A NONSTANDARD VERSION OF DIRICHLET’S
THEOREM

TRISTRAM DE PIRO

ABSTRACT. We prove a nonstandard version of Dirichlet’s The-
orem on the pointwise convergence of Fourier Series, a uniform
convergence result was shown in [2]. We apply this result in [5].

Definition 0.1. We let f: (—1.1) — R be analytic, and suppose that
f(=1) and f(1) are defined, with upper and lower limits existing,f~ =
lim_xﬁ_lf(x) and fT = limy_1 f(z). We let Cy :'f‘hgff. We let
V(Vy) ="[-1,1), with the x-topology generated by {[7, %), —n<i<
n—1}, withn € *N prime. If g € V(V,), we use the forward derivative;

g7 (x) = n(g(a + ) = g(x)), forz € V(V,) \ [1=,1)
g7 (1) = n(g(=1) — (7))

We use the notation in [3].

Lemma 0.2. With f as in the above definition, we have that ff 18

finitely bounded on [%, nn;l)

Proof. For z € (—1,1) and € > 0, with = + € € (—1, 1), we have, using
Taylor’s Theorem, that;

fa+e) = fz) +ef (z) + =5
and ¢ € (z,z + ¢€). It follows that;
[FEA I8 — pi(a)] < Jef”(e)| < De

where D € R as f” is bounded on (—1,1). Taking € to be the infin-
itesimal %, and transferring this result, we obtain that;

FP(@) 2= (f)y(2)
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for x € [1 77—) As (f'), is bounded by assumption, we obtain the

result.
O

Definition 0.3. For g € V(V,), and k € Z,, with |k] < n—1 we

define the nonstandard partial Fourier sum, by;

Sk 9) = 3* 2z Fn(f) (m)expy(wizm)

and the Dirichlet kernel by;

Dy(z) =" 32, <r€xpy(mizm)
Lemma 0.4. We have that;

DAx)zM forz ¢[0,1)

sty (

Dy(0) = 2k + 1

Proof. We have, when x # 0;
Dy(z) =" 32, <r€xpy(mizm)

= exp,(—mizk)(* zzlfzoempn (mizm))

. expy(miz)2ktl—1

= expn(—mxk)(%)

ezpn(%")(eépn(—ﬂiw(k-i-g)) expy (riz(k+3)))
eacpy,( W;z )((expn( mz ))— Cﬂfpn( iz ))

_ —2isiny (7rx(k:+%))

—2ising (5°)

_ sing (mc(kJr%))

sing (%)

The calculation when z = 0 is clear.
Lemma 0.5. For g € V(V,);

S(k,9) = 5 Jio.1), De(v)(g(z +v) + gl — v))dpy(v)

Proof. Using the definitions above, the nonstandard definition of the

convolution, and the symmetry Dy (v) = Dy(—v), forv € [-1,1), \ [-1, %),
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and Lemma 0.4, we for k € *Z, with |k| < n — 1, that;
S(k,g) = %* Z|m|§kfn(g)(m)e:vpn(7rmm)

=5 Z\m\gk<f[,1,1)n g(w)eapy(—mizm)dp, (x)))exp, (wizm)

=3 Ji1y, 9@ 2 <reapy(mizm)exp, (—mimy))dp)n(y)

= %f[—l,m Dy(x = y)g(y)dpy (y)

_ (=D*(g(z+1)—g(z—1)) + lf[
2 1,1

2n

Dy(—1)+3 Ji-11y, 9(@+0) Di(v)dpy (v)

9(x + ) Dy (v)dpiy(v)

= % [—1,1),, g(l’ + 'U)Dk(v)dﬂﬁ(v)

as ¢ is bounded. It follows that;

S(k,g) ~ 5( J 10y, 9(x+0) Dy (v )d/Ln(U)+f[071)n g(z+v)Dy(v)dp, (v))

_ Dp(= l)gw 1)
— f[lﬂo

9(@+0) D (0)dpn (0)+ [ 9(e+0) Di(v)dpy(0)

= DeClsle=d) 4 1 (f(o,n;l}n 9($—U)Dk:(—U)d#n(v)ﬂLf[o,l),, g(a+v) Dy (v)dpy(v))

