
A NONSTANDARD VERSION OF DIRICHLET’S
THEOREM

TRISTRAM DE PIRO

Abstract. We prove a nonstandard version of Dirichlet’s The-
orem on the pointwise convergence of Fourier Series, a uniform
convergence result was shown in [2]. We apply this result in [5].

Definition 0.1. We let f : (−1.1)→ R be analytic, and suppose that
f(−1) and f(1) are defined, with upper and lower limits existing,f− =

limx→−1f(x) and f+ = limx→1f(x). We let Cf = f++f−

2
. We let

V (V η) = ∗[−1, 1), with the ∗-topology generated by {[ i
η
, i+1
η

),−η ≤ i ≤
η−1}, with η ∈ ∗N prime. If g ∈ V (V η), we use the forward derivative;

gD(x) = η(g(x+ 1
η
)− g(x)), for x ∈ V (V η) \ [η−1

η
, 1)

gD(η−1
η

) = η(g(−1)− g(η−1
η

))

We use the notation in [3].

Lemma 0.2. With f as in the above definition, we have that fDη is

finitely bounded on [ 1
η
, η−1

η
)

Proof. For x ∈ (−1, 1) and ε > 0, with x+ ε ∈ (−1, 1), we have, using
Taylor’s Theorem, that;

f(x+ ε) = f(x) + εf ′(x) + ε2f ′′(c)
2

and c ∈ (x, x+ ε). It follows that;

|f(x+ε)−f(x)
ε

− f ′(x)| ≤ |εf ′′(c)| ≤ Dε

where D ∈ R as f ′′ is bounded on (−1, 1). Taking ε to be the infin-
itesimal 1

η
, and transferring this result, we obtain that;

fD(x) ' (f ′)η(x)

1
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for x ∈ [ 1
η
, η−1

η
). As (f ′)η is bounded by assumption, we obtain the

result.
�

Definition 0.3. For g ∈ V (V η), and k ∈ Zη, with |k| ≤ η − 1 we
define the nonstandard partial Fourier sum, by;

S(k, g) = 1
2
∗∑

|m|≤kFη(f)(m)expη(πixm)

and the Dirichlet kernel by;

Dk(x) = ∗∑
|m|≤kexpη(πixm)

Lemma 0.4. We have that;

Dk(x) =
sinη(πx(k+

1
2
))

sinη(
πx
2
)

, for x /∈ [0, 1
η
)

Dk(0) = 2k + 1

Proof. We have, when x 6= 0;

Dk(x) = ∗∑
|m|≤kexpη(πixm)

= expη(−πixk)(∗
∑2k

m=0expη(πixm))

= expη(−πixk)( expη(πix)
2k+1−1

expη(πix)−1 )

=
expη(

πix
2

)(expη(−πix(k+ 1
2
))−expη(πix(k+ 1

2
)))

expη(
πix
2

)((expη(−πix2 ))−expη(πix2 ))

=
−2isinη(πx(k+ 1

2
))

−2isinη(πx2 )

=
sinη(πx(k+

1
2
))

sinη(
πx
2
)

The calculation when x = 0 is clear.
�

Lemma 0.5. For g ∈ V (V η);

S(k, g) ' 1
2

∫
[0,1)η

Dk(v)(g(x+ v) + g(x− v))dµη(v)

Proof. Using the definitions above, the nonstandard definition of the
convolution, and the symmetryDk(v) = Dk(−v), for v ∈ [−1, 1)η \ [−1, 1−η

η
),
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and Lemma 0.4, we for k ∈ ∗Z, with |k| ≤ η − 1, that;

S(k, g) = 1
2
∗∑

|m|≤kFη(g)(m)expη(πixm)

= 1
2
∗∑

|m|≤k(
∫
[−1,1)η g(x)expη(−πixm)dµη(x)))expη(πixm)

= 1
2

∫
[−1,1)η g(y)(∗

∑
|m|≤kexpη(πixm)expη(−πimy))dµ)η(y)

= 1
2

∫
[−1,1)η Dk(x− y)g(y)dµη(y)

