p, J, E, B) satisfy Maxwell’s equations, and, by the result of
Lemma 2.3 and the condition (*), we have that [J?(E) = 0, so that E
also satisfies the wave equation. Moreover, by the explicit formulas in
Jefimenko’s equations, one can check that F is also smoothly decaying,
(®). Then, using the result of Lemma 2.2, we can find (Ey, By), which

Ca.2 1 3 2 3
st 3221 Cies + 32520512 +

when |ct| > 2[z| + 1, E; = 5(
C% Z?‘,kzl Cjk1,4), and;

C
1221 < 28
|9$:,6:Ek | l S \ (|w‘ > 1)

In particularly, it follows that, for T € R?, limt%_w%kgﬁ =0

3 In the case when p is defined only by the forward wave equation, starting
at t = 0, with smooth compactly supported initial conditions, it is easy to see
that the components j;, 1 < i < 3, of .J, have smooth, compactly supported
initial conditions as well. Moreover, for t € Rs¢ fixed, p, € C®(R3) and
jitr € C®(R3?), for 1 < i < 3, have compact support and belong to the Schwartz
class. By Jefimenko’s equations, the components of the fields (E, B), e; € C>®(R*),
b; € C®(R*), 1 <i <3, and for fixed t € R, e;; and b; ¢, 1 < i < 3, have compact
support and belong to the Schwartz class. In the case when p is defined by the
forward and backward wave equations, p € C°°(R*) and the components of J,
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are smoothly decaying solutions of Maxwell’s equations in free space
and with 7 x (E — Ey) =0, (f). Clearly, (p,J, E — Eo, B — By) still
satisfy Maxwell’s equations, and, by (f) and Maxwell’s equations, we
have that;

_ 8(B—Bo)
ot

=V x(E—-E)=0

that is the fEldE — By is magnetostatic. Set p9.Jo = 7 x (B — By),
then (0, Jy, 0, B— _BO)_satis_fy Maxwell’s equations, so that, subtracting

solutions, (p, J — Jo, F — Eg,0) also satisfies Maxwell’s equations. We

must have then that (p, J — Jo) satisfies the continuity equation. As
(Eo, Bo) were solutions to Maxwell’s equations in free space, we have
[(1?(Ey) = 0, so that, as O?(E) = 0, we must have [?(E — Ey) = 0 as

ji € O®(R*), 1 < i < 3, see [20]. An analysis of this situation and the existence
of the fields (F, B), given by Jefimenko’s equations, is also given in [20]. We can
use the general theory of the Fourier transform for non-oscillatory fields of very
moderate decrease, developed in [20] or we can truncate (F,B) to (E,, By) on
B(0,n) for n € N, and extend (E,, B,) to (E;,E:L) which are rapidly decaying
and satisfy 0%, = 0. To see this, extend the pair (E,, %HB@M at time t = 0
to a pair (a(Z), b(T)) with {a@,b} C S(R?) and generate a rapidly decaying solution
E; to the wave equation D2E; = 0 with initial conditions {@,b}. By Kirchoff’s
formula, see [5], we have that F; matches E,, on B(0, %) for t < %. It is easy to

/

extend B, to a rapidly decaying B,,, agreeing with B,, on B(0,n) for all times

t > 0. We still have that (p, J, E:I,E;) satisiy/ Maxwell’s equations on E/(O, @/ for
t < % and we can use the representation of F,, in Lemma 2.2 to find (E,, o, B,, o)
which are smoothly decaying solutions to Maxwell’s equations in free space, such
that 7 X (E:l — E;,O) = 0, and, in particular, v/ x (E;L — E;,O”B(ﬁ,%) = 0, for
t < %. It is clear that the sequence (E;,}O,E;,’O)ann\B@%) is Cauchy, for t < %,

so we can define (Eo,Bg) on B(0,%), for t < %, as the limit of the sequence
(F;z’,o’E;’,O)n/2n|3(6,g)a for t < 2. Asmn € N is arbitrary, we obtain a complete

definition of (Eo, By). By continuity, we have, for n € N, t < %, that;

- = . — —

v x (E - E0)|B(6,g) =V X (limp w00 m>n (B, — En,O)'B(ﬁ,% )
. — —

= limy/ 00,0/ >0 (V X (£, — En,O)‘B(ﬁ,%))

=0

so that, as n € N was arbitrary, v x (E — Eg) = 0. A similar argument
establishes that (Fg, Bg) is a solution to Maxwell’s equations in free space.
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well. By Lemma 2.3, we have that;
v x (7= o) = 22O =T, (1

By elementary vector calculus, (1), the continuity equation, the fact
that (O0*(F — Ey) = 0, and the first result of Lemma 2.3, we have that;

_ 1 9*(J=Jo)
T2 o2

so that (0?(J — Jo) = 0. This proves the main claim. The fact that
the Poynting vector is zero follows trivially from the fact that the mag-
netic field vanishes.

If the data is defined on R*, we can use the same proof with a few
modifications. We have that p satisfies the wave equation [J*(p) = 0 on
R*, and we assume that the initial conditions py and %|0 are smooth

and have compact support, in particular belong to the Schwartz class.
We define;

(@) = = [ v (0)ds

Observe that by Kirchoft’s formula for p, J is well defined and, by
the results of [21], J has compact support. Using the fact that, by
Kirchoft’s formula, for fixed 7, limt%_w%(f, t) = 0, we have, as above
that;

V(o) + 55 =0
and (p,J) satisfy the continuity equation. Using the method out-

lined at the start of the paper, Lemmas 1.4, 1.5, 1.8 and Remark 1.6,
together with the argument above in this Lemma, we can find a pair
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(E,B), with (p, J, E, B) satisfying Maxwell’s equations, [J?(E) = 0,
and with F satisfying the hypotheses of Lemma 2.1. We can then
use the argument of Lemma 2.2, to find (Ey, By), satisfying Maxwell’s
equations in vacuum, such that 7 x (E — Ey) = 0. Now follow through
the rest of the argument above in this Lemma. By the proof in [21],
we have that (J?(J) = 0 and by the above [?(J — Jy) = 0, so that
[1%(Jo) = 0. As Jy is time independent, we have that 7%(Jo) = 0, so
that J is harmonic. We have that Jo = #LO(V x (B — By)), and, by
the analysis in Lemma 2.2, 7 x (B — By) is bounded and decays at
infinity, so that, in fact J, = 0.

