SIMPLE PROOFS OF THE RIEMANN-LEBESGUE
LEMMAS USING NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

ABSTRACT. We give simple proofs of the Riemann-Lebesgue Lem-
mas for Fourier series and Fourier transforms using nonstandard
analysis.

1. RIEMANN LEBESGUE LEMMA

Definition 1.1. We let n € *N be infinite, and V,, = *[—1,1), with the
x-algebra B, generated by;

{5,528 = <i<n—1}

and measure p, defined by Nn([%7 %)) = %, for —m<i<n-—1

We let {e; : —n < i < n — 1} be the standard orthonormal basis
defined by,

ei(2) = /b, for —n <j<n—1

with respect to the inner product <,>,, defined by;

< f.9>y= [y, f9dpy, for {f.g} CV(V,)

We recall the inversion theorem from [2], that for f € V(V;);
f@) = 5" Ynes, (Falf)) (m)expy(mimz)

where 3, =*Z N [-n,n)

expy(mimx) = *ea:p(mm[f]—"]), for—=n <m <n-—1

and (F,(f))(m)
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- fv7 x)expy(—mima)dyi(z)
=< f,exp,(mimx) >,, for —-n <m <n—1

We define the nonstandard derivative on V (V;)) by;

[y

PO =n(f(=1) = fF(55)

Lemma 1.2. If f € C([-1,1]), with corresponding f, € V(V,), then,
for infinite m € 3, we have;

(Fu(fo))(m) =0

Proof. Let {a,b} C V,, and let X(o1,, € V(V;) be defined by;

Xatn(@) = 1if 2 < o < [

Xa,p),n(2) = 0 otherwise

We claim that, for infinite m, F,(x[5)(m) =0, (*)
We have, as in [2], that for m € 3,, z € V,,, that;
(exp,(—mimz))

= exp,(—mimz)b,(m)

where ,(m) = n(eap,(—mi) — 1)

and;

_ (ezpy(—mimz))’

expy(—mimax) o)

It follows that;
(F3(Xfa1)) (m)

= fV Xap] (@) expy (—mima)d i, ()
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(expy(—mimz))

= fvn X (@) 25y ()

= fv Xap) (%) (exp, (—mima)) dpi, ()

1 [bn]+1 . '
- 779n(m)* Z ?TX[a b}( )(expn( Wzm%))’

. e 1 i .
- n@n(m)* Zz:Ln(expn( 7”771Z+ ) (expn(—mm%)))

n

— b (eapy(—mim(E2)) — (eap, (—rim(22))))
As in [2], Lemma 0.12, for m € 3,, that;
2[m| < |0, (m)]

It follows that, for m infinite;

[(Fo () (m)] < gl (eapy(=mim(PA2)) — (eap, (—mim(151))))|

g—:L:O

2[m| " |m|

Hence, (x) is proved. As f € C(]—1,1]), by Darboux’s Theorem,
there exists a sequence of step functions {g, : n € N'}, such that;

f_ll |f - gnldﬂ < %

where p denotes Lebesgue measure. We have that;

Inm = (Zk . ckX bkmb(kﬂ)n})

_ m(n)—1
- ( k=1 Ck (X[bknvb(k+l)n])n

~1
= ( Z/L:(rll) CkX[[bknn]+l [b(k+1)n”7]}7 (**)
n ’ n
for a partition —1 < by, < ... < by < 1 and ¢, € R, for

1 <k <m(n)—1. We have that, for infinite m € 3,, using (x), (sx),
that;

F(gnn)(m)

m(n)—1
= Fo(ZRE " X s Brasnen)) ()
n ’ n
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m(n)—1

=2 k= 1) Ck:]: ( bknnH—l (b(k+1)nn] )(m)

no’ n ]

~0

Then, for infinite m, and n € N;

| Fo(fn) (m)]

= |Fy(fo = Gnp + Gny) (M)

< | Fa(Gnm) ()] + | Fn(fy = gnn) (m)]

< % + an ’(fn - 9nﬂ7)|dﬂna (% %)

As f € C[-1,1], we have that, f, is S-continuous, bounded and
S-integrable, and °f, = st*f, where st : V, — [—1,1] is the standard
part mapping. gy, is bounded and S-integrable, |(f; —gn,)| is bounded
and S-integrable. Tt follows, using the S-integrability criteria, see [1],

and the fact the standard part mapping is measurable and measure
preserving, that;

(U, [(fy = gnn)ldpn)
= Jo, 1°(fs = gn) AL (1)
= Ji, [(st*(f) = (°Gnn))|dL (1)
< o A(st°(f) — st gu) AL 1)
+ Jo, 1(t(gn) = (°Gnn))|dL (1)
~ [ 1f = guldu < %
Therefore, using ( * );
| P () (m)]

<%+fvn|(fn_gn,n)‘<%+%:%
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As this holds for all n € N, using countable comprehension and
overflow, see [1], (F,(f;))(m) ~0

O

Remarks 1.3. It is straightforward to deduce the standard Riemann-
Lebesgue Lemmay

]ff € O([_17 1])7 then:'
Limm| oo F (f)(m) =0
It is sufficient to show that, given € > 0, there exists M (¢), such that;

| F(f)(m)| < €, for allm € Z, m > M(e). As, for all infinite
m € Jy;

|[(Fa(fa))(m)] < €

it follows by underflow, that, for all |m| > M(e), m € Z;

|[(Fn(fa))(m)] < e

The result then follows from the fact, that, for finite m € Z;

“(Fr,(m)) = F(f)(m)

as f,(z) and exp,(—mrimz) are S-continuous and S-integrable on V.
The proof above follows the structure of the standard result.

