OSCILLATORY INTEGRALS
TRISTRAM DE PIRO

ABSTRACT.

Lemma 0.1. For g € S(R), with corresponding g, € V(R,), and
Ve <, we have that;

fmgn,\/zd#nc ~ \/EfR—ngndun
Jre

In particular, for 3% < |y| < /e, and for § infinitesimal, 0 <
lyl <,y € Ry, we have that;

Gn,eldptne = \/Efnj |\ gy ldpy

| Fue(9ne) W) < Ev/e, for some E € R

where D = fRn Fudpiy
Proof. We have that;

fRfHC\ [nc_cvnc) gnv\/adﬂ’nc

_ 1 % )
e ancgigncfcflgﬂ,\/z(\/%)

\/17]70* Z—ncﬁiﬁnc—c—lQﬁ(ﬁ)
_ Ve

- Vi Z—ngign—zgn(ﬁ)

= Ve St It

Then,;

| Jyr Gnveiine = V€ Jre niin]

- |<fR7776\[775*07770) gn’\/éd’unc + f[ncfc,nc) gny\/Ed/Lnr:)
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_\/E(fRin\[n—lm) Gndlty + f[n—lm) Gndptn)]

- ‘ f[r]c—c,nc) 9777\/5611“770 - \/Ef[n—l,n) gndﬂn‘

< 2+ By~

The same proof works for |g, |.

Then, for 3‘{7"7 < |yl < /e, and 0 < |y| <n°, y € R, we have
| Fe(Gn,ve) (9)]

< Jr
~ /¢ Jr |gnldin
— Dy

Taking £Z = D + 1 gives the result.

gn,\/E ’ d:uﬂc

O
Lemma 0.2. For % < |r| < nec, we have that;
. 2mre\ 1
0< {ux.x>0,cosnc(ﬁ) =0} < NG
Proof. We have that;
* (%)
cos(27r(\/4777)\/177c)
= cosy(2m(Y) L) = o
ne\ ST\ e ) e
when c is even, as I* € *Z, the result is then clear.
O

Lemma 0.3. For0 <y <1 ~v€eR, Ve ) <y < \ZTC;

Jrnc(fn,ﬁ) (y) ~0

Proof. We prove the result for Re(f,). Let € > 0. As Re(f)|[—1-¢144
is continuous, without loss of generality, it has finitely many zeroes at



OSCILLATORY INTEGRALS 3

{z1,..,2n}, with =1 < 2 < ... <2, < 10 As Re(f)|[g,20,. 15 dif-
ferentiable, it has finitely many maxima and minima, {z;1,...,%inu) },
with z; < ;1 < ... < Zine) < wig1. It follows that Re(f)|e, .20 ]
is monotone for 1 < j < n(i) — 1. Without loss of generality, there
are five cases to consider, f = 0 on [z, ®;j11], f > 0 on [z}, % j41],
with f(2;) < f@ige1), [ > 0o0n [, 2 54], with f(zi;) > f(2i541),
Siwes i) > 0, with f(2;5) = 0, and flz, ;2,40 > 0, With f(2;41) =
0. The cases for f|, ;e ., < 0 follow by considering —Re(f). Let

Y = [’_\/\{gc]’ Y = [‘/Zj%rl, [y1,y2] C *[-1—¢,1+¢], for € > 0, and

consider Re(f, n) | [y1,y2]"

By transfer, there are again five cases to consider, Re(f,) = 0 on
(235, Tigals Re(fy) > 0on [w, 23 51a], with Re(fy) (xi5) < Re(fy)(@i41),
Re(f,) > 0on [;;, z; 1], with Re(f,) (i) > Re(fy)(@iz+41), Re(fy)

0, Re(fy)(xij+1) > €>0,e € R, with Re(f,)(z;;) ~ 0, and Re(f,)
0, Re(fy)(wij) >€e>0,ee R, Re(f,)(wi;+1) 0.

