COMPUTING THE PROBABILITY DISTRIBUTION OF
VELOCITIES IN SOME SOLUTIONS TO THE
NONSTANDARD DIFFUSION EQUATION

TRISTRAM DE PIRO

ABSTRACT. We compute the distribution and stochastic equation
for the reverse martingale found in [4].

One of the most fundamental results in the theory of Markov chains
is the following;

Theorem 0.1. Let P be the transition matriz of an irreducible, aperi-
odic,positive recurrent Markov chain, { X, }n>0, with invariant distribu-
tion w. Then, for any initial distribution, P(X,, = j) — m;, asn — oo.
In particular;

pgl) — 7, for all states i,7, as n — 0o

Proof. A good reference for this result is [2]. However, we give the
proof as it is used and modified later. Let the initial distribution be
A, and let I be the state space. Choose {Y},},>0, such that {X,},>0
and {Y},},>0 are independent, with {Y,,},>0 Markov (7, P). Let T =
inf{n > 1: X, = Y,}. We claim that P(T" < o0) = 1, (x). Let
W, = (X,,Y,). Then {W,,},>0 is a Markov chain on [ x [. By inde-
pendence, it has transition probabilities given by;

Piijykny = PirDir (1)

and initial distribution p(; ;y = Asm;. A simple calculation, using (),
shows that;

ﬁg?}-)(k@ = pgz)pﬁ) for fixed states 1, 7, k, [
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As P is irreducible and aperiodic, we have that mz’n(pgz), 57)) > 0,
EZ;)(M) > 0 and P is ir-
reducible. A similar straightforward calculation gives that the dis-
tribution m;; = mm; is invariant for P. By well known results,
this implies that P is positive recurrent. Fix a state b € I, and
let S =inf{n >1: X, =Y, =b}. Then S is the first passage
time in the system {W,},>¢ to (b,0), and P(S < oo) = 1 follows by
known results, and the fact that P is irreducible and recurrent. Clearly
P(S < o0) < P(T < 00), so (x) follows. We now calculate;

for sufficiently large n. Hence, for such n, p

P(X,=j)=P(X,=jn>T)+P(X,=jn<T)
=P(Y,=jn>T)+P(X,=jn<T)

by definition of 7" and the fact that {X,,},>0 and {Y,},>0 have the
same transition matrix. Then;

P(X,=j)=PY,=jn>T)+PY,=jn<T)
—PY,=jn<T)+PX,=jn<T)
=PY,=j)—PY,=jn<T)+P(X,=j,n<T)
=m;—PY,=jn<T)+P(X,=jn<T) (xx)
We have that P(Y,, = jyn < T) < Pln < T) and P(n < T) —
P(T = 00) =0 as n — oo, using (x). Similarly, P(X,, =j,n <T) — 0

as n — oo. It follows that P(X,, = j) — 7, using (*x), as required.

The final claim is a consequence of the fact that pl(»?) = P(X, =7)
where the initial distribution of X is the dirac function ;.
O

We now establish a rate of convergence result.

Lemma 0.2. Let P be the transition matriz for a finite irreducible ape-
riodic Markov chain. Then there existsm > 1 and p € (0,1), such that;

|pz(‘;l) — ;| < (1 —p)m=t, for all states i, j

where m 1s the limiting distribution guaranteed by Theorem 0.1.
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Proof. From Theorem 0.1, taking the initial distribution of X, to be
0;, we have that;

PX,=j)=m—PY,=jn<T)+P(X,=jn<T)

Hence;

Py —m;| < P(n < T)

As P is irreducible and aperiodic, we have that pg;) > 0 for all suffi-

ciently large n, and all states k,l. As P is finite, there exists an m > 1

such that p,(;l”) > 0 for all k,[. In particular, there exists p € (0, 1) such

that pgln) > p. We have that;
Pea(T <m) 2 32, B ) = SuPh Pl = 0 Xubl) = 0
Pia(T >m) < (1-p)
P(T'>m) =30 Py (T > m)bum < (1 - p)
Moreover;

P(T >n) < P(T > [2]m)

n
m

We claim that, for £ > 1, P(T' > (k+ 1)m|T > km) < 1—p. We
have, using the total law of probability, the Markov property and the
definition of T, that;

P(T > (k+ 1)m|T > km)
- Zikmijkmdkmq#jkm—l ----- i07#£jo P(T > (k+1)m|ka = (ikmvjkm)a Wim-1 =

(tkim—1s Jrem—1)s - - s Wo = (20, 50)) P Wim = (ikms Jkm)> Wim—1 = (ikm—1, Jkm—1)s - - -, Wo
(40, Jo)|T > km)

- Zikm#jkmuikmflijkmfl 77777 107#£Jo P(T > (k+1>m|ka - (ka’jkm))P(ka -
(ikems Jim)s Wem—1 = (tkm—15 Jkm—1) - - - » Wo = (i0, Jo)|T" > km)

< (1 - p> Zikm?éjkmvikmfl#jkmfl ~~~~~ 0750 P(ka - (ikm’jkm)’ Wim-1 =
(Tkm—1, Jkm—1); - - -, Wo = (do, Jo)|T" > km)
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=(1=p)
Inductively, we have that;
P(T > km) = P(T > km,T > (k—1)m)
=P(T > km|T > (k—1)m)P(T > (k—1)m)
< P(T > km|T > (k — m)(1 - )~
<(d-p)f

It follows that |pg-b) —m] < (1= p)l < (1 - p)m~1, as required.

O

Lemma 0.3. Let P define a Markov chain with N states, {0,1,..., N—
1}, where N is odd, such that the transition probabilities of moving from
state i to i-2,i+2 (mod N) respectively are % Then P is irreducible,
aperiodic and 7, defined by m; = %, for 0 < i < N — 1, defines an
mwvariant distribution. Moreover, we can choose m = 2N and p = 4%\,
in Lemma 0.2. It follows that;

P — L] < (Bl =,

Moreover, for any initial probability distribution Xo, letting N} =
P(X,, = j), we have that;

A7 — L] <€, 0<j<N—1 (%)

For any initial distribution po = ug — pg , with sums K+ and K,
letting u" = poP", and K = K+ — K~ we have that;

= K| < (KT 4+ K )ep,, 0<j < N —1
Proof. To prove irreducibility, observe that i+2(¥) = i+1 (mod N),

(N+1

2 ) > N;H, for all states 0 < i < N—1, (x). To show that all
272

hence, p; ; ¢,
states 7, 7 communicate, it is sufficient, by symmetry, to assume that

1 < 7. If i = 7, then we have that pg? > %. If j —1 is even, we have that
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(i 1
Pij 2 g

j—i is odd, then j—(i+1) is even. We then have that;

N+1 , j—(i+1)
P 7+ 2 > 1 1

.7 Z TNF¥L  j—(i+1

,J PR 2%

using (). To prove aperiodicity, it is sufficient to show that pgl) > 0,
for sufficiently large n, for any given state ¢ with 0 <7 < N — 1. Ob-
serve that ¢ + 2N = i (mod N), hence p(m > %N If n > N, and n

(23

is even, then clearly pgl) > 2% If n > N and n is odd, then n — N
11

is even, and pz(»i ) > NN = 2% For the invariance claim, we compute;

(mP); = > miPji = x(Pic2i + Pry2i) = (3 +3) = %

To ﬁnd m and p, observe that, by the aperiodicity calculation, that

pgf) > L forany 0 <i < N—1,and n > N. Observe also that,
starting at a given state 7, we can cover all the states, by moving in
one direction, a total of N steps. It follows that pgf) > 2’“ for some
k < N. Choosing some 1 < k;; < N for each pair of states (i,7),

observe that 2N — k;; > N, therefore, for any states (i, j);

(2N) 1 11
Pi; > oFij 2PN—Fi; — IN

We can, therefore, take m = 2N and p = fN. We then have that;

no_ N_1\yn _
(1—p)mt = (Lh)dv!

and the following claim follows, by Lemma 0.2. The penultimate
claim follows by noting that A\, = A\gP" and calculating;

A= A5+ ALY NS le>1j

= (A0 + . ) () AL+ A e

where ¢/ < ¢,, for 0 < j < N —1 and €, < ¢,. The final claim
follows by observing that;

= po P = pud Pt — pg P* = Kt P — Ky P™ (%)
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where {7, m; } are distributions. We then have, using the previous
result, and multiplying by an appropriate constant, that;

n +
(Kt )y — 5] < Key
(K=m PM); — | < Kes

for 0 < 7 < N — 1. Therefore, combining this with (xx*), we obtain
that;

n n K- —
1 — | = 1} = (F) < (KF + K )en
as required.

