
SIMPLE PROOFS OF THE RIEMANN-LEBESGUE
LEMMAS USING NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

Abstract. We give simple proofs of the Riemann-Lebesgue Lem-
mas for Fourier series and Fourier transforms using nonstandard
analysis.

1. Riemann Lebesgue Lemma

Definition 1.1. We let η ∈ ∗N be infinite, and Vη = ∗[−1, 1), with the
∗-algebra Bη generated by;

{[ i
η
, i+1
η

) : −η ≤ i ≤ η − 1}

and measure µη defined by µη([
i
η
, i+1
η

)) = 1
η
, for −η ≤ i ≤ η − 1

We let {ei : −η ≤ i ≤ η − 1} be the standard orthonormal basis
defined by;

ei(
j
η
) =
√
ηδij, for −η ≤ j ≤ η − 1

with respect to the inner product <,>η, defined by;

< f, g >η=
∫
V η
fgdµη, for {f, g} ⊂ V (Vη)

We recall the inversion theorem from [2], that for f ∈ V (Vη);

f(x) = 1
2
∗∑

m∈Zη(Fη(f))(m)expη(πimx)

where Zη = ∗Z ∩ [−η, η)

expη(πimx) = ∗exp(πim [xη]
η

), for −η ≤ m ≤ η − 1

and (Fη(f))(m)

1
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=
∫
V η
f(x)expη(−πimx)dµη(x)

=< f, expη(πimx) >η, for −η ≤ m ≤ η − 1

We define the nonstandard derivative on V (Vη) by;

f ′( j
η
) = η(f( j+1

η
)− f( j

η
)), for −η ≤ j ≤ η − 2

f ′(η−1
η

) = η(f(−1)− f(η−1
η

))

Lemma 1.2. If f ∈ C([−1, 1]), with corresponding fη ∈ V (Vη), then,
for infinite m ∈ Zη, we have;

(Fη(fη))(m) ' 0

Proof. Let {a, b} ⊂ Vη, and let χ[a,b],η ∈ V (Vη) be defined by;

χ[a,b],η(x) = 1 if [aη]
η
≤ x < [bη]+1

η

χ[a,b],η(x) = 0 otherwise

We claim that, for infinite m, Fη(χ[a,b])(m) ' 0, (∗)

We have, as in [2], that for m ∈ Zη, x ∈ Vη, that;

(expη(−πimx))′

= expη(−πimx)θη(m)

where θη(m) = η(expη(−πimη )− 1)

and;

expη(−πimx) = (expη(−πimx))′
θη(m)

It follows that;

(Fη(χ[a,b]))(m)

=
∫
V η
χ[a,b](x)expη(−πimx)dµη(x)
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=
∫
V η
χ[a,b](x) (expη(−πimx))

′

θη(m)
dµη(x)

= 1
θη(m)

∫
V η
χ[a,b](x)(expη(−πimx))′dµη(x)

= 1
ηθη(m)

∗∑ [bη]+1
η

i=
[aη]
η

χ[a,b](
i
η
)(expη(−πim i

η
))′

= 1
ηθη(m)

∗∑ [bη]+1
η

i=
[aη]
η

η(expη(−πim i+1
η

)− (expη(−πim i
η
)))

= 1
θη(m)

(expη(−πim( [bη]+2
η

))− (expη(−πim( [aη]
η

))))

As in [2], Lemma 0.12, for m ∈ Zη, that;

2|m| ≤ |θη(m)|

It follows that, for m infinite;

|(Fη(χ[a,b]))(m)| ≤ 1
2|m| |(expη(−πim( [bη]+2

η
))− (expη(−πim( [aη]

η
))))|

≤ 2
2|m| = 1

|m| ' 0

Hence, (∗) is proved. As f ∈ C([−1, 1]), by Darboux’s Theorem,
there exists a sequence of step functions {gn : n ∈ N}, such that;∫ 1

−1 |f − gn|dµ <
1
n

where µ denotes Lebesgue measure. We have that;

gn,η = (
∑m(n)−1

k=1 ckχ[bkn,b(k+1)n])η

= (
∑m(n)−1

k=1 ck(χ[bkn,b(k+1)n])η

= (
∑m(n)−1

k=1 ckχ
[
[bknη]+1

η
,
[b(k+1)nη]

η
]
, (∗∗)

for a partition −1 ≤ b1n ≤ . . . ≤ bm(n)n ≤ 1 and ck ∈ R, for
1 ≤ k ≤ m(n) − 1. We have that, for infinite m ∈ Zη, using (∗), (∗∗),
that;

Fη(gn,η)(m)

= Fη((
∑m(n)−1

k=1 ckχ
[
[bknη]+1

η
,
[b(k+1)nη]

η
]
))(m)
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=
∑m(n)−1

k=1 ckFη(χ
[
[bknη]+1

η
,
[b(k+1)nη]

η
]
)(m)

' 0

Then, for infinite m, and n ∈ N ;

|Fη(fη)(m)|

= |Fη(fη − gn,η + gn,η)(m)|

≤ |Fη(gn,η)(m)|+ |Fη(fη − gn,η)(m)|

≤ 1
n

+
∫
V η
|(fη − gn,η)|dµη, (∗ ∗ ∗)

As f ∈ C[−1, 1], we have that, fη is S-continuous, bounded and
S-integrable, and ◦fη = st∗f , where st : V η → [−1, 1] is the standard
part mapping. gn,η is bounded and S-integrable, |(fη−gn,η)| is bounded
and S-integrable. It follows, using the S-integrability criteria, see [1],
and the fact the standard part mapping is measurable and measure
preserving, that;

◦(
∫
V η
|(fη − gn,η)|dµη)

=
∫
V η
|◦(fη − gn,η)|dL(µη)

=
∫
V η
|(st∗(f)− (◦gn,η))|dL(µη)

≤
∫
V η
|(st∗(f)− st∗gn)|dL(µη)

+
∫
V η
|(st∗(gn)− (◦gn,η))|dL(µη)

'
∫ 1

−1 |f − gn|dµ <
1
n

Therefore, using (∗ ∗ ∗);

|Fη(fη)(m)|

< 1
n

+
∫
V η
|(fη − gn,η)| < 1

n
+ 1

n
= 2

n
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As this holds for all n ∈ N , using countable comprehension and
overflow, see [1], (Fη(fη))(m) ' 0

�

Remarks 1.3. It is straightforward to deduce the standard Riemann-
Lebesgue Lemma;

If f ∈ C([−1, 1]), then;

lim|m|→∞F(f)(m) = 0

It is sufficient to show that, given ε > 0, there exists M(ε), such that;

|F(f)(m)| < ε, for all m ∈ Z, m ≥ M(ε). As, for all infinite
m ∈ Zη;

|(Fη(fη))(m)| < ε

it follows by underflow, that, for all |m| ≥M(ε), m ∈ Z;

|(Fη(fη))(m)| < ε

The result then follows from the fact, that, for finite m ∈ Z;

◦(Ffη(m)) = F(f)(m)

as fη(x) and expη(−πimx) are S-continuous and S-integrable on Vη.
The proof above follows the structure of the standard result.

Definition 1.4. We recall the definitions from [2]. We let η ∈ ∗N be
infinite and odd, we let;

Rη = ∗⋃
− (η−1)

2
≤i≤ (η−1)

2

[ i√
η
, i+1√

η
)

so that Rη = ∗[− (η−1)
2
√
η
, (η+1)

2
√
η

). We let Dη denote the associated ∗-
finite algebra, generated by the intervals [ i√

η
, i+1√

η
), for − (η−1)

2
≤ i ≤

(η−1)
2

, and µη the associated counting measure defined by µη([
i√
η
, i+1√

η
)) =

1√
η
. We let (Rη, L(Dη), L(µη)) denote the associated Loeb space.
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We let (R ∪ {+∞,−∞},D, µ) denote the extended real line, with
the completion D of the extension of the Borel field, and µ the ex-
tension of Lebesgue measure, with µ(+∞) = µ(−∞) = ∞. We let
(R≥0 ∪ {+∞},C, λ) denote the extended real half line, with the com-
pletion C of the extended Borel field, and λ the extension of Lebesgue
measure, with λ(+∞) =∞, see [?], Chapter 6.