(i 5+ @i g 41 >

[ @15 41— =] >

There are again five cases to consider, Re(f, ) = 0on [\/cx;;, /i ji1),
Re(f,.e) > 0on [exij, /cxijia], with Re(f, z)(Vewi;) < Re(f, se)(Vewije),
Re(fy,/e) > 0on [yewyj, Vew o], with Re(f, ) (Vewiy) > Re(fy ) (Vewiga),
Re(f”’\/a)|[\/5xi,j+%7\/5xi,j+1] > 0, with Re(f”’ﬁ”[\/@xi,jyﬁm,ﬁ%) ~ 0,

and Re(f""ﬁ)’[ﬁmi,j:\ﬁmi,ﬁl*%} > 0, with Re(fn’\/é)‘(\/Exi,j+1*%7\/5xi,j+ﬂ =
0.

Finitely many elements in sum over cases.

Case 1. No contribution.

Case 3, we prove that;

Let {rijr : 0 < k < wv(i,j)} and {s;jx : 0 < k < w(i,j)} enumer-
ate the zeroes of *cos(—2mizy) and *sin(—2mwizy) on [\/cxij, v/cTij11],
then;

f[\/Exi,jv\/El’i,jJrl] f”“/Eexp”C(_Qmwy)du”C(x)
= f[\/Exi,j,\/Ea:i,ju] JeCOSne(—2mizy ) dpine ()4 f[ﬁzi,j,ﬁmi,jm JoeSine(—2mizy)diy. ()
= f[\/awmo) fin/cCOSne(—2mizy ) djin ()

* v(t,7)—1 R
+ Zk(zoj) f[mk’w(kﬂ))fmﬁcosnc(—mey)dunc(x)
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+ iy gir] FeCOSne(=2mizy ) dpine ()
Filf| o 5150 SrveSinne(—=2may) dpne(x)
+ Jisesissny) Fnesinne(=27 2y )dpine ()

+ f[sijw(i,j)’\/ézi,j-ﬁ—l] fnv\/ESin”C(_way)dunc(x))

Let 0,;(k) = f[rijk,rij(kﬂ)) JneC08ne(—2my)dpiye(x). Then, as f,
0, and;

[TijhoTij (k1)) >

cosnelirijiirisesn)) cosmellriy ) rigra)]

‘COSWCHT

ijk> ng(k+1)]| |COS"C|[Tij(k+1)ﬂ'j(k+2)]I

the *-sequence {0;;(k) : 0 < k < v(4,j) — 1} is alternating. As
Jove > ( is decreasing, we have that;

[PijksTig (k1))
0:5(k)| < 1655k + 1)], for 0 < & < v(i, j) — 1

Assuming, that 0 < 6,;(0) < ¢, ¢;; € *R, and v(i,7) is odd, it
follows that;

0<* Zk 0i(k) < ci

as 0;;(20) + 0;;(2l — 1) <0for 1 <1< ? ”) YeI)Zl g (0) = ¢

and 6,;(20) +6,;(2l+1) >0, for 0 <1 < —3 , 0i(v(i,j)—1) >0
and when v(i, j) is even.

0 < Y0, 00) < o

as 0;(21) + 60;;(21 — 1) <0, for 1 <1 < 2022 ang

0:;(0) = cij» 0i5(v(i, j) —1) <0

0,5 (20) + 0,520 + 1) > 0, for 0 < | < UbL=2

We have that;

650 =1 [, Fyyc0sse(2may)dpige ()]
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< f[rijo,riﬂ) | f,veldpne
= Dpwme([[rijo; 7351)))
< Dy/cw
where w = px{x > 0,*cos(2rxy) = 0}
— DY

[yl

< —D‘/fﬁ ~
T Venz2TY)

Case 2. Reverse the sequences from Case 3.
Cases 4 and 5 are similar to Cases 2 and 3, and left to the reader.

