NONSTANDARD METHODS FOR SOLVING
SCHRODINGER’S EQUATION

TRISTRAM DE PIRO

ABSTRACT. We consider the nonstandard Euler method applied
to solving the 1-dimensional Schrodinger equation with zero po-
tential, for the free particle, with given initial condition g. We find
a nonstandard f specialising to g, for which the corresponding
nonstandard solution F' specialises to the classical solution.

We make some considerations in connection with the Schrodinger
equation.

Definition 0.1. We let S(R) denote the Schwartz space. C(R) and
C*®(R) have their conventional meanings. We let T = R x R>o and let

T° = RxRq denote its interior. We let C(T) = {G, continuous on T, G, €
C(R), fort € Rso}, S(T) = {G € C(T) : G € S(R), fort €
Rs0, G|T? € C>=(T°)}. If h € S(R), we define its Fourier transform

by;

F()y) = [, hla)e v ds

foryeR.

If g € S(T), we define its Fourier transform in space by;
F9)(y,t) = [7 gz, t)e ™ da

fory € R andt € R>o.

We recall the facts that F : S(R) — S(R) satisfies the following

inversion theorem;
If h e S(R), then;
h(z) = [ F () )eievdy
for x € R, and, a similar result holds for g € S(T).
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Lemma 0.2. If g € S(R), there exists a unique G € S(T), with
Go = g, such that G satisfies the simplified Schrodinger equation;

.92
o =igs (v)

on TY.

Proof. Suppose, first, there exists such a solution G, then, applying F
to (%), we must have that;

F(2C —iZ8)(y, 1) =0 (t > 0,y € R)

Differentiating under the integral sign, we have that;

F(%) = 6];(tG)( ), fort >0,y € R

Integrating by parts and using the fact that G; € S(R), for t > 0,
we have that;

FLG — _4n22F(G)(y,t), for t >0,y € R

oz?

We thus obtain the sequence of ordinary differential equations, in-
dexed by y € R;

WD | 4im2 F(G)(y,t) = 0 (t > 0)

As G € C(T), Gy — Gy pointwise , as t — 0, and, using the Dom-
inated Convergence Theorem, F(G)(y,t) — F(G)( y,0), as t — 0, for
each y € R. By Picard’s and Peano’s Theorem, see [6], Chapter 4, this
system of equations has a unique continuous solution, given by;

F(G)(y,t) = e "V F(g)(y) (t > 0)

As Gy € S(R), we have, by the inversion theorem, that, for x € R;

f f 27rzya:dy

and, in particular, G; is determined by its Fourier transform, for
t > 0. It follows that G is a unique solution.
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If g € S(R), its Fourier series transform F(g) € S(R), hence;
—4z7r yztf( )( ) 2miyx c S(R)
for t > 0, x € R. It follows that G defined by;

Gla,t) = [7, e ¥V F (g)(y)e v da

o)

is a solution of the required form. 0

As in [5], we make a nonstandard Fourier analysis of Schrodinger’s
equation, we introduce the following notation;

Definition 0.3. If n € *N \ N, with n odd, we let;

Vo ="U_mn ol 2
so that V, = *[— (g\;), (gj;p). We let D, denote the associated *-finite

algebra, generated by the mtervals[ i ZH) for — 01 < < (’7 )

, and
o, the associated counting measure deﬁned by un([\} Z:/ll)) = We

%
_ Vi

let (V,), L(Dy), L(1,)) denote the associated Loeb space. If v € *N \ N,

we let;

T/ =" Uogigzﬂq[%a %)

so that T, = [0,v) C *Rso. We let C, denote the associated x-finite
algebra, generated by the intervals [£,22), for 0 < i < v* =1, and
A\ the associated counting measure defined by A\, ([%,24)) = L. We let

v’ v

(7., L(C,), L()\,)) denote the associated Loeb space.

We let (R U {400, —00},D,u) denote the extended real line, with
the completion ® of the extension of the Borel field, and p the ex-
tension of Lebesque measure, with p(+o00) = p(—o0) = oo. We let
(R0 U {400}, €, \) denote the extended real half line, with the com-
pletion € of the extended Borel field, and X\ the extension of Lebesgue
measure, with \(+00) = oo, see [6], Chapter 6.

We let (V, x T,, D, % Cy, ity X \,) be the associated product space
and (V,, x T,,, L(D,, x Cy), L(p, X \,))) be the corresponding Loeb space.
v, x 7,:,L( D,) x L(C,), L(p,) x L(\,))) is the complete product of
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the Loeb spaces (V,, L(D,), L(p,)) and (T,, L(C,), L(\,)). Similarly,
(RU{+00, —00} X (RsoU{+00}, D X &€,y x A) is the complete product
Of (R U {+OO, —OO}, 9, N’) and (RZO U {+OO}7 ¢, )‘)

We let (*R,*€) denote the hyperreals, with the transfer of the Borel
field € on R. A function f : (V,,D,) — (*R,*€) is measurable,
if f71 : *€ — D,. The same definition holds for T,. Similarly,
f:(WVyxT,,D,xC,) — (*R,*€) is measurable, if f~1:*€ — D, x €.
Observe that this is equivalent to the definition given in [3]. We will ab-
breviate this notation to f : V, = *R, f T, = R or f : V,xT, = *R
is measurable, (x). The same applies to (*C,*€&), the hyper complex
numbers, with the transfer of the Borel field €, generated by the com-
plex topology. Observe that f : Vn —*C, f: T, —=*C f: V_n x T, —=*C
is measurable, in this sense, iff Re(f) and Im(f) are measurable in the
sense of (x).

We let S, = 777 x T, and;
V(V,) ={f:V, = *C, f measurable d(u,)}

and, similarly, we define V(T,). Let;

V(S,,) ={f:S,, = *C, f measurable d(u, x \,)}

Lemma 0.4. The identity;
i+ (Vy x T L(Dy % C), Lty X \))
= (Vy x o, L(D,) x L(C,), L{ny) x L(A,)
and the standard part mapping;

st (V, x T,, L(D,) x L(C,), L(p;) x L(\,)) = R U {400, —00} x
RZO U {‘f‘OO}

are measurable and measure preserving.

Proof. The proof is similar work in Chapter 6 of [6], using Caratheodory’s
Extension Theorem and Theorem 22 of [1].
0
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Definition 0.5. Discrete Partial Derivatives

Let f - V_,] — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

Let f: T, — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

£ = VI () = 1))
fori € *Nocic,2_a.
CORL

If f :V, — *C is measurable, then we define the shift (left, right);
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If f : V, x T, — *C is measurable. Then we define %, %} to be the
unique measurable functions satisfying;

(=) = YLF(EE ) — f(5E,1);

fora € *Z—<"g3)<i<<’7g3)’t €T,

—1 _ -3
S = (=520 - 15 2.0)
G20 = L2 0 - Fg )
of

a(@ L) =v(f(@, 57) = f(2,2));
for j € *Nocjc2 0,2 €V,
Frlav—1)=0

We define { fishe, flshe prshe prahe) .
frhe (o, to) = (fio)™" (w0)

fih (o, to) = (fa)"*" (fo)

frete(@o, to) = (fio)"" (o)

frett(wo, to) = (fao)"™*" (to)

where, if (z9,t0) € Vy X To;

Juo(w0) = fug(t0) = f(M222L, Ll

Lemma 0.6. If f is measurable, then so are;

of Of 2 2 2 2 2
a_£7 8_{7 a_x];, fxa ft; flshz7 flsht7 frshz7 frsht7 flshz, flsht’f’rshI, frsht}

Proof. This follows immediately, by transfer, from the corresponding
result for the discrete derivatives and shifts of discrete functions f :
H, X Ty — C, where n,m € N, see [6], Chapter 6. O
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Definition 0.7. If f : V,, — *C is measurable, we define the internal
integral fW fdp, as;

7 Do ()

Similar definitions hold for [=gd)\, and fsTyhd(“n X \,), when
g: T, —*Candh : m — *C are measurable.

Lemma 0.8. Let g,h : V,, = *C be measurable. Then;
fvn y)dpiy(y) =0
(it). (gh) = g'h"" + g1
(i17) fv (g'h) (y)dp, (y) fv gh'du,(y)
fv y)diy (y fv s () dpan (y fv P () dpan (y)
(v). ()" = (g"™")', (9)"*" = (g"")

)- ol P () dpn(y) =[5 (gh") (y)dpy(y)

Proof. In the first part, for (i), we have, using Definition 0.5, that;

Jor 9 (W)duy(y)

3

= %[ > e (1=8) < t1-3) Lg(H

(9h)'(5) =
= Y(gh(E5) = gh(153)



TRISTRAM DE PIRO

— lsh rsh J
= (g'h*" + ") ()

Combining (i), (ii), we have;
0 = Jy-(9h) (@)diug()
— fﬂ(g/hlSh —i—g”hh’)(:c)dun(:c)

and, rearranging, that;

fﬁ(glhwh dﬂn _fV rshh/ d,un

For (iv), we have that;
Jir 7))

T‘Sh(

(> o B0 37))

1
Vi
= (Y o cong(B) + g(i=2))
Vi n 2y
1
v

> _a- D) e o) ng(-%))

Sk
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Similar calculations hold for the remaining j to give that (¢')"*" =

(g"sh)’, and the calculation (g')!*" = (g'*")’ is also similar.
It follows that;
fv (g'h)dpy
_ fvn (R d,
= — Jo (g (hm") ) dpa,
= I 0
= — J (gh"))dp,

which gives (7i7), using (iv), (v). The calculation (vi) is immediate
from (7i1).
U

Lemma 0.9. Similar results hold for {lshy,rshy, 2 ot 8t} Namely, if
g,h: SW — *C are measurable. Then;

fsny %9d(py x Ay) =0

..\ O(gh) __ 39 1.1shy rshq Oh
(i1). =g = s2hhe 4 grhesn

ox
Bg oh
(vit) fs 2 hd(piy X Ay) fSnyg d(pn X A)
iv). fmgdu% fsny g d(py < \) fsn g™ d (g % Ay)
(v). (%)13’” = %, and, similarly, with rsh, replacing lsh,.

fS gxgh /’LWX/\ Sy, g8r2 'LL”X)\V) <*)

Proof. For (i), using (i) from the argument in the proof of Lemma 0.8,
we have;

fsn,y %de X Av)

= Jor (o (B8)eddpy)dN ()
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= [ (G ) dpy)dN, ()
= [=0d\,(t) =0
The proofs of (i7), (iii), (iv) are similar to the proof of Lemma 0.8,

relying on the result of (7). (v) follows easily from Definitions 0.5 and
(vi) follows, repeating the result of (ii7), and applying (v).

O

Lemma 0.10. Given a measurable boundary conditions f € V(V,),
there exists a unique measurable F' € V(S ), satisfying the nonstan-
dard Schrodinger equation;

with F(0,z) = f(z), forz € V,, (¥).

Proof. The proof is a simple adaptation of Lemma 0.27 in [5].
O

Definition 0.11. We let exp,(2mizy), exp,(—2mizy) : R_n2 — *C be
defined by;

expy(—2mizy) = *exp(—2mi [z nn]%)
expy,(2mizy) = *exp(2mi [xﬁ} %)

Given a measurable f,, : E — *C, we define the nonstandard Fourier
transform f, R_n — *C by,

y) = fan fn(@)exp,(—2miyz)d,(x)
Lemma 0.12. Let hypotheses be as in Definition 0.11, then;

) =[x, Faly)expy(2mizy)dp,(y) (+)

Proof. This can be shown using the method in [6], Chapter 5. Alterna-

tively, we can calculate directly, with x = f’ for some — (’7 D <k <
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(n=1).
2

Sz, Fa@)eapy(2mizy)d,(y)

- \/L;]* zf(n—l) (n;l) fn(\/ﬂﬁ)*emp(2ﬂ-1%%>

2

IA

m<

= \/Lﬁ* Z_(”_Ugmg (n—1) \/Lﬁ* Z_("—l)gjg (77;1> fn(%)*emp(—ijﬁ\/ﬂﬁ)*exp(

2 2 2

(k—3)
n

=" Z_@Sg(n—m fn(\/%f,)%* Z_@Smsw*exp@mm

2

For k # j, we are summing roots of unity, transferring the result for
finite n, and we have that;

"Xt gt eap(mim(£51))

— zogmgn_l*ea:p(m'm(%)) —0
where we have used the fact that for @ <m<-—1;

*exp(QWim@) = *exp(2mi(n + m) L)

n

and re-indexed. For k = j, we obtain;

"X o "erp(2mim(*5)) = 1

which gives the result.

4

We relate the nonstandard Fourier transform and the standard Fourier
transform;

Lemma 0.13. Let f € S(R) and let f, € V(R,) be defined by f,(z) =

*f([L\/nﬁm]), then, for y € R, with y finite;

~

°fuly) = F(y)

Proof. This follows from (#x) in Theorem 6.24, Chapter 6, of [6].
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Definition 0.14. Given a measurable f S, — *C, we define the
nonstandard vertical Fourier transform f T, x R — *C by,

fv f(t, x)exp,(—2mizy)du, ()

and, given a measurable g : TVXR_77 — *C, we define the nonstandard
wnwverse vertical Fourier transform by,

fv (t,y)exp,(2mizy)du,(y)
so that, by (x) in Lemma 0.12, f = f

Similar to Definition 6.20 of [6], Chapter 6, for f € R,, we let
¢, 1 Ry — *C be defined by;

an(y) = \/Tﬁ(expn(ia%iy) - 65}717(2\773/))

The following is the analogue of Lemma 5.14 in [6], Chapter 5, using
the definition of the discrete derivative in Definition 0.5 and the dis-
crete Fourier transform from Definition 0.11;

Lemma 0.15. Let f: E — *C be measurable; then, for y € R,,

f(y) = 62(y) f (y)

Proof. We have, using Lemma 0.8(iii), that;
= fR—n f'(z)exp,(—2mizy)du, (x)
= = Jr; f(@)(expy) (—2mizy)dp,(z)
A simple calculation shows that;
(exp,)'(—2mizy) = exp,(—2mizy)d,(y)

Therefore;

(f)(y) = —ou(y)f(v)
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Then f” (y)

= —6u(W) ()

= ¢2(1)f ()

I N

as required. O

Definition 0.16. Let f € V(R,). We denote by fP the one step de-
rivative defined by,

forx € R_n Then, there exists a constant M € R with;

maz{gy, g2, g} < M
Proof. This is very similar to Lemma 0.28 of [5]. Clearly |g,| < M,
where My € R, as g is bounded. Using Taylor’s Theorem, we have that;

|5 (9(z +h) = g(z)) — g'(2)]

= |L(g(z) + hg'(z) + & g"(c) — g(z) — hg'(z))]

=139"(c)] < Kh

where K € R, x € R, ¢ € [x,z+h|. Here, we have used the fact that
g" is bounded. By transfer, it follows that, for x € R, \ [(g \/1 : (gj/p)
(9,)P () ~ (¢')n(x). As (¢), is bounded by hypothesis, we obtain the

result \gn < M, where M; € Ry, for R, \ [(3\/1 , (727:;9) However, we
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have to consider the end interval separately. It is clearly sufficient to
show that g, (( NG J) ~ 0. To see this, observe that as g € S(R), there
exists a constant C' € R, with;

lg(z)] < % forz e R, |z| > 1

Using this, we compute, by transfer;

2D

< V(g (= 570 + lon(55

C ?
S C\/ﬁ( (’7_21)2) = (77771)2 x~ 0

an

9P (4

as required. For the final claim, we have that;

97" (@) = n(gy(x + Z) = 29,(x + J=) + gy ()

5 1
for @ € Ry, \ [, 42)

Using Taylor’s Theorem, we have that;
|52 (9(z +2h) = 2g(x + ) + g(2)) — ¢"(2))|

= lmlg ( ) + 2hg(z) + L2g"(2)) + 2L2g"(c) — 2(g(z) + hy'(x) +
B g () + B g"(d)) + g(x) — 9"(56)|

= |859"() - L2g"(d)]
= |%g"(c) - Bg"(d)| < Lh

where ¢ € [z,2 +2h|, d € [vr,x+h|, L € R, x € R. Here, we
have used the fact that ¢” is bounded. By transfer, it follows that,

for v € R, \ [(g\/% : (gj;p) (g)7° () =~ (g")y(x). As (¢"), is bounded

by hypothesis, we obtain the result |g,ll)2 ()] < My, where My € Ry,

for v € R\ | g 2 , 7273;%)) Again, we have to consider the endpoints

separately, the details are left to the reader. The result follows, taking
M = mCLI(M(), Ml, MQ)

O

Lemma 0.18. We have the following properties of the operator D for
{g’h} - V(Rn)i
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fRn )dpn(r) =0
(ii). (gh)P = gPh!s" + ghP.
(i44) fn gPhdpy = — [ ng(hrsh)DdMn
(iv) fR ) dpy (z fR (@) dpy (x fR "M (@) dp ()

(v). (gP)*" = (¢"*")P and similarly for lsh.

(vi). fﬁngDQh )dpuy(x fR hD2 TShQ( )dpin ()

Proof. This can be shown in an analogous way to Lemma 0.8, the de-
tails are left to the reader.

O
Lemma 0.19. If g € V(R,), then;
97 W) = W)V (0)g(y) ()
fory € R,, where;
Yoly) = yi(eap,(Z22) — 1)
Vi(y) = cap,(222)
fory € R,.
Proof. The proof is similar to Lemma 0.15.
O

We now have the following estimate, analogous to Lemma 0.34 of [5];

Lemma 0.20. Let x,, be defined as in Lemma 0.19, then;

Ayl < Ixn(W)| < 8Jyl, fory e R,

Proof. In order to see this, we calculate, for y € E;

=) — 1)

(W)l = |/n(ewpy (=7
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— Vifleos, (252) — isin, (22) - 1]
— V(2 — 2c0s,(22))’
— (dsin(ZL)}
2,lsin (22)
We have that;

%“T' < |sing,(z)| < %“T', for |z| < 7

Without loss of generality, we can assume that % <y< (n—1)

N 27
and, with this hypothesis, letting z = \’T/?i, we obtain;
Alyl < Pxn(y)] < 8yl
as required.
U

Lemma 0.21. Let g € S(R), then there exist constants {C1,Cy} C R
with;

192()] < S, 1 (@) < S

forz € R,, |z| > 1.