Given a measurable fη : Rη → ∗C, we define the nonstandard Fourier
transform F(fη) : Rη → ∗C by;

F(fη)(y) =
∫
Rη fη(x)expη(−2πiyx)dµη(x)

With this definition, we have, see [5] that;

fη(x) =
∫
Rη f̂η(y)expη(2πixy)dµη(y) (∗)

We define the nonstandard derivative on V (Rη) by;

f ′( j√
η
) =
√
η(f( j+1√

η
)− f( j√

η
)), for − (η−1)

2
≤ j ≤ η−3

2

f ′( η−1
2
√
η
) =
√
η(f(− (η−1)

2
√
η

)− f(η−1√
η

))

Lemma 1.5. If f ∈ S(R), with corresponding fη ∈ V (Vη), then, for
infinite y ∈ Rη, we have;

(Fη(fη))(y) ' 0

Proof. Let n ∈ N , we first prove that;

|
∫
(|x|> [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)| ≤ E

(n−1) , (∗)

where E ∈ R.

We have that;

|
∫
(|x|≥ [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)|

≤ 1√
η
∗∑ η−1

2

|k|=[n
√
η]|fη(

k√
η
)|

= 1√
η
∗∑ η−1

2

k=[n
√
η]|f ∗|(

k√
η
)
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As f ∈ S(R), we have that, |f ∗|(x) ≤ C
|x|2 , for |x| ≥ 1, C ∈ R. It

follows that;

|f ∗|( k√
η
) ≤ C

| k√
η
|2 = Cη

|k|2 , for |k| ≥ [n
√
η]

Then;

1√
η
∗∑ η−1

2

k=[n
√
η]|f ∗|(

k√
η
)

≤ 1√
η
∗∑ η−1

2

k=[n
√
η]
Cη
|k|2

= 2ηC√
η
∗∑ η−1

2

k=[n
√
η]

1
k2

≤ 2ηC√
η

∫ η−1
2

[n
√
η]−1

dx
x2

(by transfer)

= 2C
√
η[−1

x
]
η−1
2

[n
√
η]−1

= 2C
√
η( 1

[n
√
η]−1 −

2
η−1)

≤ 2C
√
η 1
n
√
η−2

≤ 2C
√
η 1
(n−1)√η

= 2C
(n−1)

which gives the result (∗), taking E = 2C. Let V η,n = (− [n
√
η]

√
η
,
[n
√
η]

√
η

)∩
Rη.

Let {a, b} ⊂ Vη,n, and let χ[a,b],η ∈ V (Vη,n) be defined by;

χ[a,b],η(x) = 1 if
[a
√
η]

√
η
≤ x <

[b
√
η]+1
√
η

χ[a,b],η(x) = 0 otherwise

We claim that, for infinite y, Fη(χ[a,b])(y) ' 0, (∗∗)

We have, as in [5], that for y ∈ Rη, x ∈ Vη, n, that;

(expη(−2πiyx))′ = χη(y)expη(−2πiyx)
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where;

χη(y) =
√
η(expη(

−2πiy√
η

)− 1)

and;

expη(−πiyx) = (expη(−πiyx))′
χη(y)

It follows that;

=
∫
V η,n

χ[a,b](x)expη(−2πiyx)dµη(x)

=
∫
V η,n

χ[a,b](x) (expη(−2πiyx))
′

χη(y)
dµη(x)

= 1
χη(y)

∫
V η,n

χ[a,b](x)(expη(−2πiyx))′dµη(x)

= 1√
ηχη(y)

∗∑ [b
√
η]+1√
η

i=
[a
√
η]√
η

χ[a,b](
i√
η
)(expη(−2πiy i

η
))′

= 1√
ηχη(y)

∗∑ [b
√
η]+1√
η

i=
[a
√
η]√
η

√
η(expη(−2πiy i+1√

η
)− (expη(−2πiy i√

η
)))

= 1
χη(y)

(expη(−2πiy(
[b
√
η]+2
√
η

))− (expη(−2πiy(
[a
√
η]

√
η

))))

As in [5], Lemma 0.20, for y ∈ Rη, we have that;

4|y| ≤ |χη(y)|

It follows that, for y infinite;

|
∫
V η,n

χ[a,b](x)expη(−2πiyx)dµη(x)|

≤ 1
4|y| |(expη(−2πiy(

[b
√
η]+2
√
η

))− (expη(−2πiy(
[a
√
η]

√
η

))))|

≤ 2
4|y| = 1

2|y| ' 0

Hence, (∗∗) is proved. As f ∈ C([−n, n]), by Darboux’s Theorem,
there exists a sequence of step functions {gr : r ∈ N}, such that;∫ n

−n |f − gr|dµ <
1
r

where µ denotes Lebesgue measure. We have that;
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gr,η = (
∑m(r)−1

k=1 ckχ[bkr,b(k+1)r])η

= (
∑m(r)−1

k=1 ck(χ[bkr,b(k+1)r])η

= (
∑m(r)−1

k=1 ckχ
[
[bkr
√
η]+1√
η

,
[b(k+1)r

√
η]

√
η

]
, (∗ ∗ ∗)

for a partition −n ≤ b1r ≤ . . . ≤ bm(r)r ≤ n and ck ∈ R, for

1 ≤ k ≤ m(r)−1. We have that, for infinite y ∈ Rη, using (∗∗), (∗∗∗),
that;∫

V η,n
gr,η(x)expη(−2πiyx)dµη(x)

=
∫
V η,n

((
∑m(r)−1

k=1 ckχ
[
[bkr
√
η]+1√
η

,
[b(k+1)r

√
η]

√
η

]
))expη(−2πiyx)dµη(x)

=
∑m(r)−1

k=1 ck
∫
V η,n

(χ
[
[bkr
√
η]+1√
η

,
[b(k+1)r

√
η]

√
η

]
)expη(−2πiyx)dµη(x)

' 0

Then, for infinite y, and r ∈ N ;

|
∫
V η,n

fηexpη(−2πiyx)dµη(x)|

= |
∫
V η,n

(fη − gr,η + gr,η)expη(−2πiyx)dµη(x)|

≤ |
∫
V η,n

gr,ηexpη(−2πiyx)dµη(x)|+|
∫
V η,n

(fη−gr,η)expη(−2πiyx)dµη(x)|

≤ 1
n

+
∫
V η,n
|(fη − gr,η)|dµη, (∗ ∗ ∗∗)

As f ∈ C[−n, n], we have that, fη is S-continuous, bounded and
S-integrable, and ◦fη = st∗f , where st : V η,n → [−n, n] is the standard
part mapping. gr,η is bounded and S-integrable, |(fη−gr,η)| is bounded
and S-integrable. It follows, using the S-integrability criteria, see [1],
and the fact the standard part mapping is measurable and measure
preserving, that;

◦(
∫
V η,n
|(fη − gr,η)|dµη)

=
∫
V η,n
|◦(fη − gr,η)|dL(µη)

=
∫
V η,n
|(st∗(f)− (◦gr,η))|dL(µη)



10 TRISTRAM DE PIRO

≤
∫
V η,n
|(st∗(f)− st∗gr)|dL(µη)

+
∫
V η,n
|(st∗(gr)− (◦gr,η))|dL(µη)

'
∫ 1

−1 |f − gr|dµ <
1
r

Therefore, using (∗ ∗ ∗∗);

|
∫
V η,n

fηexpη(−2πiyx)dµη(x)|

< 1
n

+
∫
V η
|(fη − gr,η)|dµη(x) < 1

n
+ 2

r

Taking r ≥ n, we obtain that, for infinite y, that;

|Fη(fη)(y)

≤ |
∫
V η,n

fηexpη(−2πiyx)dµη(x)|+|
∫
(|x|> [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)|

< 3
n

+ 2C
(n−1)

As this holds for all n ∈ N , using countable comprehension and
overflow, see [1], (Fη(fη))(y) ' 0

�

Remarks 1.6. We let S(R) denote the Schwartz space. If h ∈ S(R),
we define its Fourier transform by;

F(h)(y) =
∫∞
−∞ h(x)e−2πiyxdx

for y ∈ R.

It is straightforward to deduce the standard Riemann-Lebesgue Lemma;

If f ∈ S(R), then;

lim|y|→∞F(f)(y) = 0

It is sufficient to show that, given ε > 0, there exists M(ε), such that;

|F(f)(y)| < ε, for all y ∈ R, y ≥M(ε).
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As, for all infinite y ∈ Rη;

|(Fη(fη))(y)| < ε

it follows by underflow, that, for all |y| ≥M(ε), y ∈ Rη;

|(Fη(fη))(y)| < ε

The result then follows from the fact, that, for finite y ∈ R;

◦(Ffη(y)) = F(f)(◦y) = F(f)(y)

as fηexpη(−πimx) is S-continuous and S-integrable on Vη, see [4].