This proves ’f[—\/wa Jveerpne(—2mizy)dpye(z)| ~ 0

Similarly, one can show that;

| f[—n c,n4/c] fn,\/Eempn6<_2mxy)dﬂnC(x)‘ ~0

for n € N. Let € > 0 and define 6., by;

f.(n) = f[_n 2nya ne€TPne(—2mizy ) dpn.(x)

By overflow, there exists n. € *A infinite, with |0.(n.)| < €, so that;

|f[_m\/57n€\/a foveetPye(—2mizy)dpy.(z)| < €

We have that;

| f|z|>n56ﬁ’]€7nc f\/Eel’pnc(—Q’ﬂ'Z[L’y) <m>dlu’770|

< 2c
— neC

==~

1
Ne

so that;

[Fne(fo,ve) ()]
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= | Sz foveewpne(=2mizy)dpine(z)]
< nenova frveeappe(—2mizy)dpne(z)|
1 Lo fyeeape(=2miay) (@) dyd
< 2e
As this holds for all € > 0, we obtain the result.

The final part follows from Lemma 0.1.

Lemma 0.4. Fork e R, 0 <k <1, c:n%, Ky/mC < |y| < \/mc
f(|z\>y)mRTC foe =0

Proof. We have that;

| f(lx\>y)mﬁ,c fe(@)dpine|
~=12vel f(\x|>%)szc fe(@)dpn.|

<2ye [Y 4 (by transfer)
Ve

= 2]y

_ _2c ~(
T A\/me

forﬁgAgl,AE*R,c:n%.

U

Lemma 0.5. For § infinitesimal, y| < n°, and \/c = n3, we have that;

Y 12
y

and |(Foelgy2) ) (470 LS — (7 (g, ) () (—) M

n nc?
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SE\/E(47T2(277 2((1+c)>+ +7702)) 0

c?2

Proof. Let % =m+4, withm e *Z, [§| <1

Then,;
[Vin( )1

n

2

3

=|

(\{/ﬁgy —6)2
o n

Let {7@" —n+d, withne*Z, |8 <1
Then;
[v/mey)®

nc?

n2

_77?

(/ey—5')?

nec?
We have that;
|(f4w2i)[ﬁ(%)12 (4 )[\ﬁy] |
n , ne
_ 47T2|(v Ve Ot (/ne—o)? |
7

nc?

2
(1 -2V 1.42)

_ (npey®—2/meyd’+6"2) |

= 47?| e

3

. 2 25 62 2 25" 6/2
= dm?|(% — \/%+;)—(%—fn—§+n7)|




8 TRISTRAM DE PIRO
We have that;

[(Faelg) () (—4m20) S8 (R, (g ) () (— i) ML

- [\/ﬁ(T)P . c 2
< |(Felg,2) <y>|<—4w%>+ (i)W

< EVe(dn (22 () + 1+ ) = 0

using Lemma 0.1 and the hypotheses on c.
O

Lemma 0.6. For f € S(R) and corresponding {fy, f, }, we have
that;

NV
(A7) ==X — (4 i) Xjyj> g2 ) Fnel fve) =0

Proof. For |y < 7°, the result follows from Lemma 0.5, for 0 < v <
3, vz < |y < YE (%), the result follows from Lemma 0.3, for

4

@ < ly| < \/ne, the result follows from the definition of Xy s 7fill

in details for 7° < |y| < \ﬁ , from (x).
U

Lemma 0.7. We have that,;
M (gF(f))(22)

~ Fo (g yeFne(£Y )

\/’%) (Lemma 0.69)

[~ F’r]c (g\[X|y‘>\/ﬁ C(fn,\/E))(
for truncated)

\/”1%) (tricky part) (adapt Lemma 0.69

7~ Fn—cl(timeevolutionforKncX'm>@Fnc(fn,\/g))(\/”%), using (x)

- Vi) .
Fal((~4n2) Ty ) P () (22

~ Frt ((—4m) Moox e Frel foe)) () (+)
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relate propagators, for convolution equation with Kncx|y|>@ (Lemma
4

0.80), and then go back to original equation K,..

Lemma 0.8. Relate the propogators using the relation Gc(t,%) =

G(t,y), for initial conditions {f, s, fn}, from Lemma 77, and apply
method in note.
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