O

Lemma 0.4. Let P define a non standard Markov chain with n states,
{0,1,...,n—1}, forn odd infinite, such that the transition probabilities
of moving from state i to i-2,i+2 (mod n) respectively are % Then, if
€ is an infinitesimal and

log(e
n > (1 + o em) (%)

we have for any initial probability distribution mgy, that;

T~

; for 0 <j<mn—1 (xx)

3=

If o = pg — 1o is a nonstandard distribution with sums { K+, K™},
possibly infinite, then if K = K+ — K~ , and € is an infinitesimal with
(KT 4+ K~ )e ~ 0, and n satisfies (x), we obtain that;

u?:%forOgjgn—l ()
Proof. Let Seq; = {f : N = R} and Seqs = {f : N? = R}. We let;

Proby = {f € Seqi : (Vmxnf(m) = 0) A VYo<men—1f(m) > 0) A
Zogmgjv—1 f(m) =1}

encode probability vectors of length N. Let G : N' — Seqy be de-
fined by;

G(N,0,2) = G(N,0,N —2) = 2, (Viron—2G(N,0,m) =0
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(Vo<k<n—2V1<m<n-1(G(N,k+1,0) = G(N,k,N-1), G(N, k+1,m) =
G(N,k,m—1))

kaNvaNG(Nu ka m) =0

G encodes the transition matrices for the given Markov chain with
N states. Let H : N? — Seqy be defined by

(Vo<ijen-1)H(L,N,i,j) = G(N, i, j)

(Vij>n)H(1,N,i,5) =0

(Vosijen—1Ynz2)H(n, N, i, j) = D o<pen—y H(n—1, N, i, K)G(N, k, j)
(VijsnVnz2)H(n, N,i,j) =0

H encodes the powers G(N)" of the transition matrices. We define
maps L(N,n) : Proby — Proby by;

(Vosjen—1) LIN, n)(£)(J) = 2ocken—1 f(K)H(n, N, k, j)
(Vj>n)L(N,n)(f)(j) =0

L(N,n)(f) encodes the probability vectors 7™ for an initial distribu-
tion 7y represented by f.

By a simple rearrangement, we have that the bound in |77 — %|,
from Lemma 0.3, can be formulated in first order logic as;

VN € N,ggVm € ProbyVe € R-oVn € N(n > 2N(1+log(4Nio%(i)log(4N)) N
(IL(n, N)(m)(j) — | <0< <N —1)

By transfer, we obtain a corresponding result, quantifying over *N.
Taking e to be an infinitesimal and 7 to be an infinite odd natural
number, we obtain the first result. Observe that by construction of
G, H, L, the nonstandard Markov chain with 7 states evolves by the
usual nonstandard matrix multiplication by the transition matrix, of
the initial probability distribution. The remaining claim is similar and
left to the reader.

O
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Definition 0.5. Let n € *N \ N, infinite and odd, and let v = .
veE*Qso\ Q. We let;

Q={reR:0<a<1}, T, ={t € *Rao}

We let C, consist of internal unions of the intervals [71]
0 <i<n—1, and let D, consist of internal unions of [13/
1€ *ZZO'

7%)7 for
i1

) iyl); fOT

We define counting measures pi, and A, on C,; and D, respectively,
by setting i, ([, 1)) = =, A([5, ZT})) =1 for0<i<n—1,i€"Zx
respectively.

We let (Q,,Cp, p1y) and (T,, Dy, \,) be the resulting measure spaces,

in the sense of [1]. We let (Q_ T.,,Cy x Dy, p1,y X A,) denote the cor-
responding product space.

If f € V(Q, x T,) is measurable, we define;

where we adopt the usual convention of taking i mod 7).

Definition 0.6. Let f : Q_n — "R be measurable with respect to the
xa-algebra C,,, in the sense of [1]. We define F : Q, x T, — *Rso by;

F(x,w:F(M,”—ﬂ), (2,t) € Oy x T,

where s is the nonstandard distribution vector corresponding to f,
K s the transition matriz of the above Markov chain with n states, and
K7 denotes a nonstandard power.

Theorem 0.7. Let F' be as defined in Definition 0.16, then F' is mea-
surable with respect to C, x D, and, moreover F is the unique solution
to the nonstandard heat equation;

8_F_82F_0
ot ox2
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with initial condition f. If f is bounded, then for T > w, we
have that F, ~ C, where C' = fﬁn fdu,.

Proof. The first proposition follows by observing that the defining schema
for F' is internal and by hyperfinite induction, see Lemma 0.4 for the
mechanics of this transfer process. For the second proposition, it is a
simple computation, using the definition of the partial derivatives in
Definition 0.5, to see that, if F' satisfies the nonstandard heat equation,
then;
F(i, )= L2 )+ (1- L)F(E L)+ LF(E2,1), j € * 25
In particular, F' is uniquely determined from the initial condition f
and taking n? = 2v, we obtain that;

F(p,50) = 5F(52,0) + 5F(52,0), 1 € " 250

77 12

which agrees with the defining schema for F' in Definition 0.16. For
the last claim, by definition of the nonstandard integral, see [?], and
the assumptions on f, we have that f = f* — f~, with correspond-
ing sums {K*, K~, K}, where % ~ 0, and fﬁn fdu, = % By

Lemma 0.4, we have, taking ¢ = n%’ that for;

log(n?
n > 2n(1 — m)

~ fm fdu,. Then, we compute;

log(1)
201~ Gy togam)

log(n)
< 4 (i tog—ry) + 1

_ log(n)
- n(log(1+ﬁ)) +1

< 8n(4" — 1)log(n) as log(1 + ) > 5, for x ~ 0
It follows that, for 2 > 76(477 — Dlog(n), Fn ~ fﬁn fdp,, therefore,

if 7> 1776 (4M)log(n), Fy ~ fﬁ fdu,, as requlred
O

Lemma 0.8. Let F' satisfy the nonstandard heat equation;
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2
o o =0, (%)

with initial condition f € V(Q,), then {2 OFZL OFL | pilsh? | prsh®y

of oftsh 9frsh rish?  prsh?
oz’ or ' Oz 7f 7f }

satisfy the same equation, with initial conditions {

Proof. If (%) is satisfied for F, then;

2 3
0°F aF_O

drdt ~ ox®

0 0

As the nonstandard derivatives {5, &} commute;

otdx ~— 0Ox0t —  Otdx3

9?F _ 9*F PF (**)

hence, () is satisfied for g—i with initial condition %. Applying lsh
to (), and using the fact that {sh commutes with {2, 2} we obtain;

92F \Ish __ 83F s o2pish  g3plsh
(ataﬁ)  Otox3 - ( oz ) — 9to23

The case for rsh is similar. Clearly, the corresponding initial con-

ditions {agl;h, 6’;7:}1} are satisfied. A similar argument works for the

operators {Ish? rsh?}
U

Remarks 0.9. We can give an alternative description of the process
given in Theorem 0.7. Namely, we can think of it as the density of
a collection of particles , moving independently and at random. For
sufficiently large t, the density, which we refer to as the equilibrium
density, is close to being constant. This idea is made precise in the
following.

Definition 0.10. We keep the notation of Definition 0.5. We let
2
v =" but we drop the restriction that 1 is odd. We let;

Q. ={(si):1<i<k,s,=10r —1}
so that *Card(Q,) = 25. We let;
Wit Qe — {1, -1}, for 1 <i <k, be defined by;

wi(s) = s;
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We let;

Ton={teT, :0<vt] <k}

We let x : Q. X Ty — Q,, be defined by;

Vs, t) = 1 21 wy(s)) mod[0,1), 1< [vt] < &
X(s,0) =0

We let  : Q_n X Qe X Ty — Q_n be defined by;

X(z,s,t) = x4+ 2x(s,t) mod[0,1)

Given an initial condition f € V(Q,), with f > 0, we let;

Ny Q_n X TH — *R>¢ be defined by;

. F(), O o[l @
Ny, 1) =" ocicy 1z Card({s € Q1 X(5,5,1) = %})

Lemma 0.11. Let f € V(Q,), f > 0 be an initial condition, for the
heat equation in Theorem 0.7 or the Markov chain in Definition 0.16,
then Ny as given in Definition 0.10 is exactly the process I given by
Theorem 0.7.

Proof. This follows easily by hyperfinite induction. As both Ny and F'
are measurable on €, X7, ., it is sufficient to check the two claims that;

Ny(2,0) = f(x)

Ni(z, ) = INp(z 4+ 2, 1) + INy(x — 2, 1)

v

for 0 < j < k-1, 2 € Q,. For the first claim, observe that, if
[nx] = i, then X(%,S,O) = ["Tx for all s € Q,, and if [nz] # 4, then
X(%,S,O) = %—x] for no s € €, by definition of Y. Hence, a simple
computation of Ny(z,0) gives the result. For the second claim, just
observe that, for 0 <i<n—-1,0<j57<k—1;

—3

*Card(s € Q. : X(%, s, J%l) @)



12 TRISTRAM DE PIRO

= 1*Card(s € Q, : X(%, s, %) = [W)]H)%—%*Card(s c Q. x(i,s,1) = —[’7‘”]_2)

The second claim then follows by linearity and the definition of Ny.
O

Definition 0.12. Let (,,&,,7,) be a nonstandard *-finite measure

space. We define a reverse filtration on ), to be an internal collection
of xo-algebras &, ;, indexed by 0 <i < k, k € *N \ N, such that;

(i). £0 =&,
(ZZ) 57“' Q 577».7'7 sz Sj S 1 S K.

We say that F : Q, x T,,. — *R is adapted to the filtration if F is
measurable with respect to €, x D, and Fi : Q, — *R is measurable
with respect to &, ;, for 0 <@ < k.