O

We now strengthen this result;

Lemma 2.5. Let (p, J, E, B) satisfy the conclusions of Lemma 2.4,
then in any inertial frame S’ moving with velocity vector T relative
to S, if (p',jl) are the transformed charge distribution and current,
there exists a pair (E/,EI) such that (p’,jl,E/,E/) satisfy Mazwell’s
equations in S, and D’z(EI) =0withB =0in S In particular, the
Poynting vector E' xB =0. Moreover, the pair (o', 7/) still satisfy the
wave equations 2(p') = 0 and () =0, with 7 x J = 0.

Proof. Let (p ,7_/, EH,_EH) be the transformed quantities in S’, corre-
sponding to (p,J, F, B) in S. The transformation rule for the electric
field, see [3], is given by;

E”:EH—F’Y(EL —|—6X§)

where || and L denote the parallel and perpendicular components

respectively. Note that E|| is defined in the equation by (E.E)W%, and
E, by E—E|. Asv x B =0, from the assumption that B =0 in 9,
we have that an observer in S’ sees the electric field;

Let [0 be the d’Alembertian operators in S’, then using the Lorentz
invariance of the d’Alembertian operator, the obvious fact that it com-
mutes with parallel and perpendicular components, the above trans-
formation rule, and the fact that [0?(E) = 0, we have;
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O2(E") = O%(E) +vEL)
= (B ++EL)
= (0*(E)) + +(O?E)L =0

Similarly the transformation rule for the magnetic field, see [3], is
given by;

E// _ FH +’7<§L . EXE)

c2

which, using the fact that B = 0 in S again, becomes;

B =—-3({WxE)

Using, a similar argument to the above, this time using the fact that
the d’Alembertian commutes with taking a cross product with 7, we
have;

0%B") = 0*(-%(v x E))

(-3 x B))

=—%(0x 12(E)) =0

As in Lemma 2.4, and using the last part of the result of Lemma 2.2,
with the fact that D'Q(EH) =0, we can find a pair (Eg,ﬁg) which are
smoothly decaying solutions of Maxwell’s equation in free space, and
with ' x (E" — E,) =0, (1). Then clearly, we still have that;

02(E" —Ey)=0%B" - By) =0

and, moreover, by Maxwell’s equations in S" and (7);

V' x (E' = Ey)

—/! -/

= _%(B _Bo) =0

so that B — Eg is magnetostatic. However, we then have;
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92 —! —/! o 9 —/! —/ A
OB — By) =v“(B —B;) =0

so that B — E{)’ satisfies Laplace’s equation and is harmonic. Using
the fact that B — Fg is bounded, we can use Liouville’s theorem to
conclude that B' — E{)’ is constant, and using the fact that B — Eg
vanishes at infinity, that in fact B — By = 0. Setting E = E — E,
and B = B’ — ?g then gives the first result. The result about the
Poynting vector is clear. Finally, we have the transformation rules for
current and charge, see [3], given by;

/ vJH

p=p— =)
—

J =~(J) = pv) + 1

where 7 = v7 and 7|| = JHjH' We then compute, using the usual
commutation rules, the transformation rules just given, and the fact
that (0%(p) = 0 and O?*(J) = 0 in S, that;

O2(p) = D2(y(p — )

=D((p— )

=7(0%p) — ) = 0

and;

02 (7) = O (v(7)) = p0) + J)
=D2(y(J) = pv) + J 1)

= (Y () — D (p)7) + O2(J)1) =0

Finally, the fact that v/ x J = 0 follows from the result that

[2(B) = 0 and the second result in Lemma 2.3.
U

We now prove a kind of converse to this result. We first require a
definition;

Definition 2.6. Let (p,J) be a charge distribution and current, satis-
fying the continuity equation in the rest frame S. Then, we say that
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(p, J) is non-radiating if in any inertial frame S’, with velocity vector T,
for the transformed current and charge (p' ,7/), there exist electric and
magnetic fields (E,,El) in S’ such that (p’,jl,E/,El) satisfy Mazwell’s
equations in S' and with B = 0.

Lemma 2.7. Let (p,J), as in Definition 2.6, be non-radiating, then
(p, J) satisfy the wave equations [?(p) =0 and *(J) = 0.

Proof. By the definition of non-radiating, there exist fields (E,B) in
the rest frame S such that (p, J, E, B) satisfy Maxwell’s equations and

B = 0. We then have that (0*(B) = 0 and, by the second result in
Lemma 2.3, that 7 x J = 0. By the same argument, and using the
definition of non-radiating, we must have that 7/ x J =0 for the
transformed current and charge (p/ ,7’) in any inertial frame S’ with
velocity vector T. We now compute 1/’ x J. We have, as above, the
transformation rule for J given by;

_/ p— . —
J :’y(JH—pU)-i-JJ_
so that, using elementary vector calculus;

V' X T =7 x Ty + 1@ x V() + V' x T 1

We also have, see [3], the transformation rule for v/;

Taking ¥ = vi, we have that 7 = (2,0,0), V. = (078%7%)7

52 = (58,0.0), 7 = (5,0,0) and 7, = (0, J, Jy) so thai;

=7(£,0,0) + (% 2,0,0) + (0,

&l
¥l
SN—
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and;

/ T __ (9J3 0J2 0Js 0Jo
\VARS JJ— o <8y’ T 8z oz 81")

OJy _ 0Jy _ 0y _ v v 9

WwaJs A 0J2 9J2
_(8y 0z Ox c2 ot Bx_'_cQat)

and;

— (~92 4 v0p 9p Op
- (78:(: + c2 Ot’ Oy’ 82)

V(@ x 7' (p)) = (0, =032, yv3E)
Combining these results, it follows that;

—
V’ xJ = (Oa’y%a _’y%) + (Oa —’}/U%,”}/’Ug—Z)

OJs _ 0Ja _\0J3 _ v 0dJ3 . 0Ja 4 qvdJy
+(8y oz Ox Z ot Vo +c2 at)

0Js _0Js OJ _0Js _wdds . 0p _0Ji . 0Js  10dJs . Op
_(8y 92 V92 ~ Von 2o Vo 78y +7 8:1:+c2 ot +ﬁyv@y)

As we have seen, 77 x J = 0 in S. In coordinates, this implies that;

oJs _ 9y _ 9L _ I3 _ 3Jy _ 2 _

dy 0z 0z ox ox oy

It follows that;

/ =5 yv 8J3 Op v Ja dp
Vix =0, -3% — ek @ et T vgy)

=@ x (Vo) + £%)