Proof. For the first part, observe that x?g € S(R), so, using the proof
of Lemma 0.17, we have that (z7g,)” ~ ((2%g)'),, in particular, as
((£°g)")y is bounded, there exists a constant ' € R with |(z2g,)"| < F.
Using Lemma 0.18, we have that;

(x%gn)D - ( )Dg%Sh + ':Cng'r]
Hence;
2329, | < F +[(23) g,

A simple computation shows that (z;)” = 2z, + \/%7, except at the

endpoint (;’:/%) € Ry, when (z7)” (=u \[1)) = 0. It follows that;
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2200 (@)| < F + |(2, + = )gl (@), = # 1
|%g,7 ()] < F, otherwise, (x)

As (zg) € S(R), using Lemma 0.17 again, we can find a constant
C € R, with |z,g,| < C. Tt follows that |z*"g!**| < C'. Then;

Ish c _ _cC Cc
9" (@] < GTm = i <

forz € R,, |z| > 1, x#(

=1,
9 (=) = lgn (=52 = I"9(~ (Z\fl))\< =1
=

transferring the fact that g € S(R). Hence, taking £ = max(C, D),
we have that |g/"(z)| < |f|, for |x| > 1. Substituting this bound into
(%) and using the fact that ngh is bounded, we obtain G € R, with
lz2gP] < G. Observing that |z,| > |z| — = > B for |z| > 1, we

Vi = 20
obtain the first result taking C, = 4G.

For the second part, again observing that z%g € S(R). By the proof
of Lemma 0.17, (357279,])’32 ~ ((2%g)"),, in particular, there exists a con-

stant V € R with |(22g,)P"| < V. We compute;
(2790)7" = ()7 g™ + 2(2)P (g0))" + (a7) 97"
Hence;
(@2)g"| <V + (@) g™ | + [2(22)” (92)"*"]

We have that;

(@2)P" = (22, + )P =2, for v € (R, \ 2, B2)

(@) (52 = (@) (52 =2 -1

Hence;

(@2)gr” (@) <V + 12057 (2)] + [2(22, + J)(g0)"" (2)] for @ €
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|(22)gP* (4=

2 1) Ish?((n—=1)
|(22)g2” (77 SV A2 =g (57)]

We have that gf)h is bounded, and, using the bound in the first part
of the lemma;

O < V=0 gy (G225 2+ 05 () (52

1222y + ) (g7)"" ()]

= 22z, + Z)gy (z + 55)]
1201 22+ 77|

= ot

4C1(2$n+ )

- £

3 1
< Bforze (R n\[gf)> Z}))), x| =1

where B € R. This establishes a bound C' in the first line. We have,
transferring the property of the Schwartz class to g, that;

(2 =g (52|

= 12— mgy (=LA

4Dn(n—2)
S ooy SE

where {D, E'} C R. We have, using the result of the first part of the
lemma, that;

2(n—3) sh((n=3)
2D 1 L (gD (e
= |22 (g0) (9=

4C1(n—2)
< (n—-1) = F

where ' € R. This establishes a bound in the second line. The
bound in the third line is similar and easier. So we obtain a bound
H € R for (x%g?), for |z| > 1, and using a similar argument as at the
end of the first part, we can find a constant C; € R giving the final
result. O

Lemma 0.22. Let g € S(R), then,
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~

19, (y) < o fory € Ry, [yl > 1
Moreover, g, is S-integrable.

Proof. By Lemmas 0.17 and 0.21, we have that g,’?z is S-integrable on

R, In particular A(gfz) is bounded. Using the results of Lemmas 0.19
and 0.20, and rearranging, we obtain the first result. This could also
have been deduced from Lemmas 6.21 and 6.22 of Chapter 6 in [6]. By
Lemma 0.13, and the fact that g is bounded, we have that |g,(y)| < G,
for |y| <1, where G € R, the last result follows. O

Lemma 0.23. Let g € S(R) be as in Lemma 0.2. Then, if yo € R, >0
is infinite, with v, < (’27 ok
such that;

there exists gy, € V(Ry), with gyn =~ gn,

Guon(y) = Ga(y), for all y € Ry, M| < o

Gpom(y) =0, for ally € R,),

In particular °gy, , = st*goo, where st : V — R U {+00, —00} is the
standard part mapping, and g 1s the extension of g obtained by setting

g(o0) = g(—o00) = 0.

Proof. For ease of notation, we let f = g,. Let f,, be defined by;

[yof] N
foo( f ([yo§+1 ) f(2)expy(2mizz)dp,(2) (x)

By Lemma 0.84, f is S-integrable on R_n It follows that, the tail
contribution;

A~

f(Rin\[i([yo\/TyH—l)’[yo\/m]) f(2)exp,(2mizz)dp,(z) ~ 0 for x € R,
v Vi

Using the inversion theorem for f and comparing with (%), we obtain
that f,, ~ f. As f(z) ~ 0, for z € R,,, with z infinite, we obtain that
°fo(x) =0, for z € R, with x infinite, (). We have that;

[yof]

Fao) = Il uyofﬂ) F () eapy (2mie(z — y))dpy () (2)

As in the proof of the inversion theorem, we have that;
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fR—n expy(2miz(z — y))du,(x) = 0, for % # [\/\/ﬁ#}

fR—nexpn(Qma:(z —y))dpy,(z) = /7, for % = [\/\/ﬁs]

Hence, evaluating the outer integral, gives the result of the second
part of the lemma. Finally, for finite € R,;, we can use the fact that

~

f is S-integrable, exp, is S-continuous, Lemmas 0.13 and 0.4, and the
standard inversion Theorem, to obtain that;

[yo /]

Ofyo<x> =° f_ <[Jz\/ﬁ]+1) f(z)ea:p,,(mez)dun(z)
I

~

- 2€ERy,z finite Of(Z)GIpn(27TiOJIZ)dL(Mn)(Z)

= Jr 2 eap(2riea)du(z)

Combining this result with (f) proves the final claim.
U

Lemma 0.24. Let g € S(R) be as in Lemma 0.2. Let yy € R, o

be infinite, with yo < (;7:/%), and f,, as in Lemma 0.23. Let F,, solve

the nonstandard Schrodinger equation, as in Lemma 0.10, with initial
condition f,,. Then;

~

i 2 ~
Fooly,1) = (14 2 1 (y)
foryeR,, te T,. In particular;

4 -1
Fyo(yat) = 07 fO’I” Yo < |y| S (;]_\/7])

Proof. The first claim follows by a similar argument to the first part
of Lemma 0.35 in [5]. The second claim is then immediate from the

construction of f,; in Lemma 0.23.
O

Lemma 0.25. For y € R,, with |y| < s, there exists a constant
C € R with;

[02(y) +47%y?| < S ~ 0

n5



NONSTANDARD METHODS FOR SOLVING SCHRODINGER’S EQUATION 21

Proof. An easy calculation, using the analytic expansion of exp, yields
the standard estimate;

| —27r7,yh 27'rzyh

5 + 2miy| < 8m3|y|2h*(

1— 471'2|y|2h2)
L

for h > 0, where y € R. Applying transfer, and letting h = o we

have that;

3 8’71'3 3
|60 (y) + 2miy] < TP (—hpy)
n

< 16|y|373
= 7
2 2
for y € R,, and |y| < 03, as % < 1. Taking |y| < n%, gives a
constant D € R, with;

|6y (y) + 2miy| < 5 ~ 0

3

It follows that ¢, (y)? = —4r?y* — 4dwiye + €2, where |e| < %. Let
n
§ = —4miye + €2, then |0] < 2+ 22 < € e for some {D;, Dy, C'} C R.

ns b
This gives the result.

U
Lemma 0.26. Fory € R, with |y| < min{ns,vs}, we have that;

(1 + 22@y _ cidhw)| < 1~

Proof. Proceeding with a standard estimate, we have that, for z € C,

n e N;
(1+2)" = e"log(1 + %)

= e (n 2n2+n3+ )

(L +2)" —e?| < fe?||1 — e )]

< le* ety

where h,(z) = 57 + % + .... We have that;

x x Izl
()] < |21+ 5P+ =

nl
n



22 TRISTRAM DE PIRO

T\n x ‘€z||%|
A+ =€ < mEmmn )
An easy calculation show that if |£| < 1, then , by ();
[(1+4 %)" e 4|6I||%|, (%)
1

Applying transfer to (), we have that if [e”||z| < 4%, then;

+2)y —e| < L 0

VT

In particular, if [¢7®)[|¢7(y)| < 47, (% * *), then;
(1 4 2@y _ i) < 1~
v2

as required. By the assumptions of this Lemma and the previous
result Lemma 0.25, we have that;

[02(y) + 4m?|y*| < <.

5

770

It follows that;

e @165 (y)]

< (4m?[y[2 + |e])]e*], where |e <

1
5

3

1
< 22 if An?|ylen

Clearly then, we can achieve the estimate (x %), if |y| < v5.
O

Lemma 0.27. Let y, € ﬁn,>0; with yo infinite and yo < mm{n%, Vé}.
Let F,, be as in Lemma 0.24, then, for finite t € T,;

OF?yo (y’ t) _ e—i47r2°y2°tof;0 (y)

fory € R,, with y finite.

~

Ey(y,t) =0, fory € Ry, yo < ly| < 21—

2
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~

| Fyo (y, 8)] < &, for some E € R,y € R_n, 1< |yl <o

Proof. The second claim was already observed in Lemma 0.24. The
first claim follows from the fact also in Lemma 0.24, that;

~

’i¢2 » ~

Fooly,1) = (1+ 5 fr (), (+)

fory € R,, t € T,. For y € R,,, with y finite, we have that Ogb%(y) =
—47?°y?. Combining this with the facts that lim, (1 + o= et
and v is infinite, ¢ is finite, we obtain the result. For the final claim,
by Lemmas 0.25 and 0.26, if y € R,, |y| < o, we have that z’gbg(y) ~
—idn?y? and (1 + quﬁ#),, ~ ¢ Combining these, we obtain that,

. b2 . .

eV~ (1 4 ¢”T(y))” Using (%), and the fact that |e=%™¥"| = 1,
we obtain, for finite ¢, that Fy,(y,t) ~ e %™ ¥t f, (y). Now the result
follows from Lemma 0.84 and the claim in Lemma 0.23.

O

Theorem 0.28. Let g € S(R), and G be as in Lemma 0.2. Lety, € R,
with yo < mz’n{n%, ué}. Let F,, be as in Lemma 0.24. Then, for finite
t, and finite z, (z,t) € S,,,,, we have that °F,,(z,t) = G(°z,°t).

Proof. By the inversion theorem (x) in Lemma 0.12, Lemma 0.27, and
Lemma 0.84 we have that;

By (2,1) = fyeﬁ,y finite eHTy " fyo (y)exp(2mi®y°x)dL(11y) (y) ()

We have, by Lemma 0.23 that, for y € R,, y finite, f;o (y) = gy(y).
By Lemma 0.13, for y finite, °g,(y) = §(°y). Comparing (x) with the
expression;

G(x,°t) = [r e "V F(g)(y)e*™ dp

obtained in Lemma 0.2, gives the result that °F, (z,t) = G(°z,°t)
as required.

U
Definition 0.29. If {f,g} C V(R,), then we define the convolution

(f*9) € V(Ry) by;
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(f *g)( fv 9(y)dpn(y)

with the convention that,

F(my = pll)y gpg (ot

) = f(-ta5)
Lemma 0.30. We have, for {f,g} C V(R,), that;

(f*9)(y) = faly)

fory € R,.
Proof. This is a straightforward computation. We have that;
(n—1) n—1)

fﬁ(y) - %(* X:j=2 i f(%)expn( 2\7}@]))( Z;: (n— 1)9(%)695]977(72\7;%%))

= LT o (gl e (D))

e k+<" Y mod . '
=1 Mo (l=ky (ke 2miyl _
=3O E, o 2 e F(ERa(eapy(Z51) (1 =k + )

=70 Z”’?n o (N, F(Z5 = 9)a()dpg(y))expy(Z55))

— LT T ) ey ()

= (f*9)(w)

Lemma 0.31. There ezists a unique K € V(R,)) with;

K(y) = —2=([ymy]?) ()
fory e R_n
Moreover;

—724 (n—1 1
K(0) = n_%(n )g(n+ )

and, there exists rational functions {p(z),q(2)} C *R(2), such that;

K(z) = — 5t Re(W (2))

3
n2
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where;
W (%) = plexpy (1)), 2, j odd.
W) = aleap(5), for 0 <|j] < U ”,g

Proof. Clearly, if K is defined by;

K(z) = —47?i fﬁn y%expn(Qwiyx)d,un(y)

then K has the property (%), and K is unique by the inversion the-
orem. We proceed to calculate K explicitly. We have that;

K( ) _ —47r % Z €$pn(27:}%k)
. - . (1=1) Corin
o = PV kze:vpn(zji,f”)’“ + 0 Keap, ()

We then have;

9. (n—1)
K(0) = =442 Y, 5 &
n
_ —8x%i (n=L)n(n+1)
- 3 24

—n2i (n—L)n(n+1)
3 3
772

transferring Faulhaber’s formula Y ;| k* = w

We now calculate;
n—1

* 2 1.2k
ko1 k72

We have that;

+1

it zlffl
*Zkilz = T 21 7(27&1)

Differentiating, we obtain;

n+1

n—1 n—-1
*SO T kol = (mt)z 2 22 —1
k=1 2(z—1) (z—1)2
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Hence;
n+ N1

* +1)z 2 z(z72 -1
Skt = (nQ(z)—l) - ((z—1)2 :
o0 o W e )
(D (z—1)2
Differentiating again;

2 k2 k=1 _ (= DT B E
Zk 1 4(z—1) T (=-1)2

-1 +1
+1 zif 2 zlf—l
_n

2(z—1)2 + (z—1)3

It follows that;

n—1 n+1 n—1, 1t3
* N~z o2k (D)2 2 (27T )42
Zk:lk U= -

4(z—1) (z—1)2
+1 +3
i (7]+1)ZWT 2(ZWT —2)
2(2—1)2 (z—1)3
3 1 3 1 3
e e b el B s R i )
o (z=1)? (2—1)?
_ n+3 ntl +3
B (7] 1)2 5 (’ﬂ42>1)22 P + 2(7;1277z)
o (z=1)? (z=1)?
+5 +3 +3 +1 +3
. (%)zz%—(nTl)Qz%—7;2—("2;1)2z%7+(n7+1)2z%7+z+2z%—QZ
- (z—1)°
+5 2 +3 n+1
G e i G S ) I
o (z=1)

Now substituting z = e:cpn(Q’”x) and using the fact that exp, (=4 migyg =
(—1)7, we obtain, for 0 < |j] < ( ) and [v/nz] # 0, x € Ry, that,

K(z) = = 5 Re(W (2))

3
2

n
where
W(L) = (—1)7 (P52 2eap,, (5712 —capy (474 )+ ((— 1)+ (T3 eapy (374 —eapy (22) 4 ((~1) (52)2)eap, (T)
Vil (expy (2)—1)3

Now, set;
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o —( (n;l) Y225 24t (n22—3) 23

p(2> (z2—1)3

7227( (7142-1) )22

2 )
( (n;l) Y2254 (n 2—3) 23— 224( (n;—l) )2z

Q(’Z> = (22-1)3

O

Lemma 0.32. Given a measurable boundary condition f € V(R,),
there ewists a unique measurable F' € S, ,,, satisfying the nonstandard
convolution equation;

2% (K4 F)
on (T, \ [v— 1v)) x R,

with F(0,x) = f(z), forx € R,).

Moreover, the solution is given explicitly by,
Fi =LWxf

v

where LY is the i’th convolution product of L, and L € V(R,) is
defined in terms of K by;

= (Vﬁ), for1<|r| < (77;1)

Proof. We have that F'(0,z) = f(z), and, for ¢ > 0;

FOSHD =FGD+ 7" Eoapnqemn KIGFE, 75)
- \/Lﬁ*z—(%%ks@L(%)F(%’%)

where L is defined as in the hypotheses. In particular, the values of
F; .4, are determined by the values of the previous step Fi. Moreover;

F@:L*Fi

Fi =L0xf
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where L® is the i’th convolution product of L, using associativity of

the convolution product.
O

Lemma 0.33. Let f € V(R,), and let F' solve the nonstandard con-
volution equation, as in Lemma 0.32, with initial condition f. Then;

A

ﬂ.2 22- v A~
F(y,t) = (1 — T f(y)

nv

foryeR,, teT,.
Moreover, if v > n°, for finitet € T,

(1 — A o (42 WD )

Then, if g € S(R) and G € S(T') are as as in Lemma 0.2, if g,, and
G, solves the nonstandard convolution equation, we have that;

°G,(z,t) = G(°x,°t)
forx €V, z finite, t € T,,, t finite.

Proof. Taking the nonstandard Fourier transform of both sides of the
equation, and, using the property of convolutions, Lemma 0.30 we ob-
tain;

G(F(y,0) = K(y)F(y,1), y € Ry

Using the definition of the nonstandard derivative, and the property
of K in Lemma 0.31, we obtain that;

2 A

v(Fy,t+ 1) — Fy,1)) = —am?M2LiF(y 1)
for y € E Rearranging, we obtain that;

~ 71'2 Zi A~
Pyt +1) = (1— TN pry )

for t € T,,. Iterating this expression, and using the initial condition
Fy = f, we obtain;

~

F(y,t) = (1— TR0 fy) (1)
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as required. Now, using the claim (#x*) in Lemma 0.26 and the fact

1
that |*exp(—4m? [fy] i)| = 1, we have that if | — [\fy il <25 (),
then;

(1 _ 4#2[\/51/]21')1,

nv

~ *exp(—47r2—[‘/zy}2i), (%)
Clearly, we can achieve (x), for y € R, by taking;
vz > 16%2—(";1)2 = 472 (n —1)?

which is true if v > 7°. As both sides of (xx) are finite, using S-
continuity of x*, for finite ¢ € 7, on a bounded domain, we have that;

4m? 2N 42 2ivy % 2.
(1-— —[7‘7/:73/] W~ (1 — i WA NS exp(—47r2—[\/zy] it)

nv

which gives the second result. For the final claim, we have, by the
inversion theorem (%) in Lemma 0.12, that;

Gy, 1) = [ Gyl t)expy (2miya)dp, (y)
We claim that there exists a constant H € R, with;
|Gn(yat)| < £2 for y Gﬁn, |y| >1 (>x<>x<>x<)

To see this, we can use the computation (1), Lemma 0.84, and, with
the assumption on v, the second result of this lemma, which implies

that (1 — W)[”t] is uniformly bounded. It follows that we can

ignore the nonstandard Fourier transform values én(y, t), for infinite
y € R,, when taking standard parts, and obtain that;

"Gy(x,t) = fyeﬁ,y Finite Oén(% t)°expy (2miya)dL iy (y)), ()
By the second claim of the lemma, we have that;
°Gyly. 1) = °(“exp)(—am2it XL ) g, ()

eIV, (), (11)

for finite y € R_n, finite t € 7,,, and by Lemma 0.13;
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°dn(y) = 9(°y) (T11)

for finite y € R,. Combining (x * *x), (1), (111), and using S-
continuity of exp,(2miyz), for finite {z,y} C R,, gives;

°Gy(x,t) = fR 6_4“2Oy2iot§(oy)ezmoyoxdu(y), (% * % * %)
Comparing (x * * % %) with the conclusion of Lemma 0.2, we obtain

the final result.
O

Lemma 0.34. Let notation be as in the previous lemma, then there
exists a constant C' € Rsq such that;

9] <
G W) < S
|(gn)D2(y) %

[yl
fory € Ry, Iyl > 1.