If f: Q_n — *R is measurable with respect to &€, ; and 0 < j <1 <k,
we define the conditional expectation E,(f|E,:) to be the unique g :
2, = "R such that g is measurable with respect to &, ; and;

fU gdry, = fU fdv,

for allU € &,;. We say that F : Q, x T, . — *R is a reverse mar-
tingale if;

(i). F is adapted to the reverse filtration on Q,
(ii). En(ﬁlu'|gn,i) =Fi

Given F' : Q_n X ﬁ — *R measurable with respect to &, x D,,, we
define the cumulative density function; P : *R x [0,1] — *R by,

P(z,t) = (F; < )

We say that Fy and Fy are equivalent in distribution, if their respec-
tive cumulative density functions Py and Py coincide.

Theorem 0.13. Let F' be as in Definition 0.16, without the restriction

that n is odd, but keeping v = ﬂ;, and let F,, be its restriction to ﬁn X

Tﬁ. Then there exists a reverse filtration on Q_n and F,, such that F
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s a reverse martingale, and F,{ = Fu. If G is the process defined by
Gy =Fupy, for0<t <2t e T ks then the processes G and F are
equwalent mn dzstmbut@on.

Proof. We define the reverse filtration, by setting &,; to be internal

unions of the intervals [2;1”7 Q{j}n) for 0 < j <20 —1,0<i< k.

Clearly, this is an internal collection. It follows that &, = &, ¢ consists
of internal unions of the intervals [2,{—77, 3;1) for 0 < j < 2%p—1, and
we define the corresponding measure 7, by setting v, ([5% J Tt ];; ) = 2,1”.
Observe that &, , = C,, the original xo-algebra.

We define bijections ®; : *NMy<j<y—1 X Qi — *No<j<ar—in_1, for
0<i <k, where Q._; = {(wp) :wpr =1 0r —1,1 <k <k —1i}, by;

Di(j,w) =277 20 lekgn—i‘gi_ﬂ
Define F,, by;
F,{(zﬂfin, 1) = F;(% + %* D i<h<niWk)

where @;(j,w) =7, for 0 <r <28p—1,0<i < k.

= 2% a] (vt eV ai
Fﬁ(x7t) Fﬁ(ﬁ’ %)7 (l‘,t) € Qn X 71:,5
It is clear that F, is adapted to the reverse filtration on ﬁn' More-
over, it is straightforward to see that;

as @, (r) =r,50 Fpor = Fx =. We claim that F, is a reverse martin-

gale. We have verified cond1t10n () in Definition 0.12. To verify (i7),
by the tower law for condltlonal expectation, it is sufficient to prove
that E,(F |€Z+1) w i1, for 0 <@ <k — 1. We have that;

E,(F 5‘&‘+1)(ﬁ)

— 9K— i— lnf[ il )Eﬁ(FH,%

oK—1— 17]72,&@ 17— 17]

R,

Eiv1 ) dy,

=2y f .y,

2K — 1 l,l’gn 1— 17]
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k—i—1 1 —_—
s T, ()

(Fl(%+%(* Z1§kga—z‘—1wk_1))"’%(%"’%(* D i<kcn—ioiwrt1)))

v

N |+

DN |

= Fi+1 (x) = Fﬁ’iJrl (m)

v v

where ;41 (j,w) = 1, w = (Wi)i<peni-1and o = 242035, w),
as required.

3

We claim that;

2 Card({i: 0 <i<n—1,F(, ) =a})

v

= *Card({i : 0 < i < 2°Wy — 1, F(gph—, “4) = a}) ()
We prove that, for i € [0,7 — 1] N *Z, then;

*Card{(j,w) € [0,n =1 N*Z X Qpu_py - f—7 + %* D i<k<n Wk =
i3) = 208 (1)
n

We can prove (x*) by induction. The proof of the base clear when
t= ”_1 is included in the inductive step. Suppose the claim is true at

[”t] and let ip € [0,7 — 1] N *Z, then, we have that;

“3)

=*Card({(j,w) € [0,n—1UN"Z X Qe o1 1 L+27 30 o g =
)

n

+*Card({(j,w) € [0,7 =1 N*Z X Qu_fy41 : %+ %* D i<h<n Wk =
ig—2
“=1)

— 2.25—[%} — 2:‘6—[Vt]+1

[vt]—1

which proves the claim (xx) at
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We then have, by the definition of F, letting Z, = {i : 0 < i <
n—1,F(, M)y = q} that:

n’ v

="Card({i : 0 < i <2V -1, (i, =) = a})

=" 2iez, Card({(j;w) € [0, =1 N"Z X Qi
% + %* ZISkgn—[ut]wk = %D

=" ez 2" W by ()

=270 Card({i: 0 < i <n—1,F(:, 1) = a})

giving the claim (x). It follows, from (x), that;

- /yn(Fn—[su] - Oé)

zl*Card({ O<z<n—1F(1“£Vs)—oz})
= Vs] *Card({i: 0 <i <2V — 1, F(5pt— sy = a})

”5]77 17 v
= Oé)

using the measurability of G[us = F. ESE and F[Vs with respect to

== ’yn(F [vs]

the algebras C, and &, , [, respectlvely Hence G and F are equivalent
in dlstrlbutlon ]

Lemma 0.14. Let F,. be the reverse martingale defined in 0.183, then
we have that F,, satisfies the nonstandard stochastic equation;

d(F) = (Dy)edW;

j * vt
Wt(%aw) = \/Lg ZL ]1wk

foerQ,{,OStS“T_l



16 TRISTRAM DE PIRO

D)e(d,w) = S (P + FIbY (2 4 2( i)

n Y
where s = Kk — [tv].
Proof. By the nonstandard martingale representation theorem, see [5],

i

letting t = l%, s = = and the result of Theorem 0.13, we have that;

d(F,{)% (%, w,w) = Ci (0)wit1 (0, w)

2
v

where w = w;?; or w = WV, W e Q.

By the martingale condition, we have;
3 ((Fr) st

Rearranging, we obtain;

(Fr)s

(5

&

21 (2,0, wit) + (Fi) e (2,0, 0i24™))

S

R e

= —((Fr) e (L, 0, wft™) = (Fr) < (L,9)), (%)
Let;

Cs @) = (Fu) e (2,5,01%) — (Fo) 1 (1,0)
Then

Cg (@, Wity Jwip1 (@, wity)

= O (@)wis1 (W, w; 1))

Ci(w)

= ((Fn)ztl (%75? wzyfl) - ((F )

O (@, Wity wi (@, wiy™)

i
v

= C1 (@)wis (@, wify")

K
v

(

&)

d I=.

IR
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—Ci (@)
= —((Fx) i1
= ((Fu) i (

using (%) in the last step. We compute C'i. Using the definition of

F,. in Theorem 0.13, the definition of C' above, and the defining schema
for the heat equation in Theorem 0.7, we have;

(%7w7 w;fl) - ((F,{) d (%75)

, W, w;iilfm) - (Fn> 4 (%7w>>

z
v

d I=.

gl (aig + 2) = Fua(aiy) + Fai(aig) — Feoa(aig — 7))

— %( ;Zl(aw—k H+F, ((ai,j_%,)))

= (Fis—h + th) (aiy)

= 7 (FEh + Fh) (aiy)

where a; j = % + %(* S wk), (mod 7)

This gives the result.
O

Lemma 0.15. The ﬂ“oceiﬁ,.C 15 also a reverse martingale with respect
to the filtration on Q, x T, .

Proof. Just use the result of Lemma 0.8 and follow the proof of Theo-

rem 0.13 with w replacing F'.

U
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Lemma 0.16. Ifn is an infinite prime, {4,n} are coprime, and 4|n+1,
there exists a nontrivial solution f to the differential equation;

(flsh + frsh)l — %(flsh2 T frshQ)

cos(2 )

when A # 0, with f' # 0, for A = (1t oo (25

n+l)z

with f%: L for0<i<n—1, and w = emp(27”)
and any other such solution s of the form ef with e E *C

Proof. For 0 <i<mn—1, nand 4 coprime, we must have that;
(flsh+frsh)/(%)
= (UM = fPMER) + 3R = ()

= 3(f(5?) + f(55?)) (mod 1)

Rearranging gives that;

2) - f(52)

—~
=

As 1 and 4 are coprime, we must have that;

FlE)y=wf(i), for0<i<n—1 (%
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As f is non-trivial, we must have that w" = 1. As 7 is prime, we

must have that w = *ewp(%). Rearranging, we obtain that;

1+2 * s’

5 eap()

21+ *eap(2)) = (“eap(22) — 1)
A = plenE-D

(eap(3)—1)("eap(=22) 1)
el

. 1—*003(277)

= v eos(2E)
By (1), and using the fact that 4|(n + 1), we have that;

(n+1)

FOEL) = w ™ f(2), for 0 < i < — 1, (%)

Using (xx), we have that;

. (i+1)(n+1) (i=1)(n+1)
ff=0iff w1 = E

. 2(n+1)

ffw a1 =1

. (+1)

iffw 2 =1

iff w = 1 which is not the case.
O

Lemma 0.17. Let fy € V(,), be as in Lemma 0.16, and let Fy be
the unique solution to the heat equation;

2
oF _ O°F _

ot 9z? T
with initial condition fy, then;

a(Fish+F/<‘sh)