2n "

Dip(=Dg(z—1) | 1

Dy(=Dg(z—1)  Dy(0)g(z)
== 25 o k2ng +

) Dy (v)dpy (v))

2n §<f(0,1)n glz—v Dk(“)dﬂn(v)"‘f[o,l)n 9(x4v) Dy (v)dpy (v))

Loy, 9@ =) Du(0)dpig (0) + [ 1), 9(a+
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—1*g(z—1 2k
_ (=D an( ) ( +1 %f[m V) Dr(v)dpn(v) + [0 1), 9(2 +

) Dy (v)dpty (v))
- (_1)k9(’3_1;;(2k+1)g(x) + %<f[0,1)n(9($ +v) 4+ 9(z — ) Dy(v)dpin(v))

~ % f[o 1) g(z+v)+ g(x —v))Di(v)dp,(v))

U

Lemma 0.6. If f as above is analytic on (—1,1), then for r € Ry,
there exists N, € *N, with N, = n — 1, such that;

f[r 1), (x)dpy(x) ~ 0, for 0 < k < N,, k infinite.

Proof. We have that;

Sy, £ (@) D) dpry ()

f(x)sin( 7r(k+ )x)
= Jon, = s A (2)

817’17

A simple calculation shows that W is analytic on (r,1) for 0 <
2

r < 1, hence ﬁ is analytic on (r,1). Using the alternation method
2

and Lemma 6 from the paper [4], we obtain the result, noting the spac-
ing of the zeroes of sin(m(k + 3)z). Namely, we have that;

sin(m(k + 3)z) =0
iff m(k+3)z =% +nn

_ "+2
iff x = i

for n € Z. The spacing is then;

n—i—l—i—% n+

I=[ol =

k+1 k+l
_ 2
= 2%+1
We have that == > 2

2k+1

iffk;<77—%
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so we can take N, =n — 1, as required.

Definition 0.7. We define the Fourier kernel by;

. 1
Fi(x) = 202D Cfor 4 € [-1,1),\ [0, 1)

Ty n

F(0) = 2k + 1

Lemma 0.8. For g € V([0,1),), with g analytic, there exists N € *N,
infinite, N = n — 1, such that for all k € *N, with k infinite and
0 <k <N, we have that;

oy, 9@ Fe(z)dp(x) = [, 9(x) Di(2)dpy(z)
Proof. We have that ﬁ(%) — 2 is analytic on (0,1), hence, so is
= ﬁ@ — 24 Moreover;
oy, 9 () dpan ()
_f[o1 x)(Dy — Fy + Fy)dp, ()
= Jo.1y, 9(@) (D = Fi)dpy()
+ f[o,l)n 9(@) Fdpy(x)
= f[O,l)n h(z)sin,(m(k + 3)x)dp,(z)
+ f[(],l),, 9(x) Fdpin(z)

- f 0,1) ) Fidyiy ()
using the argument of Lemma 0.6, and with the same choice of N.
0

Lemma 0.9. For g € V(V,) analytic on [-1,1)n and © € [-1,1),,
there exists an infinite N =n—1, as in Lemma 0.8, independent of x,
such that, for infinite 0 < k < N

S(k —2f[01 (9(z +v) + g(z — v))dpy(v)
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Proof. Using Lemma 0.5, we have that;

Sk, 9)(x) = 5 Jo.1), Dr(v)(g(z +v) + gz = v))dp, (v)

where (g(x + v) + g(x — v)) is the transfer of an analytic function
on [0,1),. Using Lemma 0.8, there exists N € *N, N = n—1, such that;

2f[01 (9(z +v) + g(z — v))dp,(v)
= 2fo1),, (9(z +v) + g(x — v))dpy(v)
for all £ infinite, with 0 < k < V. O

Lemma 0.10. For infinite k, with 0 < k < N, we have that
3 Joy, Fr(@)(g(@ +v) + g(z — v))dpiy (v)
= %% f[o,l)n stny (m(k + %) )(Q(Ldﬂn( )
+23 f[o,1),7 siny(m(k + %)U)%d:un@)
+23 Jouy, sing(m(k + §)o) Le==2=) g, (v)