IN

Proof. The first claim uses a simple generalisation of Lemma 0.84. Fol-
lowing the proof there, we can find a constant D € R with;

. D(((g,)P*
o)) < 2”0 g

It is therefore sufficient to prove that ((g,)P") is bounded. This is
true, using Lemma 0.17, if we can prove that;

gnD4( ) < |£ for |z| > 1

This is a simple generalisation of Lemma 0.21. As in the proof there,
we can use the fact that (22g,)P"(z) ~ ((a29)P)(z), for z € R,,
to show that (22g,)P" is bounded. Then, using the Liebniz rule for
derivatives, as in Lemma 0.18, we compute this term and use induc-
tive bounds on the terms involving {g,, gf? , gf? ’ gf 3}, together with the
computation of the one step derivatives of x% The details are left to
the reader. For the second claim, we compute;



NONSTANDARD METHODS FOR SOLVING SCHRODINGER’S EQUATION 31

(gAn)D = (fﬁn gn(:v)expn(—27riyx)dun($))D

= fﬁn Gn(x)y/M(expy(—2mi(y + \/Lﬁ)l’) — expy(—2miyz))dp, ()
= Jz, Gn(2)xn(2)exp, (—2miyx)dp, ()

~

= (gnxn) (W)

where y,(z) = \/ﬁ(expn(—Q:;?)—l) is as in Lemma 0.19. Again, gen-

eralising the proof of Lemma 0.84, we can find a constant D € R, with;

~ D 7 7
[(gnxn) ()] < % lyl > 1

so it is sufficient to prove that ((g,x,)” *) is bounded, which follows
from;

(gx)?" < £ [z > 1 (%)
for some E € R. We compute;

(gxn)P" (2) = 2" X1 (2)+3gD" ()" (2)+3gD (X D° ) (2) +gux D’ (2)

2mi(z+ L)
Xy () = n(expy(———7)

~ cap,(~=2)

= nexpy(— 2 ) (eap,(~27) — 1)

and, similarly;

We have that n(exp,(— 27”) —1) ~ 1, and |e:cpn( 27”9”)| = 1, for
x € R,. It follows that [x2| < D, [xV*| < f’ >’

D € R, in particular, {Xn , Xﬂ , Xn } are bounded, and, sumlarly, for
{(xP)sh*, (D)l (xD*)}. By Lemma 0.21, it follows that;

maz{|gy” (x))*"" (@)1 gy Oy )" (@)1, 195 (06 ) @) [} < (s fa] > 1
()
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for some F € R. By Lemma 0.20, we have 4|z/*""| < |Xf75h3(:c)| <
S\xlShsl, (). Generalising Lemma 0.21, by considering z®g € S(R), we
can show that;

for some H € R. Combining this result with (f) and (xx) easily
proves (x) as required. For the final claim, we compute;

(G2 () = (J, ga(x)exp,(—2miyz)du, (z))>*
— fﬁn n (x)n(ea:pn(—%ri(y—l—\/lﬁ)x) —Zexpn(—Qm(y—i—\/Lﬁ)x)—i-eg;pn (—2miyz))dp, ()

= Jz, 9 ()X (@) expy(—2miyx)d, (x)

= (g9x2) ()

Proceeding as in the proof of the second claim, it is sufficient to show
that;

(an%)DZ < % |z| > 1 (%% %)
for some E € R. We have that;

(900" = a7 X" 4 297 O™ 4+ X" ")

Hn (X XE XD X 4 Dy Dk D\ D)

As above, we have {X77 >Xn 7X77 Dilsh are bounded. Using Lemma
0.20, we have that;

16[z[* < [x;(2)] < 64]2*, z € R,

and a similar estimate holds for X2 lsh  Similarly, we can generalise

the estimate of 0.20 to Xff and XlSh To prove (* x %), it is, therefore,

sufficient to find a constant D &€ R with;

2
ga(@)] < B, 192(@)] < By, 197 ()] < By Jo] > 1

As above, this follows by generalising Lemma 0.21, the details are
left to the reader.
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O

Theorem 0.35. Let hypotheses be as in Lemma 0.33, then, for finite
t € T,, with °t > 0, there exists a constant Co; € R such that;

|Gy, 1)] < [, [ > 1

|CE|2 )

In, particular, G, is S-integrable and, for infinite v € R, °G,(z,t) =
0. Moreover;

OGn’t = st* (Got,oo>

where Got oo is the extension of Gey obtained by setting Goy(oco) =
Got(—OO) =0.

Proof. We let H, ; = GAW. Generalising Lemma 0.19, we have that, if

h € V(R,), then;
(hP) (@) = Y2(x)W2(x)h(z) (*)

for x € R,), where;

() = yfi(eapy(22) — 1)

W, (z) = exp,( _\2/7%"”":

for x € R,. Generalising 0.20, we have again that;
4|z| < |ty (z)| < 8|z|, for x € R, (*x)

Combining (x), (), ifv(quf) is bounded, (*x*:x), it follows that there
exists a constant C' € R with;

|Hyol@)| < S, for [2] > 1

The first result then follows by the nonstandard inversion theorem,
that G, = H,;. To show (xx ), following the method of Lemma 0.34,
it is sufficient to prove that H,ff is bounded and there exists a constant
D € R, with;

[HP/ (y)] < & for [y] > 1 (x % +x)
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By Lemma 0.33, we have that;

Hn,t(y) = 977,1/,,747r2,t(y)g;7(y)

for y € E, where 0, , _4r24(y) = (1 — %)M. We then com-
pute;

H77D72< ) eDu 4772t(g77>l5h2( )+2977V 47r2t(g7])D’lSh( )+0nll 4Tr2t(g )Dz(y)

We claim there exists a constant F' € R, with;
102 ez ()] < Flyl?

100, 4o ()] < Flyl

10,0, —ax2.e(y)| < F (1)

Combining (1) with the result of Lemma 0.34 proves (x % #x) as re-

quired. To see (1), welet 0, .: R — C,forn € N, ¢ € R, be defined by;

One(y) = (1 +

Then, if € > 0, we have, using the binomial expansion, swapping

summation, and differentiating, that;

ic )2 n ;2 n
On,c(yt6)—One(y) _ (™ FI)n—(14197)
€ €

m,2m

= (3 SRR 5 R
- %(an:() L ém) [(y + €)?™ — y*™])

= L(3 GRUAT [ Cmymerer))

= (Z (zc [Z2m sz 2m—r - 1])
=@Xﬂ%%ﬁzmﬂﬁmmT%m

2m—1 C”Wh()mc”%m 2m—r—1
= (0 o €

oIn—1 077:1( )mc,%m 2m—r—1 o2n—1 ng( )mcgm 2m—r—1
= (Zri(),r even[zzzﬁ - n’j;ly ]ET)+(ZTTZLO,T odd[ZZ%: r4l - n:’Llly ]

2 2

€")
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2n—1 n Ch (ic)™y 2m In—1 n cn (ic)™y 2m
= 2=y ﬁ]( e )+ 0 odd[2m=rgil %]( er)

r=0,r even m="=;

2n—1 n C™ (i)™ y2™ 1 (p e on—1 n C™ (ic)™y2™ 1 (r e
- (Z [Z l ]( ) (r+1)!)+(zr=0,r odd[Zm:O %]( —H)m)

r=0,r even m=0 nm

'

= (2271 1[(1 + wy )n](H_l) (ri1)1> (1)

Differentiating without collecting terms, and repeatedly using the
product rule, we have that;

(1+ %)n](r+l) _ ZZ: ary® (1 + %)j(k)

where 0 < (k) < r+1landn—(r+1) < jk) <n—1. For
ly] > 1, we have that |[y['® < |y["*', and, as |1 + z'c:;/2| > 1, that

(1 4+ 222)i0)| < | (14 Z£)n|. Tt follows that, for |¢[ > 1;

[+ 0| < (2e])™ maz cpears (o) |yl L+ 2)7] (+11)

Considering routes through the binary tree formed by differentia-
tions, we can, for r even, assume that;

+ +s(% + 5) . (28 + 2) (THT)

| < maxogsg%—?(mCDTQ

for 1 < k < 27!, We then have that;

3r
@l o (2le)) T +2Fe
| S | < MaTo<cg<r-2 (r+1).(5+2+s)(2s+1)...1

DL N
S MaTogycrs2 (r 1) (542+s) (254 1) 1 < (8]cf*) Bt

where we have use the fact that there are g + s+ 1 terms in the
denominator. A similar calculation follows for r odd and is left to the

reader. It follows that;
025 ()] < (Blef) Bl S22 [y (1 + e
= (8[c) By ]| (1 4 22) 2 (yle)” [yl > 1

Now, for |yle < 3, we have that S22 HJyle)” < 2. By () of Lemma
0.26, we have, if n B 41c||y|?, then;

(14 B2y = ] < e[ < o] = 1
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(1 + )] < 2
It follows that;
0] < Clyl, [yl > 1 ()

where C' = 4.(8|c[>)Bl’]l for |yle < o > Ayt I e < 1,

we can drop the constant ¢ from the above calculation and obtain
C = 4.8% with n > 4|y|?>. Transferring this result, we obtain, that

for y € (R W\(g_n’g%l)) % < 3, and, for v > 2, it follows v >

maz(4|y|?, 4|c||y|*), therefore;
O W] < Clyl [yl > 1 (s %)

where 0, .(y) = (1 + - [‘[y] — .

We now compute, using (f1);

D _ oD
072 () = ReltO-08.0)

€

= LS (L oy ) ) — (07 (L 25) ) ) )
= (25 (1 4 L ye — (1 4 SRy r+D) ]

n— n— icy® \n1(s € r e”
= (2GS0 (1 + S yr) o+ D ]

2n—1 icy? \n1(r+s erts
= 2 recol (L + )0 e

4n—2 icy®\n et
= 200 Erpsmrorscan 1+ 50" iy

4an—2 min(t,2n—1 icy®\n
=t ot maz(0,t )(2n71)[(1 + ) ](t+2)m (TT777)

We observe trivially that for ¢t even and 0 < k < %

1 > 1
e+ DI E—k+1)! = (L+k+2)1(L—k)!

It follows that, for 0 <t < 2n — 1, t even;

mam(( 0<7r<t)= %

1
D) (E—r+1)!
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and the same result holds for 2n—1 < ¢t < 4n—2, t even, maximizing
over the range t — (2n — 1) < r < 2n — 1. By similar reasoning, for
0<t<2n—1,todd;

1 1

and the same result holds for 2n — 1 <t < 4n — 2, t odd. It follows,
counting terms, that;

022 )] < Cocrenn-e even 1+ L)1

+ Yocrzanre oaa |1+ )1 eleiiery

Yo tcrzan-ae even [[(1F+ 20)"] 42| S

+ Yo rcrzan-ae oaa (12" | Ersdiy, (HHD)
As in (117), we have, assuming |y| > 1, that;

[0+ 22)") 2] < 2 2may ccain | Belly|F2(1 + 5)"
where, similarly to (1111), for ¢ even;

|Bk| < maxogsg%(%d)%“(% +5)...(2s+1)

This time, we have to compute the bound explicitly. For 0 < ¢t <
4n — 2, t even, and 0 < s < %, we let;

Brs = (2lc)) T H (2 4+ 5) ... (25 + 1)

Then, for 0 < s < £;

Be,s __ (25+2)(2s+1)

Bt,s+1 2|c|(%+s+1)

We define v, : R>9 — R by;

_ (2v+2)(2v+1)
0) = B o)

Solving the equation 7;(v) = 0, a simple calculation produces the
quadratic equation;
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20% + 4v(1+ 52) + 352 =0

which has no positive roots. It follows that ’yt is strictly monotone
in the range [0, £]. Moreover, v,(0) = 725 and (%) = 554, so for t > 1,
v is strictly increasing in the range [0, ;], and, there eX1sts a unique
vy € [0, %] for which v (vg) = 1. We can solve the equation v, (v) =1

explicitly, to obtain the quadratic equation;
4> +4v—(t+2)=0

with solution vy = ¥=2= € [0, £]. Let so = [vg], then it follows that
the sequence {f;5 : 0 § s < %} is strictly increasing in the range
[0, 50 4+ 1] and strictly decreasing in the range [so + 1, %], It follows

[\/tTBH]
2

that it attains its maximum at {5 = sog + 1 = . We now esti-

mate, for 0 <t < 2n —1, t even, |c| > 1;

[+ 25 s

(522

ic 2 n Et
< <2|C‘)t+2ma$1§k§2t+l|ﬁk“y|t+2(1 + Ty) EiiTTl?)z

ey \m s (212 (E41)(2le B2 bt0 (122 140y (26041
< |y|t+2€t(1+Ty) (( le]) 2 (t+1) (2| |)(ﬁ!)2( 5= +t0)...(2t0 ))

3t+EFB+T
ic (t+1)(2[e)) 2 (42 +10)!
< lyl2et (1 + 2y — )

iey? \n  (EH1) (dle|?) (2 +0)!
< Jy|2et (14 198 (), (¢ > 15)

By Stirling’s approximation, for all positive integers m;
m

1 1
2rm™t2e™™ < m! < em™Tze”

Applying the approximation in this case, we obtain that;

[0+ 222y e

icy? yn | D (e e 52 +10) FHo e~ Hio)
<yl 2 (1 +=55)"|( (T
e? icy? \n | (E+1 (4|c|%e 9244, t+3+t0
< Syl (1 + ) (ERRE L -
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62 2 n 02 +t()
< Syl (1 4+ 2y

QT (1> 15)

62 icy2 n cl2e +t0
< %|y|t+2€t|(1 + Ty) |((t+1)(16| It) (t) ) (t > 19)

e2 icyZ\n |/ (16]c|?e)t )
?|y|t+2€t‘(1+Ty) |<( le[e)*(t) 2 )

tt

IA

. Lo 2t
Ey[+2et|(1 4 el yn|(QELIWE ) (4 > 45)

tt

IN

e2 icy®\n 16|c|%e)3 5
:?|y|t+2€t|(1+Ty) |((( |l ))3)

e2 icy® \n
< Sy (L + <), (¢ = (16]cf%e)?)

Now, noting that, when ¢ = 0;

101+ 5y 2| gl
= |[(1 + &£)m@)

< 6lcf2[[(1+ 2] |y)?
If we let;

(22 (1) 2le) 5 +t°(t+2+t ). (2t0+1)
6| |2 ( (t+21) - - ))

C) = MAaT1<t<(16|c|2e)3 (
Then, it follows, for n > %, and 0 <t < 2n — 1, that;

icy® \n et icy® \n
1+ 22D < yyfee2et 1+ 2y

Similarly, we can obtain bounds {Cy, C5,Cy} C R for the remain-
ing terms in (f11111), the details are left to the reader. If |¢| < 1, we
can again drop c¢ from the above calculation, obtaining a corresponding
bound for n > %. It follows that we can find C' € R, with,;

D? icy? \n
|0n] < Syl (14 )T

for sufficiently large n € N. We then repeat the argument of the
previous case, to obtain, if n > 4|c||y|?, D = 4C, |y|e < 1, that;

D2
|0mi(y)| < Dlyf? [y| > 1, (% % x )
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Again, if |¢| < 1, it is sufficient to take n > 4]y[®. As before, we can

. . . _3 1 . . .
transfer this result, to obtain, for y € (R, \ (3777, %)), with 7 infinite,

and v > 21 so v > max(4|y|?, 4|c||y|*) ;

1027 < Dlyl? (Jyl > 1) (5 55 5 5 %)

By quantifying over the constant ¢ € R, and noting that the bounds
C and D of (% * % % xx) and (!) can be written as explicit functions of
¢, we can assume that, for v > 2n, (% % * % % % %) and (% * * * x) hold
for any ¢ € *R with c finite, where the bounds C(c) and D(c) in *R
are also finite. Now, for ¢t € *R, with ¢ finite, °¢ > 0, and {¢,n,v} as
above, let;

ic END
Opea(y) = (1 + DL

clvt]

Setting d = , we have ¢t < d < ct+ %, so d is finite. Moreover;

Onwet(y) = Oy pn.a(y), for y € R,

As t and d are finite and °¢ > 0, we have that v > 27 implies
[wt] > |d|n > 4]d||y|?, for y € R,, if |[d| > 1. Similarly, we have that
v > 2n implies [vt] > n > 4ly|?, for y € R, if |d| < 1. Hence, the
results (x % * % %) and (% % * % * % x) holds for 6, , ., and, without loss
of generality, the bound F' € R, depending on ¢ and ¢t. The interval
(%, %) has to be treated separately due to the definition of the op-
erator D. Observe, from the above proof, that, with v > 27, we have
that there exists a constant F,. € R, with;

O eW)| < Fo,y €R,

Using the above proof, with the same assumptions on ¢, we can find
a constant F;. € R, with;

|9n,v,6,t(?/)’ = |9n,[ut],d<y>’ < Fi. y€ 7n

where d = 9“4, By definition of D, we have that;

14

|‘97§?u,c,t<y)’ S 2\/ﬁFt,C

|0£i,c,t(y)’ S 477Ft,c
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Now, observing that;
2/NF. < 6Ftc\f"—3|
dnky. < 20F; |5~ |2

we can obtain the results ( * % % %) and (x % % % % % %) for 6, .4,
without the caveat on the endpoints. Taking ¢ = —47? gives the result
(1) above, and the first claim of the theorem. The second claim follows
from the first claim and the last claim of Lemma 0.33, which shows
that G, is bounded for |z| < 1. The third claim is obvious from the
first claim. The final claim follows easily by combining the first claim
with the final result of Lemma 0.33.