52 ’I"S2
oz :%<F/I\h +FAh)

dF, OFlsh oFsh

Proof. By Lemma 0.8 {2, =5, —* ,FiShQ,FA”’ﬂ} satisfy the same
% 8f/l\5h 6f;\‘sh

. . © e .. 2 2
equation, with initial conditions {2, =5~ = flsh" frsh™}
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It follows that;

8(F)l\5h+F>T\5h) A Ish? rsh?
ox - §(F/\ + FA )

satisfies the heat equation with initial condition;

aflsh+frsh 2 2
(AaxA )_%( ;\sh _’_f;\“sh)zo

By the uniqueness of the solution, given an initial condition, we have
that;

O(FIshFshy X [ pish? rsh2\ _
e (B ) =0

O

Lemma 0.18. Let F\ € V(Q, x Q.,), be as in Lemma 0.17, and let
F\ be the unique solution to the heat equation;

with wnitial condition fy, then;

Ish rsh
ARG @) = MR+ )

Proof. By the defining schema in Lemma 0.7, we have that;
S(EPY + F) (2, t) = (Bt + )
for a solution to the nonstandard heat equation;

3_F_82F_0
ot ox2

The result then follows from Lemma 0.17.
O

Lemma 0.19. Let Fy . be the reverse martingale defined in Theorem
0.13, with Fy as in Lemma 0.18, then we have that F, \ satisfies the
nonstandard stochastic equation;

d(Ff{7>\)t = )\(Ff{7>\)tth

Proof. Using Lemmas 0.14 and 0.18, we have that;
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o(Z,w)
((Fx)lfé + (Eambda)g)l(% +2( 1 )

L+ 30 i)

AFeii(2,0)

(D

\_/

NIE
~~
3.

I
o o o 2
=

The result then follows from Lemma 0.14 again. U

Lemma 0.20. Let F,\,H be the reverse martingale considered in Lemma
0.19, and let;

P/\(ta iL‘) = P(Re[(F)\,/{)t]) S Z
Qa(t,x) = P(Re[F) x=t]) < @, then;
for 0 <t <1. Then;

P)\(t,l') = Qk(tvm) =7

Proof. Let G, » = *log(F,.), then;

= *ZOQ((F&)\)t + d(ﬁn,)\)t) - *l09<75,>\)t
= *log((Frp):(1+ d(( )) ) — *log(F )

ok d(F,@)\)
= *log(1 + === G -)

AF ., )\)tth)
( I‘C,)\)t

= *log(1 4+ \dW,)

= *log(1 +

Letting x = mv, with m € *N, so that, with v = %;
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VR = i = |/ =

We have that;

INW,| = | rwpnn | < TL = %ﬁ <1

if m > 2v/2. With this condition, we have that;
“log(1+ AdW;) = * 3, o (—1)rHian i)
If m > n? > 2v/2, we have that;

* n n (AWy)"
Y e ms(— 1) AT O

* N[ |dWe ™
S ZHG*N,HZ?) n

n

21)

[
K2n

< Zne*/\/,nzfi

_x Z (vV22n)"
- ne*N,n>3 /mn"n

3 (v22)"

nG*N,TLZ3 n"n

(v22)"
=7 ZnG*N,n23 P

B3

(m)
<" Zne*/\/,nz3 P

=" B T A1« 2
- Zne*/\/,n23n§g - n%ﬁ anoﬂe*gng S 77% ~ 0
We have;
2 Q(th)2_>\2_ A2 QZ—LZ
(—1)2A2E@WR? 22 X2
2 2K 2n?v 2nv 2v
and;
S o et 2] e N o 17 R S e L7
AW, = e _
t VE v N
1—*cos(ZX)
— Ui
where T con(2)

If 0 <t <1, we have;
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(@)~ (@urlo
SR V(Y

TR R e

= Y4 + ) 4 e (%)
where;
2
POt 2 [+l [+l vl _ 5l 1
Ol <" 2oy =" =" s p =7 S 7= 1 =0
We have;

_ p2([]+D) JrM\/[w]H* Z[tv} ( Wltyv]+1 ) (%)

Vv s=0% /[tv]+1

Using Lemma 0.12 of [4], there exists a finite constant L € R, such
that;

* [tV] [tv]+1 Uu * —u2
|P( 28:0 \/[tl/]-f-l - \/[tl/]-f—l) \/7r( +1) '/Ep(2([t1/]+1)>|
< L(jtv]+1)=2 2~
for —([tv] +1) <wu < ([tv] +1).

Therefore;

\/ [tv] +1 [tv] Wil 41
|P(Re(p)~—7— Z \/m

_ Re(lwy/[tl/]-i-l . )_ NG 2

NN T FEC R ey P (g )|
< L(tr] +1)7 ~0

for —([tv] + 1) < u < ([tv] +1).

Similarly, for Im(u). By (x), (*x), We have that;
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We have, for —([tv] + 1) < u < ([tv] + 1), that;

— — v|+1 u v
wae«G&nt—<G&no—aRdu>V5;*\AM+1+ LEIED 4 (1))

v Re( )w tv
= P(* Y (R L) 1 e(1)

= Re(u) Vil 4 Re(12)([tv]+1) +e(t))

NG \/tu +1 2v
- v/ [tV] +1 [tv] [tv]+1 V [tv]+1 u
= P(Re(p)~—— Z (\/W) Re(p) NG \/W)

It follows that, for given —([tv]+1) < uy < ([tv] +1), up € *Z, that;

— — I/luO e(u2)([ty
P(RA((Grp)e = (Grnlo) < Re() V75—t + US4 (1)

=30 e P (Re((Grn)t — (Gren)o

V/ [tv]+1 Re(p?)([tv]+1
= RelW) =7 t g (1))

* XU [tv]+1, V] / W]+l [tv]+1
=Y e P(Re(p) Y= YW (S ) = Re(pn) Y )

NG s=00 /[tv]+1
= Zp_ ([tv]+1) \/W ( [tu]+1)) +° Z ~(t+1)7
— Zp_i [tV]+1)\/W (m)—i-é (3 % % * x)
where;
Iyl < L] + )7

161 <32 e LtV + 1)

< 2L(tvl+1)
= (wl+)?

< —2L _~( f
—~ ([tl,]_t'_]_)% O or t G R>0

Then;

(Frn)e) = "eap(Gpn))

= *exp(Re(Gn\)t) + iIlm(G i)
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= *exp(Re(Gy)e) cos(Im(Gyp )i + i*sin(Im(Gup))e)

= (Hu\)e((Ku )t +i(Lir)e)
so that;
*log(Hn,)\)t = Re<an,/\)t

Then letting;

a2l v]+1 u e(u2)([ty
*log(z) — Re(Gyx)o = Re(p) %Jr \/[tsHl | Belw )Q(IEt 2 e(t)

with the equilibrium condition, see Lemma 0.22;
Re(Grp)oly) = Re(Fy ) = 0(2)

47-1)*1o —
(47-1) 9(77)7 2eq,

_ N4
10(2)] < 2p1
Vo = [wo]

wo = (*log(x) — Re(Gp)o — Wbt 415))#@\/@] +1
— (* Re(p?) ([tv]+1) Vv
= (*log(x) —f(z) — =52 — e(t))m\/ [tv] + 1 (note er-

ror in taking integer part)
v = [wy]
wy = (*zog(x—p)—Re@,go—Re(ﬂzgjwm—e(t))Re(mfm\/[tu] +1
wy = (log(w — p) = 8() — B — (1)) e ]+ 1

It follows that, as *log is increasing on *R~q, using (  * % *) for the
last line;

P((Hea): < )

= P(*log(Hun): < *log(x))

P(Re(an,)\)t < *log(r))
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((Re(a )t - Re(@n,)\)(]) < *ZOQ(I) — Re(@,{,)\)o)
= pr ([tv]+1) \/W (W) + (vo)

2

~ (% vo \/5 * P
~ ( Zp:—([tu]—i—l) N 695p(2([w]+1))

P((Hep)e <7 —p)

_(* v1 \/i *
= (" 2 (l+) WS exp( ([tV]+1)> + 8(v1)

~ (* v \/§ 7p2
~ ( Zpi (tv]+1) \/ﬂ( 1+ 1) l'p(g([ty]+1))u (* * **)

where maz(|0(vo)|, |0(v1)]) < ﬁ, see estimate on |J| above.
Let p be a sufficiently small infinitesimal, then;

P((Hin)e = 1)

= 2(P((Hep) < @) = P(Hox)r < = p))
— (xS V2__« 2
- p( ZPZ—([tV]"‘l) \/w([tz/]—l—l exp(Q(\/[tV]"‘l))

2

+6(UO) - (* ZZL ([tv]+1) \/ﬂ(\g D) Ip(g([;,l])+1)) - 5(1}1))

— (g0 f)P#(x) + ", where;

167 = 10(wo) = &(v1)]

< [3(00)] +16(01)| < Ay

. B  Re(A)([141) VRN ot
f(z) = *log(x) Re(G&)\)O o €<t>)Re(u)\/W [tv] + 1
ok . _ Re(p®)([tv]+1) N

= *log(z) — 0(2) Pl e(t))Re(M)\/m\/ [tv] + 1

fPr(z) = *log™ (x)

2

*exp(2([t_ul])+l))