As 7 is arbitrary and 7' x J = 0, we conclude that;

(V) +%%) =0, (1)

Taking the divergence div of (1) and using the continuity equation,
we obtain that;

. adiv(J
div (7 (p)) + 5245
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|~

02p
o =0

:VQ(p)_ 29

)

so that [J?(p) = 0. We can conclude as in Lemma 2.4, using (1), the
continuity equation and the fact that 7 x J = 0, that [J%(J) = 0 as

required.
0

We make a further definition;

Definition 2.8. Let (p,J) be a charge distribution and current, satis-
Jying the continuity equation in the rest frame S. Then, we say that
(p, J) is strongly non-radiating if in any inertial frame S’, with veloc-
ity vector v, for the transformed current and charge (p’ ,7,), there exist
electric and magnetic fields (E ,B) in S such that (o, T, E,B) sat-
isfy Mazwell’s equations in S' and with E = 0. We say that (p,J) is
mized non-radiating if in any inertial frame S’, with velocity vector v,
for the transformed current and charge (p’,jl), there exist electric and
magnetic fields (E/,El) in S’ such that (p’,jl,E/,El) satisfy Mazwell’s
equations in S' and with either E =0 or B = 0. We say that (p,J)
is Poynting non-radiating if in any inertial frame S’, with velocity vec-
tor v, for the transformed current and charge (p’,jl), there exist elec-
tric and magnetic fields (F/,E/) in S" such that (p’,j/,E/,El) satisfy
Mazwell’s equations in S" and with the Poynting vector E'xB =0. We
say that (p, J) is surface non-radiating if in any inertial frame S’, with
velocity vector v, for the transformed current and charge (p',jl), there
exist electric and magnetic fields (E',B') in S' such that (p',J ,E ,B)
satisfy Mazwell’s equations in S’ and with div(E' x B') = 0.

We note the following;

Lemma 2.9. Let (p, J) be strongly non-radiating, then (p, J) is trivial,
that is p =0 and J = 0.

Proof. In the rest frame S, we can find a pair (E, B) such that (p, J, E, B)
satisfy Maxwell’s equations and with £ = 0. By Maxwell’s equations,

we have that div(£) = £ = 0, so that p =0, (x). In an inertial frame

S’, with velocity vector v, we have, by the transformation rules and
(%), that;

vJ vJ
pr=ap—"g) =51 (+)
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Using the fact that we can find (E/,E/) such that (o', 7, E/,F/) sat-
isfy Maxwell’s equations and with F = 0, we can conclude again, that
p' = 0. By (*x), we then have that J; = 0, so that (J,v) = 0, for every

velocity vector ©. This clearly implies that J = 0 as required.
O

Lemma 2.10. Let (p, J) be mized non-radiating, but not non-radiating,
then (p, J) is trivial, that is p =0 and J = 0.

Proof. Without loss of generality, using Definition 2.8, we can assume
that in the rest frame S, there exists a pair (E, B) such that (p, J, E, B)
satisfy Maxwell’s equations and with £ = 0, and that there exists
an inertial frame S’, with velocity vector U, such that, for the trans-
formed charge and current (o', 7/), there exists a pair (EI, E/) such that
(0, 7/, E/, El) satisfy Maxwell’s equations and with B = 0. Working in

the rest frame S, we have that, by Maxwell’s equations, div(E) = %,

so that p = 0. As *(E) = 0, we have by Lemma 2.3, that;

Mo% = VG(OP) + Hogy

so that J is static. Again by Maxwell’s equations, we have that;

0B

Vv X E= S

vV X B= Moj*l-#oéo%

so that, as E = 0, B is static, and 7 x B = poJ, (). Switching
to the frame S’, using the fact that B =0 and the second result of

Lemma 2.3, we have that 7’ x J = 6._Repeating the calculation of
Lemma 2.7, and using the fact that (0?(E) = 0, we have that;

V' x T = (7 x D)+ (v x T)1) +~(@ x B(E))

= (vxJ)+r((vxJ)L)=0

It follows that;

(v x J),7)

= (v xJ),7)
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==((V x J)1,9) =0

so that;

(VxJ)==(vxJ)L=0

and;

(Vx)=(vxJ)y+(vxJ)L=0

By the second result of Lemma 2.3, we obtain that (J?(B) = 0, but
B is static, so in fact s72(B) = 0. Applying Liouville’s theorem, and
using the fact that B is bounded and vanishing at infinity, we obtain
that B = 0. From (%), we must have that .J = 0 as well, proving the
claim.

O

Remarks 2.11. We conjecture that if (p,.J) are Poynting or surface
non-radiating, but not non-radiating, then (p,J) are trivial. Given
these conjectures, if an electromagnetic system fails to satisfy the wave
equation outline above, then in some inertial frame, without loss of
generality, we would have that div(E x B) > 0 on some open U. By
the divergence theorem, this would imply an energy fluz through the
boundary of U. This imposes strong restrictions on the nature of this
fluz, as if the total energy V of the system were to reduce to zero, or
even decrease then, we can consider Rutherford’s observation, that, in
an atomic system, the orbiting electrons would spiral into the nucleus.

3. THE BALMER SERIES

We now consider flows satisfying the wave equation.

Lemma 3.1. Let (ﬁ, J) be a pair, satisfying the continuity equation,
with p € S(R*,R), J € S((R?,R?)) and the wave equations 0*(p) = 0
and (?(J) = 0, with the additional equation;

V(o) + 55 =0 (%)
Then if;

p(T,t) = fRS f(E) eilka—w(k)t) g 4 ng g(E) ci kT +w(R)t) JT
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—tyzﬁvﬁ@) twk+L@_ Yeilbatw®)) g

we have that, for k #0 ;

If J is tangential, that is for T # 0, and t € Rso, (T

then the pair (p,J) is trivial, that is p = 0 and J = 0.