+21 f[O,l)n sing (7 (k + 1)v) & dp, (v)

Proof. Using the definition of Fj(v) and rearranging, we have that;

2f[01 (9(z +v) + g(z — v))dp,(v)

' 2+0)—gi +9d +9(x—v)—gs +95
= %%fm’l)n Smn(ﬂ(/ﬁ—l—%)v) (9(z+v)—g4 +g tg( )—9z +9 )dﬂn(v)

= %% f[O,l)n sing(m(k + %)@Mdﬂn(”)
+72r% f[o,1),7 sing (m(k + %)v)%d,un(v)
+72r% f[o,1),, sing (m(k + %)U)((Ldﬂn( )
+23 f[o,1),7 sing(m(k + %)U)%dﬂn(v)

as required. ]
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Lemma 0.11. Suppose that g7 = g, , then there exists an infinite
M e *R, M = /i, such that for infinite k € *N, with 0 < k < M;

. +
= 0,1), S (T (k + 5)v) & djiy (v)

+21 f[O,I)n sing (7 (k + 1)v) & dp, (v)

~ (g2 +92)
=73

Proof. Using the alternation argument, with this choice of M, noting
V1 < n—1, for n infinite, we have;

. +
3 [0,1), sing(m(k + 3)v) & djiy (v)

+ sing (w(k+2)v)
:%%f[o,l) 2 dpy (v)

1

wga sing (m(k+5
=2 g f[m)n %dﬂn( )

2

L 2ngt sina (n (k- 1)v)
= %%f[o,l),, gm,,(";) dpin(v)

Similarly;

23 [0,1) siny (m(k + 3)v) % dpy (v)

~ 27gr sing (m(k+3)v)
~ 2 f[0,1) :mn(%zs dpin(v)

It follows that, by the choice of M, noting that % ~ 0;
A +

2 1 0.1), sznn(Tr(k —+ %)U)%dun(v)

+%% f[o;)n sing(m(k + %)v)%dun(v)

gy sing (m(k+21)v)
% i f[O,l Zmn(MQ) dpin(v)

12

ing (m(k+2)v)
42m f[01 s’i—mgdlun@)

7r sing (75)
o sing (m( k—i— ) )
- FL f[o 1), snznn("“) dpy(v)
TG sing (7(k+1)—v
2 S g, %dﬂn(v)

sing (m(k+1 5)v)
= f[o Dy sty (V)

i ()
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4270 sing (w(k+5)v) 2 mgy 2k+1 _ (=DF
;9 f[lO ;nn 7”’) d (>+;€1 n 7
~ 2733 sin v)
- 9 f[ 1,1)y gmn % d ( )
_ 227mygs
T 4
_ 2mgd
T 2
+
— g;‘ 9z ‘ggz
as [[— (z)dp,(x) = 2, for all k.

O

Lemma 0.12. For infinite k, with k < M, and g = g, , we have that;

FL Lo sing(r(h 4+ L) @E=s) g, )
+71r f[O,l)n sing (m(k + %)U)Mdun@)

Proof. This follows by combining the previous Lemmas 0.9,0.10 and
0.11. O

Lemma 0.13. If g is analytic on (—1,1), with g right differentiable at
—1, and g left differentiable at 1, and g = g*,, then, there exists N
infinite, N =n — 1, such that for all0 < k < M, if x € [-1,1),, with
°x C {—1,1} and k infinite;

f[o,1)n Sinn(ﬁ(/{? + %) )(Q(Ld/v‘n( )

2 Jio, sing(m(k + 5)0) ==y, (v)

2 2=

12
o

Proof. Suppose that x = 1, then, as g is left differentiable at 1, for
v € [0,1) the standard function M is continuous with ¢"*(0) be-
ing the definition at 0. It follows that the transfer, where v can range
over [0, 1), is S-continuous, (*). This is due to the usual argument, for
a continuous function f. If f(a) = b, then if a’ € V,, |a — d/| < € for
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all real € > 0. By transfer of continuity, |f(a) — f(a’)| < 9, for all real
d > 0, in particular f(a’) ~ b. Now if ¢’ ~ a”, then, as {a’,a"} are
finite a’ ~ a” ~ st(a’) = a, and the result follows by transitivity of ~.
By (%) is follows that, for v € Vy, m ~ ¢"*(0), so bounded, (xx).