Definition 1.4. We recall the definitions from [2]. We let n € *N be
infinite and odd, we let;

Ry = Ui ggonlT5. 7)

so that R, = *[—9=1 W)y Jet D, denote the associated x-

P (n=1)
: ' il U=
finite algebra, generated by the intervals [\/ﬁ, \/ﬁ), for : 4§ 1 <
@, and p, the associated counting measure defined by un([\/Lﬁ, %)) =

\/%7. We let (R,, L(D,), L(u,)) denote the associated Loeb space.
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We let (R U {400, —00}, D, u) denote the extended real line, with
the completion ® of the extension of the Borel field, and p the ex-
tension of Lebesque measure, with u(+o00) = pu(—oo0) = co. We let
(R0 U {400}, €, \) denote the extended real half line, with the com-
pletion € of the extended Borel field, and \ the extension of Lebesgue
measure, with \(+00) = oo, see [?], Chapter 6.

Gwen a measurable f, : R_n — *C, we define the nonstandard Fourier

transform F(f,) : R, — *C by;
F(f)w) = [ fo(@)expy(—2miyz)dp,(z)
With this definition, we have, see [5] that;
) =[x, Faly)expy(2mizy)dp,(y) (+)

We define the nonstandard derivative on V(R,) by;

F() = VA(F(ED) — f(d)), for —12;

FE7) = valf (=57 = 1)

n
S]ST

Lemma 1.5. If f € S(R), with corresponding f, € V(V,), then, for
infinite y € E, we have;

(Fn(F))(y) =0

Proof. Let n € N, we first prove that;

|f(|x\>L\/\%’7’])men fn€$pn(—2ﬂi$y)dun($)’ < (n]fl)’ (*)
where £ € R.

We have that;
|f(| >l "f] )R,y fnexpy(=2mizy)dp, ()|

S ()]

I
<J- 3|~
* *
Ng
X
lm‘ N
3
)
=
_*
&
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As f € S(R), we have that, |f*|(z) < |L for [z| > 1, C € R. Tt
follows that;

1F1(%5) < o = i for [k] = [ny/7]

IN

i
= QCW[%][nZ\/ﬁ]fl
= 20Vt — 721)
S 20\/7_]71\/}7—2

< 20V

(n—1)

which gives the result (x), taking £ = 2C. Let V,,, = (— ["f] [nf])

EY

Let {a,b} C V., and let (4.4 € V(V;n) be defined by;

Xlablg(z) = 1if % <z< %

Xa,b),n(2) = 0 otherwise

We claim that, for infinite y, F,(X[5)(y) =~ 0, (xx)
We have, as in [5], that for y € R,, © € V,, n, that;

(expy(—2miyx))" = xy(y)exp,(—2miyx)
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where;

and;

(expy (—miyz))’

cap, (i) =

It follows that;

= Jv,, Xiai (@) expy(=2miyz)dp, (x)

2mwiyx
= for. Xiap) () 2= gy ()

= 5 Jo. . Xian(@) (expy(—2miyx)) dpu (x)

. Pyt ' |
= Vixa®) " zi:& Xla,b] (\/Lﬁ)(expn(—%my%))/
N

[bf1+1
v o MDORRA W M(eapy(—2miyL) — (exp,(—2miy=)))

= (e, (- 2my<“’§]“>> — (expy(=2miy(22))))

As in [5], Lemma 0.20, for y € E, we have that;

Aly| < |xy(y)]

It follows that, for y infinite;

| Jo, . Xt (2)expy(—2miyz)dp,(z)]

[bynl+2

< b l(eapy(—2miy(PLE2)) — (eap,(~2miy(“

1))

<2 1 ~)
— 4yl T 2[yl

Hence, (xx) is proved. As f € C([—n,n]), by Darboux’s Theorem,
there exists a sequence of step functions {g, : r € N'}, such that;

ffn |f - gr|d,u < %

where 1 denotes Lebesgue measure. We have that;
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_ m(r)—1
grﬂi - < k=1 CkX[bk:'rvb(k+1)r})77

m(r)—1

_ m(r)—1
= (D k=1 CkX[[bk,«ﬁHl [b(kﬂ)rﬁ]]? (5 * *)
Vi U
for a partition —n < by, < ... < by < noand ¢ € R, for

1 <k < m(r)—1. We have that, for infinite y € R, using (#x), (%),
that;

.. 9rn(@)expy(=2miyz)dp, (z)

m(r)—1 .
= ann ke 1) Ck X by v/m+1 Bag1)r v/ ))expn<_27”3/x)dﬂn(x)
[ \/ﬁ k) \/7] }

r —1 .
= 22;1 Ck an,n (X[[bkrﬂHl (b (k1)) )expn(—2myx)d,un(x)
n

) Nz ]

~0

Then, for infinite y, and r € N;

| fv foexpy(=2miyz)dp, (z)]

= | an N — Grm + 9r n)expn( ZWiyx)dﬂn(I)’

< | fv gr nexpn QWiy:E)d/Ln(CCﬂ—i—’ fvn,n(fn_gr,n)expn(_QWiyx)dﬂn(x>|

S n + fvn n gr,n)|d:u777 (* * **)

As f € C[—n,n|, we have that, f, is S-continuous, bounded and
S-integrable, and °f, = st* f, where st : V,, — [—n,n] is the standard
part mapping. g, is bounded and S-integrable, |(f, — gr»)| is bounded
and S-integrable. It follows, using the S-integrability criteria, see [1],

and the fact the standard part mapping is measurable and measure
preserving, that;

ann = Grn)|dpin)
= fvm = Grp)|dL(py)

= o, M) = Cgrn) 1AL (p2)
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< fo Nst*(f) = st"g)dL(s,)
o 15 (0) = Cgrn)lAL (1)

1
= f,1 |f - grldﬂ < %

Therefore, using (* * *x);

|an,n fnexpy(—2miyz)du,(z)]

< % + fvn (f = gra)ldpn(z) < % + 72«

Taking r > n, we obtain that, for infinite y, that;
[ Fa(fa)(y)

< | fvmn fnexpn(_Qﬂ-iym)dﬂn(x”_’_l f(|m‘>["7\/\g])n7g7n fnexpn(_mey)dﬂn(xﬂ

3 20
< n + (n—1)

As this holds for all n € N, using countable comprehension and
overflow, see [1], (F,(f;))(y) ~ 0

O

Remarks 1.6. We let S(R) denote the Schwartz space. If h € S(R),
we define its Fourier transform by;

F(h)(y) = J2o hx)e *m*dx

fory eR.