Lemma 1.7. If f is Riemann integrable on [−1, 1] and bounded, with
corresponding fη ∈ V (Vη), then fη is S-integrable on Vη and there exist
{Wn : n ∈ N} ⊂ Bη, such that µη(Wn) < 1

n
and ◦(fη) = st∗(f) on

Vη \Wn. Moreover, for m infinite with m ∈ Zη, we have that;

(Fη(fη))(m) ' 0

Proof. Without loss of generality, assume f is real valued. As fn is uni-
formly bounded, it follows that fη is bounded, by transfer, and, in par-
ticular, S-integrable. By Lebesgue’s Theorem, there exists D ⊂ [−1, 1]
with µ(D) = 0, such that f is continuous on {[−1, 1] \ D}. Let
C = st∗(D), then L(µη)(C) = 0, let E = st∗([−1, 1] \D), then E
and C are disjoint and L(µη)(E) = 2. Let x ∈ E, with correspond-
ing ◦x ∈ [−1, 1] \D, then we claim that fη(x) ' f(◦x) = st∗(f)(x),
(∗). As f is continuous at ◦x, we have, for n ∈ N , that there ex-
ists intervals [◦x − 1

n
, ◦x + 1

n
], with a(n) ∈ N increasing, such that

|f(y)−f(◦x)| < 1
a(n)

, for all y ∈ [◦x− 1
n
, ◦x+ 1

n
]. It follows, by transfer,

as |x−◦x| < 1
n
, for all n ∈ N , that |fη(x)−f(◦x)| < 1

a(η)
' 0, hence (∗)

is shown. It follows that ◦(fη) = st∗(f) on E. Using Theorem 3.4 of [?],
there exist {Wn : n ∈ N} ⊂ Bη, with Wn ⊃ C, such that µη(Wn) < 1

n
.

Clearly ◦(fη) = st∗(f) on Vη \Wn for n ∈ N . This gives the first claim.
Then, for infinite m, and n ∈ N . Using the fact that f is Lebesgue
integrable, we can find a sequence {gn : n ∈ N} as in Lemma 1.2. Then;

|Fη(fη)(m)|



12 TRISTRAM DE PIRO

= |Fη(fη − gn,η + gn,η)(m)|

≤ |Fη(gn,η)(m)|+ |Fη(fη − gn,η)(m)|

≤ 1
n

+
∫
V η
|(fη − gn,η)|dµη, (∗ ∗ ∗)

We have that, fη is bounded and S-integrable, and ◦fη = st∗f , on
Vη \Wn where st : V η → [−1, 1] is the standard part mapping. gn,η is
bounded and S-integrable, |(fη − gn,η)| is bounded and S-integrable.
It follows, using the S-integrability criteria, see [1], and the fact the
standard part mapping is measurable and measure preserving, that;

◦(
∫
V η
|(fη − gn,η)|dµη)

=
∫
V η
|(◦fη − (◦gn,η))|dL(µη)

=
∫
V η\Wn

|◦(fη − gn,η)|dL(µη) +
∫
Wn
|◦(fη − gn,η)|dL(µη)

≤
∫
V η\Wn

|(st∗(f)− (◦gn,η))|dL(µη) +Rµη(Vn)

≤
∫
V η\Wn

|(st∗(f)− st∗gn)|dL(µη) + R
n

+
∫
V η\Wn

|(st∗(gn)− (◦gn,η))|dL(µη)

'
∫ 1

−1 |f − gn|dµ+ R
n
< R+2

n

Therefore, using (∗ ∗ ∗);

|Fη(fη)(m)|

< 1
n

+
∫
V η
|(fη − gn,η)| < 1

n
+ R+1

n
= R+2

n

As this holds for all n ∈ N , using countable comprehension and
overflow, see [1], (Fη(fη))(m) ' 0

�

Remarks 1.8. If h ∈ C([−1, 1]), we define its Fourier coefficient by;

F(h)(m) =
∫ 1

−1 h(x)e−πimxdx
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for m ∈ Z.

As above, it is straightforward to deduce the standard Riemann-
Lebesgue Lemma, in the form;

If f is Riemann integrable on [−1, 1] and bounded, then;

lim|m|→∞F(f)(m) = 0

It is sufficient to show that, given ε > 0, there exists M(ε), such that;

|F(f)(m)| < ε, for all m ∈ Z, m ≥M(ε).

As, for all infinite m ∈ Zη;

|(Fη(fη))(m)| < ε

it follows by underflow, that, for all |m| ≥M(ε), m ∈ Zη;

|(Fη(fη))(m)| < ε

The result then follows from the fact, that, for finite m ∈ Z;

◦(Ffη(m)) = F(f)(m)

as fηexpη(−πimx) is S-continuous and S-integrable on Vη, see [4].

We now give a different, but more geometric proof of Lemma 1.5,
but we require an extra assumption;

Lemma 1.9. If f ∈ S(R), with Re(f) and Im(f) analytic, with cor-
responding fη ∈ V (Vη), η prime, then, there exists N ∈ Rη infinite,

N =
√
η

4
, such that for infinite y ∈ Rη, with |y| ≤ N , we have;

(Fη(fη))(y) ' 0

Proof. The first part is the same as Lemma 1.5, for n ∈ N ;

|
∫
(|x|> [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)| ≤ E

(n−1) , (∗)



14 TRISTRAM DE PIRO

where E ∈ R.

We claim that there exists N ∈ Rη infinite, such that for y infinite,
with |y| ≤ N , and n ∈ N ;∫

V η,n
fηexpη(−2πiyx)dµη(x) ' 0, (∗)

where V η,n = (− [n
√
η]

√
η
,
[n
√
η]

√
η

) ∩Rη.

As in Lemma 2.1, we have that;∫
V η,n

fηexpη(−2πiyx)dµη(x)

=
∫
V η,n

Re(fη)cosη(2πxy)dµη(x)

+i
∫
V η,n

Im(fη)cosη(2πxy)dµη(x)

−i
∫
V η,n

Re(fη)sinη(2πxy)dµη(x)

+
∫
V η,n

Im(fη)sinη(2πxy)dµη(x), (])

It is sufficient to prove that
∫
V η,n

Re(fη)cosη(2πxy)dµη(x) ' 0, the

remaining cases are left to the reader;

We have that;∫
V η,n

Re(fη)cosη(2πxy)dµη(x)

= 1√
η
∗∑

|l|<[n
√
η]Re(f

∗)( l√
η
)θk(

l√
η
), where y = k√

η

where θk(
l√
η
) = cosη(

2πlk
η

), θk(x) = cos∗(2πkx√
η

)

We compute an upper bound, for given k ∈ ∗Z, with − (η−1)
2
≤ k ≤

(η−1)
2

n ∈ N , of;

1√
η
∗∑

|l|<n√ηRe(f
∗)( l√

η
)θk(

l√
η
))

by transfer of the result for;

1
m
∗∑

|l|<nmRe(f)( l
m

)θr(
l
m

)
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where m ∈ R>0, r ∈ Z, − (m2−1)
2

≤ r ≤ (m2−1)
2

n ∈ N , and

θr(
l
m

) = cosm2(2πlr
m2 )

For r ∈ Z, − (m2−1)
2
≤ r ≤ (m2−1)

2
, r 6= 0, m ∈ R>0, x ∈ R, we let;

θr(x) = cos(2πrx
m

)

For x ∈ R, we have that;

θr(x) = cos(2πrx
m

) = 0

iff 2πrx
m

= π
2

+ tπ, (t ∈ Z)

iff x =
πm
2

+πtm

2πr

iff x = ( 1
4r

+ t
2r

)m, (]])

{r, t} ⊂ Z, m ∈ R>0

With the assumption that | r
m
| ≤ m

4
, we have that |r| ≤ m2

4
, 1
|r| ≥

4
m2 ,

m
2|r| ≥

2
m
> 1

m
, where m

2|r| = z2 − z1, θr(z1) = 0 and z2 = µz(z >

z1 : θr(z2) = 0). It follows, by transfer, with m corresponding to
√
η

and r corresponding to k, that for | k√
η
| ≤

√
η

4
,
√
η

2|k| ≥
2√
η
> 1√

η
, where

√
η

2|k| = z2 − z1, θk(z1) = 0 and z2 = µz(z > z1 : θk(z2) = 0). We let

N =
√
η

4
<
√
η

2
. Suppose y is infinite, with |y| ≤ N and y = k√

η
. Using

the above calculation, we have, by transfer, that;

√
η

2|k| =
√
η

2|y√η| = 1
2|y| = z2 − z1 ' 0

With the assumption that m2 is prime, we have that m2(1 + 2t) is

odd, so that, for r 6= 0 m2(1+2t)
4r

/∈ Z, so if θr(x0) = 0, then mx0 /∈ Z, (†).