Proof. By the first part of Lemma 2.2, using the fact that p and J

satisfy the wave equation, we can write;

Ft) = [ F(®) cilka—w(®)) T + [ (%) cika+w(B)) j1:

,J (T, t

T t) — fR3 f(%) ei(E.E—w(E)t) dk + fns @(E) ei(E.f—l—w(E)t) dk

where f,g C S(R*,R), F,G C S(R* R) and w(k) = c[k|
We have that;
P 0)E) = fo FENREETENE 1 o Y0

while;

(%, 1) = [0 —io(R)E(R)eEm=®N Tt [ iwo(R)G (k)i Fa+o®0) g

so that, equating coefficients, using the Inversion Theorem, and (x),

we have that;

We have that;
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L@ 1) = [gs —iw(k) f(R)eFT=®NdE 1 [ iw(k)g(k)e! "o+ ®0

and;
div(J)(Z,t) = f RS i(k, F(k)) eilka—w(k)t) g1 4 ng ik, G(k)) pikT+w(R)) JT

so that, equating coeflicients again, and using the continuity equa-
tion % + div(J) = 0, we have;

Now suppose that J is tangential. We then have, applying the
Fourier transform F, see [5];

F($1J1 + IL‘QJQ + ZL‘3J3)

 OF(L) | 0F(Ja) | OF(Js)
= —i( akll + 8k22 + 6k33)

= —i(div(F(J)(k,t))) =0

so that div(F(J)(k,t)

div(F) (k) = div(

0 which implies, equating coefficients, that
. Using the formula (xx), we have;

Ql
SN—
—

e
SN—

Il

Sl

= o(V ()R, ) + cf B)dio )
= co(V(N)(R) g7) +ef(R) =0
so that;

In coordinates, this would imply that;
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of _ of _ of _ of of
8k, — Oky  Oks 8k1+8k2+8k3_ 2f

so that —6f = —2f and f = 0. Similarly, we conclude that g = 0,
and, using the equations (xx), that F = G = 0. This implies that
p=0and J = 0 as required.

O

Lemma 3.2. We can find a pair (p,J) satisfying the hypotheses of
Lemma 3.1, with the additional requirement that J|s(,) = 0.

Proof. We convert to spherical polar coordinates, z = rcos(¢)sin(0),
y = rsin(¢)sin(f), z = rcos(f), for 0 < 0 < 7w, -1 < ¢ < 7, writing
the Laplacian;

V() = (R, + 5 Ag) (u) (1)

where;

Ro(u) = 53¢ + 25

u 2
AH@(U) = sln1(9) 6ﬁ (SZn(e)%) + sirlLQG ((;?

are the radial and angular components respectively. The eigenvec-
tors of the operator Ay, are the spherical harmonics, defined by;

Yim(0,0) = (—1)™(ZEL L3 B (cos(0))e™, (10,0 < m < 1)

Yi,m(97¢) = <_1)mYE,—mv (l Z 0,0 S m S l)

see the appendix of [11]. We have that {Y},, : [ > 0,—l < m <[}
forms a complete orthonormal basis of L?(S(1)), and, moreover;

Agp(Yim) = U1+ 1), (12 0,—1 <m < 1)

see the appendix of [11] again. We look for eigenvectors of 572 of the
form ¢y g (r, 0, 0) = Yim(0,0)x1.e(r). We have, using (1), that;
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vz(,@bl,m,E) = (RT’ + T%Ag@)(}ﬁ,m(g, ¢)XZ,E(T))
== Yi,m(ev (b)Rr(Xl,E(r)) - l(l:;l) Yz,m(ea ¢)XI,E<7"))

so that;

v2(¢l,m,E) = Equ)l,m,E

iff x; g(r) satisfies the radial equation;

(R, — & — E)yxip(r) =0
(L 24 MWDy p(r) = 0, (1)

We can solve (11) using the method of Frobenius, see [2], but the
solutions are only bounded for £ < 0. Explicitly, taking £ = —k&?,
with £ > 0, and making the change of variables s = kr, the radial
equation reduces to the spherical Bessel equation;

(& 424 41 MDY p(s) =0, (1)

which, as noted in [11] has a unique bounded solution (up to scalar
multiplication) on (0, c0) defined by;

Gi(s) = (5)7J51(s)

where Jj, 1 (s) denotes the ordinary (of the first kind) Bessel func-
tion of order I+ 3. As is shown in [11] again, see also [10], the functions;

1

k(2)2Yim (0, ¢)i(kr) (k € (0,00))

form a complete orthonormal set in C'(R*). Moreover, we have the
explicit representations;

T () = (2)3(P(L)sin(s) — Qu-a(L)cos(s), (1 € Zs1)

where { P, Q;} C QJz] are polynomials of degree [, with the property
that B(—1) = (=1)'P(1) and Q;(—1) = (=1)!Q;(1), for I > 0, see [4].
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We set;
X (r) = ma(r) = k(2)2 5 (kr)
Wl,m,k(,ra 67 (b) = lfl,m<97 (b)Tl,k(T)

where F = —k? for k > 0. By what has been shown {y,,,x : k €
(0,00),1 > 0,—1 < m <[} forms a complete orthonormal set, (%), and
V2(Vimk) = —k*Yimr- It follows easily, that we can write a general
solution for the charge p and current contributions .J in the wave equa-
tion using the forms;

P =150 2o 1emet S0 (W M K) Y e F 0 (L m, k)Y n e’ ) dk

J = ZZ>OZ 1<m<l fk>0 U(l,m, k)Y mpe " F 4V (1, m, k)Y mpe)dk,
(t111)

We say that J satisfies the radial transform condition, if, in the no-
tation of Lemma 3.1, we have that, for k # 0;

F(k) = a(k)k

for some {a, B} C S(Rso). As is easily shown, if J satisfies the radial
transform condition, then if we define p according to the second pair
of equations in Lemma 3.1, we automatically have that J satisfies the
first pair, and all the assumptions of Lemma 3.1 are met. By consid-
ering the representation of J in Lemma 3.1, equating coefficients, and
applying the inversion theorem, we see that;

2ickF (k) = ick fﬁg Joe~ kT qz — = %_7 o~ kT g7
2ickG (k) = ick = Joe *Tdz + [ (8_7)06—%.56% (%)

for k # 0. We compute these integrals using the representation of J
in (1711) and the representation;

eiE.f — A7 Z;’io Zin:—l Zl]l(kil')yi7m(E)Yl,m(%)
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=dm Z?io Zin:fl %(%)% l,m(z)%,m,k
given in [11], where k = |k|. We have, using the property (x), that;
o Joe T qT
= [z (Xm0 2 —i<m< Jooo UL m, k)Y e+ V (L my k)Y ) dk e ~ihT T
=4m fR El>0 > 1<m<l fk>0 (L, m, k) Yimk + V(l M, k) Yim ) dk)
(0 S S (B)2Y (W) )T

—Ar Y S (T m, k) + V(L m, k) (55 (k)

A similar calculation shows that;

73(%_) —ikT J
= dm Y2 S (—iekT (L m, k) + ek V(Lm, k) 5 (2) 3y, (R)
It follows from (xx) that;

F(E) WZZ ome ! (l m, k) (%)%Yl*m( )
GR) = 4m Yy St V(Lm, k) (5) Y, (R) (++)

We can compute k in spherical harmonics by;

>

=% = k(cos(¢)sin(8), sin(¢)sin(0), cos(0))

= Z?io Zinzfl k‘W(l, m)*Yz*m (E)

noting that, by orthonormality of the spherical harmonics;

=l
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I —
>0 X IW (L m)]? = dm (+), ()

Equating coefficients, the radial transform condition is satisfied set-
ting;

U(l,m, k) = a(k)(2)zZEW (1, m)*
V(l,m, k) = B(k)(2)2 ZEW (1, m)* (%)
where {a, 8} C S(Rso), and 1 >0, =l <m <1, k> 0.