= 1
2
(Dk ∗ g)

= 1
2
(g ∗Dk)

= 1
2

∫
[−1,1)η g(x− v)Dk(v)dµη(v)

= 1
2η
g(x+ 1)Dk(−1) + 1

2

∫
[ 1−η
η
,1)η

g(x− v)Dk(v)dµη(v)

= 1
2η
g(x+ 1)Dk(−1) + 1

2

∫
[ 1−η
η
,1)η

g(x+ v)Dk(−v)dµη(v)

= 1
2η
g(x+ 1)Dk(−1) + 1

2

∫
[ 1−η
η
,1)η

g(x+ v)Dk(v)dµη(v)

= 1
2η
g(x+1)Dk(−1)− 1

2η
g(x−1)Dk(−1)+1

2

∫
[−1,1)η g(x+v)Dk(v)dµη(v)

= (−1)k(g(x+1)−g(x−1))
2η

+ 1
2

∫
[−1,1)η g(x+ v)Dk(v)dµη(v)

' 1
2

∫
[−1,1)η g(x+ v)Dk(v)dµη(v)

as g is bounded. It follows that;

S(k, g) ' 1
2
(
∫
[−1,0)η g(x+v)Dk(v)dµη(v)+

∫
[0,1)η

g(x+v)Dk(v)dµη(v))

= Dk(−1)g(x−1)
2η

+1
2
(
∫
[ 1−η
η
,0)η

g(x+v)Dk(v)dµη(v)+
∫
[0,1)η

g(x+v)Dk(v)dµη(v))

= Dk(−1)g(x−1)
2η

+1
2
(
∫
(0, η−1

η
]η
g(x−v)Dk(−v)dµη(v)+

∫
[0,1)η

g(x+v)Dk(v)dµη(v))

= Dk(−1)g(x−1)
2η

+1
2
(
∫
(0,1)η

g(x−v)Dk(v)dµη(v)+
∫
[0,1)η

g(x+v)Dk(v)dµη(v))

= Dk(−1)g(x−1)
2η

− Dk(0)g(x)
2η

+ 1
2
(
∫
[0,1)η

g(x−v)Dk(v)dµη(v)+
∫
[0,1)η

g(x+

v)Dk(v)dµη(v))
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= (−1)kg(x−1)
2η

− (2k+1)g(x)
2η

+ 1
2
(
∫
[0,1)η

g(x−v)Dk(v)dµη(v) +
∫
[0,1)η

g(x+

v)Dk(v)dµη(v))

= (−1)kg(x−1)−(2k+1)g(x)
2η

+ 1
2
(
∫
[0,1)η

(g(x+ v) + g(x− v))Dk(v)dµη(v))

' 1
2
(
∫
[0,1)η

(g(x+ v) + g(x− v))Dk(v)dµη(v))

�

Lemma 0.6. If f as above is analytic on (−1, 1), then for r ∈ R>0,
there exists Nr ∈ ∗N , with Nr = η − 1, such that;∫

[r,1)η
f(x)Dk(x)dµη(x) ' 0, for 0 < k ≤ Nr, k infinite.

Proof. We have that;∫
[r,1)η

f(x)Dk(x)dµη(x)

=
∫
[r,1)η

f(x)sin(π(k+ 1
2
)x)

sinπx
2

dµη(x)

A simple calculation shows that 1
sin(πx

2
)

is analytic on (r, 1) for 0 <

r < 1, hence f
sin(πx

2
)

is analytic on (r, 1). Using the alternation method

and Lemma 6 from the paper [4], we obtain the result, noting the spac-
ing of the zeroes of sin(π(k + 1

2
)x). Namely, we have that;

sin(π(k + 1
2
)x) = 0

iff π(k + 1
2
)x = π

2
+ nπ

iff x =
n+ 1

2

k+ 1
2

for n ∈ Z. The spacing is then;

n+1+ 1
2

k+ 1
2

− n+ 1
2

k+ 1
2

= 2
2k+1

We have that 2
2k+1

> 1
η

iff k < η − 1
2
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so we can take Nr = η − 1, as required.