As in Lemma 2.1, using the assumption that Re(f) is analytic,
we have that Re(f) has finitely many zeroes at {x1, . . . , xa(n)}, with
−n ≤ x1 ≤ . . . ≤ xi ≤ . . . ≤ xa(n) ≤ n, and finitely many maxima
and minima, {xi,1, . . . , xi,j, . . . , xi,b(i)}, with xi ≤ xi,1 ≤ xi,j ≤ . . . ≤
xi,b(i) ≤ xi+1, 0 ≤ i ≤ a(n), 1 ≤ j ≤ b(i)− 1. As in [5], let xi,0 = xi, for
0 ≤ i ≤ a(n) + 1, then it follows that Re(f)|[xi,j ,xi,j+1] is monotone for
0 ≤ i ≤ a(n), 0 ≤ j ≤ b(i) − 1 and Re(f)|[xi,b(i),xi+1,0] is monotone for
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0 ≤ i ≤ a(n).

Again, as in Lemma 2.1, we have that, for sufficiently large m,
with m /∈ Z, mxi /∈ Z, for 1 ≤ i ≤ a(n) − 1 and mxi,j /∈ Z, for
1 ≤ i ≤ a(n)− 1, 1 ≤ j ≤ b(i)− 1, (††).

Let {rijs : 1 ≤ s ≤ e(i, j)} enumerate the zeroes of θr on [xi,j, xi,j+1],
rij0 = xi,j, rij(e(i,j)+1)) = xi,j+1, for 0 ≤ i ≤ a(n), 0 ≤ j ≤ b(i)− 1, and
let {ris : 1 ≤ s ≤ e(i)} enumerate the zeroes of θr on [xi,b(i), xi+1,0],
ri0 = xi,b(i), ri(e(i)+1) = xi+1, 0 ≤ i ≤ a(n). Then, using (†), (††), we
have that;

1
m
∗∑

|l|<nmRe(f)( l
m

)θr(
l
m

)

= 1
m
∗∑a(n)

i=0
∗∑b(i)−1

j=0
∗∑e(i,j)

s=0
∗∑[mrij(s+1)]−1

l=[mrijs]+1 Re(f)( l
m

)θr(
l
m

)

+ 1
m
∗∑a(n)

i=0
∗∑e(i)

s=0
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θr(
l
m

)

We compute 1
m
|∗
∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θr(
l
m

)|.

Let θi,j(s) = 1
m
∗∑[mrij(s+1)−1]

l=[mrijs]+1 Re(f)( l
m

)θr(
l
m

)

Considering Case 1 in Lemma 2.1, we have that;

0 ≤ |∗
∑e(i,j)−1

s=1 θi,j(s)| ≤ li,j, (∗)

where;

li,j = 1
m
∗∑[mrij2]

l=[mrij1]
|Re(f)|( l

m
)θr(

l
m

)

≤ 1
m
∗∑[mrij2]−1

l=[mrij1]+1D, where |Re(f)| ≤ D, and 0 ≤ θr|[rij1,rij2] ≤ 1

≤ D
m

(([mrij2]− 1)− ([mrij1] + 1) + 1)

= D
m

([mrij2]− [mrij1]− 1)

≤ D
m

((mrij2 + 1)− (mrij1 − 1)− 1)

= D((rij2 − rij1) + 1
m

)
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so that, using (∗), (]]);

0 ≤ 1
m
|∗
∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θr(
l
m

)| ≤ li,j

≤ D((rij2 − rij1) + 1
m

)

= D( m
2|r| + 1

m
)

Similarly, for Case 2 in Lemma ??. In the other cases, reversing the
sequences, we obtain;

1
m
|∗
∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θr(
l
m

)|

≤ D((rije(i,j) − rij(e(i,j)−1)) + 1
m

)

= D( m
2|r| + 1

m
)

Considering all 4 cases, we obtain the same bound;

1
m
|∗
∑e(i)−1

s=1
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θr(
l
m

)| ≤ D( m
2|r| + 1

m
)

Similarly;

max(Ai,j, Bi,j, Ci, Di)

≤ D( m
2|r| + 1

m
)

where;

Ai,j = 1
m
|∗
∑[mrij1]−1

l=[mrij0]+1Re(f)( l
m

)θr(
l
m

)|

Bi,j = 1
m
|∗
∑[mrij(e(i,j)+1)]−1

l=[mrije(i,j)]+1 Re(f)( l
m

)θr(
l
m

)|

Ci = 1
m
|∗
∑[mri1]−1

l=[mri0]+1Re(f)( l
m

)θr(
l
m

)|

Di = 1
m
|∗
∑[mri(e(i)+1)]−1

l=[mrie(i)]+1 Re(f)( l
m

)θr(
l
m

)|)

As in Lemma ??, we have that;

1
m
|∗
∑
|l|<nmRe(f)( l

m
)θr(

l
m

)|
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≤ (w(n) + a(n) + 1)3D( m
2|r| + 1

m
)

where w(n) = Card(Re(f)′|[−n,n] = 0), a(n) = Card(Re(f)|[−n,n] =
0)

It follows, by transfer, with the assumption that y is infinite, y = k√
η

and y ≤ N , using (]]);

|
∫
(
−n√η√

η
,
n
√
η√
η
)
Re(fη)cosη(2πxy)dµη(x)|

= 1√
η
|∗
∑
|l|<n√ηRe(f

∗)( l√
η
)θk(

l√
η
))|

≤ (w(n) + a(n) + 1)3D(
√
η

2|k| + 1√
η
) ' 0, as w(n), a(n) are finite and

√
η

2|k| = 1
2|y| ' 0.

and, similarly, as in Lemma 2.1, considering the additional terms
from (]), we have that;

|
∫
(|x|< [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)|

≤ (w(n) + a(n) + w′(n) + a′(n) + 2)6D(
√
η

2|k| + 1√
η
) ' 0

again, as w(n), a(n), w′(n), a′(n) are finite and
√
η

2|k| = 1
2|y| ' 0.

It follows that, for infinite y ∈ Rη, with |y| ≤ N , that;

|
∫
Rη fηexpη(−2πixy)dµη(x)|

≤ |
∫
(|x|< [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)|+|

∫
(|x|≥ [n

√
η]√
η

)∩Rη
fηexpη(−2πixy)dµη(x)|

≤ δ + E
n−1 <

E+1
n−1

where δ ' 0. As this holds for all n ∈ N , we obtain that;∫
Rη fηexpη(−2πixy)dµη(x) ' 0

�

Remarks 1.10. It is straightforward to deduce the standard Riemann-
Lebesgue Lemma;
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If f ∈ S(R), with Re(f) and Im(f) analytic, then;

lim|y|→∞F(f)(y) = 0

Just follow the proof in Remark 1.6, the addition restraint that |y| ≤
N doesn’t effect the application of underflow.