O

As in [5], we switch to a statistical analysis of Schrodinger’s equa-
tion. We require the following lemma.

Lemma 0.36. There exists a unique K € C(Rso x R?), such that for
any t > 0 K; is bounded, and if g € S(R), and G is given by Lemma
0.2, then;

= [ K(t,z,y)9(y)dy
Moreover, K is given explicitly by,
K(t,z,y) = R(t,z —y)
where;
2

R(t, .T) = ﬁ@ﬂ

and v denotes the principal branch of the square root.

Proof. By the proof of Lemma 0.2, we have that;
Gi(x) = [ ™ (e ™V F (g)(y))dy
= [ €W limeo (eI F (g) (y))dy

_ limg—}o f'R 627r7;yx(6(—it—e)4ﬂ-2y2tf(g) (y))dy’ (DCT)
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= lim o (- (61 () 2

= limeo(F 1 (eT1=947°0%t) & g)(z), (Convolution/Inversion Theo-

22
= limeﬁo(—mem) * g(ﬂf)
2
. _—Y_
= l'Lme—>0 fR \/ﬁe‘l(lﬁ%)g(iﬁ‘ — y)dy

= Jr 7 ¥ 9(x — y)dy, (DCT)

iy2

= Jr 7a=e 7 9le —y)dy

= [ R(t,x — y)g(y)dy (commutativity of convolution)

= [r K(t,z,y)g9(y)dy

where R(t,z) and K (¢, x,y) are defined as above. Note the use of the
Dominated Convergence Theorem is justified in both cases, as g and
F(g) belong to the Schwartz class. For € > 0 and ¢ > 0, e(~#-4m"v*
also belongs to the Schwartz class, so we can apply the operator F 1.
It is a standard result, using the identity theorem 2fI‘OIIl complex anal-

ysis, that this produces the function —\/me . More explicitly,

consider the function;

flz,2) = [e e vdy

For fixed z € R and z € C with Re(z) > 0, f defines an analytic
function. For z > 0, we have that;

fz2) = /Zem = (%)

Taking the principal branch of the square root, the right hand side
of (%) also produces an analyic function for Re(z) > 0. Hence, using
the identity theorem, we obtain the equality (%) for all z € C with
Re(z) > 0. Substituting 47%(it + ¢) for 2z produces the result. Noting
that K € C(Rso x R?), and, for fixed t > 0, K; is bounded, we have
shown existence. To prove uniqueness, let L(t,z,y) also satisfy the
conditions of the lemma. Then for fixed ¢ > 0, for every g € S(R), and
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r € R, we have that;

Jo (U = L)(t,2,y)9(y)dy = 0
Fixing z, as (K — L), is continuous, it follows easily from the prop-

erties of S(R) that (K — L);, = 0 as required.
U

We now show an analogous nonstandard result.

Lemma 0.37. There exists a unique W € V (T, x 72), such that for
any initial condition f € V(R, ), if F'is given by Lemma 0.32, then;

= [ W(t,z,9) f(y)dpy(y) (+)
Moreover, W(t,z,y) =< Fj,;,6, >= F,(t,x) = (LD % 6,)(x)
where LW | for i € *N, is s gwen by Lemma 0.32, and, for fized y €
Ry, Oy(x) = /0 for x € Ry, with [x\/n] = [y/7], and d,(x) = 0

otherwise.

Proof. By Lemma 0.32, we have that;
F(t,z) = (L1 « f)(x)

Therefore, setting W (t,z,y) = L) (2 — y), with the usual wrap
around convention, proves existence. To prove uniqueness, suppose
that V (¢, z,y) also satlsﬁes the property (). Then, for any initial con-
dition, f € V(R,), and fixed t € T,, x € R, we have, by the uniqueness
of F' in Lemma 0.32, that;

Sz (W = V)(t,2,9) f(y)dpy(y) = 0
Now letting f = d,,, for fixed yy € ﬁn, we have, by the definition of

the internal integral, that (W — V), ,(yo) = 0. As y was arbitrary, we
obtain the first result. For the second part, we compute;

< Fs5,4,0, >

= Jr; Fo,4(2)0:(2)dpy (2)
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= F(;y’t(,f)

= Jr; W(t, 2, 2)d,(2)dpy(2)
=Wi(t,z,y)

The equality Fs, ;(z) = (L") % §,)(z) follows from Lemma 0.32.
U

Lemma 0.38. Suppose that W is S-continuous, and bounded, then,
for finite (t,x,y) € T, x EQ, with °t > 0, we have that;

W(t,z,y) = K(°t,°z,°y)

and for finite (t,y) € T, X R,,, and infinite x € R,,, with °t > 0, we
have that;

W(t,xz,y) =0

In particular, it follows that L™ (2) ~ 0, for infinite z € R,, and
finite t with °t > 0.

Proof. Fix g € S(R) with corresponding g, € V(R,). By the last
claim in Theorem 0.35, we have that °G, ; = st*(Go ), if t is finite
and °t > 0, (x). For such ¢, and finite + € R,, we have that W,
is S-continuous and bounded. As g, is S-continuous, bounded and
S-integrable, it follows that W, ,g, is also S-continuous, bounded and
S-integrable. Therefore, by (*) and (%) of Lemma 0.37, we have that;

Gou(°x) = [ "W (t, 2, y) 9y (y)dL (1) (y)

= Jyeryy pinite "W Lo, 9)5t" (920) (¥)AL (1) ()

= Jr Wt ,°y)g(°y)d(°y)

using Lemma 0.4, the fact that W is S-continuous and °g, = st*(g)-
As g € S(R) was arbitrary and °W (°t, °x, °y) is continuous and bounded,
for finite (¢,z,y), it follows, by the uniqueness claim in Lemma 0.36,

that °W(°t,°z,°y) = K(°t,°z,°y) as required. For the second claim,
when z is infinite, applying (*) again and similar reasoning to the
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above, we obtain;
Jr cW et °x,°y)g(°y)d(°y) = 0

Again, as g € S(R) was arbitrary, °W(°t,°x,°y) is continuous and
bounded, we conclude easily that W (°t,°z,°y) = 0, for (¢,y) finite x
infinite and °¢ > 0. The last claim is an easy consequence of the fact
that W (t,z,y) = LI*D(z — ), noting that for = infinite and finite y
x — y is infinite even with the wrap around convention.

O

In general, W need not be bounded or S-continuous. However, we
can now show the following;

Lemma 0.39. When t = & and m € Z-o, v > 1°, then W(t,x,y) is
bounded.

Proof. By the proof of Lemma 0.37, we have that W (t, z,y) = F5, ().
By Lemma 0.33, we have that;

5 472 2]%i vt €
Fy,(2,) = (1 = TRE) 5, (2)
We have that;

(fy(z) = fR—n5y(a:)expn(—27riz:v)dun(x)
= exp,(—2mizy)

Therefore, it follows;

~

Fy,(2,8) = (1 = = Mleqp, (~2rizy)

Using (#*) of Lemma 0.26, (x*) in Lemma 0.33, we have that, if
v > 1P, then;

A2 2124 v * 2)? .
(1 — %) — 6$p(—4ﬂ2@l)| < VL%7 (1)

Transferring the result of footnote 6 in [7], we have that if {w',w} C

*C, t € "R, with |’ — w| < min{l4, ]

isn’t strictly necessary), w # 0, then |w" —w'| < W. Noting that

}, |w| <1, (this assumption

|*exp(—47r2@i)| =1, and VL% < mz’n(%,él—lt), for t finite, t > 0, we
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obtain, using (), that;

472 2]%i v * 22 €
|(1 _ %) t_ @ij(—llﬂ'zﬂltﬂ < 4_%t ~( (TT)

We have that;

472 2)%iN [y 472 2]%iN

(1 — N (g ARy
47?2 PR 472 2]%iN s
= |(1 — L)y (g - L)

nv

where 0 < s < 1. By the proof of Lemma 0.35, with just the assump-
tion that v > 2n, and °¢ > 0, ¢ finite, there exists a constant C}; € R,
with;

w2 2]%iN [
(1 - =R < ¢

Using the result of footnote 6 in [7] again, and the fact that |(1 —

W) ~ 1, we have that;
4r? 224
I
< 4€S|]. . (1 - 47r2[:7/yﬁz]2i)| < 16657rj]1(j7171)2 < g

It follows that;

(1 — by (e < Ca?

and, using the triangle inequality, and (7);

2 2]%4 2]2 .
|(1 o 4 [;}/j] )[Vt] _*exp(_47r2[\/z} Zt)’ S Cty?]2 + 4% < A%
v n

Hence;

|F5, (2,t) — *exp(—47r2@it)expn(—%m'zy)| <L

3
n2

Applying the inversion theorem, we have that;

|F5,(x,t) — fR—n *exp(—4m? @it)empn(—27Tizy)expn(27rizx)d,un(z) |
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We have that;

(—4m? ML)

| fR—n*exp it)exp,(—2mizy)exp,(2mizx)du, ()|

*

el

(]

(1-1) e (1-1) *exp(—4m? %zt} exp( QW;kl )

( _Mf. . Smi(w—
|5 Pocwey 1 eap(—Amt——it) exp(—— |
2_w(n—1) - A
55" Dosusy-1"cop(—dn* =ity eap(52t)|

=" Yocwen-1 ep(% (wl = 2mt(w? —w(n = 1))))|

—1)
(712 )l

- Sl Sk

= ‘\f Zo<w<n 1 exp( Hwl —m(w? —w(n —1))))]
| ZO<w<'r] 1 exp( Hsw —muw?))|, (+%)

where s = [ —m(n — 1) (mod 1), t = £, m € Z.9, [27] =
lyy/n) =b,a—b=1 (mod n), w="Fk+ —("gl).

Now considering the polynomial p(w) € F,[w], p(w) = sw — mw?,

with deg(p) = 2, we obtain, using the fact that 7 is prime, by transfer
of the estimate for finite fields, see [9], that;

| 20<w<77 1 exp( (SU) muw ))| < n:;rl) < 2)

Combining this bound with (x), we obtain that W (¢, x,y) is bounded,
for the specifict = &, m € Z.,. O

Lemma 0.40. Let t = 3>, and let;

Wa(t,2,y) = 72" o<ij<om—1 W (t @ + \/Lr,ay"‘ \/Lﬁ)

Then, for finite {1, T2, y1,y2} C Ry, with 11 ~ x5 and y; == ya, we
have that;

Wm(ta Ty, yl) = Wm(ta Ta, y2)
In particular, it follows that;

OWm(t7 x? y) = K(t7 Ox? Oy>
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for (x,y) finite.

Proof. Continuing the calculation in (%) above, we have that;
Wt 2,y) = =" Docwen1 eap(3H (sw — muw?))
D ocwen—1 €xp(ZH((L+ m)w — mw?))

ZO<w<77 1 exp(M(wQ - Mw))

Tim m I4+m)?
i (w — )7 — ()
* 2mim(l+m Tim m
= 6$P(4,£l—2+7,> Zo<w<n | exp(= 2 ((w— l2+_m>2)

* i(l+m Tim m
zp(* (Q:W )* ZO<w<77 1 exp(%((w_l;_m)z)

Replacing [ by [ — 2km, where == ~ 0, and k € *Z, we have that;

™

s
v
Lo
7
= % D o<wen—1 erp(= (v — 57
1
vV
1
Vv

\f ~
g — 2 Tim
W (t g+ 22) o Lrcap(TMUEUZONT Yo (<2 (o
l+m— ka) )
2m

* mi(l+(1—2k)m)2 rim m
\/%7 exp( (+(2m7] o )" ZO<w<n erp(—Tm 2 ((w— 12+_m —|—]€)2)

mi(14+(1—-2k)m)? \ «

2mn )* 20<w<n 1 “exp( Qﬁlm(( Hom

= Lreap( w—"47)2) (re—indexing)

Vi

The re-indexing step is justified, as (w —q+n)? = (w —q)* + 2n(w —
q) +n% and n = 2m(w — q) € *Z, when 2mq € *Z, so we obtain a
phase shift of *exp(—2min) = 1.

Now, we have that;

iy — m)2 * i) m—2km)?
e e )
mi(l+m)? \ « —27s m)\ % Tim.
= *eap( TG ) epp( 2 ) s (2rimi )

Ly 2
~ “cap(it

as *exp(w) ~ *exp ~ 1, because m € Z., \/iﬁ ~ 0

and [ = [z\/1] — [y/1] with (z, y) finite. It follows immediately that;

(i)
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~ 2km

In the same way, we can show that, for (x,y) finite;

Wt w,y) = Wtz + 22, y)

Now, if y; =~ yo, we can suppose that yo = y; + \/iﬁ, with i
0. We can find a permutation b : Z/2mZ — Z/2mZ, such that
yivnl + 7 = i/ + s +0(4), (mod 2m), for 0 < j < 2m — 1, in

particular s + b(j) = 2k(j)m, with \(}) ~ 0. Applying the previous
result, we obtain that;

W (t, z, y + S0

W(t7xay1+ y NG

7 =
As 2m is finite, and b is a permutation, it follows that;
W’r}m(ta z, yl) = ﬁ* Zogjggm_lm/(t, T,y + \/Lﬁ)

= ﬁ* ZOSjSZm—lw(tv T, Y1+ %)

= Wnl’L (tv Z, y2)

and, similarly, if x; >~ x;

W2 (t,z1,y) = ﬁ* ZOSiSQm—lw(t Ty f’y)
= W%(t,[ﬂg,y)

In the same way, we can show that, for 0 < 7,57 < 2m — 1 and
(21, 2,91, y2) finite, with x; ~ x5 and y; =~ yo;

Wl (t X1 + f7y2>

W’r%z(ta X1, Y2 + \/Lﬁ) = Wr%l(tvx%yQ + \/Lﬁ)
It follows, again as 2m is finite, that;
Wit x1,91) = 2m ZO<1<2m Wt o + fayl)

= ﬁ* 20§i§2m—1W (t, 21 + fay2)
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= ﬁ* 20§j§2m71W31(t7 T1,Y2 + \/Lﬁ)

=~ ﬁ* ZOSjSQm—lWT%L(t7 T2, Y2 + \/Lﬁ)

=Wt x2,2)

This shows the first claim of the Lemma. If n € N, we define
the restriction of the internal integral on R, to *[—n,n| in the obvi-

ous way. We then claim, for f € S (R), with measurable counterpart
f, € V(R,), that;

Fotg W2, ) £y )i () = [ Wt 2, 0) ()i () (%)

To see (%), we compute;

Sy Wt 9) fo () ()
_ 1 % j ]
=i - [nf]<J<[n\ﬂW1 (t.2, 5 fo(75)
Z nf]<J<[nf Zo<k<2m Wt z, ﬁk)fn(%)

* * k
- 2m1\/ﬁ > 0<k<am-1 Zf[n\/ﬁ}gjg[n\/ﬁ]w( z, OF )fn( )

. . . -
- ﬁﬁ Zogkgzm—l Z—[n\/ﬁ}—i-kgjg[n\/ﬁ}—l-kw(tuxv\/Lﬁ)f?x]%)

Using the argument of Lemma 0.17, and the fact that |f'| < C, for
some finite C' € R, we have that;

j—k j C(2m—1
() = f )] < G < Gl

By Lemma 0.39, we can find a finite D € R, with |W (¢, z,y)| < D.
It follows that;

St Wit 2, y) fo () i (y)

- 2m1\/ﬁ* Zogk§2m—1* Z—[n\/ﬂ—i-kgjg[n\/ﬁ}-i-kw( Ly \f)fn(ﬁ)

where;

2m—1 CD(2m—1)(2[n +1
||<2mf(\/ﬁ)2m(2[n\/ﬁ]+1): ( )n([\/ﬁ} ) ~ )
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as {C, D, m,n} are finite. As W (t,z,y) and f, are bounded, and m
is finite, we have that;

5 myakgiiya W 6 T 22 f ()
LY W (e ) ()

= [y W2, 9) foy (y) iy (y)

It follows that;

Sy Wt 2, 9) fo () ()

~ ot Dochermt Jopnm W2 Y) o (y)din(y)
= [ Wt 2, y) fo(y)dpi(y)

so () is shown. Now, by overflow, we can find an infinite x € *N,
with |x| < Z==, such that;
f
f[_,{ #] t x y)fn( )dﬂn(y) = f*[_nﬁ] W(tvxay)fn(y)dUn(y)a (**)

Using the fact that f € S(R), we can find a finite constant £ € R,
with [f,| < 5. As mazx(|[W,|,[W]) < D, it follows that;

o Wt 2, 9) fy () g ()]

< fmvc e 32 DE i, (y) ~ 0 (% %)

and, similarly, for W. It follows, using (s#x),(* * %), that;

Jrey W, .9) Fo ()i (9) == Jr W (1, 2, 9) F () dpn () (5 5 )

By the second part of Lemma 0.33 and the defining property of W,
given in (%) of Lemma 0.37, using the fact that F' € S(R), we have
that, for x1 ~ x,, with z; finite, that;

fRT] (t,z1,y )fn d/‘n fR (t, 22,y fn( )dﬂn(y)

It follows, using this and (x * *x), that;
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Sz Wt 2, y) fo(y)dp (y)
= 3" oziczm1 Jrg Wt @ + 7. 9) o (y)dpig (y)
= ﬁ* 2 o<i<om—1 fanW(t, T+ \/LW y) o (y)dpn(y)
~ 5" Docicom Sz Wt 2. 9) fy (y)dpy (y)
= Sz Wt 2, y) fa()dpg(y), (¢ %5 % %)

Now, using the first part, that W, is S-continuous, the fact that
W; is bounded, and (* % * % *) we can repeat the argument of the
first part of Lemma 0.38, to obtain the final claim of the lemma, that
Wn(t,z,y) = K(t,°x,°y), as required.

O

We now want to generalise this result, to include times of the form
t = 5=, where {m,n} C 2. For this, we require the following defi-
nition;

Definition 0.41. Let n € Z-¢ and let f € V(R,), we define the gen-
eralised n nonstandard Fourier transform by;

") = Jry £ @)expy(~2minyz)dp, ()

Lemma 0.42. The Inversion Theorem and the Convolution Theorem

still hold for Definition 0.41, that is, if {f,g9} C V(R,), then;
flx) = [ f(y)expy(2minay)dp, (y)

(S g) ="

Proof. The proof is almost identical to that of Lemma 0.12 and Lemma
0.30. The details are left to the reader. 0

We relate the nonstandard Fourier transform to the generalised n-
transform.