�

Definition 0.7. We define the Fourier kernel by;

Fk(x) =
2sinη(πx(k+

1
2
))

πxη
, for x ∈ [−1, 1)η \ [0, 1

η
)

Fk(0) = 2k + 1

Lemma 0.8. For g ∈ V ([0, 1)η), with g analytic, there exists N ∈ ∗N ,
infinite, N = η − 1, such that for all k ∈ ∗N , with k infinite and
0 < k ≤ N , we have that;∫

[0,1)η
g(x)Fk(x)dµη(x) '

∫
[0,1)η

g(x)Dk(x)dµη(x)

Proof. We have that 1
sinη(

πx
2
)
− 2

πx
is analytic on (0, 1), hence, so is

h = g
sinη(

πx
2
)
− 2g

πx
. Moreover;∫

[0,1)η
g(x)Dk(x)dµη(x)

=
∫
[0,1)η

g(x)(Dk − Fk + Fk)dµη(x)

=
∫
[0,1)η

g(x)(Dk − Fk)dµη(x)

+
∫
[0,1)η

g(x)Fkdµη(x)

=
∫
[0,1)η

h(x)sinη(π(k + 1
2
)x)dµη(x)

+
∫
[0,1)η

g(x)Fkdµη(x)

'
∫
[0,1)η

g(x)Fkdµη(x)

using the argument of Lemma 0.6, and with the same choice of N .
�

Lemma 0.9. For g ∈ V (V η) analytic on [−1, 1)η and x ∈ [−1, 1)η,
there exists an infinite N = η− 1, as in Lemma 0.8, independent of x,
such that, for infinite 0 < k ≤ N

S(k, g)(x) ' 1
2

∫
[0,1)η

Fk(v)(g(x+ v) + g(x− v))dµη(v)
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Proof. Using Lemma 0.5, we have that;

S(k, g)(x) ' 1
2

∫
[0,1)η

Dk(v)(g(x+ v) + g(x− v))dµη(v)

where (g(x + v) + g(x − v)) is the transfer of an analytic function
on [0, 1)η. Using Lemma 0.8, there exists N ∈ ∗N , N = η−1, such that;

1
2

∫
[0,1)η

Dk(v)(g(x+ v) + g(x− v))dµη(v)

' 1
2

∫
[0,1)η

Fk(v)(g(x+ v) + g(x− v))dµη(v)

for all k infinite, with 0 < k ≤ N . �

Lemma 0.10. For infinite k, with 0 < k ≤ N , we have that

1
2

∫
[0,1)η

Fk(v)(g(x+ v) + g(x− v))dµη(v)

= 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

+
x

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x−v)−g

−
x )

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

−
x

v
dµη(v)

Proof. Using the definition of Fk(v) and rearranging, we have that;

1
2

∫
[0,1)η

Fk(v)(g(x+ v) + g(x− v))dµη(v)

= 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x +g+x +g(x−v)−g−x +g−x )

v
dµη(v)

= 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

+
x

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x−v)−g

−
x )

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

−
x

v
dµη(v)

as required. �
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Lemma 0.11. Suppose that g+x = g−x , then there exists an infinite
M ∈ ∗R, M =

√
η, such that for infinite k ∈ ∗N , with 0 < k ≤M ;

2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

+
x

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

−
x

v
dµη(v)

' (g+x +g−x )
2

Proof. Using the alternation argument, with this choice of M , noting√
η < η − 1, for η infinite, we have;

2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

+
x

v
dµη(v)

= 2
π
g+x
2

∫
[0,1)η

sinη(π(k+
1
2
)v)

v
dµη(v)

= 2
π
πg+x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

πv
2

dµη(v)

' 2
π
πg+x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

Similarly;

2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

−
x

v
dµη(v)

' 2
π
πg−x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

It follows that, by the choice of M , noting that 2M+1
η
' 0;

2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

+
x

v
dµη(v)

+ 2
π
1
2

∫
[0,1)η

sinη(π(k + 1
2
)v)g

−
x

v
dµη(v)