V2
w([tv]+1)

9(y) = p" Zy:—([tu]—‘rl) v

we have that gPr(y) = #*exp(%ﬁ)

Letti =
cting y w([tv]+1)

P
v tv]+1’
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Noting that ﬁ is finite and the fact that exp(—yZ—Q) is contin-

uous, using Lemma 0.27, we have that;

P((He): = )

* BT _ Re(u®)([tv]+1) _ N 2
~ (2 [Clog(w)—Re(Gr2)o 2 O fewymm VI T

~ (T eop(= ; )*log” ()

= *exp(— [("log(ﬂsz)—c)d]2 )*log"? (z))

_ pod? Feap(=c?d®)* eaé’p( —d?*log?(x)) *logPe (z)
where;

¢ = Re(Ghp)o — BT ()
d=— f [tv] + 1

W [tv]+1

............... For the last part, using Theorem 0.7, by the definition of
F, x, letting Re(F )\, be the reverse martingale corresponding to the
real part Re(F)) of the process F),we have that;

Pi(t.2) = P(Re|(Fan)d) >

= P((Re(F))\,H)t]) > )
= P(Re(F)) st > 1)

O

Lemma 0.21. We have that, for p infinitesimal, for x € *R, x > 0,
°r#0 ;

*log” () = *(4)

and for x € *(=1,1), |y| < 5, ;

* o —1D *
sin™177 (1) ~ (\/1177)

and fO’/’.T < *(_17 1)7 0< y<m, ‘r ¢ {_17 1}7
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*cos 1 (1) ~ *(—2=), °x ¢ {-1,1}

Y )

Proof. *log””(x)
= L(*log(x + p) — *log(x))
= L(*log(x) + *log(1 + 2) — *log(x))
= 2 (*log(1 +2))
= S0 s (S (E)"), as 2] < 1
="(3) + 50 Xz (=)™ HH(E))

Observe that;

For the last two results, considering the appropriate branch, one
can use the result, that the functions {sin™!, cos™'} are smooth and
bounded on (=1 +¢,1 —¢) for € > 0, and *cos—177(z) ~ *((cos™')),
for x € *(—1+¢€,1 —¢), see [4].

O

Lemma 0.22. Let fy be as in Lemma 0.7, with corresponding solu-
tion Fy to the nonstandard heat equation, then Re(fy) and Im(f\) are

bounded and for k > 8n(4" — 1)*log(n), we have that, with v = 7’2—2,
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t =

Proof. By Lemma 0.7, we have that f,\(%) = w¥, where w = *exp, (= z

16(47—1)*1
5> ( 77) 09(77)7.

Re(Fy;) ~0, Im(Fy,;) ~0

Moreover, for k > 8n(4" — 1)*log(n), t > 16(4’7—17)*1054(77) :

[Re(Fys)| = [Re(Fh. )| < 2n( W) it < op( it tos(n-1

= AN

|Im(FA,5)| — |Re(Fy,)| < 277(“41_;1))%*1 < 2n(M)(4n_1)*zog(n)—1

=~ AN

2mi )

We have that |fx(; | = |w*| = 1, in particular Re(fy) and Im(fy) are
bounded. It follows by Theorem 0.16, that, for k > 8n(4" — 1)*log(n);

Re(F)) ~Cy = fﬁn Re(f))dpy, Im(Fy) ~ Cy = fﬁn Im(fy)dp,

Moreover;

* 1.3 w3 —
fﬁn Sadpn = %, Diow = % g =0
so that;
Ja, Be(fx)diy = [o Im(fx)dp, =0
Letting t = 2, v = %, with ¢ > w, gives the first result.

By Lemma 0.3, we have, taking Re(F)) as the initial distribution,

that;

|Re((Fy))] < (K +K—)((41;1))ﬁ—1

[Im((F)))] < (L* + L7)(Y2) s
where;

K=K =* ZjeKn*cos(%)
Lt=L"="3cp” s1n(6;”)

Ky={j:0<j<n—1"cos() > 0}
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Ln:{j:()gjgn—l,*sin(%) >0}
Clearly, max(K™*, L") < n which gives the result, for the appropriate

t, and substituting the lower bound on k.
O

Lemma 0.23. Let p be an infinitesimal, and let f : *R — *R, with fP
bounded, and *g : "R — *R, with g : R — R, g second differentiable
on R. Then, for x € *R;

("go f)P(x) = ((9) 0 ))fP(x)

Proof. By the definition of the operator D, as hP(x) = p(h(z + p) —
h(x)), we have that;

(*go f)P(x)

=p(("go f)(@+p) — (*go f)(x))

- Ao ) - 1)
_ *g(f(x+5)6**g(f(x)) (p(f(z+p)) — f(z)))

* x+4))—* T
_ Tg(f(=+ )()s g(f( ))fD(x)

letting § = f(z + p) — f(x). As fP is bounded, we have that § ~ 0.
As g is second differentiable, using Taylor’s Theorem, we have that;

“9(y +6) = *9(y) + 6*(¢) (v) + 5 (¢")(¢)

where ¢ € [y,y + 0], y € *R. Therefore;

A (- y()] < 3 (") (0) = 0

It follows that, as f” is bounded, letting y = f(z), that;

*g(f(x+5)g—*g(f(l“)) fD(:C) ~ (*g)’(f(x))fD(x)

O

Lemma 0.24. Let p be an infinitesimal, and let f € V(R,), with f*'
bounded, and *g : "R — *R, with g : R — R, g second differentiable
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on R. Then, for x € V(ﬁn);
("go f)P'(x) = ((¢')* o /) fP(x)

Proof. By the definition of the operator D', as h?" = p(h(x) —h(z—1)),

using the fact that (*go f) € V(€,), we have that;
(*go )P (z)
=p((*go f)(x) = (go f)(z — 1))
= ol o (a) — Sl — )

— U@ (o f (1)) - f(z — 1))

* r))—* z)—0 /
_ r9(f(=)) 69(f( ) )fD (I>

letting 6 = f(x) — f(x — ). As fP" is bounded, we have that § ~ 0.
As g is second differentiable, using Taylor’s Theorem, we have that;

"9y = 0) ="g(y) = 5"(9)y) + T(¢")(e)

where ¢ € [y,y — d], y € *R. Therefore;

20 — )] < 3 ") (0) = 0

It follows that, as fP is bounded, letting y = f(z), that;

*g(f(l‘))—:;g(f(x)—@ fD’ (z) ~ (*g)’(f(x))fD(x)

O

Lemma 0.25. Let p be an infinitesimal, and let f : "R — *R, with
P bounded, and *g : *R — *R, with g = ¢*h, h continuous, ¢ € *R
Then, for x € *R;

(g0 f)Pr(z) = (“ho f)fP(x)
Proof. Suppose that fPr(x) = w = M. By re-scaling f,

(Case f(z) = 0) we can suppose that M > 1, M € N. Then, let
6= flx+p)— f(xr) = Mp > p. We claim that gP¢(x) ~ ¢*h(x), (x).
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As p < 4, we have that;
g7 (x)
= Hg(w +0) = g@)) = § [ gp,dp, ()
= 3 L7 ¢ by, ()
= 350" S5 b + jip)
= & 3 h(x + )
~ ¢*h(z), as h is continuous, ()

By the definition of the operator D,, as fP» = p(f(z) — f(z + p)),
we have that;

(go f)Pr(z)

=p((go f)(x+p) — (g0 f)(x))

- SR+ ) - 1)
= SR (p(f (@) = [(x = p))

x+0))— x
— 9(f(z+ )g 9(f( ))fDP@)

letting § = f(z+p)— f(z). It follows that, as fP7 is bounded, letting
y = f(z), and using (x), that;

AL (P 1) o () (f (@) £ ()

O
Lemma 0.26. Let p be an infinitesimal, and let f : *R — *R, with
P bounded, and *g : *R — *R, with ¢”» = *h, h continuous. Then,
forx e *R;

(go f)Pe(x) = ("ho f)fPr(x)

Proof. Suppose that fP(z) = w = M. By considering a.f + 3,

{a, 8} C R, we can suppose that M > 1, M € N. Then, let
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6 = f(x) — f(x —p) = Mp > p. We claim that ¢P(x) ~ *h(z),
(x). As p < 0, we have that;

g7 ()
= 5(g(x) —g(x = 0)) = 5 [ s g, dpp(x)
=+ [7 *hdp,(x

= =0 i 1"‘h( — 5+ jp)
=1 zyol*h(a: — 5+ 3jp)
~ *h(z), as h is continuous, (x)

By the definition of the operator D/, as P = p(f(x) — f(z — p)),
we have that;

(9o f)Pe(x)

=p((go f)(x) — (g0 f)(z—p))

— eDe GeNCD) (p(f(2) — f(x — p))
= A0 (p(f(2)) = f(x = p))
— G-I G=b) £ ()

letting 6 = f(x)— f(x—p). It follows that, as % is bounded, letting
y = f(z), and using (x), that;

g(f(w—é)g—g(f(x))fD’p (2) ~ (*h)(f(x))fD; (2)

Lemma 0.27. Let p be an infinitesimal, and let f : "R — *R, with
P bounded, and *g : *R — *R, with g = ¢*h, h continuous, ¢ € *R
Then, for x € *R;