Lemma 0.43. Let f € V(R,), then, fory € R, with [y\/1] = y/1;
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"fy) = f(nlx;)

where [ny]an denotes the unique w € Wn for which there exists b € Z
with ny —w = by/7.

Proof. This is a simple computation. We have that;
F(ngle)
= f(ny — by/n), some b € Z
= fR z)exp,(—2miz(ny — by/n))dp,(z)
= fR x)exp,(—2minzy)d, (x)

="f(y)

We have the following modification of Lemma 0.33.

Lemma 0.44. Let f € V(R,), let F solve the nonstandard convolution
equation, as in Lemma 0.32, with initial condition f, and let n € Z-.
Then, there exists by, € Z with,

n 472 ((ny)n—by 2iN\[utn
mF(y,t) = (1 — b fin p ()

fory € Ry, with [y\/n] =y/n, t € T,.

Proof. Taking the generalised n-transform of the equation, and using
the convolution theorem in Lemma 0.42, we have;

#("Fly. 1) = "K(y)"F(y,t)
By Lemma 0.31 and Lemma 0.43, we have that;

"K(y) = K(ny — by/1), for some uniquely determined b, € Z

= — 4 ([ /i(ny = byy/MP)
— 2 (([/imy] = byn)?)
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= —47%i(((ny)y — byy/M)?)
Now following the remaining iteration steps in Lemma 0.33, we ob-

tain the result.
O

We have the following generalisation of Lemma 0.39.
Lemma 0.45. When t = 3= and {m,n} C Z.o, v > n°, then
W (t,z,y) is bounded.
Proof. We follow the steps in Lemma 0.39. Using the fact that;
fR x)exp,(—2minza)du, ()
= exp,(—2minzy)

It follows, by Lemma 0.44, that;

"Fy,(z,t) = (1 — 4ﬂ2((nz)”7b“/ﬁ)2i)[”ﬂexpn(—anzy)

v

The estimates up to (x) of Lemma 0.39 are the same. Applying the
generalised inversion theorem in Lemma 0.42, it follows that;

W (t, z,y)| ~ |fR—n*exp(—47r2((nz)n—bz\/ﬁ)Qit)expn(—Zﬂmzy)expn(27rmzx)d,un(z)|

= |\/Lﬁ* Z_@S%L;l)*exp( — 4 ( — bi/1)%it)* exp(ankZN

2

= Y oy eap(—2m(2) eap ()| (1 = 2y i
Vi k n n
visible by n)

(11)7(7771))2 % <27rinl(w77(”g1))

—772 ) exp ;

= ‘\/%7* > 0<wen_1 €Tp(—2minm

‘ Zo<w<n 1 exp( Lnsw — nmw?))|

where s =l +m(n —1) (mod n), t = 7%, {m,n} C 2o, [z\/1] = a,
ly\/7 = b, a —b=1 (mod ), w =k + 1.

\\/%7* do_a-ny <= *exp(—4m? (nht g ’t))*ewp(87r2(nkbkit))*exp(—47r2(bﬁmt))*e:vp(—%f?”kl)]
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We transfer the reciprocity law for quadratic Gauss sums, which says
that if {a,b,c} C Z, with ac # 0 and ac + b even, then;

|u.c\ b2

Z|C| 1 i (an?+bn) _ ’ | — ZW 1 =" (en24bn)
This, of course, implies that;
| S e en®tn) < |2)3|a] = |2 a]2

Taking a = —2mn, b = 2ns and ¢ = 7, the conditions for reciprocity
are satisfied, and we obtain that;

Wt z,y)| ~ |\f ZO<w<n 1 6331’( Hnsw — nmw?))|

< \/Lﬁ\/ﬁ\/an =2mn

As {m,n} C Z.,, we obtain the result.

We have the following generalisation of Lemma 0.40;

Lemma 0.46. Let t = 5~ and let;

Win(t, z,y) = ﬁ* 20§i7j§2m—1w<t7 T+ \/L;]u Y+ \/Lﬁ)

Then, for finite {x1,xs,y1,y2} C R_m with x1 >~ xo and y; = Yo, we
have that;

Wm(ta L1, yl) = Wm(ta T2, y2)
In particular, it follows that;
"Wt z,y) = K(t,°z,°y)

for (x,y) finite.

Proof. We follow the steps of Lemma 0.40. We have that;

Wit z,y) ~ cnf/Tn* ZO<w<n 1 exp( (nsw — nmw?))
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where ¢, mn = *exp(%m;”_l) (m=D=20y)  Therefore;
Wt @, y) ~ cnlmn*20<w<n 1 exp( Hn(l —m)w — nmw?))

Cylm,n * win(l—m)?

= bt oqp(TUI ) Sy eap(FE (0 — 52)2)

Now replacing [ by [ — 2km, where \% ~ 0 and k € *Z, a similar
calculation to that of Lemma 0.40, using the fact that {n,m} C Z.,,
{z,y} C R, are finite, and |¢;;m | = 1, shows that;

Wit z,y) = Wt 2,y + %)

The rest of the calculation is identical to lemma 0.40.

U

We now switch to a statistical analysis and require some more nota-
tion;

Definition 0.47. We recall the notation of Definition 0.3. We define
a probability measure P, on the x-finite algebra D,, of R, by setting;

Pyl 52)) = &, for -5 < < 15D

We let (ﬁ, D,, P,) be the resulting measure space, in the sense of
[3]. Welet (R, xT,,D,xCy,, P,x\,) denote the corresponding product
space, where (T,,C,, \,) was introduced in Lemma 0.3 .

Definition 0.48. By analogy with Markov theory, see [5], Definition
0.6, we define a weight matriz M, ,, associated by,

M, (10— k) = %L(\%)

where — ("21 ik
defined in Lemma 0 3

< , and we take 1,1 — k mod n, and L is as
2.

Definition 0.49. Let f : R, — *C be measurable with respect to the
xa-algebra Dy, in the sense of [3]. We define F : R, x T, — *C by;

F(Z, 1) = (my M3, )(0), for =952 <i < B20 i€ 2, j € *Zs
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x| vt D el
F(z,t) = F(VEL M) (06) e Ry < T,

where g is the nonstandard distribution vector corresponding to f,
M, is the weight matriz of Definition 0.48, and M; , denotes a non-
standard power.

Theorem 0.50. Let F be as defined in Definition 0.49, then F' is mea-
surable with respect to D, xD,,, and, moreover F' is the unique solution
to the nonstandard convolution equation;

8t = (K *f)

with initial condition f, where K was defined in Lemma 0.51.

Proof. The first proposition follows by observing that the defining schema
for F' is internal and by hyperfinite induction, see Lemma 0.4 of [5] for
the mechanics of this transfer process. For the second proposition,
it follows from the proof of Lemma 0.32 and commutativity of the
convolution product, that, if I’ satisfies the nonstandard convolution
equation, then;

Fji:(L*Fl‘):<Fl’ *L)

We observed in Lemma 0.32, that F' is uniquely determined from
the initial condition f. We have that M, , is symmetric. This follows,
by observing that K is even, from the definition in Lemma 0.31, and,
therefore, L is even, by the definition in Lemma 0.32. It follows that;

My (i) = J=L({52)
_ 1 7/G=9
= L)
:MU,V( )

J+71) =7 2 o -1 o) 1)“%&)”\%)

(-1 e o 1>F(7j; %)Mw(z’,i—k)
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— ik j A
- Zi(ngl)gkg (”7;1> F( \/ﬁ? V)Mﬁ,l’(?' k7,l)
Hence, 7f,,, = 7 M,,, and, by iteration, g, = M7, which

NG
agrees with the defining schema for F' in Definition 0.49.
O

Definition 0.51. Let (,,&,,7,) be a nonstandard -finite measure

space. We define a reverse filtration on Q_,, to be an internal collection
of xo-algebras &, ;, indezed by 0 <i < k, k € *N \ N, such that;

(i)- 577,0 :577
(i1). Eni €&, if0<j <0 <.

We say that F : Q_,] X T, — *C is adapted to the filtration if F is
measurable with respect to &, x C, and Fi : Q, — *C is measurable
with respect to &, ;, for 0 <@ < k.

If f: Q, — *C is measurable with respect to £, ; and 0 < j <i <k,
we define the conditional expectation E,(f|E,;) to be the unique g :
2, = *C such that g is measurable with respect to &, ; and;

fU gdy, = fU fdyy

for allU € &,;. We say that F: Q_n X TH — *C s a reverse mar-
tingale if;

(1). F'is adapted to the reverse filtration on €,

(ii). By(F ;&) =Fi for0<j<i<k

Theorem 0.52. Let F' be as in Definition 0.49, and let F,, be its re-
striction to R, X T, .. Then there exists a reverse filtration on R, and
F,. such that F,, is a reverse martingale, and F,{,g = Fg.

Proof. We define the reverse filtration, by setting &,; to be internal
unions of the intervals;

. i+1 -1 K—1 . +1 K—1 .
[nn—Ji\/ﬁan;;]—i 77> for _%SJS%_17OSZSK
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Clearly, this is an internal collection. It follows that &, = &, con-
sists of internal unions of the intervals;

[ i) for == < j < G

and we define the corresponding measure 7, by setting %([n vtk f))

; f Observe that &, . = D,, the original *o-algebra.

We define bijections;

B2 [l BN D, ez [ ey

for 0 < i < k, where

Qs = {(wp) 1wy € *Z N [— Y ”;1)], 1<k<k-—i}

2 I

: K—i ; K—1i% war@
Di(J,w) =0 TG AT Y ki

Define F, by;

Fn(nﬁf—im’ ) =1 Thepens @(“”C)F%(\}ﬁ * \/Lﬁ* D 1<k<n—i%k)
Whereq)(],)—r,for—("%wgrg(”%w—l 0 <1i< K,
and © : *Z N [- 1), (-D] 5 *C is defined by O(s) = LL

2 AT =
M, ,(i,i+ s) (for any 7).

— J— —[vt] T v J— _
Fn(x7t):Ff€([ [ut\§]7[:])7 (x7t>€R77X7:’7"€
It is clear that F, is adapted to the reverse filtration on ﬁn- More-
over, it is straightforward to see that;

Fo( 2, %) = Fa(2)

as ®,(r) =7, 50 Fon = F= =. We claim that F, is a reverse martin-
gale. We have verified condltlon (¢) in Definition 0.51. To verify (i7),
by the tower law for conditional expectation, it is sufficient to prove
that Eﬁﬁmi 1) = F&i, for 0 <i <k — 1. We have that;
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E,(F

_ nﬁiiil\/ﬁf[n
rt1 )Fm,gd%?

= nﬁ*’i*l\/ﬁj‘[ 7411 it
pr—i—1 mpr—i=1_m

K—i—1 " 1= -
- nn”*i\/\gﬁ( Z%ZOF;@,%(WZ—«L\/E))

= %(Uﬂ_i [Lichen—io1 Owi)(" Z_@g‘g@@(s)]ji (z + \/iﬁ))

Eit1) (= 77)

s e Ey(F
nfzfl\/;,’nnfzflﬁ v

Eiv1)dy

v

= 0" hckgnin O Fita (2) = F i (i)

b v

where ®;11(j,w) =7, w = (Wg)1<k<p—i—1 and T = \/Lﬁ—i‘\%ﬁ(* ngg,{_i_wk);
as required.

O

Definition 0.53. We let W, 1 : ), — *R be defined by;

Wii(w) = \/Lg* 219‘9@‘%’

Lemma 0.54. There ezist constants {c; : 0 < j < =1} C *C, a func-
tion U : *R — *C, defined by;

U(z) = *exp(kcy) exp(y/KT)

complez-valued random variables {xy : 1 < k < K}, defined by;

X = \/Lg* ZZ:le

such that;

V() (w) =n" ngkgn O(wr), (w € Q)

Proof. We first claim there exists an even *-polynomial g of degree n—1;

=1
g(r) = 20 GjT
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with;
9(0) = In(n©(0)) = ag

9(i) = In(nO(i) = a;, 1 < Ji| < 131

To see this, as © is even, we have to solve the matrix equation
We = @, where (a); = a;, for 0 <7 < ”;21, (@); =¢, for 0 <i < ”—;1,
and W is defined by (W)o = 1, for 0 < i < L (W)o,; = 0, for
1<j5< ”T_l and (W);; =%, for 1 < i,j < ”T_l It is sufficient to
prove the matrix W is invertible, which follows from general facts about
van der Monde matrices (fill in details). Now, let x, xx, for 1 <k <k
and ¥ be as in the statement of the lemma. Then we compute;

() () = eaplrce)exp(* Sy cpern())
— *cap(reo)* TTycper exp00s(®))

— *eap(ico)* [Tycper"erp(9(wr) — co)

— Tlcper eap(in(n© wi))

=n" H1§k§n@(wk)

as required.

We now simplify the presentation of K given in Lemma 0.31.

Lemma 0.55. Let K and W be given as in Lemma 0.31, and let ©
be given by Theorem 0.52. Then, for 0 < |j| < ”—gl, j odd, we have that;

In particular, we have that;

()(0>:: 1___w2ﬂn*1ﬁﬂn+1)

3n?v
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@(8) _ 22 cos( 2)

*T
nv szn(n)

1< [s| <L, s odd

@(3) __2n% cos( )

o, 1< || < 2L s even
nv szn(])

Moreover, for 0 < |j] < 151,

3_ 2|
1 < UL < | Re(W ()| < 1Ly <
T

|3
=

J

Proof. Let p(z) be as in Lemma 0.31. We have that;

( ) _ n?(z%-22%42) n (2°—z) 1 (P+4214623+422+2)
P\2) = =4 zo1pe 2(z2-1)3 4 G213

o _ﬁz(zg—l)2 Qz(z4—1) . lz(z+1)4
- 4 (22-1)3 2 (22-1)3 4 (22-1)3
— 2 z(z2+1) 1 z(2+1)
- Zz2 1+'rz(2 N2~ 4(z—1)3

We have that;

z __1/1
z2—-1 2<z+1 + z—

)
Re(Zt)

lz+1]2

Re(erl)

- 14+cos(z)—isin(x)
- RG( (14-cos(z))2+sin?(z)

) when z = ¢

_ l+cos(z) _ 1
T 242cos(z) T 2

Similarly, we have that Re(-;) = —%, when z = ¢**. This proves
that Re(z%5) = 0 when z = e, We have that;

Z(Zerl) _ z 2z
G-I = @ T o

Hence, by the previous result;

Re((ij“;l)) Re(z"4z), when z = et

Now, again using the previous result, we have that;

Im(z5)

z2—1

Re(z ) = — Iz
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[m( I ( cos(2z)—isin(2z)—1

(cos(2x)—1)2+(sin(2x))2)’ z=e"

1y _
@)—

_ —sin(2x)
" 2—2cos(2x)

_ —2sin(x)cos(x)
4sin?(x)

cot(x)
T2

z cos(xz)+isin(x))(cos(2x)—1—isin(2z
[m(w) _ Im(( (z) ( L)S(mg((x)) ( )))7 s —e
—cos(x)sin(2z)+sin(x)cos(2x)—sin(z)

4sin?(z)

—cos?(x)sin(x)—sin’ (x)—sin(x)
4sin?(x)

—2sin(z)
4sin?(z)

—1
2sin(x)

It follows that, for z = ei;

_ —cos(x)
T 2sin?(x)

Finally, we compute Re(‘é’z_’;)lg ), when z = ¢®. We have that;

z(z+1) _ z 2z
-1~ =02 T Gonp

_ 1 1 1 1
=6t ey T ey T o)

_ 1 3 2
=D T T e

We computed Re((z—il)) = =1, We have that;

Rel(25) = 3(Re( )2 — 3(Im( )

We have that;
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cos(x)—1—isin(x T
Im(=;) = [m((cos((x))—1)2+sin(2()x))’ (2 =e)

This implies that;

Re(p(e")) = ~(:2:2)

4\ sin?(x)

and the result of the first part of the lemma follows by transfer. The

second part follows by noting that ¢(z) reverses the sign of the terms
with coefficients involving n? and 7. The third term becomes %éi_l)lg
z(z—1)

1) = 0, when 2 = e,

It is a similar exercise to verify that Re(
Again, the result follows by transfer.

For the claim involving ©, we have, from Lemma 0.31 and the last
result, that;

K(0) = _ m%i (n=D)n(n+1)

n n2 vn 2
* TS
= smion U)o 4d
3 4 *sinQ(%s)’
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— 2n% *0052( )
S
n? *sin, (7;])

and, similarly;

on2; cos( =)

K(\/_ﬁ> = —TT(,N), S even

By the definition of L in 0.32 and the definition of © in Theorem
0.52, we have that;

O(s) = (), |s] < 15t
L(0) = /i + £

LK) )
D)= "G 1<) < nt

We then compute, using the above calculation of K;

0(0) =1+ £Q

i
— 1 _ mil=Dn(+1)
3n2v
K-
O(s) = L7
= Z—Cos( s odd

nv *sin? ( )’

. *cos(T2)
O(s) = 2’;’% s even
n sin® (7%

For the final result, we have the following inequalities, valid for
z € (0,3);
1—2 < cos(z) <1

< sin(z) <

Combining these, we obtain that;

2
w2 < e St e €(0,3)

mx — sin?(z) —

Either by observing that == (x)) is monotone decreasing on (0, 7) and

U1 of the nonstandard

using these inequalities at the endpoints { = f’ f



66 TRISTRAM DE PIRO

domain, or by substituting for j directly, we see that;

j 2 3 3 . _
j 3 _o.2;
[Re(W (7)) = g((%ﬁp) — W(%) = T2
n?—2n(151)
= w2(1)?
,172
= w212

>4 (0<j <)
Now, we can extend the result to 0 < |j] < Z’g—l by symmetry.
U

For technical reasons which will become apparent later, we alter
slightly the definitions in Theorem 0.52.

Definition 0.56. We define;

QY ={(w) wp € ZN[Ly,1<k<r—i},0<i<k

K—1

We define maps;

by W;(w)(k) =wr —n (modn), for 1 <k<rk—1i,0<i<k

We let (I);(zew be the Compos’it’iOH (I)z o ([dRin X \I]?ew)_ Then q);@ew 18
gwen explicitly by;
(=15 (modn)

PP (j,w) = N Zlgkgn—i 277’“

We transpose the weights by letting ©™" : *ZN[1,n] — *C be defined
by;

O (s) = (s — n(modn))

Finally, we define erw using the same definition as in Theorem

0.52, but replacing © by O™ &, by PV and using (wy) € 2

K—1*
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It is clear that erw = F... From now, we will drop the new super-
seript, emphasising that we are working with this representation in the

—new

path space ﬁn x Q. .