' 2
π
πg+x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

+ 2
π
πg−x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

= 2
π
πg+x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

+ 2
π
πg−x
4

∫
(
−(η−1)

η
,0]η

sinη(π(k+
1
2
)−v)

sinη(
π−v
2

)
dµη(v)

= 2
π
πg+x
4

∫
[0,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)
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+ 2
π
πg−x
4

∫
[−1,0)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v) + 2
π
πg−x
4

2k+1
η
− (−1)k

η

' 2
π
πg+x
4

∫
[−1,1)η

sinη(π(k+
1
2
)v)

sinη(
πv
2
)

dµη(v)

= 2
π
2πg+x
4

= 2
π
πg+x
2

= g+x = g+x +g−x
2

as
∫

[−1, 1)ηFk(x)dµη(x) = 2, for all k.

�

Lemma 0.12. For infinite k, with k ≤M , and g+x = g−x , we have that;

Sk(g) ' g+x

+ 1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

+ 1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x−v)−g

−
x )

v
dµη(v)

Proof. This follows by combining the previous Lemmas 0.9,0.10 and
0.11. �

Lemma 0.13. If g is analytic on (−1, 1), with g right differentiable at
−1, and g left differentiable at 1, and g−1 = g+−1, then, there exists N
infinite, N = η − 1, such that for all 0 < k ≤ M , if x ∈ [−1, 1)η, with
◦x ⊂ {−1, 1} and k infinite;

1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

' 1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x−v)−g

−
x )

v
dµη(v)

' 0

Proof. Suppose that x = 1, then, as g is left differentiable at 1, for

v ∈ [0, 1) the standard function g(x+v)−g+x
v

is continuous with g
′,+(0) be-

ing the definition at 0. It follows that the transfer, where v can range
over [0, 1)η is S-continuous, (∗). This is due to the usual argument, for
a continuous function f . If f(a) = b, then if a′ ∈ Va, |a − a′| < ε for
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all real ε > 0. By transfer of continuity, |f(a)− f(a′)| < δ, for all real
δ > 0, in particular f(a′) ' b. Now if a′ ' a′′, then, as {a′, a′′} are
finite a′ ' a′′ ' st(a′) = a, and the result follows by transitivity of '.

By (∗) is follows that, for v ∈ V0, g(x+v)−g
+
x

v
' g

′,+(0), so bounded, (∗∗).
For v0 ∈ R>0, we have that, (g(x+v)−g+x )

v
is analytic on [0, 1)η \ ([0, v0)η.

It follows, by (∗∗), that, for infinite κ ;

1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

' 1
π

∫
[0,1)η\([0, 1κ ))

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

In particular, for a given εr = 1
r
, with r ∈ N , using underflow, uni-

formly in k, as |sinη(π(k + 1
2
)v) ≤ 1|, there exists nr ∈ N , for which;

| 1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

− 1
π

∫
[0,1)η\([0, 1

nr
))
sinη(π(k + 1

2
)v) (g(x+v)−g

+
x )

v
dµη(v)| < εr

Then, using the alternation argument above, we can find an infinite
N1,r = η − 1, such that for 0 < k ≤ N1,r, k infinite;

1
π

∫
[ 1
nr
,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v) ' 0

Extending the sequence {N1,r : r ∈ N} by countable comprehension,
we can for infinite r′ ∈ ∗N , find an infinite N ′1 = η − 1 such that;

(i). For 0 < k ≤ N ′1 = η − 1;

1
π

∫
[ 1
nr′

,1− 1
nr′

)η
sinη(π(k + 1

2
)v) (g(x+v)−g

+
x )

v
dµη(v) ' 0

(ii). | 1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v)

− 1
π

∫
[0,1)η\([0, 1

nr′
))
sinη(π(k + 1

2
)v) (g(x+v)−g

+
x )

v
dµη(v)| < εr′ ' 0

It follows that;

1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x+v)−g

+
x )

v
dµη(v) ' 0

A similar argument produces N ′2 = η − 1 to show that;
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1
π