We now impose the boundary condition, that 7|5(r0) = 0. We can
achieve this by requiring that 7, x|st) = 0, or equivalently, that
Tei(r0) = 0, or ji(krg) = 0. The positive zeros S; of j; form a discrete
set and we require that k € f—é Using the asymptotic approximation;

sin(s—&
jl(S) ~s—o00 %

given in [11], we have;
k~Z(n+5),ne Zs
for large values of k. Using (111), we have that .J takes the form;

T =350 2 i<met 2o s (O (Lm, k) ymwe ™ M4+ Vi (1 m, )y m pe™™)
o
(FTT77)

where we have that;

4 The space of spherical harmonics of degree [ is the same as the restriction
to the sphere of harmonic polynomials of degree I. Clearly, the functions {x,y, 2}
satisfy Laplace’s equation and are polynomials of degree 1. It follows that only
| = 1 is necessary in the computation of k by spherical harmonics. Then, in the
representation of .J, (11111) below, we restrict to | = 1. As the zeros of Jipy are
pairwise disjoint for [ > 0, this property is necessary for a good definition of J
vanishing at the boundary S(rg), achieving the radial transform condition. The
results of the paper are not effected by this restriction, if we drop the requirement
that J vanishes at the boundary in the ionised case, so that .J 3 (koro) # 0 for a

fundamental solution in the family [y = 1.
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V=V, (1)

for some nonstandard infinite 1 and the coefficients {U, V'} are chosen
to satisfy (x * *) at the discrete eigenvalues, (°).

0

5 The use of infinitesimals is a shorthand. We can use a family of good kernels
{as(k), Bs(k)} C S(R~o) with 6 — 0, and supported at k. That is;

(). fw as(k)dk = 1
fR las(k)|dk < M

(ii7) For every € > 0, f‘ las(k)|dk — 0, a8 6 — 0

k}—ko‘>€

1 —m(k—kg)?

An example over R~g is the family as(k) = 0" 2e 3 , where;

Ckq,s

—m(k—kg)?

Cho.5 = fR>o S e 5 " dk

is a scaling factor, .

If;

Us(1,m, k) = a(ko)as(k)(2)2 LoW (1, m)*

Vs(L,m, k) = B(ko)B5(k) (2)% 42T (1, m)*

then we see that;

limgs—oJs

= lims_o0 Z—lgmgl fk>0(U5(1, m, k) y1moke P+ Vs(1,m, k)y1 . ke™kt)dk
= Z_lgmgl(ﬁl(l, M, ko) Y1m kg€ R0 + V1 (1,m, ko)Y1.m ko€ F0Y)
= Jo (%)

where;

Ty (1,m, ko) = a(ko) (2)% 2017 (1, m)*

Vi(1,m, ko) = (ko) (2)% G2 T (1,m)"

The justification for (x) is that, using the properties (%), (i), (%), for sufficiently
small e, sufficiently large d(e);

| Z—lgmgl fk>0(ﬁ5(1, m, k)fyl’m,ke*wkt +Vs(1,m, k)’yLm,keith)dk
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— > 1<m<1 Ui (1,m, ko)1, mokee ™ R0t + Vi (1,m, ko)1 m ko €'t
=X 1<mer Jesolalko)as(k) (2 )z ik W(1 M) Y1 e~ PR
+B(ko) B (k) (2) EETW (1, m) 1y k" ) dk
3 emen (ko) (2) 3 B TT (L, )y k"
+8(ko) (2) 3 BETF(1,m) 11, 0o 1501)|
- |(%)% Z—1§m<1 fk>0 kO) ar ’Yl m,k —ickt
_a(ko)%ryl’mykoefickot]dk 4 fk>0 55(1@[5(160)%%%*67@“
_ﬁ(ko)%71,m,k0€7i6k0t}dk)|
<|(2 )2y 1<m<1 W(L,m)* (f‘k_ko‘geaé(k)[a(kﬂo)%,},l)m’ke—ickt
_OK(kO)%%’m’ko ekt dk + flk kol<e Bé(k)[ﬁ(ko)%%,m,ke_“kt
—Bko) 52 71 moko€ "Fot|dk)|
|( ) 2- lsmsl w(1,m)” (flkfko|>e,k>oO‘é(k)[a(kO)%%,m,keﬂm
_a(kO)%'}/l,m,koeiiCkOt]dk + f|k?*ko|>6,k>0 ﬁé(k)[ﬁ(ko)%,yl,m’kefickt
_/B(ko)gm,m,koe_“kot]dk)|
<€

In particularly, the convergence is uniform on R3.

By the proof in the main text, we have that the radial transform condition is
satisfied;

Fg(%) = Oé(k’o)Otg(k)E
Gs(k) = B(ko)Bs(k)k

so that;

f5(k) = BEE) _ kalkolas(h

s(k) = — (k.Gs(k) _ _kﬁ(kuc)ﬂa(k)

ck

and;

)
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Remarks 3.3. Technically, the calculation (++) requires smoothness
of the coefficients {U,V'} in the continuous variable k, so that we can
invoke the Riemann-Lebesgue lemma, to eliminate the orthogonal terms
k # K. When passing to a discrete sum, we lose this property, and, an
argument involving equating coefficients is required. We have sketched
over this by involving a nonstandard element n, but, if the reader is un-
familiar with this circle of ideas, we are essentially using distributions.
As this is primarily a Physics paper, we leave the technical details for
another occasion.