Lemma 0.57. Let 1z be the indicator function on R_m then an ez-
plicit solution to the convolution equation, with initial condition 1%,
15 given by;

FlRi((L’, t) =1

Moreover, we obtain the identities;

(n—1)

: ij_w@(k’) =1

and;

* Tk
. k1 cosC50) (=) (n+1)
ZU<|]€|§@(_1> *sinQ(:I“T;“) = 6 .

Proof. By Lemma 0.33, we have that;

~ 471.2 2i v ~
Fio(y:1) = (1 = T2 1z (y)

nv 7
By definition 0.11, we have that;
Lz (y) = Jr Lz (x)eapy (—2miay)dpu,(x)

Using the definition of the internal integral, we are summing roots
of unity, when [y,/5] # 0, so 1an(y) = 0, and, when y = 0, we ob-
tain that 17;7(0) = /1. Therefore, 17;7 = 0p. Substituting 0 into

(1- %)W, we obtain that;

Now applying the inversion theorem, see Lemma 0.12, we obtain that
Fi_(z,t) = 1 as required.
n

Combining Theorem 0.50 and Definition 0.49, we have that;

F(%ﬁ? %) - (W1ﬁ>M£,V
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where M, , is the weight matrix of Definition 0.48. A simple com-
putation then shows that;

where C' = * le@@(k)

with © defined as in Theorem 0.52. Applying the first result of the
Lemma, we obtain that;

n—1)

(
C= *Zk;@@(l‘f) =1

Using Lemma 0.55, we have that;

e

m2i(n—1 +1 w24 (% “eos(%)
C=1- % + 2nv ( Zo<\k\§@(_1)k+l*sm2(sz)
n

)

A simple rearrangement proves the final result.
O

Definition 0.58. We adopt the notation of Definition 0.56. We define
the natural filtration on Q.. If W' € €, for some 1 < i < k, we let;

Vi ={w € Qs wpy = w'}

We define the *-sigma algebras F; to be generated from the internal
collections {V,y : w' € Qi}, for 1 <i <k, and Fy to be generated by
{0,9Q.}. Clearly, we have that F; C F;, for0 <i < j < k. We define a
probability measure Pg-: F. — *[0,1] by defining Po(V,) = ni*“ where
w € Q. We define the random variables;

-:wi—En(wi),lgigm

&

&

—w —F)(w!),1<i<k, 0<j<n—1

7

where, by slight abuse of notation, we consider w; as a random vari-
able, taking the i’th coordinate of w € Q) as its value, and, interpret
WY = 1. We define the random variables;

wﬁzw{lng.. Wi, where 1 <i <k, 0<j;<n-—1

. i
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Lemma 0.59. Let X : Q. x T. — *C be a martingale, then, for all
0<t<Kk—1;
1

X1 = * Sl i@ @) + 0@ )

where {f1,..., fy—1,9} C *Clz1,...,x¢] are *-polynomials of degree
at most n — 1 in each variable xy, 1 < k <t, g/(w,...,w;) = Xy, and,

we mterpretw_kj:wi, for0<;j<n—-1,1<k<t.

Proof. We prove by induction that, for 1 < ¢ < k, the monomials
{w] 10 <j; <n—1} form a basis for V(F,), (1). As *dimV (F;) = 1,
it is sufficient to prove they are *-linearly independent. The case i = 1,
follows from the fact that {w] : 0 < j < n— 1} are *-linearly indepen-
dent, which is a consequence of the invertibility of the van der Monde
matrix M given by;

Mj=1,1<j<npM;=11<i<n M,;=i"12<4ij<n

Now, if {w_{ 10 < j <m— 1} were *-linearly dependent, then clearly
we would obtain #-linear dependence of {w] : 0 < j < n — 1} which
is a contradiction. Similarly, one can show that for any 1 < ¢ < &,

{wj : 0 < j < n— 1} are x-linearly independent, (x). Now as-

sume, inductively, that the monomials {wﬁ» 0 < g < np—1} are
x-linearly independent, for some 1 < s < k, we show that the mono-
mials {wi +1:0 < j; <n—1} are x-linearly independent. Suppose not,
then, without loss of generality, we can witness the dependence in the
form;

Wi f1 (@, - - ,wi])
o W @ W)
+.oo+ wgrfr(werlv S >w7s7—‘:11) =0 (**)

where 1 < r < p°and {f; : 1 < k < r} C *Clzy,...,x,_1] are
non-zero linear polynomials. Now choose the first non-zero coefficient
A1; in fi, which matches with wy %, for some 0 < 7 < 5 — 1, and
let {A\a;,...,A\r;} denote the corresponding coefficients in subsequent
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rows. By the inductive hypothesis, we have that {wzl, o ,wzr} are *-
linearly independent, hence we can find w € €2, with;

Yk Al (@) # 0

Then, for all W’ € Q,, with W', = wlp,s, using the fact that

{wi* : 1 < k < r} are F, measurable, substituting in (*x*), we obtain
a fixed *-linear dependence of {w?; : 0 < w < n — 1}, evaluated at
such w'. As the s+ 1’th coordinate of w’ is free to vary between 1 and
n, {w¥; : 0 < w < n— 1} are independent of the first s-coordinates,
and F,;1 measurable, we clearly obtain *-linear dependence of {w¥ :
0 <w < n-—1}, contradicting (). This shows (). Now, using this
result and the fact that X;,; is F;.1 measurable, it is clear we can
find the representation of X;,; given in the lemma. It remains to show
that g,(@1,...,w;) = X;. Using the fact that E,(X,1|F = X, the
facts that ¢;(tr,...,w;) and {f;((wr,...,@r)) : 1 < j < n—1} are
F; measurable, taking out what is known, it is sufficient to prove that
E,(w] ,|F) =0, for 1 < j <n—1. This follows from *-independence of

{wl,, :1<j < n—1} with respect to JF; and the fact that E,(w/,,) = 0,
for1<j<n-—1.

n

Lemma 0.60. Let Fy, be as defined in Lemma 0.57, and let Fiy
be the corresponding reverse martingale. Let;

ST Eev

(I)*Fan’,.;:T x Q. x R, = *C

be its time-reversed pullback, defined by,

* Fi, (5 Fip, w(®ei(f,w), =15 < j <12 0<i<k

7\/7)
which, we also denote by Fiy .. Then;
(Fig, i1 — (Fig, w)e = * 2202 1%}17“3(F1Rn,n)t

where;

j =1 (A= E)Ok) = St (A- By



NONSTANDARD METHODS FOR SOLVING SCHRODINGER’S EQUATION 71

and A, E are the matrices defined by;
(A)ji = 3", for 1 < j,k <n—1

(E)]k = En(w_f); Jor1<g,k<n-—1

Proof. We abbreviate the martingale Fig, » to X. Using the result of
Lemma 0.59, we can determine the values of {f1,... f,—1} at w|jn g, by
the matrix equation;

(A-E)F -7
where;
? = (flv ce fn—1)|w\[1,t]

= (X1 — X)Wl 1), -+ (X — Xe)(Wlpgsm)

8|

and A, E are the matrices defined by;

(Ajp=4%1<j<n1<k<n-1

(E)ji = By(@h), 1<j<m 1<k<ny-1

By *-linear independence of {_w?, e W'}, we have that *rank(A —
E) = n—1. We claim that A — E is invertible, (). If not then,
*Row Rank(A — E) <n — 2. However;

*>S Rows(A—E)=0

using the identity * Y77, j* — nE,(wk) =0

It follows that *Row Rank(A — E) = *Row Rank(A — E) < n — 2.
This contradicts the fact that *rank(A — E) = n — 1, hence (x) is
proved. It follows that;

f=(A—E) T

where 7,.q is the reduced vector of increments given by;
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Tred = (X1 — Xo) (@, 1), - (X — Xo) (wlpg,m — 1))
Now, by the definition of X;, see Lemma 0.52, we have that;
Xi(w) =7n'0(w1) ... O(wy)
(Xer1 = Xo) @l 9) = 7O(w1) .. O(w)(mOG) = 1), 1< i <y —1
By linearity, we then obtain that;
F=n"0w1) ... 0w)(A—=E) Yy
= Xe(@lp0)(A = E) Fpea (¥)
where;
Urea = (MO(1) = 1,...,70(n —1) — 1)
Now, by a simple rearrangement, and substituting the values of f

into the equation for the increment from Lemma 0.59, we obtain the
result, with;

i = (A= E) Ypea);
Lemma 0.61. We have that;

_71_
)A yred)j

where C' =* Zl§i7j§n—1uibij

L
ry=((2-£

-1

1 = Ey(w)), (A )y = by, and;

1 k+j Cksz

Zn 1(—

where C’j’iC =11i5=0, C’j’-’C =0, if j >k, and S}, are signed Sterling
numbers of the first kind.

Proof. We first obtain an explicit expression for f from Lemma 0.60.
Rearranging (%) in the same Lemma, we obtain;

A_f - E_f + Xt(w“l,t])yred (*)
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By standard results on van der Monde matrices, A is invertible, and
we obtain;

? = X_IE_f + Xt(w“l,t])z_lyred (**)

We now compute Ef. We multiply both sides of (x) by m_l, to
obtain that;

—_ __1__ _——1_

Ef =FA Ef + Xy(wlpg)EA Gpog (x % %)
It is a straightforward exercise to verify that;
EA'E=CE

where C' is given in the statement of the Lemma. We need to check
that C' # 1. Suppose not, then;

FA'E=FE

Multiplying both sides by A7, we obtain that;

A 'E2=4A"F

As A is invertible and E # 0, there exists 7 # 0, with;
(A Eyw=1v

Then, rearranging, we obtain that;

(A-Eyp=0

This contradicts the fact that (A — E) is invertible. Rearranging
(% * %), we obtain that;

(1= C)BT = Xu(@lp ) BA Greq (x5 %)
Substituting the value of Ef from (* * %*) into (), we obtain;

i Xi(w ——1l—=F-1_ —1_
f= g—_l[cl,tl)A EA Yooy + Xe(Wl0)A Ypea (%% % %)
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The explicit calculation of b;; is given in [4]. Rearranging (  * * %),

we obtain the required expression for the 7;.
O

Lemma 0.62.

Proof. We compute the values of r;, for 1 < j <n —1. We first calcu-
late EA . We have that;

(BA )y=p.A (G 1<ij<n-1

where i = (11, ..., fty—1) and {&; : 1 < j <n—1} are standard basis
vectors. By the definition of A and {y; : 1 < j < n— 1}, we have that;

—t — _
AM) = —n, .o g1 —n71)

Rearranging this, it follows that;

|

= tf) +7

where 7 = (1,7,...,1772?). Then, we have;
<mA (&) >

=< @ +7, A () >

=< %,ﬂ_l(e—j) >+ <v, A (g) >

=1t <5, A (&) > (1)

n

We introduce an extended matrix, defined by;
(zewt)ij = ij) for 1 S 'Laj S n

Then;

—t

Aert(%) = (777 e 77777)

—t —
Aezt (677)

L = Vet (% s % * %)

where ey = (1,m,...,m71). We have that (Z_l)ij = b, for 1 <

i,j <n—1, and we let (4,,,) = ¢y, for 1 < 4,5 < n. Then, using
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(% * % % %x);

<7, 4 () >

=Sy

=3 by — o) + e

=S by — cig) o ey — ey

= S by — ) — gy < el T () >

=3 T by — ci) — 0" ey (F1TT)

as e, is orthogonal to €, for 1 < j <7 —1. Now, as observed in the
previous lemma;

" ok
by = (—1) S < i< -1
Ly O
Cij (1) k=i gk 0L XLI ST

Therefore;

n
by — iy = (— 1)1”“0;,”, 1<i<j<n-1

Hence;
T by = ) = ey
_(yd 1 (= 1):!]'“0;7[?1) n nﬁ*l(—lgziﬂﬂc;?
= S S D e (1))
(-1)i+icy

— OO e (1)) (HH)

We have that the falling factorial;

(@)y=a(x—-1)...(x —n+1)
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S D

=1 7

where the S denote unsigned Stirling numbers of the first kind. Sub-
stituting x = 7, we obtain;

(my =nt =" 2L (1))
= (=)™ L (=)
Rearranging, this gives that;
(1) = —(n = D! (n odd) (+111111)
Combining (1111), (T1111), (T117111), we obtain that;

— —(=1)IC7 (=1)7+1
v, A 1(Ej) >= (=1 ng( b’
_ (=pcd
o n

and, using (T111);

—1

— 1 o _
(EA )iy =n.A (¢)
1 - ..
=50+ (=1C]) A1<i,j<n-1)
We now compute C' from the previous lemma. We have that;
=" Zlgi,jgn—lﬂibij
where;
—1 .
(BEA )y =" 0wy
By the previous result, we obtain immediately, that;
= 21+ (=1)C))
_ % —1 ;
=t T
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Using symmetry of the binomial coefficients, we have that;

;Lo<—1>jc;? — S (-1 = 0

Hence, C' = == in particular, (1 — C) = % and 7=z = 1. Now, we
compute A EA . We have that;

(AEA Y, =d,

where;

dj =11+ (—17CHA T (T)

We have that;

—1 ,— . _

(A (D) ="

1T8S* - C?f

== >+ i
= C s (e
Zn 1D 1”1[’“]

using the fact that * Y*_ C* = —1. Tt follows that;

z+1 [k}

(AEAT)y = 50+ (1Y 0)) X
and, by the previous result;
=11 ) o 1yitl
(ater )y = L+ (=1)YC)) Sy

-1
We can now compute W(yred). We have already observed that

the weights {©(j) : 1 < j <n — 1} are symmetric, 80 7,4 is also sym-
metric. It follows, by symmetry of the binomial coefficients, that;

o (1Y O Frea); = 0

Moreover, by definition of ¥,.,;, Lemmas 0.55 and 0.57, we have;

30 rea)s
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=" Y1503) — (n—1)
w24i(n—
(773;32("+1) _ (77 _ 1)

n2i(n—1 1
_ 7in 377);7(% ) _ (n—1)

Therefore;

1

I
(%(yred))i
1 1 i1k -1 1
Zn (= 7] ( 2i(n )n(n+)_<n_1))

! 3nv
We now compute (A)71(y,.y)i. Observe that we can write 7,., =
Zred — 1, where;

Zred = (7]@(1), s 7776(77 - 1))

We have that;

R " 77_1

(A 1), =730

where;

by =T
= S S T 1>ij
= S S S (e
Zn 1= 5,

We have that Si = (—1)*7[*] where [¥] are unsigned Sterling num-
bers of the first klnd Therefore;

k+gcksz

1 k:+151

(A7),

=30 by
S D
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i+1% —1?
= (-
In a similar way, we have that;
(Z) ! (Ered)i
" —1(=1)kS? , —k ; .
= i ,2, Leyoh (1Y CrO())
1 k - )
e St Ee S (—1ycte )
and;
(Z) ! (yred)i
1D ey (—1)iCre () +1
=" 1 > i (F1)7CO3) +1)
1
(A(lEg) +A )(yred)i
1 —724(n— % k ; .
Zn 1(= ( (773771V)n(77+1) +(77—1)+77 Zj:1<_1)ycjk@<j)+1)

= o oyt EVE =Rt ) g e SR (C1)ICRO())) (+)

3nv

We now compute * Zle(—l)ij@(j). First observe that the trans-
posed weights are given by;

w24 cos(”—j) . _
o(j) = = (_1)]“*51'712(%) (1<j<ih
2 *cos(ﬂ'(j_n))
6(j) = —2% (-1y ™ ”—W(W(gm)

\./ﬁ

Transposing Lemma 0.31, we have that;
* k j -
Zj:1(_1)]0f6(3)

— & T (-1pCkS ()
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where S = SQ and;

SQUj) = =, (1< j < 15t

2.

SQ(j) = ZmU=t (il <

SQn) =0

.

<n-1)

where the transposed nonstandard Fourier transform and its inverse
are defined by;

8(s) = 55" Yi<jenS () exp(= )

8(s) = 55" YicjenS () exp(FF)

We define My by;

M(j) = (=1)CF, (1 < j <k)

M (j) = 0 otherwise, (1 < j <1n)

Then;

Mi(s) = " S1cjen( =1 CFreap(=72)
= 5 V(1 CHEY

= (1 =¢&7)F = 1) = Hi(s) (1 < s <n)

where £ is the *-primitive root of unity defined by exp(Q’”) By the

inversion theorem, we have that M), = Hj, and S = SQ. We then have,
using the inversion and convolution theorems, that;

L (1Y CFS ()
= 2" i Mi()S ()
= (M;,S)(n)

= (HSQ)(n)
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= ((Hx * SQ))(n)
= (Hy, * SQ)(n)

where the convolution is defined by;

(i SQ)(n) = L% S0 Hiln = 5)SQ(s), (Hi(0) = Hy(n))
= LS (g s) P (- ) - 1)

+ 5T S - s (L - 6 - 1)

= S DA (- )4y (- (1-€7)F 1))
= (2 TS+ DL )+ (1))
= PR S Re( 7 2(1 - €)1

It follows that:

YR (-1cke()

= ) s Re( T2 (1 - €)1

Substituting into (+), we obtain that;

(AZA + A7) ()

=Y St - —R( 2282«1 —£)1))

i [k

* =1(=1)*[; w24 * * F1—g5)*
= " S S = S Re( D05 S TR ()

Lemma 0.63.