It is straightforward to deduce the standard Riemann-Lebesque Lemma;
If f e S(R), then;

limyy| oo F (f)(y) =0

It is sufficient to show that, given € > 0, there exists M (¢), such that;

[F(N)W)l <€ forally € R, y = M(e).
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As, for all infinite y € R,);

|(‘Fn(fn))(y)| <€

it follows by underflow, that, for all ly| > M(e), y € R,;

[(Fn(Fa)) ()] < €

The result then follows from the fact, that, for finite y € R;

“(Fr) = F()Cy) = F(F))

as f,exp,(—mimz) is S-continuous and S-integrable on V;,, see [4].

Lemma 1.7. If f is Riemann integrable on [—1,1] and bounded, with
corresponding f, € V(Vn), then f, is S-integrable on 7,7 and there exist
{W, :n e N} C By, such that p,(W,) < £ and °(f,) = st*(f) on

V,, \ W,.. Moreover, for m infinite with m € 3, we have that;

(Fo(fy))(m) =0

Proof. Without loss of generality, assume f is real valued. As f,, is uni-
formly bounded, it follows that f, is bounded, by transfer, and, in par-
ticular, S-integrable. By Lebesgue’s Theorem, there exists D C [—1, 1]
with p(D) = 0, such that f is continuous on {[—1,1] \ D}. Let
C = st*(D), then L(p,)(C) = 0, let £ = st*([-1,1]\ D), then E
and C are disjoint and L(u,)(E) = 2. Let x € E, with correspond-
ing °x € [—1,1]\ D, then we claim that f,(z) ~ f(°x) = st*(f)(z),
(x). As f is continuous at °z, we have, for n € N, that there ex-

ists intervals [°z — X, °z + 1], with a(n) € N increasing, such that
1f(y)— f(Cx)| < ﬁn), forally € [z — %, °x+ %] It follows, by transfer,
as |z —"°z| < L foralln € N, that | f,(z)— f(°z)| < ﬁ ~ (, hence (*)

is shown. It follows that °(f,) = st*(f) on E. Using Theorem 3.4 of [?],
there exist {W, : n € N'} C B,, with W,, D C, such that s, (W,) < L.
Clearly °(f,) = st*(f) on V,, \ W,, for n € N. This gives the first claim.
Then, for infinite m, and n € N. Using the fact that f is Lebesgue
integrable, we can find a sequence {g,, : n € N'} as in Lemma 1.2. Then;

|.7:7,(f7,)(m)|
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= |Fy(fy = gna + Gn) (m)]|
< Fn(gna) (M) + | Fy (fy = ) (m))]
< % + an |(fy = Gn)|dpty, (%% %)
We have that, f, is bounded and S-integrable, and °f, = st*f, on
V, \ W,, where st : V,, — [—1,1] is the standard part mapping. g,., is
bounded and S-integrable, |(f, — gny)| is bounded and S-integrable.

It follows, using the S-integrability criteria, see [1], and the fact the
standard part mapping is measurable and measure preserving, that;

(U, [(fy = gnn)ldpn)
= Jo. 1Cfy = (gnn)) AL (1)
= fvn\w" 1°(fy = gl dL(pig) + [iy,, 1°(fy = Gnan)ldL(pty)
< Sy, (st (F) = Cona))ldL (1) + Rpy (Vi)
< Jow, |58 (f) = st ga)|dL (1) +
+ Jyw (5t°(90) = (Cgna))ldL (1)

gf_11|f_gn|d:u+%<%

Therefore, using ( * *);

Fu(f) (m)]
<at o Uy —gua)l < 5+ 52 =52

n

As this holds for all n € N, using countable comprehension and
overflow, see [1], (F,(f,))(m) ~

O

Remarks 1.8. If h € C(|—1,1]), we define its Fourier coefficient by;

= fjl h(x)e ™My
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form e Z.

As above, it is straightforward to deduce the standard Riemann-
Lebesque Lemmoa, in the form;

If f is Riemann integrable on [—1,1] and bounded, then,
limy e F(F) ) = 0

It is sufficient to show that, given € > 0, there exists M (¢), such that;
|F(f)(m)| <€, for allm € Z, m > M(e).

As, for all infinite m € Z,;

(Fo ) ()] < e

it follows by underflow, that, for all |m| > M(e), m € Z,;
(Fofa) )] < e

The result then follows from the fact, that, for finite m € Z;
*(Fr,(m)) = F(f)(m)

as foexp,(—mimz) is S-continuous and S-integrable on V,, see [4].

We now give a different, but more geometric proof of Lemma 1.5,
but we require an extra assumption;

Lemma 1.9. If f € S(R), with Re(f) and Im(f) analytic, with cor-
responding f, € V(V,), n prime, then, there erists N € R, infinite,

N = */Tﬁ, such that for infinite y € R,, with |y| < N, we have;

(Fn(f))(y) =0

Proof. The first part is the same as Lemma 1.5, for n € N;

|f(|x\>[”T@])mzf7 foexpy(=2mizy)du,(z)| < (ni), (*)
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where £ € R.