1
Lemma 3.4. Let s;;(r) = Tlé’l“yir), where ¢, = %JH%(MO), then,
for k € f—é, l > 0, 1 fizred, si; forms a complete orthonormal sys-
tem in Cy2((0,70)), consisting of continuous functions on the interval
(0,70), vanishing at ro, with respect to the measure r*dr. Moreover,
the functions 0pmk(r,0,¢) = Yim(0,¢)sik(r), forl > 0,—1 < m <,

k e fé form a complete orthonormal system in Cya(B(ro)), consisting

t) — fRB fé( zkm cktdk.+ fR?’ ga 1k m+cktdk
— fRS f) ik — cktdk fR3 koc)ﬂé(k) eiE.EJrcktdE

Then, we see that;

lims_ops = fS(O ko) koaék 0) jikT— ckt T fs(o ) koﬁc(ko) ikT—ckt JT.

= po (%)
The justification for (xx) is as above, using the properties (i) — (iii) of a good
kernel, in particular the convergence is uniform on R3. By the radial transform

condition, we have that;

V(ps) + 012 dé]{s 0

9 + div(J5) =0

A similar argument to the above shows that lims—o v (ps) = po,
lims_odiv(Js) = div(Jo), lzmgﬁoaé]j = %, lzmgﬁoaé? = Baito, so that, by

uniqueness of limits, we obtain that;

V(po) + C12 aa]to 0

8"0 +div(Jo) =0

as well.
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of continuous functions on the ball B(rq) of radius ro, vanishing at the
boundary S(rg), with respect to the standard measure dB.

Proof. Let;

_ d? 2 d 1(14+1)
Mzr—m+-———

) rdr 72

Liy =M, =25 1 ord (1 +1)
so that;

Liy(f)==(=r*f) =10+ 1)f
for f € C%(0,ry). By Lagrange’s identity, see [2], we have that;

o (Lap (v = uLy, (0))dr = —(=r?(u'v — w’))[¢" (%)

and, with notation as above, we have that;

As M. (1) = —k®7, we have applying (), that;

)

(k? — k%) fom TLTLR T dr
= (r* (] k7w — TR )10

1 3 /1
— p2((=k2 k2 g k2 /
= 7ro(( 27"0% Jz+%(k7"0) + TO% l+%(k7“0)) 7"0% Jl—&-%(k ro)
/1 13 1
_(=k2 / k2 / k2
( 23 Jip1(K'ro) + 3 JH%(IC TO))TO% Jip1(kro))
2 3.1 51

= :—g(lmlm JZ’JF%(krO)JH%(k’rO) — k2 k> Jl’+%(l€/r0)Jl+%(l€ro))

Clearly, if {k,k'} C f—é are distinct, this proves that 7, and 7
are orthogonal with respect to the measure r2dr. We then have, using
I’Hospital’s rule, assuming that k € f—é and the recurrence relation for
Bessel functions, see [11];

3. 11 , 3.1 ’
To(k?k7 JH,%(’CTO)quL%(k 1“())—]{:7 k2 Jl+%(k TU)Jl+%(kT0))

Tkl 224, = lim i K +k) (k' —k)
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! / Y /
o1 (kJH_% (kro)JlJr%(k ro)—k Jl+% (k 7‘0)]l+% (kro))
- ?lzmk’—)k (k' —k)

= %’(l{??”ojl/_i_% (l{?7’0>Jl/+%(kT0>—Jl/+%(kT0>Jl+%(kTo)—kTOJ;;%<kTQ>Jl+%(k’To)>

= 1y (o)

2 4l

7,2
= 58y (hro) P

It follows immediately, that, for fixed [ > 0, the s;; form an or-
thonormal system. The proof that the s;;, form a complete system is
sketched in [24]. As {Y},,, : 1 > 0,—1 < m < [} forms an orthogonal
system on S(1), we have that;

fS(ro) 6l,m,kmdB

= sty YomstYr s wd B

=/ fs(l) Yy Yo (0, &) s1.450 10 (1)r2dS (1) dr
= 0,mOLk

proving that the d;,,; form an orthonormal system. Completeness
then follows easily from completeness of the Y;,, and the s;.

U

Lemma 3.5. For the fundamental electric field solutions Fg’io, as de-
fined below, the corresponding time averaged energies < Ugn,lmko >,
determined by the conserved quantity QQ # 0, defined below, are quan-
tised and display the properties of the Balmer series. Moreover, for a
general bounded electric field solution E, determined by (p,J), satisfy-
ing the hypotheses of Lemma 3.2, the corresponding enerqy U, can be
computed in terms of the fundamental energies.

Proof. We compute the electric field E, assuming the magnetic field B
vanishes. By Maxwell’s equations;

9E _ _ 17
ot EOJ

so that, integrating (1111f) of Lemma 3.2, requiring the bounded-
ness condition, using the result of Lemma 3.4, and the relations, (f) of
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Lemma 3.2,(%),we have;
(lm,k - Lm.k ;
ZZ>OZ 1<m<l Zke (%k)’y 1,m,k€ ikt . 1A (chI? )’y,mkewkt)
— (t,m.k) - V(l,m,k)
- eo\f D150 2o—i<m<l Zke (%5 L, k€ ’th+%5 peickt)

(F11i11)

From here, we rely on the fact, proved in [24], that for {l;,l2} C Z5
distinct, the Bessel functions J;, +1 and Jy, 11 have no common zeros.

We define the fundamental solutions Ez’,im lo >0, ky € S}, by requir-
ing that a and 3 are both supported at a single point ky € 5j, of the
discrete union J;5( Si, so that;

lo,m,ko)c _ V(lo,m,ko)c
. U(lo,m,ko 1, kg ickot 0)Clg,kq
Elo,k‘o - 60\/> Z l0<m<lo( —icko 5107m7k06 + icko 510:m:k0€

(1)

and both U(ly, m, ko) and V (Iy, m, ko) are defined by (##*), in Lemma
3.2. By Poynting’s Theorem, see [7], using the facts (x), (% * %) of
Lemma 3.2, and the coefficient relations in Lemmas 3.1 and 3.4, the

total energy stored in the electric field EZ’iO, restricted to B(rg), is
given by;
B _a’ﬁ
Ua =g ) |El0,k0|2df

em,lo,ko — 2 JB(ro

= 650 fB('r‘O Elo,ko’ Elo ko)d‘r

=3 ,762 > to<m<lo Ccl%kz (1T (lo, m, ko) P+[V (lo, m, ko) |*—=2Re((U (lo, m, ko), V (o, m, ko))

G—Qickot) )

6 Technically, the true solution considered E would be E + w(%), where E is
given in (111111). However, using the fact that (0°E = 0, by construction, and