Lemma 1.11. If f ∈ C[−1, 1], with Re(f) and Im(f) analytic, and
corresponding fη ∈ V (Vη), η prime, then, there exists N ∈ Zη infinite,
N = η − 1, such that for infinite m ∈ Zη, with |m| ≤ N , we have;

(Fη(fη))(m) ' 0

Proof. We claim that there exists N ∈ Zη infinite, such that for m
infinite, with |m| ≤ N ;∫

V η
fη(x)expη(−πimx)dµη(x) ' 0, (∗)

As above, we have that;∫
V η
fηexpη(−πimx)dµη(x)

=
∫
V η
Re(fη)cosη(πmx)dµη(x)

+i
∫
V η
Im(fη)cosη(πmx)dµη(x)

−i
∫
V η
Re(fη)sinη(πmx)dµη(x)

+
∫
V η
Im(fη)sinη(πmx)dµη(x), (])

It is sufficient to prove that
∫
V η
Re(fη)cosη(πmx)dµη(x) ' 0, the

remaining cases are left to the reader;

As Re(fη) and cos∗(πm [xη]
η

) are bounded, 1
η
Re(fη)(−1)cos∗(−πm) '

0, so we have that;∫
V η
Re(fη)cosη(πmx)dµη(x)

' 1
η
∗∑

|l|<η−1Re(f
∗)( l

η
)cosη(

πml
η

)

= 1
η
∗∑

|l|<η−1Re(f
∗)( l

η
)θm( l

η
)
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where θm( l
η
) = cosη(

πml
η

), θm(x) = cos∗(πmx)

We compute an upper bound, given m ∈ ∗Z, −η ≤ m ≤ η − 1, for;

1
η
∗∑

|l|<η−1Re(f
∗)( l

η
)θm( l

η
)

by transfer of the result for;

1
n
∗∑

|l|<n−1Re(f)( l
n
)θr(

l
n
)

where n ∈ N>0 is prime, r ∈ Z, −n ≤ r ≤ n−1, and θr(
l
n
) = cos(πrl

n
)

For r ∈ Z, −n ≤ r ≤ n− 1, r 6= 0, n prime, x ∈ [−1, 1], we let;

θr(x) = cos(πrx)

For x ∈ [−1, 1], we have that;

θr(x) = cos(πrx) = 0

iff πrx = π
2

+ tπ, (t ∈ Z)

iff x =
π
2
+πt

πr

iff x = ( 1
2r

+ t
r
), (]])

{r, t} ⊂ Z, −n ≤ r ≤ n − 1, −r − 1
2
≤ t ≤ r − 1

2
, for r > 0,

r − 1
2
≤ t ≤ −r − 1

2
, for r < 0

With the assumption that |r| ≤ n− 1, we have that, 1
|r| ≥

1
n−1 >

1
n
,

where 1
|r| = z2 − z1, θr(z1) = 0 and z2 = µz(z > z1 : θr(z2) = 0). It

follows, by transfer, with n corresponding to η and r corresponding to
m, that for |m| ≤ η−1, 1

|m| ≥
1

η−1 >
1
η
, where 1

|m| = z2−z1, θm(z1) = 0

and z2 = µz(z > z1 : θm(z2) = 0). We let N = η − 1. Suppose m is
infinite, with |m| ≤ η − 1. Clearly, we have that;

1
|m| = z2 − z1 ' 0

With the assumption that n is prime, we have that n(1 + 2t) is odd,

so that, for r 6= 0 n(1+2t)
2r

/∈ Z, so if θr(x0) = 0, then nx0 /∈ Z, (†).
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As in Lemma 1.9, using the assumption that Re(f) is analytic,
we have that Re(f) has finitely many zeroes at {x1, . . . , xa(1)}, with
−1 ≤ x1 ≤ . . . ≤ xi ≤ . . . ≤ xa(n) ≤ 1, and finitely many maxima and
minima, {xi,1, . . . , xi,j, . . . , xi,b(i)}, with xi ≤ xi,1 ≤ xi,j ≤ . . . ≤ xi,b(i) ≤
xi+1, 0 ≤ i ≤ a(1), 1 ≤ j ≤ b(i) − 1. As in Lemma 1.9 , let xi,0 = xi,
for 0 ≤ i ≤ a(1) + 1, then it follows that Re(f)|[xi,j ,xi,j+1] is monotone
for 0 ≤ i ≤ a(1), 0 ≤ j ≤ b(i) − 1 and Re(f)|[xi,b(i),xi+1,0] is monotone

for 0 ≤ i ≤ a(1).

If w ∈ Q, then, for any d ∈ R \ Q, we have that w + d ∈ R \ Q.
Given a finite set {w1, . . . , wi, . . . , wm} ⊂ R \ Q, let Ui = {u ∈ R \ Q :
wi + u ∈ R \ Q}, then Ui is dense in R, hence, the finite intersec-
tion

⋂
1≤i≤m Ui is dense in R, in particular nonempty. It follows that

there exists d ∈ R, with xi + d ∈ R \ Q, xi,j + d ∈ R \ Q, for
1 ≤ i ≤ a(1) − 1, 1 ≤ i ≤ a(1) − 1, 1 ≤ j ≤ b(i) − 1. By con-
sidering g(x) = f(x − ε), for sufficiently small ε, with ε ∈ R \ Q, we
can assume that {x1, . . . , xa(1)} ⊂ R \ Q, for 1 ≤ i ≤ a(n) − 1, and
{xi,1, . . . , xi,j, . . . , xi,b(i)} ⊂ R \ Q, for 1 ≤ i ≤ a(n)−1, 1 ≤ j ≤ b(i)−1.
In particular, it follows that for n prime, nxi /∈ Z, for 1 ≤ i ≤ a(n)− 1
and nxi,j /∈ Z, for 1 ≤ i ≤ a(n)− 1, 1 ≤ j ≤ b(i)− 1, (††).

Let {rijs : 1 ≤ s ≤ e(i, j)} enumerate the zeroes of θr on [xi,j, xi,j+1],
rij0 = xi,j, rij(e(i,j)+1)) = xi,j+1, for 0 ≤ i ≤ a(1), 0 ≤ j ≤ b(i)− 1, and
let {ris : 1 ≤ s ≤ e(i)} enumerate the zeroes of θr on [xi,b(i), xi+1,0],
ri0 = xi,b(i), ri(e(i)+1) = xi+1, 0 ≤ i ≤ a(1). Then, using (†), (††), we
have that;

1
n
∗∑

|l|<n−1Re(f)( l
n
)θr(

l
n
)

= 1
n
∗∑a(1)

i=0
∗∑b(i)−1

j=0
∗∑e(i,j)

s=0
∗∑[nrij(s+1)]−1

l=[nrijs]+1 Re(f)( l
n
)θr(

l
n
)

+ 1
n
∗∑a(1)

i=0
∗∑e(i)

s=0
∗∑[nri(s+1)]−1

l=[nris]+1 Re(f)( l
n
)θr(

l
n
)

We compute 1
n
|∗
∑e(i,j)−1

s=1
∗∑[nxij(s+1)]−1

l=[nxijs]+1 Re(f)( l
n
)θr(

l
n
)|.

Let θi,j(s) = 1
n
∗∑[nrij(s+1)−1]

l=[nrijs]+1 Re(f)( l
n
)θr(

l
n
)

Considering Case 1 as above, we have that;

0 ≤ |∗
∑e(i,j)−1

s=1 θi,j(s)| ≤ li,j, (∗)
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where;

li,j = 1
n
∗∑[nrij2]

l=[nrij1]
|Re(f)|( l

n
)θr(

l
n
)

≤ 1
n
∗∑[nrij2]−1

l=[nrij1]+1D, where |Re(f)| ≤ D, and 0 ≤ θr|[rij1,rij2] ≤ 1

≤ D
n

(([nrij2]− 1)− ([nrij1] + 1) + 1)

= D
n

([nrij2]− [nrij1]− 1)

≤ D
n

((nrij2 + 1)− (nrij1 − 1)− 1)

= D((rij2 − rij1) + 1
n
)

so that, using (∗), (]]);

0 ≤ 1
n
|∗
∑e(i,j)−1

s=1
∗∑[nxij(s+1)]−1

l=[nxijs]+1 Re(f)( l
n
)θr(

l
n
)| ≤ li,j

≤ D((rij2 − rij1) + 1
n
)

= D( 1
|r| + 1

n
)

Similarly, for Case 2, as in Lemma 2.1. In the other cases, reversing
the sequences, we obtain;

1
n
|∗
∑e(i,j)−1

s=1
∗∑[nxij(s+1)]−1

l=[nxijs]+1 Re(f)( l
n
)θr(

l
n
)|

≤ D((rije(i,j) − rij(e(i,j)−1)) + 1
n
)

= D( 1
|r| + 1

n
)

Considering all 4 cases, we obtain the same bound;

1
n
|∗
∑e(i)−1

s=1
∗∑[nri(s+1)]−1

l=[nris]+1 Re(f)( l
n
)θr(

l
n
)| ≤ D( 1

|r| + 1
n
)

Similarly;

max(Ai,j, Bi,j, Ci, Di)

≤ D( 1
|r| + 1

n
)
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where;