We claim that there exists N € Wn infinite, such that for y infinite,
with |y| < N, and n € N;

an,n fnexpy(—2miyz)dp,(z) >~ 0, ()
where V, ,, = (— [nf‘ﬂ [nf]) NR,.
As in Lemma 2.1, we have that;

Iy, Fnexpy(=2miyz)dp,(x)

= an,n Re( f,)cos,(2mzy)du,(x)

_va fn)COSW(Qﬂxy)dﬂn( )
—i fv Re(f,)sin,(2rzy)du,(z)
+fv m( fy)sing (2ray)dp, (), (4)

It is sufficient to prove that ann Re(f,)cos,(2mzy)du,(x) ~ 0, the
remaining cases are left to the reader;

We have that;
an,n Re(f,)cos,(2mzy)du, ()

_ \/Lﬁ* Z|l|<[n\/mR€(f*)(\/iﬁ)9k(\/Lﬁ), where y = \/Lﬁ
k

, O (1) = cos*(%L2)

= cos,(ZE Y

where 6 (& nl

L)

We compute an upper bound, for given k € *Z, with — " (=1 <k<
(’771 n e N, of;

L Y cn n Be(F) (5)0k( )

by transfer of the result for;

%* Z|l|<nmRe<f)(#)9r(#)
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wherem€R>0,r€Z,—(mZT_l)STSWTLGN,and
0,(L) = cosm2(225)

m

Forr € 2, — ™ _1)< <(m Jor£0,m€E Reg, © € R, we let;
0,(x) = cos(*=2)

For x € R, we have that;

0,(x) = cos(¥2) =0

iff 2202 — 2 4t (t € Z)

"m +mtm
iff ¢ =
271'7‘

iff © = (5 + £)m, (2)

{r,t} C Z, m € R-g

With the assumption that || < 7, we have that |r| < mT?, >4
m |r] m

m 2 m

2|7 Z m > m’ where 2|r|

21 1 0,.(z2) = 0). It follows, by transfer, with m corresponding to /7

= 20— 21, 0.(z1) = 0 and 2o = pz(z >

and r corresponding to k, that for |\/iﬁ| < ‘/Tﬁ, T\/’:]I > 7 > 7, where

% = 29— 21, Ok(z1) = 0 and 29 = pz(z > 21 : Ox(22) = 0). We let
N = \/Tﬁ < \/Tﬁ Suppose y is infinite, with |y| < N and y = \/iﬁ Using

the above calculation, we have, by transfer, that;

Mo Vo1
2|k| 2|y~/ml 2ly|

=29—212>=0

With the assumption that m? is prime, we have that m?(1 + 2t) is
odd, so that, for r # 0 == 1+2t ) ¢ Z s0if0,(zy) = 0, then may & Z, (1).

As in Lemma 2.1, using the assumption that Re(f) is analytic,
we have that Re(f) has finitely many zeroes at {z1,...,%qn}, with
—n < < ..o <y << Ty <, and finitely many maxima
and minima, {2;1,...,Tij, ..., Tipe) }, With z; < 20 <25 < .00 <
Tip) < Tiv1, 0 < i <a(n), 1 < j <b(i)—1. Asin [5], let z; 9 = ;, for
0 <i < a(n)+ 1, then it follows that Re(f)|(, ., IS monotone for
0<i<a(n),0<j<b(i)—1and Re(f) ] is monotone for

[4,6(i)5Ti+1,0
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0<i<a(n).
Again, as in Lemma 2.1, we have that, for sufficiently large m,

with m ¢ Z, mz; ¢ Z, forl < i < a(n)—1and ma;; ¢ Z, for
L<i<a(n)—1,1<5<bi) -1, (1)

Let {r;js : 1 < s <e(i,j)} enumerate the zeroes of 6, on [z; j, z; j11],
Tij0 = Tij, Tij(e(i,j)+1)) = Tij+1, for 0 < i < a(n), 0 < j < b(i) — 1, and
let {ris : 1 < s < e(i)} enumerate the zeroes of 6, on [z;4z), Tiy1, 0]

Ti0 = Tib(i)y Ti(e(i)+1) = Lit+ls 0<:i< (Z(TL) Then, using (T) ( )
have that;

%* Z|l|<nmRe<f)<%)9T(#)
= Legele SOt selie S e Re(£) ()00 (25)
DDA DD il [;iizlill (/) (L)L)
We compute [ 2000~ 3l Re(£) (D)0,(L)]
Let 6;5(s) = £ 5ot Re()(£)6, (1)
Considering Case 1 in Lemma 2.1, we have that;
0 < " 70:5(5) < i, ()
where;
= Loy [Re(FI()0.(5)

< Lx ng[:’rﬁ 1]+1D where |Re(f)| < D, and 0 < 6,

[rij1,mizo] <1
< 2(([mrige] = 1) = ([mrip] + 1) + 1)
= D([mrijo] — [mrin] — 1)

< o((mrga +1) = (mrig — 1) = 1)

= D((rij2 — rij1) + ;)
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so that, using (*), (£);
< L e Re(£) ()0, ()] < L
< D((rijz — rij1) + 37)
)
Similarly, for Case 2 in Lemma ?7. In the other cases, reversing the
sequences, we obtain;

Z * [mxm s 1] 1
Sl T e Re(H) G ()

< D((Fije(ig) = Tije(ii)-1) + =)

SIH

- D(zm + )
Considering all 4 cases, we obtain the same bound;
Loy te e T Re () (46, (L) < D2+ L)
Similarly:;
maz(A; ;, B;;, Ci, D;)
< D(5p7 + 1)
where;
Ay =L S0 Re(f)(£)0,(L)]
By = 57 Sl Re( ) ()0, ()]
=l S Bl ()6 ()
= I e Re(D )6 (5
As in Lemma 77, we have that;

il D cnm BN ()0 ()
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< (w(n) +a(n) + 1)3D (55 + )

where w(n) = Card(Re(f)|—nn = 0), a(n) = Card(Re(f)|—nn =
0)

It follows, by transfer, with the assumption that y is infinite, y = \/iﬁ
and y < N, using (#f);

|f — i Re(f,)cos,(2mzy)dp, ()|
f

- \/Lﬁ|*Z|l|<n\/ﬁRe(f*)(\/Lﬁ)9k(\/Lﬁ))|

w(n) + a(n) + 1)3D(|—,Z| +

<

—~

\/%7) ~ 0, as w(n),a(n) are finite and

%

=5 >~0.