(go f)Pr(z) =~ (¢*ho f)fPr(x)
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Proof. Suppose that fPr(x) = w = M. By re-scaling f,
(Case f(r) = 0) we can suppose that M > 1, M € N. Then, let
6= f(z+p) — f(x) = Mp > p. We claim that g5 (z) ~ ¢*h(z), (*).
As p < 6§, we have that;

g7 (x)

— Hg(x +8) — g(x)) = L [ gp, dp,(x)

= § 77 a*hdp,(x)

= 150" Ljma "Mz +jp)

= L3 h(x + jp)

~ q*h(x), as h is continuous, and ¢ is finite, ()

By the definition of the operator D,, as fP» = p(f(z) — f(z + p)),
we have that;

(go f)Pe(x)
=p((go )z +p) — (go f(x))
— oD B LD (o f(2 + p) — f()))

= UON=U@) (( () — f(z — p)))

z+6))— x
— 9(f(z+ )g 9(f( ))fDP(x)

letting § = f(z+p)— f(x). It follows that, as fP is bounded, letting
y = f(x), and using (x), that;

LD 120 (1) o (q*h)(f (2)) P )

Lemma 0.28. Let the density p satisfy the diffusion equation;

op 0
o oz = 0 (%)
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then so does the current J = %, and, moreover, the pair {p, J} sat-
ify the continuity equation;

op _ 8 _
ot 83:_0

Moreover, if Q(t) fQ (x,t)dpy,(x), then Q(t) = Q(0) is constant,
that is the amount is conserved

Proof. If;
9 9% _
o o7 =0
then, letting J = 3£, we have that;
p _ dJ _
3~ ox =V

Applymg the operator ~ to (*), and, using the fact that the deriva-
tives {2 50> am} commute, we obtaln,

op _ 9p _
Otox o3z
Hence;

oJ 8%2J __
5~ =0

giving the first two parts of the claim. For the last part, if;

fQ (, ) dpin ()

then, differentiating under the integral sign, using the second part,
and the argument of Lemma 0.45(i) ,we have, for t € T, ;

0Q
Js

= Jo, 52(@, t)dpiy ()
= Ja, 52y, )y (y) = 0

Using the definition of 2 in 0.5, we obtain that Q(t) = Q(0), for

t € T, as required.

t

O



36 TRISTRAM DE PIRO

Remarks 0.29. As observed in Lemma 0.28, if f\ € V(Q,) satisfies
the differential equation;

S rs S 2 T8 2
(B o) = S (B + )
with corresponding F\ satisfying the heat equation;

OFy _ °Fy\
ot Ox2

then, so does the nonstandard derivative (f\), with corresponding
aa%. By Lemma 0.16, (f\) = ef\, where e = %(1 — \772). Interpret-
ing F\ as a particle or charge density, see Remark 0.9, we can consider
88% as a flow of charge or current, linked to particle velocity. In the case
without collisions, the distribution function Ry might be linked to the
Boltzmann distribution for molecular speeds in the theory of thermody-
namcs. More specifically, in the terminology of Lemma 0.28, if we can
compute the distribution functions { Ry, Sy} for the processes {px, Jr},
with initial conditions { fy, %}, then, we can, using the same method,
hope to compute the joint distribution function T\ for the vector process
Vi = (pa, ), satisfying the vector equation;

i _ T g

ot Ox2

with initial condition (fy, aaix*)
We can then obtain the distribution function Uy, for the 1-dimensional
process;

I

Vy =
A P

as fr # 0 implies that p4 # 0, for all t € T,, using the defining
schema for the diffusion in Theorem 0.7 (check this?).

We should then be able to obtain the distribution of the individual
particle velocities, modelling a particle as €, for a fized infinitesimal
€, and 6,, with |0,| = 1, supported at a point p € 777 More specifically,
we introduce path spaces ), for each p € V,, with *Card(Q,,,) = [k,),
where N, = [f%] and k, = *logy(N,). We then restrict to the time
interval T, where k = maxpevn[/ip], with path spaces @pm, for an aug-
menting sequence of zeroes of length k — k,. We can then define a
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diffusion Gy, on V, x T, by;

G (1)

=" v Card({w € D = Xh (W) =2})

where Xj,,(w) = p + (* J_w;) (mod 1)

with the convention that w; =0, for k — K, < j < Kk and t = f;

If € is small enough, we can take mmpevn[/ﬁp] to be at least the con-

dition for equilibrium given by T = * in Theorem 0.7. In this case, we

can check that Gy, ~ Py, (**)_ We ca&th@n define the velocities of the
particles {vp i p € Vyyw € Qo t € T,}, by;

Upaot = 5Xpn (@)

and use the formula with (xx);

UM ) =73yt ()= Ut

to compute the distribution function W for the individual velocities.

Definition 0.30. Let ¢ € *N \ N, infinite and odd, v € *Qsq \ Q.
We let;

Q_WC:{Q?E*RIOSZ‘<1},I,C:{te*Rzo}

We let C,. consist of internal unions of the intervals [, Z:?r—cl), for
0 <i<nc—1, and let D, consist of internal unions of [%, %), for

i €*Zs.

We define countmg‘ MEasures. fiyc and ),‘140 on Cy. and D, . respec-
tively, by setting puye([, 51)) = 0o, A ([2,52)) = 1, for0 < i <ne—1,
1 € *Z>q respectively.

We let (Qye,Coes tine) and (T e, Dyes Ave) be the resulting measure
spaces, in the sense of [1]. We let (e X Tye,Che X Dyey flne X Ae)
denote the corresponding product space.
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S(L 1) = B(f(E,2) = f(EL, 1)), Sy, 1) = GL (el 1)

where we adopt the usual convention of taking i mod nc.

Theorem 0.31. Let F' satisfy the nonstandard rescaled heat equation,
2

with the choice of v = 55

}

2c2

OF _ 1L F _
ot ct 9x22

Then we have that;

F(L ) = §F(H2 D) + 3 F(52,9), j € *220,0 < j <ne—1, mod

A ]
nc’ v nc v nec v

(nc)

Proof. We have, as above, that;

.

|+

+
S—

|

S|
—~
|s
[~
N—
N—
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Lemma 0.32. If ¢ is odd then Lemma 0.4 holds, replacing n with nc.
Similarly, Definition 0.6, Theorem 0.7 hold, replacing n with nc, and
F' being the unique solution to the nonstandard heat equation;

OF 1 9°F __ 0
bt~ F oz T

with initial condition f, with Thew > k“ppa v = 2’72, Kk = 8nc(4"° —
1)*log(ne. Lemma 0.8 holds. Definition 0 10 1S the same replacing n
with nc. Lemma 0.11 is the same, replacing n with nc, and using the
rescaled heatl equation, with the new choice of v. Definition 0.12 and
Theorem (.13 are the same, replacing n with nc. Lemma 0.1/ is the

same with the modification that,

(Ds X (L) = 2

Lemma 0.15 is the same. Lemma 0.16 1s still true, replacing n with
nec. Similarly for Lemma 0.17, with Fy . solving the rescaled heat equa-
tion, and the initial condition fx. from Lemma 0.16. Lemma 0.18
holds for F\.. The same equation from Lemma 0.19 holds with the
corresponding F,%M. The computation of the distribution of F,ﬁy,\vc 18
similar.

Proof. The proof follows by noting that with the choice of v = 5, the
diffusion for the rescaled heat equation is the same as in Theorem 0.7.
For Lemma 0.14, substitute n for nc in the proof, then using the relation

v = 35, we obtain, nic = - 12Vc = 2V 5. The new scalar doesn'’t effect
the result of Lemma 0.15. In Lemma 0.19, the new constant doesn’t
matter. 0

Definition 0.33. We let Q,, = {zx € "R : 0 < 2 < & + %},
fc = {t - *RZO}

We let C, . consist of internal unions of the intervals [%, w4y for
0 <i < (nc—1)e, and let D, consist of internal unions of [%, %), for

We define counting measures i, . and \,. on C,. and D, . respec-
tiely, by setting ,umc([;ﬂ:l)) = 71], M([EE)) =21 for 0 < i <
(nc —1)e, i € *Z5q respectively.

If ¢ is odd, g € V(Q,), we define the contraction g< € V (), by;
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902(77%) = gaxt(%): 0<i<nc—1

where gezr € V() is the periodic extension, defined by;

gea:t(,%) = g(j(mTOd")), 0<j<(nc—1)c

We let N, =*N'N[0,n—1], and if g € V(N,), ¢ and n are coprime,
we define the extension g2 € V(N,.), by letting, for n € N

ge2(n) = g(m), where m € N, is unique with the property that
mc? =n (mod nc)

Note this is a good definition, as if 0 < my < my <n— 1, with;
myc® = myc® (mod (nc))

then;

mic = mgc (mod (1))

so that as nlmyic — mac and {c,n} are coprime, nlmy; — my, which
cannot be the case, as, 0 < (mg —my) <.

