A NONSTANDARD POISSON SUMMATION FORMULA
TRISTRAM DE PIRO

ABSTRACT. We formulate and prove a nonstandard Poisson Sum-
mation formula.

We formulate a nonstandard version of the Poisson Summation for-
mula, which might be useful in further applications;

Definition 0.1. We let n = 12, where v is an odd prime. We let;

@Z{ﬁ:ié*za— D < S”;l)}
Ty=0,1),={5i€"2,0<i<n—1}
N,={ie*Z2:0<i< -1}
Zy={ie*Z:—M<i< -1}
We recall the rescaled inversion theorems from (2] and [3);
If f € V(R,), then, fory € R,;

= J F(@)expy(=2miya)dp, (v)
f(x)==\EQ;]5KJU(y)expn(2ﬂixy)dﬂw(y)
If g € V(T,), then, form € N, ;
Falg)(m) = [ g(a)exp sm(—2mima)dp, ()
9(@) =" > en Folg)(m)exp 5 (2mima)

Let f € S(R), with corresponding f,, then we define g € V(T,) by;

9(x) =" Xonez oz + 1)
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-3
)=

where t = | 5

Lemma 0.2. We have that;
: Zmern(m) = Zme?n,|m|§[4}?”(fn)(m)
In particular;

Domez F()m) =2 ez f(m)

where F denotes the usual Fourier transform.

Proof. For m € N, with 0 < m <[], we have;
m) = [ (" Xnez fol@ + n))eap m(—2mizm)dp, (x)
J7, O Xnez fola 4+ n))exp m(=2mi(x + n)m)dp, (x)
= Jr, n(@))exp m(—2mizm)dp,(x)

f\f 3 77 €$pf( 27Tixm>d:u77(x)

_ﬁ
_f 0t fn( )exp\/ﬁ(—27rixm)d,un(x)

2vn

- I’Rn fo(@))exp, m(=2mizm)dp,(x) + €

= fRn fn(:v))expf( 2min =L )d,un( )+e
= fR,, In(@))exp,(—2mizm)dpu, (x) + €

= Fa(fy)(m) + e

where |e| < fo |f7] ’dﬂn +f =i % |fn(x)‘dﬂn(x)

< fj?g omdiy( +f ol 2 S|3d:un($)> (CeR,as feSR))
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Forme./\fn, Wlth[ ]<m<\/ﬁ—1 writing m = /n — r, where
1<r</n— [ "], we have that;

expy(—2mimz)

= exp,(—2mi(\/n —r)z)

= exp,(—2mi(—r)x)

= exp,(—2mi(m — \/n)x)

An identical calculation gives that;

Falg)(m) = Fy(fa)(m — /0) + €

where |e| < %

By the inversion theorem, we have that;

9(@) =" Falg)(m)exp, 5 (2mizm)

— Zmem,ogmg[é}(]:”(f”)(m) + €)exp, m(2mizm)

+* Zmem,[@]<mﬁﬁ—1(f"<fn)(m — /M) + €e)exp m(2mizm)
=" Lomezy0zmerxa) (Falfa)(m) + €)exp s (2mizm)

' Doz, - Fzme—1 Falfa) () + eJexp 7 (2miz(y/ —m))
=) ez oeme T (fn) (M)eap m(2mizm)

4 zm@,_[%mg_l<fnfn><m>expﬁ<2m<ﬁ —m)

as |* ZmEZ70§m§[4]eexp\/ﬁ(2ﬂ-ixm)

+-* Zmezimi[4]§m<7leexp\/ﬁ(27rix(\/ﬁ —m))|

_Dvn _ D .,
Se/n==rm =50

3

In particular;
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g(0) ="~ Zmern(m) ~* Zmezfﬂmg[@]f‘n(fn)(m% ()
as required.

For the final part, observe that, as f € S(R), |f,(m)| < &, where
E € R. Moreover, by definition of f,, and the fact that m,/n is an
integer, we have that f,(m) = f(m). Let L =*>" . f(m), let € be arbi-
trary, and choose my € N with mf_l < % and L—* D ml<mo /(M) < 5.
Then;

1L =" ez f(m)]
=L =" 2 mi<mo L (1) =" 2o mez; fn ()]

< ‘L - Z\m\gmof(m)‘ + ‘* E|m|>mo,mezf77(m)‘

<51 Einfmomezine]
<g+ fnizfl L (by transfer)

m 1mo—1

= £+ [=E]>e _, (by transfer)

As € was arbitrary, we have that, *>_ _=f,(m) =~ *>_ - f(m),
andas ™}, 2 f(m)isstandard, °(* 3_, 7 fo(m)) =" 2 c2f(m), (1).

