SCHRODINGER’S EQUATION AND RELATED
CHARGE DENSITY

TRISTRAM DE PIRO

ABSTRACT. We determine |¥|?, in terms of standing waves, for a
solution ¥ to Schrodinger’s equation with ¥y € C*°([—1,1]).

Definition 0.1. We let C*(|—1,1]). C(R) and C*(R) have their con-
ventional meanings. We let T = [—1,1] X R>¢ and let T° = (—1,1) x
R~ denote its interior. We let C(T) = {G, continuous on T,G; €
C([=1,1]), for t € Rso}, S(T) = {G € C(T) : Gy € C"™W([-1,1]),
fort € R0, G|T° € C=(T%)}. If h € C™W([-1,1]), and m € Z, we
define its Fourier coefficient by;

F(h)(m) = [72 h(z)e ™™ dx
If g € S(T), we define its Fourier coefficient in space by;
Flg)(m,t) = [7 glw,t)e ™ da

form e Z andt € R>o.

We recall the facts that F : C®([—1,1]) — V(Z2) satisfies the follow-
ing inversion theorem;

If h € C*([-1,1)), then;
h(z) = 5 3o oo F(R)(m)e™™
for x € [—1,1], and, a similar result holds for g € S(T).

If h € C™W([—1,1]), and m € Zs1, we define its cosine Fourier
coefficient by;

C(h)(m) = fjl h(x)costmaxdx
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and its sine Fourier coefficient by;
= f_llh(:v)smwmxdx
and the constant coefficient by

0) = %f_ll h(x)dx

If g € S(T), m € Z51, and t € Rxg, we define its cosine Fourier
coefficient, sine Fourier coefficient and constant coefficient in space by;

Clg)m,t) = J*, gl tycosmmads
S(g)(m,t) = [, gz, t)sintmadz
C(9)(0,) = 5 [, g(w, t)dx

We recall the following fact from [?];
If h € C>=(SY), then the series;

> oz Cmeos(mam) + > ) dysin(mrm)

where ¢y, f h(x)cos(mxm)dz, m > 1, ¢y = %fl h(z)dx and

f h(x)sin(mram)dz, m > 1, converges uniformly to h on S?.

Lemma 0.2. If g € C*([—1,1]), there exists a unique G € S(T'), with
Go = g, such that G satisfies the simplified Schrodinger equation;

Proof. Suppose, first, there exists such a solution G, then, applying F
to (%), we must have that;

}-(%_i%)(mi) =0(t>0,me2)

Differentiating under the integral sign, we have that;
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F(%) = 6@,@)( ), fort >0,me 2

Integrating by parts and using the fact that G, € C*([—1,1]), for
t > 0, we have that;

FEZG — _m2m2F(G)(m,t), for t >0,m € Z

We thus obtain the sequence of ordinary differential equations, in-
dexed by m € Z;

8]:( ) e f(G)(m’t) =0 (t > O)

As G € C(T), Gy — Gy pointwise , as t — 0, and, using the Domi-
nated Convergence Theorem, F(G)(m,t) — F(G)(m,0), as t — 0, for
each m € Z. By Picard’s and Peano’s Theorem, see [?], Chapter 4,
this system of equations has a unique continuous solution, given by;

F(G)(m,t) = e ™™ F(g)(m) (t > 0)

As Gy € C*([—1,1]), we have, by the inversion theorem, that, for
S [_17 1]7

Gi(r) = % S F(G)(m, t)emm

and, in particular, G; is determined by its Fourier transform, for
t > 0. It follows that G is a unique solution.