Ai,j = 1
n
|∗
∑[nrij1]−1

l=[nrij0]+1Re(f)( l
n
)θr(

l
n
)|

Bi,j = 1
n
|∗
∑[nrij(e(i,j)+1)]−1

l=[nrije(i,j)]+1 Re(f)( l
n
)θr(

l
n
)|

Ci = 1
n
|∗
∑[nri1]−1

l=[nri0]+1Re(f)( l
n
)θr(

l
n
)|

Di = 1
n
|∗
∑[nri(e(i)+1)]−1

l=[nrie(i)]+1 Re(f)( l
n
)θr(

l
n
)|)

As in Lemma ??, we have that;

1
n
|∗
∑
|l|<n−1Re(f)( l

n
)θr(

l
n
)|

≤ (w(1) + a(1) + 1)3D( 1
|r| + 1

n
)

where w(1) = Card(Re(f)′|[−1,1] = 0), a(1) = Card(Re(f)|[−1,1] = 0)

It follows, by transfer, with the assumption that m is infinite and
m ≤ N , using (]]);

|
∫
V η
Re(fη)cosη(πmx)dµη(x)|

' 1
η
|∗
∑
|l|<η−1Re(f

∗)( l
η
)θm( l

η
)|

≤ (w(1) + a(1) + 1)3D( 1
|m| + 1

η
) ' 0, as w(1), a(1) are finite and

1
|m| ' 0, 1

η
' 0.

and, similarly, as in Lemma 2.1, considering the additional terms
from (]), we have that;

|
∫
V η
fηexpη(−πimx)dµη(x)|

' 1
η
|∗
∑
|l|<η−1Re(f

∗)( l
η
)θm( l

η
)|

≤ (w(1) + a(1) + w′(1) + a′(1) + 2)6D( 1
|r| + 1

n
) ' 0

again, as w(1), a(1), w′(1), a′(1) are finite and 1
|r| ' 0, 1

η
' 0

It follows that, for infinite m ∈ Zη, with |m| ≤ N , that;
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V η
fηexpη(−πimx)dµη(x) ' 0

�

Remarks 1.12. Again, it is straightforward to deduce the standard
Riemann-Lebesgue Lemma;

If f ∈ C[−1, 1], with Re(f) and Im(f) analytic, then;

lim|m|→∞F(f)(m) = 0

Just follow the proof in Remark 1.6, the addition restraint that |m| ≤
N doesn’t effect the application of underflow.

2. Appendix

We include a Lemma which was originally Lemma 84 in the un-
finished paper [5] (Lemma 82 also uses a similar method but is unfin-
ished). The Lemma might clarify some of the methods used in Lemmas
1.9 and 1.11. There is some nonstandard rescaling in the statement of
the Lemma, but it is the method of the transfer argument which is
important and relevant to the rest of the paper.

Lemma 2.1. If f ∈ S(R), with the extra assumption that Re(f) and

Im(f) and are real analytic. For 0 < γ < 1
2
, γ ∈ R,

√
c(η

1
2
−γ) ≤ |y| ≤

√
ηc

4
;

|Fηc(f
√
c)(y)| ≤ (w(n) + a(n) + w′(n) + a′(n) + 2)6D√

c
(η

γ− 1
2

2
+ 1√

η
) +

E
(n−1)

√
c

where;

w(n) = Card(Re(f)′|[−n,n] = 0), a(n) = Card(Re(f)|[−n,n] = 0),
w′(n) = Card(Im(f)′|[−n,n] = 0), a′(n) = Card(Im(f)|[−n,n] = 0)

E = 2C, |f | ≤ C
|x|2 , |x| > 1.

Proof. We can assume that Re(f) and Im(f) 6= 0. Let n ∈ N , we first
prove that;

|
∫
(|x|> [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)| ≤ E

(n−1)
√
c
' 0, (∗)
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where E ∈ R.

We have, using the definition of f
√
c in Definition ??, that;

|
∫
(|x|≥ [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)|

≤ 1√
ηc
∗∑ηc−1

|k|=[n
√
η]|f

√
c( k√

ηc
)|

= 1√
ηc
∗∑ηc−1

k=[n
√
η]|f ∗|(

k√
η
)

As f ∈ S(R), we have that, |f ∗|(x) ≤ C
|x|2 , for |x| ≥ 1, C ∈ R. It

follows that;

|f ∗|( k√
η
) ≤ C

| k√
η
|2 = Cη

|k|2 , for |k| ≥ [n
√
η]

Then;

1√
ηc
∗∑ηc−1

k=[n
√
η]|f ∗|(

k√
η
)

≤ 1√
ηc
∗∑ηc−1

k=[n
√
η]
Cη
|k|2

= 2ηC√
ηc
∗∑ηc−1

k=[n
√
η]

1
k2

≤ 2ηC√
ηc

∫ ηc−1
[n
√
η]−1

dx
x2

(by transfer)

=
2C
√
η√
c

[−1
x

]ηc−1[n
√
η]−1

=
2C
√
η√
c

( 1
[n
√
η]−1 −

1
ηc−1)

≤ 2C
√
η√
c

1
n
√
η−2

≤ 2C
√
η√
c

1
(n−1)√η

= 2C
(n−1)

√
c

which gives the result (∗), taking E = 2C.

We have that;∫
(|x|< [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)
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(
−n√η√
ηc

,
n
√
η√
ηc

)
f
√
cexpηc(−2πxy)dµηc(x)

=
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
f
√
ccosηc(2πxy)dµηc(x)

−i
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
f
√
csinηc(2πxy)dµηc(x)

=
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Re(f

√
c)cosηc(2πxy)dµηc(x)

+i
∫ ∫

(
−n√η√
ηc

,
n
√
η√
ηc

)
Im(f

√
c)cosηc(2πxy)dµηc(x)

−i
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Re(f

√
c)sinηc(2πxy)dµηc(x)

+
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Im(f

√
c)sinηc(2πxy)dµηc(x)

We have;∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Re(f

√
c)cosηc(2πxy)dµηc(x)

= 1√
ηc
∗∑

| l√
ηc
|<n

√
η√
ηc

Re(f
√
c)( l√

ηc
)cosηc(

2πlk
ηc

), (y = k√
ηc

)

= 1√
ηc
∗∑

|l|<n√ηRe(f
√
c)( l√

ηc
)cosηc(

2πlk
ηc

)

= 1√
ηc
∗∑

|l|<n√ηRe(f
∗)( l√

η
)cosηc(

2πlk
ηc

)

= 1√
ηc
∗∑

|l|<n√ηRe(f
∗)( l√

η
)θc,k(

l√
η
)

where θc,k(
l√
η
) = cosηc(

2πlk
ηc

)

We compute an upper bound, for given k ∈ ∗Z, n ∈ N , of;

1√
ηc
∗∑

|l|<n√ηRe(f
∗)( l√

η
)θc,k(

l√
η
))

by transfer of the result for;

1
mv
∗∑

|l|<nmRe(f)( l
m

)θv2,r(
l
m

)

where {v,m} ⊂ R>0, r ∈ Z, n ∈ N , and θv2,r(
l
m

) = cosv2m2( 2πlr
v2m2 ),

(v corresponds to
√
c,m to

√
η, r to k)

For x ∈ R, we have that;
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θv2,r(x) = cosv2m2(2πrx
v2m

) = 0

iff 2πrx
v2m

= π
2

+ tπ, (t ∈ Z

iff x =
πv2m

2
+πtv2m

2πr

iff x = ( 1
4r

+ t
2r

)v2m, (])

{r, t} ⊂ Z, {v,m} ⊂ R>0

With the assumption that | r
vm
| ≤ vm

4
, we have that |r| ≤ v2m2

4
,

1
|r| ≥

4
v2m2 , v2m

2|r| ≥
2
m
> 1

m
, where v2m

2|r| = z2 − z1, θv2,r(z1) = 0 and

z2 = µz(z > z1 : θv2,r(z2) = 0). Fix γ0 ∈ R, with 0 < γ0 < 1
2
,

then vm
m2γ0

≤ |r|
vm

iff |r| ≥ v2

γ0
, so we require that, v2

γ0
≤ |r| ≤ v2m2

4
, (∗),

m2 ≥ 4
γ0

. With the assumption that v is odd and m2 is prime, we have

that v2m2(1 + 2t) is odd, so that v2m2(1+2t)
4r

/∈ Z, so if θv2,r(x0) = 0,
then mx0 /∈ Z, (†).