2ly

[\

|k

and, similarly, as in Lemma 2.1, considering the additional terms
from (%), we have that;

| f(|z\<Lﬂ)mR7 foexpy(=2mizy)dp,(z)|

< (w(n) +a(n) +w'(n) + a'(n) + 26D(F + L) ~ 0
again, as w(n),a(n),w'(n),d (n) are finite and T:\ = ﬁ ~0

It follows that, for infinite y € R, with |y| < N, that;
| fRT, foexpy(=2mizy)du, ()|

< ‘f(\x|<%)ﬂﬁ foexpy(=2mizy)du, (z)|+| f|x|> )R, foexpy(=2mizy)du,(z))|

<54 Eo< B

n—1

where 6 ~ 0. As this holds for all n € N, we obtain that;
fR—n Jnexpy(—2mizy)dpu,(x) ~ 0

O

Remarks 1.10. [t is straightforward to deduce the standard Riemann-
Lebesgue Lemma,
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If f € S(R), with Re(f) and Im(f) analytic, then;

limyy| 5o F (f)(y) =0

Just follow the proof in Remark 1.6, the addition restraint that |y| <
N doesn’t effect the application of underflow.

Lemma 1.11. If f € C[—1,1], with Re(f) and Im(f) analytic, and

corresponding f, € V(V,), n prime, then, there exists N € Z, infinite,
N =n—1, such that for infinite m € Z,, with |m| < N, we have;

(F(fy))(m) =0

Proof. We claim that there exists N € Z, infinite, such that for m
infinite, with |m| < N;

Ji fol@)eapy(~mima)djuy(2) = 0, (+)
As above, we have that;

J, Faewpg(=mima)dp, (x)

— i Re(fy)eos,(mma)dji(z)

i fy Im(fy)cos, (wma)dyuy ()

~i fyr Re(fy)siny(mma)dpy(z)

+ fy, Tm(fy)sing(mme)dpy (z), (2

It is sufficient to prove that an Re(f,)cos,(mmx)dpu,(z) ~ 0, the
remaining cases are left to the reader;

As Re(f,) and cos*(wm@) are bounded, %Re(fn)(—l)cos*(—ﬂm) ~
0, so we have that;

Jo, Re(fy)cosy(mma)dpu, ()
~ 3 iena Re(F7) () cosy (F5)

= 2 D penr e(f) ()0 ()
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where Hm(%) = cosn(”Tml), Om(x) = cos™(mmax)
We compute an upper bound, given m € *Z, —n < m <n — 1, for;
3 -1 Re(f)(5)0m ()
by transfer of the result for;
%* Z‘l|<n71R€<f)(%)9T(%)
wheren € Nogis prime,r € Z, —n <r < n—1, and 97“(7{) = cos(’”"l)
Forre Z, —n<r<n-—1,r#0, n prime, x € [—1, 1], we let;
0.(z) = cos(mrz)
For z € [—1, 1], we have that;
0,.(x) = cos(mrz) =0
iff mre =5 +tw, (t € 2)

. T4mt
ff g = 2—

iff v = (5 + 1), (1)

{rt}CZ —n<r<n—1, —r—35 <t <r—g forr >0,
7’——<t<—7“—— for r <0

[\

With the assumption that |r| < n — 1, we have that L > 1

where ﬁ = 2z — 21, O.(z1) = 0 and 2z = pz(z > 2 : 9| (|22) =0). It
follows, by transfer, with n corresponding to n and r corresponding to
m, that for |m| <n—1, |T}1| > = 1 > , where ﬁ = 25— 21, Om(21) =0
and zo = pz(z > 21 : O,(22) = 0). WeletN:n—l. Suppose m is
infinite, with |m| < n — 1. Clearly, we have that;

1

=25—21>=0
[m] 2 1

With the assumption that n is prime, we have that n(1 + 2t) is odd,
so that, for r #£ 0 = 1+2t ) ¢ 2 s0if O,(x0) = 0, then nxy ¢ Z, (1).
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As in Lemma 1.9, using the assumption that Re(f) is analytic,
we have that Re(f) has finitely many zeroes at {x1,..., 2,0}, with
1<z <...<a; < ... <2y < 1, and finitely many maxima and
minima, {1, ..., Tij, ..., Tipey b, With 2, <@y <o <0< @y <
Tit1, 0<i<a(l),1 <j<b(i)—1. Asin Lemma 1.9, let ;9 = z;,
for 0 < < a(1) + 1, then it follows that Re(f)|z, ;e ., is monotone
for 0 <i<a(l),0<j<b(i)—1and Re(f)
for 0 <@ < a(l).

[25.600),mi41,0] 1S Monotone

If w e Q, then, for any d € R\ Q, we have that w +d € R\ Q.
Given a finite set {wq, ..., w;, ..., w,} CR\ Q,let Uy ={ue R\ Q:
w; +u € R\ Q}, then U; is dense in R, hence, the finite intersec-
tion (),<;<,, Ui is dense in R, in particular nonempty. It follows that
there exists d € R, with z; +d € R\ Q, z;; +d € R\ Q, for
1<i<al)—-1,1<i<a(l)—1,1<j <bl)—1. By con-
sidering g(z) = f(z — ¢), for sufficiently small ¢, with e € R\ Q, we
can assume that {zi,..., 2,1} C R\ Q, for 1 <i < a(n) —1, and
{Zin, .. @ij, . xipe} CR\Q forl <i<a(n)—1,1< 5 <b(i)—
In particular, it follows that for n prime, nx; ¢ Z, for 1 <i < a(n)—1
and nz;; ¢ Z,for 1 <i<a(n)—1,1<j<b()—1, (1)

Let {r;js : 1 < s <e(i,j)} enumerate the zeroes of 6, on [z; j, z; j11],
Tij0 = Tijs Tij(e(ij)+1)) = Tij+1, for 0 <7 < a(l), 0 < j <b(d) — 1, and
let {ris : 1 < s < e(i)} enumerate the zeroes of 6, on [z; ), Tit, 0]