If g € C*([—1,1]), its Fourier series transform F(g) € C*([—1,1]),
hence;

= F (g) (m)etnne € CI([-1,1)

for t > 0, m € Z. It follows that GG defined by;

G(x,t) — sz:ioo —im m%f( )( ) 2mima ],.
is a solution of the required form. O

Lemma 0.3. IfG € S(T), with Gy = g, and g € C*°([—1,1]) as above,
then Re(G) and Im(G) satisfy the same differential equations;
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ORe(G) _ _ 9*Re(G)
ot ozt
oIm(G) _  8Im(G)
ot Ozt

Moreover, explicit solutions are given by,
u(z,t) = (C(u))(0,0) + (C(us))(0,0)¢
+D o1 ﬂm(—(c(“zrlflm’o) cos(m2m?2t) + CLDn0) gip (22024) cos(ram))

T™m
+ 2 1 Wm(%ws(ﬂm%) + wwn(ﬁm%)sm(ﬂxm))
and v(x,t) is similar.
In particular;

G| = u? + v?

where {u,v} are as above.

Proof. Let u(x,t) = Re(G)(z,t), v(x,t) = Im(G)(x,t), then, as;

.92
5 =g ()

and equating real and imaginary parts, we have that;

Sutiv __ 02 (utiv)
ot Ox2

and;

02 ,
% == aig) ,(7)

02 ..
% = 6;1207 (7’2>7 (**)
It follows, applying % to (i), and aa_; to (it), then, % to (1), and 88—;
to (i) that;

Ut = —Vgat

Vgt = Ugzax
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Uit = Ugat
Ugzt = —Vzzax
S0, Ut = —Ugzaq, (”Z) and Vit = —Vzazx, (ZU)

This gives the first part. Now, apply the operators {C,S} to (ii7)
and obtain;

Cluss + Upzaa) (M, 1) = 0 (> 0,m € Z>)

S(tss + Ugaaz)(Mm,t) =0 (£ > 0,m € Z50)

Differentiating under the integral sign again, integrating by parts
and using the fact that u* € C>°([—1,1]), for ¢ > 0, we have that, for
m e Zx1);

(C(u))ss(m, t) = —m*m*(C(u))(m, 1)

(C(u))ss(0,2) =0

for m € Z54);

(S(u)ss(m, t) = =m*m*(S(u))(m, ), (1)

with explicit solution, m > 1, given by;

(C(u))(m,t) = A, cos(m?m?t) + By,sin(m?m?t)

(S(u))(m, t) = Crocos(m*m?t) + D,,sin(m?m?t)

(C(u))(0,t) = Ao + Byt

and, taking derivatives;

A = (C(u))(m, 0), Bp*m? = (C(us))(m, 0)

Crm = (8(u))(m, 0), Dpm?m? = (8(us))(m, 0)

Ao = (C(u))(0,0), Bo = (C(us))(0,0)
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so that;

(C(w)(m,t) = (C(u))(m,0)cos(w2m?t) + CLDO) g, (72m2¢)

T2m?2

(S(u))(m,t) = (S(u))(m, 0)cos(x2m?2t) + EDEO gipy (722¢)

(C(U))(O, t) = (C(u))(o’ 0) + (C<us>)(0’ O)tv (Tﬂ-)

It follows, applying the inversion theorem and (111), that;

u(@,t) = (C(w)(0,1)+32,,51(C(w)) (m, t)cos(rzm)+3 7 -, (S (u)) (m, ) sin(wzm)
= (C())(0,0) + (C(us))(0,0)t

+ 3 o1 (C(w)) (m, 0)cos(m2m?t) + CLPGuD sip (22m2¢) cos(rzm)

+ 27051 (S(w) (m, 0)cos(m*m?t) + (SC)ln0) i (w2m?2t) sin(ram)

m2m?2

u(w,t) = (C(u))(0,8)+) 2,5, (C(w))(m, t)cos(mam)+) . (S(u))(m, t)sin(rzm)
= (C(u))(0,0) + (C(us))(0,0)¢

+ D ms1 Wm(%cos(ﬁmzt) 4 L)) i (1228) cos(mam))

™m

43 oy (SO g (220 SDO) iy (207,24 s ()

s ™m

O

REFERENCES

[1] A Note on the Convergence of Fourier Series, available at
http://www.curvalinea.net, Tristram de Piro, (2019).

FrLAT 3, REDESDALE HOUSE, 85 THE PARK, CHELTENHAM, GL50 2RP
E-mail address: t.depiro@curvalinea.net