For vy € R+, we have that, % is analytic on [0,1), \ ([0, vo)y.
It follows, by (xx), that, for infinite & ;

%f[o,l)n sing (m(k + 3)v )(Q(Ldﬂn( )
~ = Jonmqo.y Sim(m(k + 3)v Yot =g) g, (1)

In particular, for a given ¢, = %, with r € N, using underflow, uni-

formly in k, as |sin,(7(k + 3)v) < 1], there exists n, € A, for which;
. z+v)—ga
= f[o;)" siny(m(k + %)“)Wdﬂn(v)
. z4v)—ga
— f[o;)y,\([o,ﬁ ) sing(m(k + %)U)—(g( +y) . )dﬂn(vﬂ < €

Then, using the alternation argument above, we can find an infinite
N, =n—1, such that for 0 < £ < Ny, k infinite;

Ly, ik 4+ §)o) SRy, (0) = 0

Extending the sequence { Ny, : r € N'} by countable comprehension,
we can for infinite ' € *N/, find an infinite Nj = 1 — 1 such that;

(i). For 0 <k < N/ =5 — 1;
%f[%,lf%)n siny (m(k + 3)v )(Q(Ldlﬁn( ) =0

(i). f[o 1) sing (m(k + %) )(Q(Ldﬂn( )

~ Jowaoty stk + 3)v YO0 gy ()] < e = 0
It follows that;

%f[m)n sing(m(k + 3)v )Mdun( )~0

A similar argument produces Nj = n — 1 to show that;
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%f[o,l)n sing(m(k + %)U)Mdun(v) ~(

v

We can then take N = min(N;, N;), N = n — 1. The proofs for
x = —1,and °x C {—1,1} are similar and left to the reader.
U

Lemma 0.14. For g analytic on (0,1), g finite, left and right differ-
entiable at {1,—1}, with the limits g7 = g, and °x C {—1,1} there
exists P € *N, with P infinite, P = /i, such that for all0 < k < P,
k infinite;

Se(9) ~ 95 =97 = 9«

If g is continuous at 1, then Si(g) ~ g(x).

Proof. The proof is clear by the previous Lemmas 0.12 and 0.13,
O

Definition 0.15. We define the standard sawtooth function on [—1,1]
by;

S(z)==x

and the Fourier series S(S) by;

limpg_y00Sm(S)

where Si(S) = %Z\m\gk F(S)(k)emik

and the nonstandard sawtooth function on [—1,1), by;

S(x) =,

Lemma 0.16. For m € Z, we have that;

[m|

F(S)(m) = 20

™

and S(S) = %Zm>0 (71)m+1:zin(7rmz)

Proof. We compute, for m # 0;

F(S)(m) = fjl S(x)e ™My
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1 )
= [ xe ™My

_ [xefwimz]l_l + 1 f_ll e—m‘mxdx

—mim Tim

—mim Tim —mime
e +te

—mim mm

2cos(mm) + 1

—7mi w2m?2 (eﬂ'im - em’m)

2(=D)™

—7mmi

2i(—1)™
m™m

We have F(S)(0) = f_ll xdr =0
Then,;

2i(—1)™ i
Sp(S) = %Z|m|§k,m¢0 Z(wm) e

i cos(mmz)(—1)™ isin(mmaz)(—1)™

= = (22 mj<mato p + oo )
2 sin(mmz)(—1)m+t1

2T g

so that;

—1)™mH sin(mma
S(S) = 3 Lopso e

m

O
Lemma 0.17. Let f be analytic on (—1,1), such that the left and right
deriwatives exist at —1 and 1 respectively. Then there exists g analytic
on (—1,1) and constants \, u,v such that;
g=Af+uS+v
with g = 9=,

A similar result holds for f,, replacing g by g, and S by S,.