We claim that Re(f) has finitely many zeroes at {x1, . . . , xa(n)},
with −n ≤ x1 ≤ . . . ≤ xi ≤ . . . ≤ xa(n) ≤ n, (∗∗). Suppose not,
then, choose an infinite set of zeroes {xi : i ≥ 1} ⊂ [−n, n], with
a convergent subsequence {xi(j) : j ≥ 1} ⊂ [−n, n]. As [−n, n] is
closed, the limit b ∈ [−n, n], and, as Re(f) is continuous, f(b) = 0.
As Re(f) is analytic, it is identically zero on an open neighborhood
[b − ε, b + ε], then, using the fact that [−n, n] is connected, and, re-
peating the argument, Re(f) = 0 on [−n, n], and, similarly, f ≡ 0 on
R. Let x0 = −n and xa(n)+1 = n. Since, Re(f)|[xi,xi+1] is differentiable,
for 0 ≤ i ≤ a(n), as above, it has finitely many maxima and minima,
{xi,1, . . . , xi,j, . . . , xi,b(i)}, with xi ≤ xi,1 ≤ xi,j ≤ . . . ≤ xi,b(i) ≤ xi+1,
0 ≤ i ≤ a(n), 1 ≤ j ≤ b(i) − 1. Let xi,0 = xi, for 0 ≤ i ≤ a(n) + 1,
then it follows that Re(f)|[xi,j ,xi,j+1] is monotone for 0 ≤ i ≤ a(n),
0 ≤ j ≤ b(i)− 1 and Re(f)|[xi,b(i),xi+1,0] is monotone for 0 ≤ i ≤ a(n).

Without loss of generality, there are four cases to consider, Re(f) ≥
0 on [xi,j, xi,j+1], with Re(f)(xi,j) < Re(f)(xi,j+1), Re(f) ≥ 0 on
[xi,j, xi,j+1], withRe(f)(xi,j) > Re(f)(xi,j+1), Re(f) ≤ 0 on [xi,j, xi,j+1],
with Re(f)(xi,j) < Re(f)(xi,j+1), Re(f) ≤ 0 on [xi,j, xi,j+1], with
Re(f)(xi,j) > Re(f)(xi,j+1), 0 ≤ i ≤ i ≤ a(n), 0 ≤ j ≤ b(i) − 1,
and, similarly, for [xi,b(i), xi+1,0], 0 ≤ i ≤ a(n).
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If x0 ∈ R, with mx0 ∈ Z, then m2x20 ∈ Z. If {m2
1,m

2
2} are prime,

{n1, n2} ⊂ Z, with x20 = n1

m2
1

= n2

m2
2
, then n1m

2
2 = n2m

2
1, n1 = m2

1,

n2 = m2
2, and |x0| = 1. As Card({xi,j : 1 ≤ i ≤ a(n) − 1, 1 ≤ j ≤

b(i) − 1}) and Card({xi : 1 ≤ i ≤ a(n) − 1}) are finite, we have that
for sufficiently large, and m /∈ Z, mxi /∈ Z, for 1 ≤ i ≤ a(n) − 1 and
mxi,j /∈ Z, for 1 ≤ i ≤ a(n)− 1, 1 ≤ j ≤ b(i)− 1, (††).

Let {rijs : 1 ≤ s ≤ e(i, j)} enumerate the zeroes of θv2,r on [xi,j, xi,j+1],
rij0 = xi,j, rij(e(i,j)+1)) = xi,j+1, for 0 ≤ i ≤ a(n), 0 ≤ j ≤ b(i)− 1, and
let {ris : 1 ≤ s ≤ e(i)} enumerate the zeroes of θv2,r on [xi,b(i), xi+1,0],
ri0 = xi,b(i), ri(e(i)+1) = xi+1, 0 ≤ i ≤ a(n). Then, using (†), (††), we
have that;

1
mv
∗∑

|l|<nmRe(f)( l
m

)θv2,r(
l
m

)

= 1
mv
∗∑a(n)

i=0
∗∑[mxi+1]−1

l=[mxi]+1Re(f)( l
m

)θv2,r(
l
m

)

= 1
mv
∗∑a(n)

i=0
∗∑b(i)−1

j=0
∗∑[mxi,j+1]−1

l=[mxi,j ]+1Re(f)( l
m

)θv2,r(
l
m

)

+ 1
mv
∗∑a(n)

i=0
∗∑[mxi+1,0]−1

l=[mxi,b(i)]+1Re(f)( l
m

)θv2,r(
l
m

)

= 1
mv
∗∑a(n)

i=0
∗∑b(i)−1

j=0
∗∑e(i,j)

s=0
∗∑[mrij(s+1)]−1

l=[mrijs]+1 Re(f)( l
m

)θv2,r(
l
m

)

+ 1
mv
∗∑a(n)

i=0
∗∑e(i)

s=0
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θv2,r(
l
m

)

We compute 1
mv
∗∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θv2,r(
l
m

)

Let θi,j(s) = 1
mv
∗∑[mrij(s+1)−1]

l=[mrijs]+1 Re(f)( l
m

)θv2,r(
l
m

)

We consider Case 2, Re(f) ≥ 0 on [xi,j, xi,(j+1)], with Re(f)(xi,j) >
Re(f)(xi,(j+1)). Assume, without loss of generality, that θv2,r|[rij1,rij2] >
0, (†††), then, as Re(f)|[xi,j ,xi,(j+1)] ≥ 0, and;

θv2,r|[rijs,rij(s+1)]

|θv2,r|[rijs,rij(s+1)]
| = −

θv2,r|[rij(s+1),rij(s+2)]

|θv2,r|[rij(s+1),rij(s+2)]
| , 1 ≤ s ≤ e(i, j)− 2

the sequence {θi,j(s) : 1 ≤ s ≤ e(i, j) − 1} is alternating. As
Re(f)|[xi,j ,xi,(j+1)] is decreasing, we have that;

|θi,j(s)| ≥ |θi,j(s+ 1)|, for 1 ≤ s ≤ e(i, j)− 2
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so that sequence {θi,j(s) : 1 ≤ s ≤ e(i, j)− 1} is decreasing in mag-
nitude.

We show that 0 ≤ θi,j(1) ≤ li,j, li,j ∈ R, where li,j = θi,j(1) > 0.

Assume that e(i, j) is odd. We claim that for all sequences {θi,j(s) :
1 ≤ s ≤ e(i, j)− 1}, decreasing in magnitude, with li,j > 0, and e(i, j)

odd, that ∗
∑e(i,j)

s=1 −1θi,j(s) ≤ li,j. We can prove this by induction, the
base case is trivial. Assume true for e(i, j), and consider the sequence
{θi,j(s) : 1 ≤ s ≤ e(i, j) + 1}. We have that θi,j(3) > 0, and the se-
quence {θi,j(s) : 3 ≤ s ≤ e(i, j) + 1} is alternating and decreasing in
magnitude. By the induction hypothesis, we have that;

∗∑e(i,j)
s=3 +1θi,j(s) ≤ θi,j(3)

Hence, ∗
∑e(i,j)

s=1 +1θi,j(s)

= θi,j(1) + θi,j(2) + ∗∑e(i,j)
s=3 +1θi,j(s)

≤ θi,j(1) + θi,j(2) + θi,j(3)

≤ θi,j(1)

as θi,j(2) + θi,j(3) ≤ 0

We have that 0 ≤ θi,j(1) ≤ li,j, li,j ∈ R.