0?E’ = 0 we would then have that;
°F =PE+Pw=PE+ Vo= v*w=0

so that, as we can assume that {E, E/} are bounded and decay at infinity, using

the causal field from Jefimenko’s equations to construct E/, we must have that
w=0

ick‘ot)
)
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= g Do—lo<m<lo cl%,ff? (Jer(ko)[2+1B (ko) [*—2Re(a(ko) B (ko) *e 2kt )) L5 [T (1o, m) [

del 3 (koro) ) __
= 32EO#(I&U%)|2+|5</<ro)| —2Re(a(ko)B(ko) e M) 32 1 <ty IW (Lo, m)|?

rek3J? 3 (koro)Big - ) |
_ ;g:oi%% (’cf (ko) |2 ‘L"?O’ 2Re( % e_Qchot))

r%koJl +3 (koro)ﬁlo .
= —gy—— (1f (ko) [*+]g(Ko) *+2Re(f (ko) g(ko)"e~"")) (21112)

where ﬁlo = Z—l0§m§10 |W(107 m)|2

Now let;

O‘/B — Oé,,B Z2
= fB(ro) py " dT

Note that Qy B is conserved, as, by the continuity equation, the di-
vergence theorem, and the vanishing of 7?’5 on S(ro);

ap” dz
fB(""() %t
= f3<m> —div(T>")dz
_(1,75 —
= Jspy =i +dS, =

Using the relations f(k) = (k) = =2 (k from Lemma 3.1
and the radial condition, we have, using the 1ntegral representation in
Lemma 3.1, that for a fundamental solution;

B 1 (ko) zE —k (k)k zkxk
Proko = TﬁfEES(ko)a Q0 gk —hot) _ ELZ00%0 (R tkot) 4Gy
6%% _ ia(ko)kg ci(k@—kot) _ (ko)ko (E.E+k:0t)dsk
0

ot Um fEeS(ko c

We can then use this representation, the result in [9], together with
the conservation property, to obtain,(7);

7 An alternative strategy here is to set @ = 0 and solve in terms of;

apP

Q" = [, B 2dT

We then obtain that, following the calculation in the main text;
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JR— a?ﬁ
Q - fB(m) plo,kodx

3

a(ko)ko [ 27rg\ 2 ko)ko (2mrg \ 2
= \/%7 f;es(ko) %(%)2%(’?07’0) - ﬁ(—g)o(%l)QJg(koro)dSko

a(ko)—pB(k T
_( (O)\/T;B( 0) 2Ck§ koAmkg T3 (Koro)

- 3
0= (a(ko)—PB(ko)) (27"70’0)2 47Tk0% J% (k’or())

i
Q — it +a(iy) Crro)® yrp3 Js (koro)
so that a(ko) = B(ko), f(ko) = —g(ko),
a(ko = Q;\/Zic

8m(27r0) 2 k& J%(kom)
Flko) = ——4"

3 3
8m(27wro) 2 k@ J3 (koro)
2

g(lfo) = 9 v

_ Vg
8m(2mro) 2 k@ J3 (koro)
2

and the condition of a real solution, that f(ko) = —g(ko) = g(ko)* is equivalent
to f(ko), g(ko) being imaginary and @’ real.
Now we can substitute in (§ffff), to obtain;

2 2
UQ B TokOJ,0+%(k0T0)ﬂlo 2Q"%n(14-cos(2ckot)) )
em,lo,ko — 32¢0m3n 6472 (2mro)3 kg J2 (koro)
2

2
Ql25z0(1+cos(2ck0t)) Jl0+% (koro)
102478 60T0k2 J% (koro)
2

and, taking the average over a cycle;

2
UQ Q/2B’ro .]l0+%(ko7”0)
10247‘(‘860’)"0](2[2) J% (k?(]’l’o)
2

em l() kg

>=

With a mistake in the main text, we have for [y = 1, that;

2
g oro) | Pien) PR

)
J%(k}o’l‘g) - Plz(kolrg) - P2

+ 2P22P20 —|—O(%)

2
kgra

and for Iy = 1 odd, and large {ko, k1};

QZ/BZO P22,0 2,..2 2P32P5 0 1
<UL ope > — < Uem dokn > To3amSeqror (P2, Koo + = pz - + Ogzz)) —
Q"B P, 2P2 2Psg
Topirs e (pEo kg + =55 22 + O(32))
o Q%8 2P2,2P2,0(L_L)
— 102478egro P12,1 k2 k2
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3 3

_ (OC(kO)}nﬂ(ko)) Cro)l= Ak Js (oro)
Bpa’:e

0= fB(TO) laotkOdE

' 3 5
_ _z(a(ki}%—ﬂ(ko)) (27”(;0) 2 Ak J% (koro)

so that, rearranging a(ko) = —B(ko) f(ko) = g(ko), and, for Iy # 1;

a(ko) = o
871‘(271‘1"0) 2 k02 J% (k‘QT‘Q)
f (ko) = o

3 1
8m(2mro) 2k J3 (koro)
2

Now we can substitute in (§ff), to obtain;

rekoJ? kor
UQ _ "0 l0+%( or0)Big 2Q%n(14-cos(2ckot)) )
em,lo ko 32eom3n 64m2(2mrq)3koJ2 (koro)
2

2
Jlm—% (koro)

102478egro J% (k‘o’ro)
2

. Qzﬁlo (14cos(2ckot))

and, taking the average over a cycle;

J2 g (k
@28y, TigrgForo)

102478egro J% (koro)

<U°

em,lo,

ko ==

By the explicit representation of Bessel functions in Lemma 3.2, we
have that;

2 .
Jzo+% (koro) _ (Pig+1 (570 )sin(koro) —Qu, (5o )cos(koro))?
J2 (koro) (Pl(fkolr0 )sin(koro) —Qocos(koro))?
2

and, using the asymptotic description of % for large values of kg, in
Lemma 3.2, we have that;

cos(koro) =~ (—1)”0(—1)17O (lp even)
cos(koro) = 0 (lp odd)
sin(koro) =~ 0 (lp even)

sin(koro) =~ (—=1)"(=1)" (Iy odd)



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 53

so that, for [y even;

J? kor 2/ 1 2
10+%( 070) - lo(koro) _ Qlo,o 4 2Q1,,0Q1,2 + O( 1 )
J% (koro) Q2 Q2 Q2kZr2 kgrd

2

and, for [y odd;