Ti0 = Tib@)s Ti(e(i)+1) = Ti+l, 0 S 1 S a(l) Then, using ( ( )
have that;

%* Z\z|<n71R€<f)(%)9r(£)

= A T S S Re(D(£)0(E)
Ly s eI Ry (L), (1)

We compute 2 320 o Re(1) (10, (1)
Let 0:5(5) = & s Be()(1)00()
Considering Case 1 as above, we have that;

0<[* S 0,5()] < L (+)
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where;

iy =L | Re(f)](£)6,(L)

< Ls giﬁj;]lHD, where |Re(f)] < D, and 0 < 0|10 < 1
< B((fnrig] = 1) = (fnripn] +1) + 1)

3D

([nrije] = [nrija]) — 1)

< B((nrije +1) — (nrijp — 1) = 1)

= D((rijo — rij1) + %)

so that, using (x), (£);

0 A S S R (e

< D((rijo — rij1) + )

O

_D( |+n)

[r

Similarly, for Case 2, as in Lemma 2.1. In the other cases, reversing
the sequences, we obtain;

L ey e Re(£) (20 (1))

< D((rijeti) = Tigtetiay-n) + 3)

=Dl + )

Considering all 4 cases, we obtain the same bound;
L S e Re(N(L)0:(4)] < DY + 1)
Similarly;

max(A; ;, Bij, Ci, D;)

< D(gi+w)
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where;

= L e L Re(F)(L)6 (1))

= L e Re( £)(£)6,()

= 2 e Re(D ()6 (7))

Di = L el Re(£)(D)0 (L))
As in Lemma 77, we have that;
S X ena Re() (5)0:(3)]
< (w(1) +a(1) + 1)3D(5; + 7)
where w(1) = Card(Re(f)'|i-1,1 = 0), a(1) = Card(Re(f)|-1,1 = 0)

It follows, by transfer, with the assumption that m is infinite and
m < N, using (ff);

| an Re(fy)cosy(mma)dpu, ()]
~ 1 e Be(f) (5)0m ()]

< (w(1) + a(1) + 1D)3D(5y + ) = 0, as w(1),a(1) are finite and

[m|
‘—7711':0 ~ (.

=

and, similarly, as in Lemma 2.1, considering the additional terms
from (#), we have that;

|an fnexpy(—mima)dp, ()|
= %|* Z\l|<n—1R€(f*)(%)9m(%)|
< (w(1) +a(1) +w'(1) +a'(1) + 2)6D (i + 1) =0

again, as w(1l),a(1),w'(1),d’(1) are finite and |71‘ ~0,-~0

3=

It follows that, for infinite m € Z,, with |m| < N, that;
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an Tnexpy(—mima)du,(z) ~ 0
O

Remarks 1.12. Again, it is straightforward to deduce the standard
Riemann-Lebesque Lemma,

If f € C[—1,1], with Re(f) and Im(f) analytic, then;

limymj oo F (f)(m) = 0

Just follow the proof in Remark 1.6, the addition restraint that |m| <
N doesn’t effect the application of underflow.

2. APPENDIX

We include a Lemma which was originally Lemma 84 in the un-
finished paper [5] (Lemma 82 also uses a similar method but is unfin-
ished). The Lemma might clarify some of the methods used in Lemmas
1.9 and 1.11. There is some nonstandard rescaling in the statement of
the Lemma, but it is the method of the transfer argument which is
important and relevant to the rest of the paper.

Lemma 2.1. If f € S(R), with the extra assumption that Re(f) and

Im(f) and are real analytic. For0 <~y <3, v € R, Venz) < Jy| <

Ve .,
4

Fpel )W) < (w(n) + a(n) + /() +a'(n) + 2)92(5% + 1

n-1)ve

where;

w(n) = Card(Re(f)|-nn = 0), a(n) = Card(Re(f)|—nn = 0),
w'(n) = Card(Im(f)|—nm = 0), d(n) = Card(Im(f)|nn = 0)
E=2C,|f| < ip. lof > 1.

Proof. We can assume that Re(f) and Im(f) # 0. Let n € N, we first
prove that;

| f(|x\>%)mﬁ f‘/gexpnc(—mey)d,unc(xﬂ < (n—1)ve — 0, (*)
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where F € R.
We have, using the definition of V¢ in Definition ??, that;
| f(|x\2L\/‘g])ﬂRim fYeerpye(—2mizy)dpn. ()]

L s ymme—l Ve(_k
Sy Z|k|:[n\/ﬁ]|f (\/%”

_ 1 % c—1 *|( k
= =" Yicmyml S 1(5)

As f € S(R), we have that, |f*|(z) < %, for |z| > 1, C e R. It
follows that;

|f*|(\/iﬁ) < |£2 - |g_|27 for |k| > [n\/ﬁ]

el

IA
s
S

IA
s
S

which gives the result (), taking ' = 2C.

We have that;

f(|x\<%>mm [ eewpye(—2mizy)die(x)
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f( T nyi) fYeexpye(—2mry)di,. ()
e )

= f(w 7 ny fYecos.(2nay)dpm.(z)
Ve e

—Z.f(fn RNV f\/ESinnc(27Txy)d:unc(x)

= f( SO Re(fVe)cosye(2may)dpy(r)

+sz (o ) Im(f\f)cosnc(way)d,unc( )

—if(fn 1 nn Re(fVe)sin,.(2rzy)dp.(z)

+f — n\r)Im(f\[)smnc(%my)dunc( x)
Ve e

We have;

ﬁ

f( —nyi nym) e (fYe)cosye(2mzy)dpiy. ()

Ve )
g Re(P) (F)eosne(32), (v = )

T]C

Ly
w2 =
We compute an upper bound, for given k € *Z, n € N, of;
Re(f7)(45)0.())

by transfer of the result for;

ﬁ* Z\l\<nmRe(f>(%>0v2,r<#)

where {v,m} C Ruo, 7 € Z, n € N, and 0,2, (L) = cos,2,n2 (3 ),
(v corresponds to /c,m to /7, r to k)

For x € 'R, we have that;
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2 (T) = COSy2,m2 (2’;:7?) =0

if 272 — Z ¢, (te 2

m

7r’u2m

. 7+7rtv m
lff xr = 2—
T

1ffx—(4r—|—2r)v m, (1)

{T7 t} - Zv {Uvm} - 7?’>0
With the assumption that || < %% we have that [r| < vim?