Proof. We fix an infinitesimal ¢ ~ 0, with 6 > 0. We define a new
process X% : Q.. x T, — *C by;

X (w,0) =1
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XJ’V(W i) = ninlgjgiA(wj)’ I1<i<k

T v

where;

>
—~
V)
SN—
I

O(s)+2,1<s<n—-1

A(n) = O(n) — =12

v

Observe that X% defines a martingale, as, by the definition and
Lemma 0.57;

: ZlgsgnA(S) =" Z1gsgn@(3) =1

As in the proof of Lemma 0.60, we have that;

X7 = X1 = X7 = XPViney 1, t € TA{E) (1)
where inc: Q, x T, \ [0,1) = *C is defined by;

inc(w, =) = nA(w;) — 1 = Inc(w;)

where Inc : *Z N [1,n] — *C is defined in the obvious way. For
1 < j <n—1, we have that;

Inc(j) = nA(j) — 1
=n(6(j) + ) -1
=" (B 1), N €*R

Then, using the calculation of the weights in Lemma 0.62;

242
77)‘]'
V2

[Inc(j)] < 1iff T2 + (2 —1)2 < 1

. N s
gt on
ifv> 5 T 5

* 2
ot “cos (7)

W*sin‘l(ﬂ) +%’]a (1 S] < n—- 1) (*)
n

mJ

iff v >

Similarly;
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Inc(n) =nAn) —1

=(n—-D(1-2)—© cc*R

v

[Ine(n)] > 1iff (= 1)°(1 = 2)° + FF > 1

if (n—1)2(1 —2)2> 1

v

: —1)ns
if v > %, (xx)

Using the simple inequality;

4 .
~ <L, 1<j<n-1

we can satisfy both conditions (%), (x*), when v > %. Using the

fact that X% defines a martingale, Lemmas 0.60 and 0.61, we have
that;

dX&V—X(SV*Z] 1S]wt+17t€T \{oh (1)

where;

s; = ((A=E + Id)A '(Inc)),

and Inc is the vector (Inc(l),...,Inc(n—1)). Comparing (1), with
(1), and using the fact that X" is never zero, we must have that;

ine, == Y1 Lswf, for t € T\ [0, 1)

As |Inc(j)| < 1, for 1 < j < n — 1, we have, for w € Q,, with
W,y 1 # 1, that;

EIn(X7)(w) = (X7 + dXP) — “In(XP)) (w)



84

TRISTRAM DE PIRO

= (1 + S5 ()

= ("In(1 +incyy 1)) (W)

(=1)kttinck

= (" Therz— ) )

. (DR (2 sl
= ( Zke*ZZl . ) (W) (% %)

As |Inc(n)| > 1, we have, for w € Q,, with w, 1 =7, that;

' In(X;)(w) = ("In(dX;" (1 + anu)) — (X)) (w)

) = (X)) (w)

) = (X)) (w)

= (In(dX]") + *In(1 + mcl

t+y

= (*In( X)) + + Mn(inc, 1) +"In(1 +

—))(w)

eyl

+%

=(* ln(zncH ) +In(1+ ;

=*In(l+ inct+%)(w) (% * *x)

We denote by K°, as in Lemma 0.31, the corresponding convolution

factor to the new set of weights defined by A. Transposing the weights,
using Definition 0.56 and using the relation with the convolution fac-
tor, given in Lemma 0.55, we see that;

K(&) = K (=) + /s, 1 < |j| < 52

K°(0) = K(0) — /n(n —1)8

We consider the perturbed nonstandard convolution equation %—f =

K%« F, with initial condition f € V(T\’, ), and nonstandard propagator
WO(t,x,y). We have that;

E(0) = —/ii(n — 1)5, B(-) =
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Computing the nonstandard Fourier transform, we have that;
E(0)=0
E(\%) =—(n—1)0+4 mefl)gkg@,k;ﬁoéjk

~(n—1)8 =86 = —nd, (£ = "exp(=2"))

3

We now go through the Lemmas, Theorems and Definitions from 0.32
to 0.46, to see how the averaged propagators {W? (t,x,y) : m € Z-¢}
are related to the standard propagator for the original Schrodinger
equation. Lemma 0.32 is the same. In Lemma 0.33, if

I\JH

2L ps| < V2 (114)

is satisfied on R,, and § < % (4), then;

| — 42
(1-— 47T2i—[‘/ﬁ£/]2 — "75)" ~ *emp(—ncS)*ea:p(—47r2i—[\/zy]2)

~ *exp(—4m z[‘fy] )

A simple calculation shows that we can satisfy (1), with the choice
v > 167'n% (++), then the rest of the claim in Lemma 0.33 goes
through, that is, if g € S(R) and G € S(T), are as in the Lemma, and,
{9y, Gg} solve the nonstandard perturbed convolution equation, then;

OGfY(a:,t) = G(°z,°t), for x € R,, t € T, finite

Lemma 0.34 is the same and we can also obtain the claim of Theo-
rem 0.35, for the perturbed equation, by noting the factorisation;

1+ 1+ 4)

= (14 dyn(1+ <)

n

where {¢,d,e} C R, n € N and e = -, together with the fact
that, for given ¢ € R, and d € R<0, we have a uniform bound on
e, independent of n. Lemma 0.36 is the same and Lemmas 0.37 and
0.38 now follow, replacing W by W?. In the proof of Lemma 0.39,
we need a stronger bound, v > n? will suffice. Lemmas 0.40 to 0.46
are the same. We conclude that the averaged nonstandard perturbed
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propagators specialise to the value of the standard propagator, with
the appropriate bounds on v and 9.

We return to the statistical calculation. Observe that we can now
obtain the conditions (x), (xx), for § = n%’ when v > 3n°, this also

guarantees the specialisation condition for the propagators. Now con-
sider the processes, XowWiay . Q. x T. — *C, defined by;

Xm0, 0) = WO, 2,y)
X (w, 1) = UiH1§jgiA(wj)W5(%ax + \/Lﬁ* Di<h<i@hs ¥), L S0 <k

By the proof in Theorem 0.52, and the fact, from Lemma 0.37,
that W(t,z,y) = Fj,(t,x), we have that the processes XowWhay for

{z,y} C R, define martingales. It follows, abbreviating * Y, <henWk O
S(w), that;

We (@, y) = EAX%”’WW)

= i Z =[/myl—[y/7e], modnn H1<]<n (wj)
= £ Zwem, =[\/y]— [ﬁx},moan g’y(w)

We proceed by calculating;

. Zwem,S(w):z,moang’y(W)a z€*ZN[1,n]

Let dlw) = {j : wj = n,1 < j < k} and let e(w) = *Card(d(w)).
Then, for w € Q,, with e(w) = A, we have, using (x * **) that;

*ln(X%’”)(w) =" Zogtsnfld*l”(xgy)W)

= MIn(1 + incun ) (@) +* g @) W), (to+1 € dw))
= Xeln(n — D ) e S A (XY (@)

and, hence;

o,v —1)nd  ic * * * o,v
Xg (w) = (ﬁ_w_Tny exp(* Do 1ga() @ In( X)) (W), (i)
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We observe that S(w) = z, mod n, iff R(w) =">_,;y,)wr = 7, mod
n, and, that, for VoUV;, C *ZN[1, k], with *Card(Vy) = *Card(V}), we
have that;

(s, _ 67
’ z‘*’e@nvS(W):va‘?d”hd(w):VoX%V(w) =" Zweﬁﬁ,S(w):z,modn,d(w):vl ng(w)

It follows, using (* % %) and (* * * % %), that;

k 6 14
ZwEﬁN,S( )=z moan ( )
* K K% o,v
= EA:OC/\ ZS(w):z,modn,d( )=*ZN(k—A H]X ( )
* K K —1)nd _ic * o,v
- Z)\:()C)\ (n_ (7] 1/) 77))\ ZS(w =z,modn,d(w)=*ZN(k—\,K] 6[Ep( Zt—l—le[l K— )x}d ln<X ))(w>

* K K —1)né  ic * * * * o,v
=" R0 R = SN S et ooty P ey (X)) @)

-

* K K —1)né ic * * * K—A * (_1)k+1( an Sjw! )
= ZA:OCA(U—W_TW)A Zw652:§75(w)227m0dn exp(" Y-y ( Zke*zzl —))(w

where we have naturally identified;

{we, :Sw)=zdw)=*Z2N(k— x|}
with {w € Q' : S(w) = 2}, for
O ={w:w@) e Zn[ln—1,1<i<k—A}

using the obvious restriction of the operator S and the relevant ran-
dom variables. We simplify the term;

k

* (-DFH(r Z )
Zk6*221 —

Using the definition of s; and Inc above, we can write;

Sj = 817j + Z’SQJ
where;
= — 1
Sl,j = ((fi_—g + [d)A ([Tl01>)j

JA (Ine,));
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and Incy, Incy are the vectors of length n — 1, given by (6777 —
1,..., 67" 1) and ("’\1 e WT’l) Using the binomial theorem, and the

absolute convergence of the series, we have, for w € Q,, with w; # 7,
that;

— )k sl )R
D ke z>1 (W)

k+1 S w k _1\k+1x k k(* n—le o n— ZS s
_*Zke z (=1 (Z 1,5 z) +( 1) Zs:lcs( Z] kla t) (Z =1152,jW ))(w)

— *ln(l—i—%"—l)—f—* Zk6*221((_1)k+1*zlzz10§(* Z;’ Zl ]wt)k s(* 2]71152 Jwt) )( )

_1\k+1x k k(% n— s w k—s(* is w
_*ln(jn)+*zke*z>l<( 1) 25:105( Z] kly z) ( Z] 1%52,5 t) )(w)

It follows that, for w € QH /\,

* * K,—)\ k )k+l( Z 8 wt)
exp( t:1< Zke*z>1 - ) (w)

k+1x \k k(% §™1— Ik—
= (%) Mexp(* Yo7 A*Zke*zﬂ( T e e

(0 Jisa yed)*
R I

w)
= ()" Merp(Ry,-y)(w)

where we have abbreviated the term on the right with the random
variable R,_,. It follows that;

B Y et S()msmoan X5 (@)

= W*ZA O (n— (n Vl)ms icTn)A@?n)n_x* Zweﬁzj,sw):z,modn*exp(RH—A)(W)
= T Ao Oy (1= U I () 37 ot g mody €P(Re2) (@)
= VT S Cr (1= )\ (B)s= 3 (1) s A B (15~ M eap Ry )

= VT Ao O (1= U0 — o () 2B (15 eap(R,e-)

where, E;‘:{\ refers to the nonstandard expectation in the probabil-

ity space QZ:}\ and 157 denotes the indicator function, supported on
{we ﬁz:i, S(w) = z, modn}.
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Our aim now is to compute this expectation, by approximating the
random variables R,_», using the central limit theorem. We observe

that so; = 722, where;

(A=E

VA~ (Incy)),

to; =

and Inc is the vector of length n — 1 given by (Ay,..., \,—1). We
can see that ¢ ; only depends on 1. We approximate;

rhe g ( (~D)FH DL OB I sy e ) zy;fisa,jwbs)
k€*Z>q k

1
Rn—)\

o Dokerze, (CD)FFH( 00 1) 2= Hisa o)

A 1
=" f 1 nl 77 1152,%}?
+(* Z _15 Jwt)
n—l:.. j
Zt 1 142 j=1%52,jW;

-
=" pll Z] 123273%

Ii}\* 7’)1t2]
Z] 125%

4

Definition 0.64. We fiz ¢ € *N, with ¢ odd and infinite. We let R,.
be as in Definition 0.3, replacingn by nc. Let f € S(R), then we define
the contraction fV° € V(R,.) by;

c 1 * / c—1 . —1
f\[(\/]%): f(\/Lﬁ)’_(nQ )SJS(WCQ )

Let f € V(R,), then we define the extension fve € V(Rye) by

fye(z) = f(%), forz € Ry \ [_(;73—%), —(;7}?)

c—1 c—c
)forxe[ (g\/%)’_(g\/%))

Remarks 0.65. We remark that [z is well defined and measurable.
For suppose that;

(ne=c) ~ T < (ne+1)
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then,
=) o« () (ntD)
2 SVe S T < e

If — (7762*0) <j< ("C; 1), then the interval;

L[ J j+1):[ J j+1>
Vel me) = ey ey

can be written in the form;

r a b
roordl
<7 f>
where r > — = )j—rc—I—d 0<d<c,a=4% ,b:ﬂ.

C

Lemma 0.66. Let feS(R), then;

\/EFWC(fﬁ) = (Fn(fn))\/E on R_nc

where we have denoted the discrete Fourier transforms on {ﬁn,ﬁnc},
by {F,, F,c} respectively. Moreover, there exists a constant H € R,
such that;

IVeFe (V) (y) — (Fy(f)veW)] < 2. (4 € Rye)

Proof. We have, using the definition of F,. and f € S(R), that, for
_ (1) <m < ne—1.
2 =M >3

VPl f7)(22)

- \/E\/%TC*Z <"C 1)<j<’7C 1f\[(r)€$pnc( 27”(\/%)(\/%»

1 x * * -mj
\/_ﬁ Z,Lgngjg%—l f(\/Lﬁ) exp(_Qﬂ-Zn_g)

~ 7 Zf%gs%l*f(f_'ﬁ)*exp(—%i%) =Ly, (1)

_ (ne=(c+2)) <m<
2 —_

Similarly, using the definition of F;, we have, for

ne—1,
2 )

(Fn<fn))ﬁ( n;c) - Fn(fn)(c%)
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J
()

= 05" X g f() ean(=2mi( 5D () = Lo

= \/Lﬁ* ZfL;USjSWT—l*f&/L’)e‘Tp??( 27Ti<c

SIE

Transferring the result of the Mean Value Theorem on R, and, us-
ing the fact that, for f € S(R), there exists G € R~g, such that
|fo(2)] < ‘3, for x € R,, see the method of Lemma 0.21, we have
that;

ﬂ

~—

Li=Lol € 2 Yo oot [ () 1Femp(—2mi(C2) (25) =" ean(—2ri(5) (=

* * ) |—2m (L
< \/Lﬁ 27@§j§%—1| f(\/Lﬁ”ETf (E S R>O)

_ 2wEx * ] |(\%)| 2mE x * ] I(\%”
=T 2osi<tyml (I + 05 Lim<i<z T (F)=5

< QWEF* ZO<|3|<[\f]|]|+ Z[\f]<|]|<” (‘]7) I(\/Lf%)l ({F, G} - R>O)
< 47rEF[\/—][\/—+ ] 27TEG* Z[IKIJI (I%l\) %
< 4WEF[\/—][\/—_|_ 1]+ (27TEG)<[\/»] — i) ~ 0, (1)

We also have to check the calculation for the endpoints —@ <

—(’70—;6), the details are left to the reader. For the second part,

m <
using the calculation (1), we have that, |L; — Lo| < 5—%, for some

H; € R-o. Considering the step (}), we can clearly find Hy € R~o,
such that;

Ve (FY) ) — Ll < 2, y € Ry

Combining these inequalities, we obtain the result, taking H =
H.
Hy+1, as 7% <1
O

Lemma 0.67. Let f € V(R,), with f bounded, S-continuous, and for
which there exists a constant C' € R, with;

then for — =2 < my < 2D e have that;
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TeFne(fye) (2

LEe(f ()

= LY e cnes fye( Jenpye(—2mi( ) ()

LS e aes () eap(—2mi( ) = Ly

Fy(f)()

- 7 500 et F (e )ewpy (~2mi(2) (L)
LSy ens f() enp(~2mi(2) = L

Suppose, for contradiction, that there exists € € R+, with |L; —
Ls| > €, then, using condition (x), we can see that there exists n € N,
d € Rso, such that [M; — Ms| > 4, where;

My = 22" Y jizneyn (5) ep(=2mi(2))
My = 2% 3 1cn uf (F5) eap(—2mi(52)

Let R, . be the refinement of R,,, generated by the intervals | \/%c, z/%lc)
and let g € V(R . N *[—n,n]), be defined by;

9(y) = f(y)*exp(—2mizMI2),

We have that ¢ is S-continuous and bounded, and hence S-integrable
with respect to the measures {,, 1, .} on R, .N*[—n, n|, where p,, was

defined in Definition 0.3, and ,umc([ﬁ, z;%lc)) = \/Iﬁc. The result now

follows by observing that (°g) is well-defined, continuous and bounded
on [—n,n], see Theorem 4.5.10 of [11], and;

M, = fmﬂ*[—n,n} gdlu%C = fﬁnﬂ*[—n,n] gd#” =M; = f[—”»”](og)d'u

where p is Lebesgue measure, see Theorem 3.12 of [6].
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Lemma 0.68. Let g € S(R), then F,(g,) satisfies the hypotheses of
Lemma 0.67.

Proof. Using Lemma 0.13 and Lemma 0.34, we have that F,(g,) is
bounded and satisfies the condition (*) of Lemma 0.67. It remains to
check S-continuity. If {y,y'} C R, with y and ¢/ infinite, y ~ v/, then;

Flgn)(y) = Fu(gn)(y) =0
using the condition (x). If y and ¢’ are finite, y ~ ¢/, with |y —¢/| =

0 ~ 0, then, we compute, similarly to Lemma 0.66, using the Mean
Value Theorem, and g € S(R);

[P (90 () = Fgn(y))]

= |fRn gn(x)exp, (—2miyx)du, (x fR gy(x)exp,(—2miy'z)du,(z)|
< Jr, lgn(@)llexpy(—2miyz) — expy(—2miy'z)|dp,(x)

< [, lon(@)l| — 2z, 52

< 5fx|<1 — 2mix,|dp, (x) + flw\>1 ﬁ| — 2mix,|ddp, ()
=0F+ 5f‘$|>1 %dun(x) ~0

where {D, E,F} C Rso.

Lemma 0.69. Let f € S(R), n € Z-9, g € V(R,), defined by;

Fr (g e £y (22 = F (gFy () (22)

Proof. By Lemma 0.66, we have that;

\/EFTIC(JC\/E) = (Fn<fn))\/6 +e€on R_nc

where |e| < L T Therefore;
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e (e Fae( FYO) () = Fi (2 (Fy(1)9) o) () Fi (46 (22)

We compute;

— Egﬁ m
Fncl( Ve )(\/%)

= \/LE\/%* Z_(7]6;1)Sjg(’flcgl)g\/E(\/J_;,]*C)*exp( \/7%\/‘7%)

= =" 2 _een i aen g(SE) Terp(2mite)

e x b mlk— 15 0)
- Ve Zogkgncflg( fc )eiCp(Qﬂ'Z e
[7(77c—1) ]2 (k (’r]cfl))
—2min 2 m(k—
€ * * _ C * P
NG Zogkgncq exp( p ) e:cp(?m—nc
(ne=1) (ne=1)
= £ * * —2min [T¢HS— 512 27mm (rets—~5—)
= T 2o<r<n1’ 2oo<s<e1 €2P( [ - ) exp( p
N <r<n <s<

27r77];m((r_ (n—=1)

min —1)\2\«
\fc 20<s<c 1 ZO<T<7] | exp(= 2 (r— %) ) exp(

Hence, |F7;1(Ef/‘§)(\/’%)| < ey =€~ 0, by the same argument

as at the end of Lemma 0.39.