J? k 2 1 2
zo+%( oro) - Ponlegeg)  Pgiaa i 2P +1,1Pp+1,3 +O( 1 )
J% (koro) T Pf(kolro) P12,1 P12,1k(2)7"3 koo

It follows that, for [y even, and large {ko, k1 };
Q Q W 2Q°Quy,0Qiy 28
<Uenoko > = < Uamjo ks >= T030m5¢o02r3 (02— )

QQQl0,0Q10,2BlO

T 128710¢Q3ro(m3—m7)

and for [y odd, and large {ko, k1};

< UQ > — <K UQ o 2Q°P41,1Pg+1,38,

em,lo,ko emylo,k1 7 102478¢o P77 (kg —k7)

Q*Piy111Pi511,38
T 128n10¢ P2 7o (mZ—m32)

where ko ~ % (ng + oY and mg = 2ng + Iy, k1 =~ (1 + o) and
my = 2n1 + lo, with {ml,mg} C 221

which agrees closely with the Balmer series as claimed. Observe that
for distinct (lo, ko) and (I, k1), using the representation (#f) and the

orthogonality of the series 0;,,x, that for {ao, Sy} and {aq, 51} sup-
ported on kg € S, and k; € S;, respectively, that;

0,80 m01,61
o) Broo By dT =0 (421)
For any E represented as in (111111) we have that;
_ o
E =350 2ones, Era - (88)

where oy, and S are the restrictions of o and S to k € S;. It follows

from (441), (4221), that;

U, = fB(TO) |E|2dz
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e 75 —
= Zzzo ZkeSl fB(rO) ‘Ek]E *|Pdz
gk

_ k.,
= Zzzo ZkeSl Uern'koi

her Qak:ﬁk _ f ak:ﬁkd—
whnere k,l — B(T‘U) pk,l X

O

Remarks 3.6. Note that the condition (Q = 0 places no restriction on
the values of a and 3, when ly = 1. As the values of a and 8 can vary
continuously, this suggests that the quantisation phenomenon, observed
in the previous lemma, occurs only when the atom is ionised, in which
case Q) # 0 and we observe the behaviour of the Balmer series. This
point of view s supported by the results of the Franck-Hertz experiment.

Lemma 3.7. If (p,J) are a pair satisfying the hypotheses of Lemma
3.1, with the additional property from Lemma 3.2 and polgs p@ ) = 0
and J decays at infinity, then (p, J) is trivial,

Proof. As no charge can flow through the boundary of B(0,ry) due
to the fact that J|gu) = 0, we must have that Pilra\B@r) = 0, for
t € R, in particularly %0|R3\ B@r) = 0. It follows, from Kirchoff’s
formula, see [5], that there exists to € R~ for which py|p@g,,) = 0, for
t > to, in which case p;|rs = 0, for t > t5. By backward uniqueness
of the wave equation at ¢ = t;, it follows that p, = 0, for all t € R>,.
From the connecting relation, we have that %—‘t] = —c*y(p) =0, so that
J is time independent. As (0?(.J) = 0, we then have that \72(J) = 0,
so that the components of .J are harmonic. By the decay condition, we
must then have that J = 0.

U

REFERENCES
[1] Vector Analysis, Bourne and Kendall, Oldbourne Mathematical Series, (1967).

[2] Elementary Differential Equations and Boundary Value Problems, Seventh
Edition William Boyce and Richard DiPrima, John Wiley and Sons, (2001)

[3] Electromagnetic Fields and Waves, Third Edition, Dale Corson, Francois
Lorrain and Paul Lorrain, W.H Freeman and Company, (1988).

[4] Basics of Bessel Functions, Joella Deal, University Honor Theses, Portland
State University, (2018).



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 55

[5] Partial Differential Equations, Lawrence Evans, AMS Graduate Studies in
Mathematics, (1998).

[6] Introductory Quantum Physics and Relativity, Jacob Dunningham and Vlatko
Vedral, Imperial College Press, (2011).

[7] Introduction to Electrodynamics, David Griffiths, Pearson International,
(2008).

[8] Instructor’s Solutions Manual, Introduction to Electrodynamics, Third
Edition, David Griffiths, Pearson International, (2004).

[9] Math Stackexchange, https://math.stackexchange.com/questions/3310890/integral-
of-exp-over-the-unit-ball

[10] Revisiting the orthogonality of Bessel functions of the first kind on an infinite
interval, J. Ponce de Leon, European Journal of Physics, (2015).

[11] Quantum Mechanics, Volume 1, Albert Messiah, North Holland Publishing,
(1965)

[12] Quantum Mechanics, Sixth Edition, Jim Napolitano and Alastair Rae, CRC
Press, Taylor and Francis, (2016).

[13] The Elements of Classical Thermodynamics, A.B.Pippard, Cambridge Uni-
versity Press, (1957).

[14] A Fourier Inversion Theorem for Normal Functions, Tristram de Piro,
available at http://www.curvalinea.net/papers (2024).

[15] A Nonstandard Solution to the Wave Equation, Tristram de Piro, available at
http://www.curvalinea.net, submitted to Annals of Pure and Applied Logic,
(2020).

[16] Computing the Distribution of Velocities of some Solutions to the Nonstandard
Diffusion Equation, Tristram de Piro, available at http://www.curvalinea.net,
(2019).

[17] Functions Analytic at Infinity and Normality, Tristram de Piro, available at
http://www.curvalinea.net/papers (2024).

[18] Nonstandard Analysis and Physics, Tristram de Piro, available at
http://www.curvalinea.net/papers (2014).

[19] Nonstandard Methods for Solving the Heat Equation, Tristram de Piro,
available at http://www.curvalinea.net/papers (2016).



56 TRISTRAM DE PIRO

[20] Some Arguments for the Wave Equation in Quantum Theory Theory 4,
available at http://www.curvalinea.net/papers (in progress) (2024).

[21] Some Aeguments for the Wave Equation in Quantum Theory 6: Waves,
Current and Charge, available at http://www.curvalinea.net/papers (2024).

[22] Introduction to Special Relativity, Wolfgang Rindler, Oxford Science Publica-
tions, (1991).

[23] Fourier Analysis, An Introduction, Elias Stein and Rami Shakarchi, Princeton
Lectures in Analysis 1, (2002).

[24] A Treatise on the Theory of Bessel Functions, G.N.Watson, Cambridge
University Press, (1922).

FraT 3, REDESDALE HOUSE, 85 THE PARK, CHELTENHAM, GL50 2RP
E-mail address: t.depiro@curvalinea.net