Definition 0.34. If f € V(Q,), and m € N,,, we define;
Fo(£)m) = [, f(@)expy(—2mimz)dp,(z)
By checking that {exp,(2mimx : m € N,} forms an orthonormal

basis for V(Q,), see for example the calculation in [?], we have the in-
version theorem;

F(@) = * Soen Fal ) m)eap, (2mima)

Lemma 0.35. Let f € V(ﬁn); be as in Lemma 0.16, m € Nn; then;
Fo(fr)(m) =0, if m #

Folf)(m) =1, if m = L (x)

Let m € N, then;
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fnc((f/\)c2)(m) =0, if m # kc
fnc((fA)CQ)(m) =1, if m = ke
where c = fn+46,0<0<n—1
and & (5—en+/<c 0<k<n—1, (xx)

Finally;

(Falf))e = Foel(f2)7), (% %).

Proof. We have, for m € N, m # 11, that;

Folfr)(m)

= fo, a(@)exp,(—2mima)dp, (z)

= 1" EoADexpy(—2mit)
(+1)j

= 1*2;’ éw 1 exp(—27m‘m7j)

= 1*2’7 o e:vp(2m( 1) LY exp(— 27rim7j)

"7Jr1‘7 2mj

— 1*2” o exp(mi2— ; )

1 —1lgj
= ;* Z;:Oégn

— 1&n—1
T ném—l

ntl_o
where ¢, = *exp(w)

1 *ezp(m("Tt]l—Qm))—l

Ty Em—1

* _2 N
= 1lexp(z2mim)=1 (Z2mim)=1 g —”+ is even
n Em—1

1m-1 _
- 77 g'm_l - O

We have, for m € Z,, m = ﬂz—l, that;

Fo(fa)(m)
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= 2 I h(d)eapy(—2mitE)

(n+1)j

= 1*2’7 ‘T reap(— 2#2("1771) )

_ %* Z? é*exp(27ri("1—nl)j)*exp( 27”(77;71) )
=3 2!
= % = 1, as required.
We have that;
(fA)CQ(niC)
= (Frear)(2)

cj(n+1)
= W 4

= *exp(2mis (";rl))

c(nt1) )

= *exp(2mi = i 'r]cnC

= *exp(2mi

We need to find mg € N, such that;

(77+1)

= *exp(2miTL = ncr) = fexp(2mimor)

We find mg € [0,7¢ — 1] N *A such that;

(n+1)
4

Letting o = , we have that;
ac? =s(ne) +t,0<t<nc—1
ifac=sn+t,0<t' <n—-1

Let c=pn+46,with0<d<n-—1

Wr)ncx) (x:g—;,ogjgnc—l)
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then, we require that;
a(fn+0)=sn+t

iff afn + ad = sn+t'

Letting ad = en+ Kk, with 0 < x <np—1
we require that;

afn+en+r=sn+1t

iff (aB+e)n+r=sn+t

So, noting that s and ¢ are unique, and taking s = (a8 + ¢€), t' = &,
t=1tc= ke

we have that mg = ke, ac® = s(nc) +mg. Then, for x € Q,., we have;

“exp(2mi == (77“) ne [?CC] )

= *exp(2mi(s(nc) + my) [MC])

( s(ncg[cmnc] ))

= *exp(2mi [z ])

exp(2mimg
= *exp(2mimg [chd)
so that exp,.(2mimoz) = exp,.(2mi (n+1)770x)

Using the fact that {exp,.(2mimx) : m € N} forms an orthonormal
basis, with respect to <, >,., we obtain the second result, ().

Then, using () and the definition of an extension in Definition 0.33,
we have that;

(Fn(fx))ez(m)
= (Fa()(n)

where n € N, is unique with the property that ¢?n = m (mod 7c)
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ntl) 2

zl,form0:(4 ¢, (mod nc)

=0, for m # "2 (mod 7e)

which agrees with the result for F((freet)S )(m), by (¥%), taking

m+l) 2

my = ke, “=c? = s(nc) + my

Lemma 0.36. If f € V(1,), then;

Fuel ) = (Fal))e2

Remarks 0.37. This generalises the proof of the result above.
Proof. Let m € N,., then we have that;

Fuel ) (m)

= fﬁnc £E (@) expye(—2mima) dpuye(x)

= 7710* Y f 'f (Jc)expnc(—%rimnic)

= 2 1feact(%)€l'pnc( 2mimL)

Using the inversion theorem, we have that;

flx)y=" Zz;éfn(f)(k)expn@mkx)

so that;

LT et (56)expye(—2mim L)

= %* 237;1[* Z;(l)]-"n(f)(k:)expn(%rik:x)]m(%)expnc( 2m‘mnic)
e S Lo Fn () (R) [eapy (2mika) o () expye (—2mim L)
We have that;

[expn(kax)]%t(%) =* exp(2m'k%c)
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as *exp(2mikz) has period 1, see Definition 0.35. Then;
* c—1x —1 . . 1
20 Zzzo}"n(f)(k)[expn(2mkx)]m(%)ea:pnc( 2mim;L)
* c— 1* —1 * . ic * . y
= LS S (R) exp(2mike)” exp(~2mim:L)
* —1 CcC— 1* Ly - m
= " o Fa () (k)" X005 exp(—2mij (=€ + 1))
_ 1% 7]71 Z,Cm_l
- % Zk:of‘n(f)(k.)ghm_p (*)

(if =€+ 2 ¢ *Z) where &, = " exp(—2mi(=4¢ + 2)))

=0,as g5, =1

We have that;

—kc m *

R + ne S

iff =k¢ 4™ —p somen € *Z
n o

iff —kc?+m = nne

iff k¢ = m, mod ne, (xx)

In this case, we have that;

* c—1x - - —kc m
nlc D750 “exp(—2mij (= + )
_ 1% ne— 1
= Loy
=1
Considering the expression (x), and using (#x*), we then obtain, that;

62

where 0 < k < 1 — 1 is unique such that kc
0 <m < nc—1, see the note in Definition 0.33

2 = m, (mod nc), and

The result then follows from the definition of an extension in Defini-
tion 0.33.
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Lemma 0.38. Let f € V(1,), then;
Fa(f")(m) = vy (m)F, (f)(m)
for m € N, where;
n(m) = 3(expy(2miTt) — expy(—2mitt))

Proof. We have, using the definition of the derivative in Lemma 0.43
and (7i7) of Lemma 0.45, that;

Falf)(m)

= Ja, I'(@)expy(=2mimz)dpu, (x)

= — [ Q, f(x)exp,(~2mima)dp, (z)

= — [ f(@)F(expy(=2mim(z + 1) — expy(—2mim(z — 1)))dp ()
= — 1 [Q,f(x)exp,(~2mima)(exp,(~2mi(2) — exp,(2mi™)))dyr, ()
Yy(m) [ Qf (2)exp,(—2mima)dp, (x)

= Un(m) F (f)(m)

where 4, (m) = 3(exp,(2mi™) — exp,(—2mi™))

It follows that;

Fa(f")(m)

= Un(m).F (") (m)

= Yn(m)F(f)(m)

as required.

O

Lemma 0.39. Let g € V(Q,), f € V(Qy.), with corresponding G, F
satisfying the nonstandard heat equations;
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2
5 & =0, (%)

OF 182F_O< )

ot ct ox2

Let 1y, be as in Lemma 0.38, with corresponding 1y, then;
(FA(G))m, 1) = [1+ BEUE, (g)(m)
form € N,

(Fel F))(m, 1) = [1 + L)1 F () (m)

vch

form € Nnc

Proof. Applying {F,, F,.} to the equations (x), (xx), using the facts
that {F,, F,} commute with m, and Lemma 0.38, we obtain, for
m € N,, m € N, respectively;

070 () — Fy(25) (m)

= 259 (m) — 2 (m) Fy(g)(m) = 0

OFne(F 2
Well) (m) — L Fe( 28 (m)

OFye(F 2.
= 250 (m) — S (m) Fel(f)(m) = 0

Using the definitions of the nonstandard derivative % in Definition
0.5 and Definition 0.29, we obtain, for t € T,, m € N,, m € N, re-
spectively, that;

FolG)(m,t+ 1) = (1 + 2 7 (@) (m, 1)

FpelF)(m,t+ 1) = (1 + L0 7 (F)(m, )

vet

and iterating, using the initial conditions F,(G)(m,0) = F,(g)(m),
]:nc(F)(my 0) = Fnc(f)(m), we obtain;

Fa(G)(m, 1)

— (1 + &) 7 (@) (m, 0)
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= (1 + W) E, (g)(m)
and;
FrelF) (1)

= (1+ L 7 (F)(m, 0)

— (14 L=y 7, (£)(m)
]

Lemma 0.40. If g € C*([0,1]), there exists a unique G € C>(T),
with Gy = g, such that G satisfies the heat equation;

2
= ()

on TO.

Proof. Suppose, first, there exists such a solution G, then, applying F
to (x), we must have that;

F(9% — 28 (m,t) =0 (t > 0,m € Z)

Differentiating under the integral sign, we have that;

OF (G
F(58) = 252 (m, ), for t > 0,m € £

Integrating by parts and using the fact that G, € C*([0,1]), for
t > 0, we have that;

= —4Am*m?F(G)(m,t), for t >0,m € Z

We thus obtain the sequence of ordinary differential equations, in-
dexed by m € Z;

UG 4 4w m? F(G)(m,t) = 0 (t > 0)
As G € C(T), Gy — Gy pointwise , as t — 0, and, using the Domi-

nated Convergence Theorem, F(G)(m,t) — F(G)(m,0), as t — 0, for
each m € Z. By Picard’s and Peano’s Theorem, see [3], Chapter 4,
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this system of equations has a unique continuous solution, given by;
F(G)(m,t) = e~ ™™ F(g)(m) (t > 0)

As Gy € C>=(]0,1]), its Fourier series converges absolutely to G; and,
in particular, G; is determined by its Fourier coefficients, for ¢ > 0. It
follows that G is a unique solution.