As;

θi,j(2p− 1) + θi,j(2p) ≥ 0, for 1 ≤ p ≤ e(i,j)−1
2

0 ≤ ∗
∑e(i,j)−1

s=1 θi,j(s)

therefore, 0 ≤ ∗
∑e(i,j)−1

s=1 θi,j(s) ≤ li,j, (∗ ∗ ∗)

Assume that e(i, j) is even, then as;

θi,j(2p) + θi,j(2p+ 1) ≤ 0, for 1 ≤ p ≤ e(i,j)−2
2

so that;
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∗∑e(i,j)−1
s=1 θi,j(s) ≤ li,j

and, as;

θi,j(2p− 1) + θi,j(2p) ≥ 0, for 1 ≤ p ≤ e(i,j)−2
2

θi,j(e(i, j)− 1) ≥ 0

therefore;

0 ≤ ∗
∑e(i,j)−1

s=1 θi,j(s) ≤ li,j, (∗ ∗ ∗∗)

We compute;

li,j = 1
mv
∗∑[mrij2]

l=[mrij1]
Re(f)( l

m
)θv2,r(

l
m

)

≤ 1
mv
∗∑[mrij2]−1

l=[mrij1]+1D, where |Re(f)| ≤ D, and 0 ≤ θv2,r|[rij1,rij2] ≤ 1

≤ D
mv

(([mrij2]− 1)− ([mrij1] + 1) + 1)

= D
mv

([mrij2]− [mrij1]− 1)

≤ D
mv

((mrij2 + 1)− (mrij1 − 1)− 1)

= D
v

((rij2 − rij1) + 1
m

)

so that, using (∗ ∗ ∗), (∗ ∗ ∗∗);

0 ≤ 1
mv
∗∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θv2,r(
l
m

) ≤ li,j

≤ D
v

((rij2 − rij1) + 1
m

)

= D
v

(v
2m
2r

+ 1
m

), using (])

We can remove the assumption (†††), to obtain;

1
mv
|∗
∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θv2,r(
l
m

)| ≤ D
v

((rij2− rij1) + 1
m

)

Cases 4 is similar, with the same bound. For Cases 1 and 3, reversing
the sequences, we obtain;
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1
mv
|∗
∑e(i,j)−1

s=1
∗∑[mxij(s+1)]−1

l=[mxijs]+1 Re(f)( l
m

)θv2,r(
l
m

)|

≤ D
v

((rije(i,j) − rij(e(i,j)−1)) + 1
m

)

≤ D
v

(v
2m
2r

+ 1
m

)

Similarly, considering all 4 cases,we obtain the same bound;

1
mv
|∗
∑e(i)−1

s=1
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θv2,r(
l
m

)| ≤ D
v

(v
2m
2r

+ 1
m

)

We have that;

1
mv
|∗
∑[mrij1]−1

l=[mrij0]+1Re(f)( l
m

)θv2,r(
l
m

)|

≤ 1
mv
∗∑[mrij1]−1

l=[mrij0]+1D

≤ D
mv

(([mrij1]− 1)− ([mrij0] + 1) + 1)

= D
mv

([mrij1]− [mrij0]− 1)

≤ D
mv

((mrij1 + 1)− (mrij0 − 1)− 1)

= D
v

((rij1 − rij0) + 1
m

)

= D
v

((rij1 − xij) + 1
m

)

≤ D
v

((rij1 − ri(j−1)b(j−1)) + 1
m

)

= D
v

(v
2m
2r

+ 1
m

)

and, similarly;

max(Ai,j, Bi,j, Ci, Di)

≤ D
v

(v
2m
2r

+ 1
m

)

where;

Ai,j = 1
mv
|∗
∑[mrij1]−1

l=[mrij0]+1Re(f)( l
m

)θv2,r(
l
m

)|
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Bi,j = 1
mv
|∗
∑[mrij(e(i,j)+1)]−1

l=[mrije(i,j)]+1 Re(f)( l
m

)θv2,r(
l
m

)|

Ci = 1
mv
|∗
∑[mri1]−1

l=[mri0]+1Re(f)( l
m

)θv2,r(
l
m

)|

Di = 1
mv
|∗
∑[mri(e(i)+1)]−1

l=[mrie(i)]+1 Re(f)( l
m

)θv2,r(
l
m

)|)

It follows that;

1
mv
|∗
∑
|l|<nmRe(f)( l

m
)θv2,r(

l
m

)|

≤ 1
mv
|∗
∑a(n)

i=0
∗∑b(i)−1

j=0
∗∑e(i,j)

s=0
∗∑[mrij(s+1)]−1

l=[mrijs]+1 Re(f)( l
m

)θv2,r(
l
m

)|

+ 1
mv
|∗
∑a(n)

i=0
∗∑e(i)

s=0
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θv2,r(
l
m

)|

≤ 1
mv
|∗
∑a(n)

i=0
∗∑b(i)−1

j=0
∗∑e(i,j)−1

s=1
∗∑[mrij(s+1)]−1

l=[mrijs]+1 Re(f)( l
m

)θv2,r(
l
m

)|

+ 1
mv
|∗
∑a(n)

i=0
∗∑b(i)−1

j=0 (∗
∑[mrij1]−1

l=[mrij0]+1Re(f)( l
m

)θv2,r(
l
m

)+∗
∑[mrij(e(i,j)+1)]−1

l=[mrije(i,j)]+1 Re(f)( l
m

)θv2,r(
l
m

))|

+ 1
mv
|∗
∑a(n)

i=0
∗∑e(i)−1

s=1
∗∑[mri(s+1)]−1

l=[mris]+1 Re(f)( l
m

)θv2,r(
l
m

)|

+ 1
mv
|∗
∑a(n)

i=0 (∗
∑[mri1]−1

l=[mri0]+1Re(f)( l
m

)θv2,r(
l
m

)+∗
∑[mri(e(i)+1)]−1

l=[mrie(i)]+1 Re(f)( l
m

)θv2,r(
l
m

))|

≤ ∗
∑a(n)

i=0
∗∑b(i)−1

j=0 (D
v

(v
2m
2r

+ 1
m

))

+∗
∑a(n)

i=0
∗∑b(i)−1

j=0 (2D
v

(v
2m
2r

+ 1
m

))

+∗
∑a(n)

i=0 (D
v

(v
2m
2r

+ 1
m

))

+∗
∑a(n)

i=0 (2D
v

(v
2m
2r

+ 1
m

))

= ∗∑a(n)
i=0
∗∑b(i)−1

j=0 (3D
v

(v
2m
2r

+ 1
m

))

+∗
∑a(n)

i=0 (3D
v

(v
2m
2r

+ 1
m

))

(w(n) + a(n) + 1)3D
v

(v
2m
2r

+ 1
m

)

where w(n) = Card(Re(f)′|[−n,n] = 0), a(n) = Card(Re(f)|[−n,n] =
0)

It follows, by transfer, that;
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|
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Re(f

√
c)cosηc(2πxy)dµηc(x)|

= 1√
ηc
|∗
∑
|l|<n√ηRe(f

∗)( l√
η
)θc,k(

l√
η
))|

≤ (w(n) + a(n) + 1)3D√
c
(
c
√
η

2k
+ 1√

η
)

and, similarly;

Similarly;

Bn) ≤ (w(n) + a(n) + 1)3D√
c
(
c
√
η

2k
+ 1√

η
)

and;

max(An, Cn) ≤ (w′(n) + a′(n) + 1)3D√
c
(
c
√
η

2k
+ 1√

η
)

where;

w′(n) = Card(Im(f)′|[−n,n] = 0) and a′(n) = Card(Im(f)|[−n,n] =
0)

An = |i
∫ ∫

(
−n√η√
ηc

,
n
√
η√
ηc

)
Im(f

√
c)cosηc(2πxy)dµηc(x)|

Bn = | − i
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Re(f

√
c)sinηc(2πxy)dµηc(x)|

Cn = |
∫
(
−n√η√
ηc

,
n
√
η√
ηc

)
Im(f

√
c)sinηc(2πxy)dµηc(x)|

It follows that;

|
∫
(|x|< [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)|

≤ (w(n) + a(n) + w′(n) + a′(n) + 2)6D√
c
(
c
√
η

2k
+ 1√

η
)

≤ (w(n) + a(n) + w′(n) + a′(n) + 2)6D√
c
(
c
√
η

2
1

cη1−γ
+ 1√

η
)

= (w(n) + a(n) + w′(n) + a′(n) + 2)6D√
c
(
√
η

2η1−γ
+ 1√

η
)

as;

| k√
ηc
| ≥
√
c(η

1
2
−γ)
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|k| ≥ cη1−γ

1
|k| ≤

1
cη1−γ

so that;

|
∫
Rηc f

√
cexpηc(−2πixy)dµηc(x)|

≤ |
∫
(|x|< [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)|+|

∫
(|x|> [n

√
η]√
ηc

)∩Rηc
f
√
cexpηc(−2πixy)dµηc(x)|

≤ (w(n) + a(n) + w′(n) + a′(n) + 2)6D√
c
(
√
η

2η1−γ
+ 1√

η
) + E

(n−1)
√
c

= (w(n) + a(n) + w′(n) + a′(n) + 2)6D√
c
(η

γ− 1
2

2
+ 1√

η
) + E

(n−1)
√
c

�
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