— 47 4
1 4 v2m 2 2
[r| = v2m?7 2|r| 2 m

1 v'm _
> —, where T = %2 T 2L 0,2,(z1) = 0 and

29 = pz(z > 21 1 O2,(20) = 0). Fix 9 € R With 0 < ’yo < %,

then 2 < FLiff || > 2 o we require that, & < [r| < 21 (x),
Yo

m270

m? > 4 . With the assumption that v is odd and m? is prime, we have

thatvm(1+2t)1sodd Sothatwgéz so if 0,2, (z9) = 0,
then mzg ¢ Z, (1).

We claim that Re(f) has finitely many zeroes at {z1,...,Zam)},
with —n < 21 < ... <2 < .00 < 2oy < 1, (¥%). Suppose not,
then, choose an infinite set of zeroes {z; : ¢ > 1} C [—n,n], with
a convergent subsequence {x;;) : j > 1} C [-n,n]. As [-n,n| is
closed, the limit b € [—n,n], and, as Re(f) is continuous, f(b) = 0.
As Re(f) is analytic, it is identically zero on an open neighborhood
[b — €,b+ €], then, using the fact that [—n,n] is connected, and, re-
peating the argument, Re(f) = 0 on [—n,n], and, similarly, f = 0 on
R. Let g = —n and Z4(n)+1 = n. Since, Re(f)|(z,2..,] is differentiable,
for 0 < i < a(n), as above, it has finitely many maxima and minima,
{@in, . @ig, @i}, with 2 < 20 < <0< @) < Tiga,
0<i<a(n),1l<j<bl)—1 Letxz;g=a;, for 0 <i<a(n)+1,
then it follows that Re(f)|z, .z, ., is monotone for 0 < i < a(n),
0<j<0b(i)—1and Re(f) i110] is monotone for 0 < i < a(n).

[24,6(1)

Without loss of generality, there are four cases to consider, Re(f) >
0 on [zi;,@ij41], with Re(f)(zi;) < Re(f)(wij41), Re(f) = 0 on
[@i,5, @i j1], with Re(f)(zi;) > Re(f)(wi11), Re(f) < 0on [z, xi41],
with Re(f)(xw) < Re(f)(xi7j+1), RE(f) < 0 on [x’i,j7xi,j+1]7 with
Re(f)(xi;) > Re(f)(zijn), 0 < i < i < a(n), 0 < j < bi) —
and, similarly, for [z;p), Tit1,0], 0 <7 < a(n).
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If 29 € R, with mzg € Z, then m?z3 € Z. If {m3, m3} are prime,
{ni,ne} C Z, with 23 = o = 7%, then nmi = nam?, ny = m?,
ng = m3, and |zo| = 1. As Card({z;; : 1 <i<a(n)—1,1<j <
b(i) — 1}) and Card({z; : 1 <i < a(n) — 1}) are finite, we have that
for sufficiently large, and m ¢ Z, mz; ¢ Z, for 1 <i < a(n) — 1 and
mz;; ¢ Z,for 1 <i<a(n)—1,1<j<b()—1, (11).

Let {ri;s : 1 <s <e(i,j)} enumerate the zeroes of 0,2, on [; j, x; j+1],
Tijo = Zij, Tij(e(i,j)+1)) = T4 j+1, for 0 S 1 S CL(?’L), 0 S j S b(Z) — 1, and

let {ris : 1 < s < e(i)} enumerate the zeroes of 0,2, on [z;4x:), Tit1,0],

Ti0 = Tip(i)s Tite(i)+1) = Tit1, 0 < @ < a(n). Then, using (1), (1), we
have that;

L memR@(f)(%)Qv?,r(%)

= LS e T Re(£) ()02 ()

= Ly O S Re () ()i (L)
i T v Be(F) ()82 )

= Lyt SO e e s Re(f) ()02, (L)
okt S S S Re(£) ()0, (L)

We compute - *Ziﬁ’f"l* e Re(f) ()0, (L)

Let 0:(s) = 7 S0t 0 Re( ) ()0, (25)

We consider Case 2, Re(f) > 0 on [x;;, z; j+1)], with Re(f)(z;;) >
Re(f)(x;,j+1)). Assume, without loss of generality, that 0,2, >

[rij1,mize]

0, (T11), then, as Re(f), .2, ;.1 = 0, and;
01)2 rl[T"' sTid | 01)2 rl[T"' sTi4 ] ..
, ijs " ij(s+1) —_ , ij(s+1)"i5(s+2) 1 < s < e(Z j) _ 2
7 - —_ 9
‘QUQ,Tl[Tijs’Tij(s+1)]‘ ‘91}2,7‘|[Tij(s+1)*rij(s+2)]I

the sequence {6;,(s) : 1 < s < e(i,j) — 1} is alternating. As
Re(f) is decreasing, we have that;

| [%4,5,%5,(j+1)]

160, (s)] > 10:;(s+ 1), for 1 < s <e(i,j)—2



SIMPLE PROOFS OF THE RIEMANN-LEBESGUE LEMMAS USING NONSTANDARD ANALYS29

so that sequence {6; ;(s) : 1 < s <e(i,j) — 1} is decreasing in mag-
nitude.

We show that 0 S Hw(l) S l@j, li,j < R, where li,j = 91’](1) > 0.