If g € C*°(]0,1]), its Fourier series converges absolutely to g, hence,
the series;

Snez €7 F (g)(m)e

are absolutely convergent for ¢ > 0. It follows that G defined by;

G(l’,t) — Zmez 7471' mztf( )( ) 2mwimx
is a solution of the required form. O

We introduce more notation.

Definition 0.41. Ifn € "N\ N, we let V, = *Uy<;c, 1 [-1 + %, -1+
%), so that V, = *[—1,1). We let D, denote the associated x-finite al-
gebra, generated by the intervals [—1 + %, -1+ %), for0<i<n-—1,
and p, the associated counting measure defined by i, ([—1 + %, -1+
%)) = % We let (V,, L(D,), L(j1,)) denote the associated Loeb space,
see [1]. If v € "N\N, we let Ty, = *Upcicyo 1%, 21, s0 that T, =
0,v) C *Rso.We let C, denote the associated *-finite algebra, gener-
ated by the intervals [, Z+1) for 0 <i<v?—1, and \, the associated
counting measure defined by A, ([£, 1)) =1 We let (T,,L(C,), L(\,))

14
denote the associated Loeb space.

We let (]0,1],D, 1) denote the interval [0, 1], with the completion D
of the Borel field, and p the restriction of Lebesque measure. We let
(R0 U {400}, €, \) denote the extended real half line, with the com-
pletion € of the extended Borel field, and X\ the extension of Lebesgue
measure, with \(+00) = oo, see [3], Chapter 6.

We let (V, x

~ Welet (V, 7., D, xCy, piy X Ay) be the associated product space and
(Vy x Ty, L(D,, xC

1)s Lty X A\,)) be the corresponding Loeb space. (V, %
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T, L(D,) x L(C,), L(11,) x L(\,)) is the complete product of the Loeb
spaces (V,, L(D,), L(1,)) and (T,, L(C,), L()\,)). Similarly, ([0,1] x
(RsoU{+00}, D x €, pux \) is the complete product of ([0,1],D, ) and
(RZO U {—f-OO}, Q:, )\)

We let (*R,*€) denote the hyperreals, with the transfer of the Borel
field € on R. A function f : (V,,D,) — (*R,*€) is measurable,
if [~ *€ — D,. The same definition holds for T,. Similarly,
f:(WVyxT,,D,xC,) — (*R,*€) is measurable, if f1:*€ — D, x €.
Observe that this is equivalent to the definition given in [1]. We will ab-
breviate this notation to f : V_n —*R, [ V_77 — "R orf: V_nxf, — "R
is measurable, (x). The same applies to (*C,*€&), the hyper complex
numbers, with the transfer of the Borel field €, generated by the com-
plex topology. Observe that f : 777 —*C, f: T, —=*C f: V_n x T, = *C
is measurable, in this sense, iff Re(f) and Im(f) are measurable in the
sense of (x).

We let S, = V_n x T, and;
V(V,) ={f:V, —=*C, f measurable d(u,)}

and, similarly, we define V(T,). Let;

V(S,,) ={f:S,, = *C, f measurable d(u, x \,)}

Lemma 0.42. The identity;
i+ (Vy x T, LDy x C,), Lty X A))
— (Vy x To L(D,) x L(C,), L{py) x L(A))
and the standard part mapping;
st : (VyxTo, L(Dy) x L(C,)), Lpy) X L(A)) = [=7, 7] x R0 U{+00}

are measurable and measure preserving.

Proof. The proof is similar to work in [3], Chapter 6, using Caratheodory’s
Extension Theorem and Theorem 22 of [?].
O



COMPUTING THE PROBABILITY DISTRIBUTION OF VELOCITIES IN SOME SOLUTIONS TO THE NONST

Definition 0.43. Discrete Partial Derivatives

Let f - V_n — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

1+ D) = 3(f(=1+ 5 = f(=1+ 51));
fori € *Nici<y—o.

fA=3)=3(f(=1) = f(1-2))

F(=1) =3(f(-1+ 1) - f1- 1))

Let f: T, — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

G =v(f(5H) = F(2);

fori € *Nocic,2_a.

f1(57) =0;

If f :V, — *C is measurable, then we define the shift (left, right);
Fr(=142) = f(=1+52) for 0 <j <n—2

fiorn =) =f(=1)

frf(=14+3) = f(=1+52) for 1 < j<n—1
fref(=1)=f1-3)

If f: T, = *C is measurable, then we define the shift (left, right);
) =) for 0< G < v =2

fft v =) = £(0)

freE) = FUF) for 1< <2 -1

frer0) = flv =)
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If f : V, x T, — *C is measurable. Then we define %, %} to be the
unique measurable functions satisfying;

for j € *Nocjcr2 9,2 € H,
Glev—1)=0

We define { flshe, flshe frohaprsey po.
fr (@0, t0) = (fuo)™" (20)

f (o, to) = (fuo)*" (to)

freta (o, to) = (fio)™" (20)

frete (o, to) = (fae)"™" (to)

where, if (o, to) € Vy X T,

[*22]

Fuo(X0) = fuo(to) = f(mw =, 1)

Lemma 0.44. If f is measurable, then so are;

of Of 2 2 2 2 2
{3_£7 8_{’ @_36]207fx7ftaflthvflShtafmhm?fTShtaflShmafZShtafmhxafTSht}

Proof. This follows immediately, by transfer, from the corresponding
result for the discrete derivatives and shifts of discrete functions f :
H, X T — C, where n,m € N, see [3], Chapter 6. O

Lemma 0.45. Let g, h : V_n — *C be measurable. Then;
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fvn y)dpy(y) =0
(ZZ) (gh)’ — g/hlsh + grshh/
0 fv (g'h)(y)dpy(y) fv gh'dpiy(y)

fv y)dpn(y fv B (y)dpy(y fv "t (y)dpy(y)
(’U). (gl)rsh — (grsh)/; (gl)lsh — (glsh)/

) S (9" M) (W) din(y) = J5 (gh") (y)dpn (y)

Proof. In the first part, for (i), we have, using Definition 0.43, that;
Jor 9 (W)duy(y)
= 2 Y iene 3lo(=1+ (55) = g(=1+ (59))]
+lg(=14 ;) — g1 = D]+ 3g(=1) —g(r = D) =0
For (it), we calculate;
(9h) (~1+1) =
= Bgh(~1+ 1) — gh(~1+ 51)

= 3(gh(=1+55) — g(=1+ ZH)h(=1+ 1)

=g (=1 + Dh(=1+53) + g(=1+ W (-1 + 1)
— (ghP 4 grhR) (=1 4 %)

Combining (i), (ii), we have;

0 = fy-(ghY ()duy )

= [5 (g Rt + g ) (@) dpy ()
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and, rearranging, that;
fW(glhlSh dﬂn _fv rshh/ d,un
For (iv), we have that;
fv rSh (y)dpy(y)
= 3 S 0™ (14 1)
) 0<j<n—-1 n
= (" Licjey29(-1+ j%l) +9(1-73)
= %<* Zogjgnqg(_l + %)
= fv y)dpy (y

A similar calculation holds with g'". For (v), we have for 2 < j <
n—=2;

()" (=1 +7)

=g(-1+57)

Bg(—1+2) - g(—1+52))

(7" 1+ )

Q

3o (—1+ 50) = g (=14 55)

I
NI

(9(=1+2) = g(~1+752))

Similar calculations hold for the remaining j to give that (¢')"*" =

(g""), and the calculation (¢')!*" = (¢'*")’ is also similar.
It follows that;
fv "h)d,
_ fvn (Y,

= = Jop g e,
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_ h(1,1\rsh
— g (),
— !/
= — [5:(gh)dp,

which gives (i), using (iv), (v). The calculation (vi) is then imme-
diate from (iu7).

O
Lemma 0.46. Similar results to Lemma 0.45 hold for {lsh,, rshy, 2 B at
Namely, if g, h : SW — *C are measurable. Then;
fsny gid (b X A) =0

(i7). % _ Qg plshe + grohe O oh

(vit) fs aghd (fy X Ay) fs gahd (g X A\)

). [s—9d(y x \) = [5—g""d(, = Js g d X A)

(v). (g—f})“’“c = %, and, similarly, with rsh, replacing lsh,.

(vi). Jo (G X M) = f 952y x M) (%)

Proof. For (i), using () from the argument in Lemma 0.45, we have;

fsn 8gd :U’77 X )\l/)

v\ O
- fvn(fﬁ,(a_?)d”n)dAV(t)
= [=0d)\,(t) =0

The proofs of (i), (#i7), (iv) are similar to Lemma 0.45, relying on the
result of (7). (v) follows easily from Definitions 0.43 and (vi) follows,
repeating the result of (éi7), and applying (v).

U
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