∫
[0,1)η

sinη(π(k + 1
2
)v) (g(x−v)−g

−
x )

v
dµη(v) ' 0

We can then take N = min(N ′1, N
′
2), N = η − 1. The proofs for

x = −1, and ◦x ⊂ {−1, 1} are similar and left to the reader.
�

Lemma 0.14. For g analytic on (0, 1), g finite, left and right differ-
entiable at {1,−1}, with the limits g+x = g−x and ◦x ⊂ {−1, 1} there
exists P ∈ ∗N , with P infinite, P =

√
η, such that for all 0 < k ≤ P ,

k infinite;

Sk(g) ' g+x = g−x = gx

If g is continuous at 1, then Sk(g) ' g(x).

Proof. The proof is clear by the previous Lemmas 0.12 and 0.13,
�

Definition 0.15. We define the standard sawtooth function on [−1, 1]
by;

S(x) = x

and the Fourier series S(S) by;

limk→∞Sm(S)

where Sk(S) = 1
2

∑
|m|≤k F(S)(k)eπikx

and the nonstandard sawtooth function on [−1, 1)η by;

S(x) = xη

Lemma 0.16. For m ∈ Z, we have that;

F(S)(m) = 2i(−1)|m|
πm

and S(S) = 2
π

∑
m>0

(−1)m+1sin(πmx)
m

Proof. We compute, for m 6= 0;

F(S)(m) =
∫ 1

−1 S(x)e−πimxdx
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=
∫ 1

−1 xe
−πimxdx

= [xe
−πimx

−πim ]1−1 + 1
πim

∫ 1

−1 e
−πimxdx

= e−πim+eπim

−πim + 1
πim

[e
−πimx
−πim ]1−1

= 2cos(πm)
−πmi + 1

π2m2 (eπim − eπim)

= 2(−1)m
−πmi

= 2i(−1)m
πm

We have F(S)(0) =
∫ 1

−1 xdx = 0

Then;

Sk(S) = 1
2

∑
|m|≤k,m6=0

2i(−1)m
πm

eπimx

= i
π
(
∑
|m|≤k,m6=0

cos(πmx)(−1)m
m

+ isin(πmx)(−1)m
m

)

= 2
π

∑
0<m≤k

sin(πmx)(−1)m+1

m

so that;

S(S) = 2
π

∑
m>0

(−1)m+1sin(πmx)
m

�

Lemma 0.17. Let f be analytic on (−1, 1), such that the left and right
derivatives exist at −1 and 1 respectively. Then there exists g analytic
on (−1, 1) and constants λ, µ, ν such that;

g = λf + µS + ν

with g+1 = g−−1

A similar result holds for fη, replacing g by gη and S by Sη.

Proof. We have that S+
1 = 1 and S−−1 = −1. Suppose that f+

1 +f−1 6= 0
and f+

1 − f−1 6= 0, (∗), then we solve the equations;

1 = λf+
1 + µS+

1 = λf+
1 + µ = λf−−1 + µS−−1 = λf−−1 − µ
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to obtain that;

λ = 2
f+1 +f−1

6= 0

µ =
f−1 −f

+
1

f+1 +f−1
6= 0

Setting g = λf + µS gives the result. For the general case, if f+
1 =

f−−1, we can take g = f . Otherwise, we can find a constant c, such that
(∗) is satisfied for f +c. Applying the previous calculation, we can find
g such that g = λ(f + c) +µS. Taking ν = λc+µ gives the result. The
final claim is clear, taking the measurable versions.

�

Lemma 0.18. For {f, g} ⊂ V ([−1, 1)η), we have that;∫
[−1,1)η fg

Ddµη = −
∫
[−1,1)η f

Dglshdµη

Proof. We have (fg)D = fDglsh + fgD, so that;

0 =
∫
[−1, η−1

η
]
(fg)Ddµη

=
∫
[−1, η−1

η
]
fDglsh + fgDdµη

=
∫
[−1, η−1

η
]
fDglshdµη +

∫
[−1, η−2

η
]
fgDdµη

Rearranging, we obtain that;∫
[−1, η−1

η
]
fgDdµη = −

∫
[−1, η−1

η
]
fDglshdµη

�

Lemma 0.19. For m ∈ Zη, we have that;