Proof. We have that S;” =1 and S”; = —1. Suppose that f;"+ f; #0
and f;" — f; # 0, (), then we solve the equations;

L= M4+ uSt =M+ =AM +puSTy =M —u
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to obtain that;
_ 2
A= FE+IT 70
_ S
p=gg 70
Setting g = A\f + uS gives the result. For the general case, if f; =
f=y, we can take g = f. Otherwise, we can find a constant c, such that
(%) is satisfied for f+c. Applying the previous calculation, we can find
g such that g = A(f +c¢) + pS. Taking v = Ac+ p gives the result. The
final claim is clear, taking the measurable versions.

l

Lemma 0.18. For {f,g} C V(|-1,1),), we have that;

f[—1,1)17 ngd:“n == f[—1,1),, nglShdMn

Proof. We have (fg)P = fPg'" + fg”, so that;
0= fiy,u20)(f9) by
— f[fl,%} nglsh+ngdMn
= S amy P9 ey + [y a2y f9P gy
Rearranging, we obtain that;

f[_L’?T—l] ngd,un - = f[—lynT_l] nglShd,un

Lemma 0.19. For m € Z, we have that,

where 0, (m) = n(exp,(=7*) — 1)

Moreover, for m € Z, finite;

"Fn(Sy)(m) = F(S5)(m)
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Finally, for v € [-1,1),, with °x € {—1,1} there exists an infinite
T, such that for 0 < k < T, k infinite, Sp(S,)(z) ~0

Y

Proof. Let f(z) = x,, h(x) = exp,(—mizm), hP(z) = 6, (m)exp,(—mimz),

so if g(x) = 6’:%2) = expg:%mz), then ¢gP(z) = exp,(—mizm) and
g (z) = ¢"(m)€;7p(’;é)_mxm), where ¢,(m) = expn(—”;m). We have that

fP(x) =) = 1+7“5nT-1, where r = an("n;l)—l =n(z,(-1)—x,)—1=

n(—1- "T_l) —1=—2n, so that ) =1 — 277(5%1.
Using the previous lemma, we obtain that;
F(Sp)(m)
= f[_m)n Tpexpy(—mima)dp,

Jioiy, faPdu,
== Jiw, £79 dy
= _ f[—l,l)n(l _ 2775",];1)(%(m)eojp(?;g)_mwm))d/v‘n

_ _z:((%) f[—1,1),, exp,(—mizm)dp, (x)—2n ?Z((;Z)) f[_l’l)n 5%1 exp,(—mizm))dp,

= —Qn%%expn(—m"%lm)

= —22’;’((:)) ¢n(—m)exp,(—mim)

2(=1)™

(
On(m)

as required. For the final part, either use the fact that for m finite
xpexp,(—mizm) is S-continuous and S-integrable, or check directly, for
finite m that;

0,(m) = exp,(—mizm)P(0) ~ (exp(—mizm)’),(0) = —mim
as exp(—mixm) is analytic.

For x as in the statement of the lemma, we have already checked
that, for finite m, °F, (S,)(m) = F(S)(m), in particular, for finite k;
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Sk(f)(z) = S(S)(°x) =0
1Sk(f) ()] < %

so that, by overflow there exists an infinite 7', such that for k < T,
k infinite, |Sg(Sy(z)| < £ ~0
O

Lemma 0.20. For h analytic on (0,1), h finite, left and right dif-
ferentiable at {1,—1}, with the limits h} and h; and °x C {—1,1}
there exists Q € *N, with Q infinite, and QQ < /1, such that for all
0 <k <Q, k infinite;

Sp(h) ~ gi;g;

Proof. Consider the case when °z = 1. If b7 = h, the result is proved
in Lemma 0.14. Otherwise, using Lemma 0.17, we can find A, u, v such
that g = Ah 4+ 1S, + v, with g = g;. By Lemma 0.14, for k infinite,
with 0 < k < Q = min(T, P), we obtain;

Sk(Ah 4 S, +v)(x)

= ASi(h)(x) + pSk(Sy)(x) +v
= ASk(h)(z) + v

= Sk(g)(x) ~ g

Rearranging, with A # 0, Si(h)(z+) = W. In the generic case,
when v = 0, we obtain that;

Silh)(w) = 422

9= (& +f2)
2
_ MU+
2
_ 2 (e =S S
fi+fe 2

_ [+
2
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The case, when v # 0 is similar, and left to the reader.

(1]
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