Observe now that, as f, is S-continuous and S-integrable, for m € Z
finite, °F,(f,)(m) = F(f)(m). Moreover, by Lemma 0.19 of [4], we
have that;

Fol(£)P5)(m) = X3 (m) Fy () (m)
where D denotes the forward derivative and;
Xo(m) = ii(eap, (—2m) — 1)

By Lemma 0.20 of [4], we have the estimate, 4m* < x7(m) < 64m?,
for m € Z,, with [m| < [‘/TE] By Lemma 0.21 of [4];
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()P (@) < Gl for 2] 2 1, 2 € R,
(fn)DQ(x)| <@, for |z| <1,z €R,, (¥
Using () and the above Lemmas, it follows that;

A
m2

IN

Fn((fr D2 m Fn((fr p? m
[Fafa)(m)] = [P0 ] < P

where H € R. Now, proceeding as above, we conclude that;

O(* Zmejﬂmg[@}fﬂ(m)) =" Zmezf(f) <m>7 (TT)

Combining (1), (1) and(*x), we obtain the summation formula*) "~ f(m) =

*Y omezF (f)(m) as required.
O

The above result assumes that f € S(R). We make the following
definition;

Definition 0.3. We say that f is piecewise differentiable and analytic
on [0,1] if there exist finitely many points {p1,...,p,}, with 0 < p; <
... < pr <1, such that f is analytic on the intervals (0,p1), (pr, 1) and
(pj,pj+1), for 1 < j <r —1, left and right differentiable at the points
{0,p1,...,pr, 1}, and continuous on [0, 1], with the endpoints identified.

With this definition, we have the following nonstandard version of
Dirichlet’s Theorem, the proof of which follows easily from the results
in [1].

Theorem 0.4. If g is piecewise differentiable and analytic on 0, 1],
with measurable counterpart g, on T,, then, for x € *[0, 1], with;

Zap={ie 2. Y12 << Yy

S(ka gn) =" Z|m|§k7mezﬁ}"ﬁ(9n)(m)exp\/ﬁ(Qmm:c)

and notation as in Definition 0.1, we have that there exists ) infinite,
Q = n%, independent of x, such that S(k,g,)(x) ~ g,(x), for all 0 <
k<@, k infinite.

Definition 0.5. We say that h € P(R) if;

(). D nez h(x +n) is piecewise differentiable and analytic on [0,1].
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(vi
()

). h is bounded and there ezists a constant C° € R such that
| < LI for |z| > 1.

We then have the following nonstandard version of the Poisson sum-
mation formula;

Theorem 0.6. If h € P(R), with measurable counterpart h, on R,
then;

there exists () infinite, () = ni such that;

: Z|m|§k,m€2ﬁhn(m) = Z|m|§k,m€2ﬁfﬁ(hn)<m)

for all k infinite with 0 < k < Q.

In particular;
Yomez Mm) =3, = F(h)(m)
Proof. The proof follows the structure of Lemma 0.2. We let;

gn(T) =73 ez, lm(x +1n)
Bper(T) = ZnEZ h(z +n)

By condition (ii) of 0.5, we have that g, (x) =~ hpe,, on *[0,1]. More
specifically, we have that;

|90 () = Pper,n ()]

=" Lnee sl +n) =730 5,hn(z +n)

E _ F

St_\/ﬁ

for appropriate constants {F, F'} C R~o. As in Lemma 0.2, with a
slight correction in the error term, we have that;

| Fo(gy)(m) — Fy(hy)(m)] <

for some C' € R¢ and m € Z 5. We have that;

Slo
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'Fn(hpenn)(m) - Fn(gn)(m”

< an |Popera () — gn(2)|dpiy(2)

F C
S\/—ﬁ—l-%
_ G

V1

where G = F +C

Using condition (7) of Definition 0.5 and Theorem 0.4, we can find
an infinite Q) = 7]% with;

Ppery(0) =7 Z|m|§k,mezﬁfn(hpeﬂn)(m)

for all infinite £ with 0 < k£ < Q. As Q_\/fg ~ (), we obtain that;
Ppern(0) = * Z|m|§k,mezﬁ}_ﬁ(hn)(m)

for all infinite k£ with 0 < k < @. Finally;

g(o) = hpenn(O) = Z\m\gk,mezﬁhﬂ<m>

by condition (i) of Definition 0.5 and infinite £ with 0 < k£ < Q.
Combining these results, gives that;

. Z|m|§k,m€2\/ﬁh7](m) = Z|m|§k,m€2ﬁfﬁ(hn)(m)

for all infinite & with 0 < k < @, as required. For the deduction
of the standard Poisson summation formula, first observe that from
condition (i) in Definition 0.5 and the proof of Lemma 0.2, we have
that;

°( Z|m|gk,mezﬁhn(m)) = Zmez h(m)
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Now, extend the standard infinite sequence, (3, <, F(h)(m)) to an
internal sequence (s,)o<n<g- By condition (7), we have that F(h)(m) ~
Fy(hy)(m), for m € Z. In particular, by overflow, there exists @
infinite, with s, ~ *Z|m|gn,mezﬁfn(hn)(m)7 for all n infinite with

0<n <@ <Q. For such n, using the previous result in the Theorem,
we have that;

Sp > °(* Z\m|§n,m62ﬁfﬁ(hﬁ)(m>)

=°( Z\m\én,mezﬁhn<m>) =D ez M(m)

Using Robinson’s result on the limit criteria, see [5], we obtain that;

Yomez F(h)(m) =3z h(m)

as required.
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