Fη(Sη)(m) = 2(−1)m
θη(m)

where θη(m) = η(expη(
−πm
η

)− 1)

Moreover, for m ∈ Zη finite;

◦Fη(Sη)(m) = F(S)(m)
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Finally, for x ∈ [−1, 1)η, with ◦x ∈ {−1, 1} there exists an infinite
T , such that for 0 < k ≤ T , k infinite, Sk(Sη)(x) ' 0
,

Proof. Let f(x) = xη, h(x) = expη(−πixm), hD(x) = θη(m)expη(−πimx),

so if g(x) = h(x)
θη(m)

= expη(−πimx)
θη(m)

, then gD(x) = expη(−πixm) and

glsh(x) = φη(m)expη(−πixm)

θη(m)
, where φη(m) = expη(−πim

η
). We have that

fD(x) = xDη = 1+rδ η−1
η

, where r = xDη (η−1
η

)−1 = η(xη(−1)−xη)−1 =

η(−1− η−1
η

)− 1 = −2η, so that xDη = 1− 2ηδ η−1
η

.

Using the previous lemma, we obtain that;

Fη(Sη)(m)

=
∫
[−1,1)η xηexpη(−πimx)dµη∫

[−1,1)η fg
Ddµη

= −
∫
[−1,1)η f

Dglshdµη

= −
∫
[−1,1)η(1− 2ηδ η−1

η
)(φη(m)expη(−πixm)

θη(m)
)dµη

= −φη(m)

θη(m)

∫
[−1,1)η expη(−πixm)dµη(x)−2η φη(m)

θη(m)

∫
[−1,1)η δ η−1

η
expη(−πixm))dµη

= −2η 1
η

φη(m)

θη(m)
expη(−πiη−1η m)

= −2φη(m)

θη(m)
φη(−m)expη(−πim)

= 2(−1)m
θη(m)

as required. For the final part, either use the fact that for m finite
xηexpη(−πixm) is S-continuous and S-integrable, or check directly, for
finite m that;

θη(m) = expη(−πixm)D(0) ' (exp(−πixm)′)η(0) = −πim

as exp(−πixm) is analytic.

For x as in the statement of the lemma, we have already checked
that, for finite m, ◦Fη(Sη)(m) = F(S)(m), in particular, for finite k;
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Sk(f)(x) ' Sk(S)(◦x) = 0

|Sk(f)(x)| < 1
k

so that, by overflow there exists an infinite T , such that for k ≤ T ,
k infinite, |Sk(Sη(x)| < 1

k
' 0

�

Lemma 0.20. For h analytic on (0, 1), h finite, left and right dif-
ferentiable at {1,−1}, with the limits h+x and h−x and ◦x ⊂ {−1, 1}
there exists Q ∈ ∗N , with Q infinite, and Q ≤ √η, such that for all
0 < k ≤ Q, k infinite;

Sk(h) ' g+x +g−x
2

Proof. Consider the case when ◦x = 1. If h+x = h−x , the result is proved
in Lemma 0.14. Otherwise, using Lemma 0.17, we can find λ, µ, ν such
that g = λh + µSη + ν, with g+x = g−x . By Lemma 0.14, for k infinite,
with 0 < k ≤ Q = min(T, P ), we obtain;

Sk(λh+ µSη + ν)(x)

= λSk(h)(x) + µSk(Sη)(x) + ν

= λSk(h)(x) + ν

= Sk(g)(x) ' g+x .

Rearranging, with λ 6= 0, Sk(h)(x+) = gx(+)−ν
λ

. In the generic case,
when ν = 0, we obtain that;

Sk(h)(x) = gx(+)
λ

= gx(f
+
x +f−x )
2

= (λf+x +µ)(f+x +f−x )
2

= 2f+x +(f−x −f+x )

f+x +f−x

f+x +f−x
2

= f+x +f−x
2
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The case, when ν 6= 0 is similar, and left to the reader.
�
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