Assume that e(i, 7) is odd. We claim that for all sequences {6; ;(s) :
1 <s <e(i,j) — 1}, decreasing in magnitude, with /; ; > 0, and e(i, j)
odd, that * Zi(if) —16; ;(s) <l; ;. We can prove this by induction, the
base case is trivial. Assume true for e(i, j), and consider the sequence
{0;;(s) : 1 < s <e(i,j)+1}. We have that 0,,(3) > 0, and the se-

quence {0;,(s) : 3 < s < e(i,j) + 1} is alternating and decreasing in
magnitude. By the induction hypothesis, we have that;

) +10,5(s) < 055(3)

Hence, *Ze(” +16; ;(s)
=0,;(1)+0;;(2)+* Z ) 416, (s)

< 0i3(1) +0:(2) + 0i,5(3)

< 0;,;(1)

as 0;;(2)+6,;(3) <0

We have that 0 <6, ;(1) <1, l;; € R.

As;

0;,;(2p—1)+6;,;(2p) >0, for 1 <p< %
0 <> 710,5(s)

therefore, 0 < * Zjﬁf)*lem(s) <lij, (% %)
Assume that e(i, j) is even, then as;

0;;(2p) +0,,;(2p+1) <0, for 1 < p < LB2)=2

so that;



30 TRISTRAM DE PIRO
. Zigij)_lgi,j@) <l
and, as;
0;j(2p —1) +0;5(2p) > 0, for 1 <p < W
0;i(e(i,j) —1) >0
therefore;
0<~ Zigij)_lei,g‘(s) < iy (% k)
We compute;
iy = o S Re(D) ()0 (G5
< Lestmmell powhere |Re(f)] < D, and 0 < 6,2,

— mv I=[mr;;1]+1

[rij1,rij2] <1

< o (([mrija] = 1) = ([mrip] +1) + 1)

= n%([m’f‘ijz] — [mrijl] - 1)

IN

L ((mryjo + 1) — (mrijp — 1) — 1)

= S((rijz = rijn) + 57)

so that, using (s * ), (x * %x);

0< oy T R Re(h) G () < i

<

Sle]

((rije = rij1) + 77)

¢ |5

(%2 + L), using ()

We can remove the assumption (111), to obtain;

Lyt U Ro( ) ()0, (4)] < 2((rye — rign) + )

Cases 4 is similar, with the same bound. For Cases 1 and 3, reversing
the sequences, we obtain;
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e, * mng s ] 1
| ST S e Re( ) () )|

< D ((Fijeing) = Tigtetig-1) + 7)

§%< 2r +L)

m

Similarly, considering all 4 cases,we obtain the same bound;

e( —1x mrz(s-&-l)] 1 6 < Q v2m L
S T e Re(f) ()02 () < 2(52 + L)
We have that;

mrljl 1
mv| Zl [mr,]joJrl e(f)(#)elﬂﬂ”(n%”

< A s [mrign]-1
— mo I=[mr;j0]+1

< o (([mrip] = 1) = ([mrygo] + 1) + 1)

= L ([mrip] = [mrijo] = 1)
o ((mrijy + 1) = (mrygo — 1) = 1)

— m

= T((rijn = r5j0) + 1)

¢S

((rij1 — i5) + 57)

I
Slle!

((rij1 = rigg-nG-1) + )
'U2m

= T3+ )

and, similarly;

max(A; ;, Bi;, Ci, D;)

1,59 24,55

D /v°m 1
<s(Er+w)
where;

mr; 1
Ay =2 Re(f)(L)02,(L)]
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By = L Sl Re(£) ()00 (L)
Cy = ol S L Re() ()02 1 (L)
D; = &I S Re(£)(5)0 1 (5)))
It follows that;
$|* Z\Z|<nmRe(f)(%)9v2,r(%)|
< L S S e e Re(£)(L) 0,0, (L)
L S S S Re () () (L)
< L S e e T Re(f) ()6 ()]
L S O e Re () (5)0h  (5)+ S Re(£) ()02 (1))
L S e S Re () (5 ()]
+L e zm] Re(f)(E)00 0 ()4 e Re( ) ()0 (5))]
< e (B 4 L))
i T (22 (g 4 L)
+ (2 (g

* an v2m
(2R (L 4 1))

where w(n) = Card(Re(f)|[-nn = 0), a(n) = Card(Re(f)|-nn =
0)

It follows, by transfer, that;
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| oo ngm) Relf¥¥)cos,e(2may)djige ()]

= LI D enynRe(F) () 0ei())]

< (w(n) +a(n) + 1)32 (7
and, similarly;

Similarly:;

B,) < (w(n) + a(n) + 1)32 (57 4
and;

maz(Ay, Cy) < (w'(n) +a'(n) + 122 +

where;

w'(n) = Card(Im(f)|j—nn = 0) and d'(n) = Card(Im(f)|-nn =

A, = |sz(%n7f) Im(fVe)cos,e(2mzy)diin.(z)]

oV

B,=|- z'f(_n 7 v, Re(fVe)sin,.(2rzy)dium.(z)|

C, = |f(—n\/ﬁ n/i) Im(fVe)sing(2mzy)dp,(v)|
Ve e

It follows that;

~—

)|

(22 4

| f(|m\<L\/‘%ﬂ)mm fﬁeIpnc(—Zﬂmy)dlunc

S

< (w(n) + a(n) + w'(n) + d'(n) +2)°

1
)
VA 1
( 2 0771_"/ + \/_ﬁ)

)

< (w(n) +a(n) +w'(n) +d'(n) +2)°

BRI

—~
no
3
1
1S
2
—~

S

= (w(n) + a(n) +w'(n) + d'(n) + 2)°

[
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k| > en'™

1 1
W S o

so that;
| fR—m fYeexpy (—2mizy)dpi. ()|

<1 gy £ € =2mi) e (2) 4] S oy a2y e (@)

S

< (w(n) + a(n) + w'(n) + d'(n) + 2) 2(H% + L) + 5

S

7_1
= (w(n) + a(n) +w/(n) +a'(n) + 2) R (55 + J5) + iz
O
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