=
—

It follows, using Lemma 0.67, for — =
Fo (e Foe(£Y9) (225)

~ F (L (Fy(f)9) o) (22)

~ Fy (gFy (f)(2)

as required. 0

<m< (7’;1) that;

Lemma 0.70. There exists a unique K, € V(R,.), with;

w25 cy)?
fﬂC(KC)(y) = _M7 (y € Rnt:)

ne?
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Moreover, for v >0, v € R;

_4n2; 2 —4m?i[/n( )] N 1
Fe(Ko) = WL L (y € Ryo), lyl <mry/e

ne "
Explicitly;
—4n%i 2
[ Foe(Be) = =] < dn?( + ) (y € Rye)
and;
|747T2i[\/ﬁy]2 . *47"21'[\/5(%)]2‘
c "

§ﬁ+12w2+1fiwf+ 87r1 4 8n2 n”’ |y|§n%_7\/5

7 nc
and;

—4an?ilyn( )
| Fe(Ke) — ——

s 1_
<A b dn? S )+ 0 S (] < [yl < n2 Vo)

For the convolution equation;
o — K xF=00nTRy.exT,
with initial condition f € V(R,.), we have that;

Fel F)(y,t) = (1 = ZWI M E (£)(y) (5)

nc2v

(compare Lemma 0.33) (y,t) € (Rye X T,)

For v >nP°, and finite t € T,, we have, for (y € R, ly| < 77%’7\/5),
that;

—an2it\/7( L))

4m2q cy|? =
(1— b V), (k)

nciv

v * —42it 2 *
W~ exp(%) ~ *exp(

Proof. For the first claim, using Lemma 0.31, there exists a unique
K € V(R.), with;

—472i[\/ncy]?
FelB)(y) = =t

nc
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Taking K. = % gives the result. For the first part of the second

claim, let y = \/3_1‘776’ for j € *Z, —@ <j< @, then;

Fel K)y) = =7

nc

Let \/ﬁy:\%:k—l—e, where k € *Z and 0 < e < 1, then;

—an%ilyl?  _amk? _ A9

nec nc ne

Therefore;

_ 7I'2'i 2 i ¢
Fae(K) () = (5 20)] < an”| 2% —

<ﬁ:‘,’j‘+ﬁ(as le] < 1)

T
= ek ne
8m3nc 472
< Sty ax?
2nc2 n

_ 4xn? 47?2 . nc
=T 1T% =0 jl <5

as 1 and c are infinite.

For the second part of the second claim, again let y = \;;n?’ forj e *Z,

—@ <j< (77;—;1 Then it is sufficient to prove that;

ViR [yaw)?

n -  nc

12

n - nc
Let ﬁ = k+e€, where k € *Z,0 < € < 1, then sufficient to prove that;
(P L w

no e

[k+e]2 [L]Q 9 [L]Q
We have that —f— ~ e | 2k | &~ Ve
n n cn cn n

as |k| < ’72‘:\;51 < /¢, le] <1 and {c,n} are infinite.
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To determine when \/7; let % = m + §, where m € *Z,
0 <0 < 1. Then;
[%12 m2
n
k2 (m+6)?2 _ m2420m+6% o m24+26m
ne Y] U] - U]

So, as 0 < 1,

it is sufficient to determine the conditions when

2m ~ (). This holds for |m| < n*=7, therefore, |k| < \/en'™, there-
fore || < en' ™7, therefore |y| < N el

Explicitly, letti

kte (k+e)
Vel Ve

I
c

= [

— il (L))

f’f =k + ¢ with 0 < € < 1, so that
]+ 6, with 0 < § < 1, we have;

mg y =
(k+e)
f

|—47r2:'7[6\/77y]2 _
£|[%_c]2_[
e ¢
e

ﬁ,ﬁ

c

k—+e)
Ve

(k+¢€)

Ve
— (k+e)?

ra—

|
I
—0)*|

_ 20(k+e) + 92)’

an?
n

IA

+n\/5

IN

4m?
n + nxf -

4 8

IN

nf+

4n?

c

872 (k+e)

Ve

An? (2ke | %), as |0 <1

+ (%

83k 87Tk
n\/+ ne +

(72) + 2 (G

® as e < 1

)

Ll i
Vet Vet

82
UNE

1672

+47 as k| < |J|+1

cn?

1272
+ ne +

IN

n

ax?

8 |j| 87 |]
%_
nc

nxf+

1672

nes

8ﬂ2ﬁ1 o

1272
+ =+

IN

n

W2 1— c . _ 1_
et + < ([j] < ' e Jyl < mEe)

1672

nes

4m? 1272
n + ne +

It follows that;

|fnc(Kc) -

+ 8 +8L

nVcQ

e

VIR

n
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2/1 , 1 42 | 1272 1672 8n2 8m?
§4w(n6+c%)+n+nc+w+ %+

— 1672 2 4 8y 1 4n? | 1672
=S U+ A+ + 00+
The second claim (xx) follows from the second part of the first claim,

together with the fact that *exp(itz) is bounded and S-continuous on
*R, for finite ¢

We have that;

(1— am l[fy]Q)[mt]

ncv
o —4m2it[/ney)?
~ e:ch(—nc2 )

by Lemma 0.33. Using the first part of the Lemma, that;
—4r?il\/mey)? | —4nZily/myl?

nc? ne

therefore,

—4r2it[\/mey)® 747r2it[\/ﬁy]2

nc? ne

for finite ¢, we obtain, as exp bounded, S-continuous, that;

* —4r2it cy]?
exp(—THTL)

~ *exp( —AnZit[\/my)? )

nc

Definition 0.71. We define;
% —4n?i cy]?
he(t,y) = *exp(ZT T )

. —4m?it[/n(2=))?
9s(t,y) = 6:619(—”

): (Rye x T,)

_ 7l'2i 2 —_ —_
g(t,y) = "exp(—R20), (R, x T;)

Lemma 0.72. Let f € S(R), then, for — =0 < m < @0 and finite
teTy;
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Foe (91T e (YD () (1)

where G, is the nonstandard solution to;

83Gf —K.xG.=0 on (R_nc x T,) with initial condition fr;ﬁ

and G is the nonstandard solution to;

% —K+«G =0 on (E X T,) with initial condition f,.

Proof. For the equality of (1) and (2), extend Lemma 0.69 for integral
t, for the equality of (1) and (3), use Lemma 0.70 and the fact that
Foel f,;/E) is rapidly decreasing. For the equality of (3) and (4), use
(%), (xx), the fact that F.( f,;ﬁ) is rapidly decreasing, and generalise
the nonstandard inversion theorem (4) of Lemma 0.33 to the new con-

volution equation. (5) = (2), again apply the inversion theorem to ()
of Lemma 0.33.

O

Lemma 0.73. For g € S(R), with corresponding g,, € V(R,), we have
that;

S e =~ 2 Jr gndity

Sz

for0<c< 77§
Proof. We have that;

9 “|dpne =~ T J|gnldin

fRnc 97\7/6 dptne

v Z—HCSanc—lg%/E(\/]n*J
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—

i ancgjgncflg*(\;_'ﬁ)

(5" Come "0 () = 5597 ()
:L(I*Z§——(n 19 <‘) I*ZC L ?(:szrzl)g*(\;;ﬁ>
Gl () — 9t (%)

= \%<I7T,,gndﬂn - \/Lﬁg*(_\/_ - ﬁg*(\/ﬁ) +¢)

where;

fl < L= 1) T2g ()] + (e~ D) + 1) S lg" ()

3

%IH

+
G

S

2(c—1)+ 27 Dy
< Vi Zj:n i
. 2
=2/n(c—1) Zj”n%
< 2./1(c nn1 B dx (by transfer)
=2/l = D[N
— 2 e — 1)(L — 2)
Then;
€] 2yn(c=1) , D D
e s T G )
D _ D
< 2y/me(35 — 5)
< 4Dy
="y
_ ADVe
Y

:O,for0§c<77§

The second part is similar.

Definition 0.74. Suppose f € S(R), then let f¢ be defined by;
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f(k\cf f) f*(k\/iﬁ)for()glgc—l,—ngkgn—l

Lemma 0.75. Suppose f € S(R), with;

f=5E ks + ) = [ + k%)
for0<I<c—1,0<k<n—1

then;

() (— Y +42) = ((£9)V9) (—E + 32 + L)

for0<i<c—1,0<k<n-1

Proof. We have, using Definition 0.74 and Definition 0.64 that, for
0<I<c—l,and 0<k<n-—1;

(PG + 2+ )
= (fo)(— LB + Bl 4 L)
= () + e+ L

= (F)(— Y + k)

=WW@T+%)

Lemma 0.76. Suppose g € V(R,.), with;

9T+t ) =9V E+ )

for0<i<c—1,0<k<n-1

3

then g = h s, for some h € V(R,)

Proof. Define h by;

W) = g(k2) = g(ke)
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for —n <k <n-—1,
for -n<k<n-1

then;

hf(\ﬁ r) 0<k<n—-1,0<I<c—1
= h(%% + &)

= h(5E) as |9 < 1 as h € V(R,)

= h(Z)

=9(J%)

=9(J&+ )

Lemma 0.77. Suppose f € S(R), then (f°)V¢ = 9
for some g € V(R,)
Proof. Using the fact that ((f¢)V°) satisfies the conditions of Lemma

0.76.
U

Lemma 0.78. Let f € S(R), and {(f¢)V° ‘,9,c}, as in 2 previous lem-
mas. Then;

9(7) = (F)(5%). for -n <i<n—1

T = ()G l=citj, n<i<n-10<j<c—1
Proof. We have that;

(F)Vo(L) = fo(BE) = fe( )

for —=nqc <k <nmc—1. Let k=ci+7,0<j<c—1, —n<i<n—1,
then by f¢ in Definition 0.74;
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ey _ pr(ci
fe() = (<)

Then, by the definition of g in Lemma 0.76 and Lemma 0.78;

= (fo)V (L)
= (f9)" (=) = f*(<L) (double squash, ¢ = (v/0)?)

For the second part, we have that;

Lemma 0.79. Let g . be as in Lemma 0.78, then,

2(M+D)
|f7znC \/d,unc’ < RV
2(M+D
|]:776(gf)| < \/—t )

where {M,D} C R

Proof. We have that;
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| fﬁ g\ﬁdﬂnc,

k c—1
= | e g
* c—1 1
< Lyt lg()]
= eyl g(d) as g € V(R,)

— Ve Z]__n|f (77)| by the computation of g in 0.78

= 7%(* Z|J|§@‘f*<c_iz)‘)

We have that;
(S e (D))
< M\/‘gé 2‘{7, M € R, as f* is bounded, c is infinite.

_ M
= Ve

As f € S(R), we have that;

(L) < 28, for || > 42
so that;

LS vy (D))

= %(*Zﬂsmc]g@

=

D\[\/ﬁ* Z W<]<n_

2

< D\QF( Ly 4) (by transfer)

Dy/eyn (1=11n

Dvevi__1 1
SR (EO SV

P (), with | <1

c

IN
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<D\ﬁ\/52

> 2

o ol

< Do

°[$

— 2D

~ Ve

For the second part, we have, for y € 72_,76 that;

| Fne(9e) ()]
= | Jr- 9ve(@)expy(—2mizy)dpne(x)|

< Jr—gyel@) dptne(a)

2(M+D)
\/E

<

as above.

0

Lemma 0.80. Suppose f € S(R), then Fpo((f)V) = Fpe(g.z) <?
n ne\dve

(obtain bound)
Proof. Adapt proof of Lemma 0.3 in [10].

Lemma 0.81. For c divisible by 4, ¥ < |r| < nec, we have that;

0 < {uz:z>0,c08,.(3ZL) =0} < -4

Ve Ve
Proof. We have that;
* F)
cos(?w(\;ﬁ:)#)
= cos (2%((%)) L)y=0
ne\ S\ e ) e

when c is divisible by 4 and 7 is prime, as
clear.

€ *Z, the result is then

O
N

Lemma 0.82. For (0 <~y < %, vER, \/5(7]%_7) <yl < ¥
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Foe(Gy.e)y) <7

Proof. Adapt proof of Lemma 0.3 in [10].....

We first prove that;

| f(|z\>nﬁ)mnﬁc 9eerPpe(—2mizy)dpye(z)| <

%\wl =
[
(@)

for given n € *A and F € R.

We have that;

| f(|x‘>n\/5)ﬂ7€7nc 9ye€ppe(—2mizy)dpin.(z))|

1 % xwe—1 k
= /c Zk:[n\/ﬁc”g\/g( ]
k
(Z=)l

b 9(G5) (as 9 € V(RY)

nc—1

~ c* Z” n\ﬂf (—) (By the property of g in Lemma 0.78

S

IA
>}
S

< 2DV

~

which gives the result, taking £ = %.

We have that;
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f[_n S G /eCxPpe(—2mxy ) dpiye(z)

= J i nvanya 9veCosuc(2mzy)dpiye(x)

—i f[fn Znyd 9. /e5Me(2T2Yy ) dptne ()

= s Re(9,2)00e 2y ()

+iff[_n znva Im(g e)cosnc(2may)dpiye(x)

—1 i Jomya RE(9yc)sinne(2m2y) dpne(2)

—|—f[7n e/ Im(g, /) sinpe(2m2y)d e ()

We have;

f[—we,wa Re(g,z)cosne(2mxy)dime(x)

O Y znym BN (EE ) cosye (PHEER)), (1 = citj)

O T e RE( ) (5 ) cos o 22K
(7 Z|i|§n\/ﬁRe<f*)<CT)ej k(\T))
where ij(\c/—%) = cosnc(%(i;%%)

We compute an upper bound, for given j, k of;
LS e R ()0, 25)

by transfer of the result for;

o D iznm Be(F) ()05 ()

= 1 : Z| |<nmRe(fv)( ) T -)
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where {v,m} C Rso, n € N, {f, fo} C S(R) and Qak(%) =

27 (vi+j)k
cosmgv(—(m%) )

(v corresponds to ¢,m to \/ﬁ)

We have that;

2w (vitj)k ) -0

COS 20 (g

: 2mjk 2nvik) __
iff cosm2, (4 + T5t) =0

cosm%(f;’gf + —27;:L’$k) =0, (x = %)

; omjk | 2mak
iff cospm2, (47 + Z55) =0

cos(ZE + Zm2k) — ()

s 2mjk 2nkx _ w
1ﬂm2v+ m _2+t7T

. . (t-‘r%)m j .
iff x = 2k muv’

teZ {v,m} C Rwo
0<j<v-1

Vom =) <yl <L 0<y <l yeRrR

_ _k
Y=msk

IN

/UmQ(l*'Y

mQU
k<m
2

We have that vm?(177) < 2 (x)

. _ 2
iff vm?m—27 < -

)

. 2
1ﬂ?v§mTW

Fix v € R, with 0 < v < %, so that (x) holds for this choice of v,
Yo close to %

We consider the case when vm?2(1—0) < k < %2 < m:”, (v>2)
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For k < ’”72, we have that the zero spacing 37 > %

Let € > 0. As Re(f)||—n—cn+q is continuous, without loss of gener-
ality, it has finitely many zeroes at {x1,...,%qm }, with —n < 2y <
o STy £ L Ty S e As Re(f)|[y 20,4 1 differentiable, it has
finitely many maxima and minima, {2;1,..., ;e }, With z; < 2;; <

- < Zipe) < @igr. It follows that Re(f) ] is monotone for
1< <bli)— L.

|[flfz',jvl’i,j+1

Without loss of generality, there are five cases to consider, Re(f,) =0
on [z, Tij], Re(fo) > 0on [x; 5, 25 544], with Re(fy)(2i) < Re(fo)(€ij41),
Re(fv) > Oon [xi,jy $i7j+1], with Re(fv)(a:i,j) > Re(fv)(xi,jﬂ), R@(fv)
0, with Re(f,)(x; ;) = 0, and Re(f,)
0. The cases for Re(f,)|z,,

' [2s,5,2i541] =
[©i,5,24,541] > 0, with Re(fv>(xi,j+1> =
1 < 0 follow by considering —Re(f,).

»Ti,5+1

Let {rgna: 1 < d < e(g, h)} enumerate the zeroes of cos(24: + 2rzk)
on [Tgp, Tgnt1], then;

%* Z|i|§nmR€<fv)(%Wj,k,v(%)

= Ly e Re(£0) ()00 ()

= Ly S e S Re(f) ()05 (1)

= Ly S S e S e Re( ) ()00 (25

We compute * Zz(zg’lh)_l* Z["Wghd“]Re(fv)(%)Qj,k,v( =)

i=[nmrgpq] m
Let O n(d) = * /e Re(£,)(£)0, 5.0 (%)

We consider Case 3, Re(f,) > 0on [xy4, Ty hi1)], With Re(f,)(zgn) >
Re(fu)(7g,hy1)). Assume, without loss of generality, that 0; & o|(ry1rgne] >
0, then, as Re(f,) > 0, and;

|[x9,h’mg,(h+1)]

Oikollrgharrghasi] — Ot lirgnas1:rgna o] 1<d<e(g,h)—2
105,50l trghargnarall 05k 0lirgnar1mgnarall” ~ — 0 T ’

the sequence {0, ,(d) : 1 < d < e(g,h)} is alternating. As Re(f,)
is decreasing, we have that;

|[~”vg,hvxg,(h+1)]

1091 (d)] < 10gn(d+1)], for 1 <d <e(g,h)—1
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so that sequence {f,4(d) : 1 < d < e(g,h)} is decreasing in magni-
tude.

We have that 0 < 6,,(1) < I, l;n € R. Assume that e(g, h) is
even, then, as;

Og.n(2) + 0y (2p + 1) < 0, for 1 < p < ed)=2
Og.n(€(g,h)) <0

so that * S50, . (d) < 1y,

and, as;

6yn(2p — 1) +6,4(2p) > 0, for 1 < p < 42
0 <" 235" 00n(d)

therefore, 0 < * 3259M4, . (d) < 1,

Assume that e(g, h) is odd, then as;

0,1(2p) + 0,0 (2p + 1) <0, for 1 < p < <ol

so that;

Z(:gih)egﬁ (d) < lg,h

Oy n(2p — 1) +0,4(2p) > 0, for 1 < p < deh=]
Og.n(e(g,h)) =0

and as;

0 <" X34 0an(d)

therefore;

0=~ ngh)e w(d) <lgn

We compute;
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] .

0.0 ()] = [ sz[txim Re(fu)(5)05k.0 ()]

< [ BeCf) G105k ()

< D anrghg

7 [nmrth]

= D,([nmrgpa] — [nmrgpi] + 1)
so that;

* —14 nmr, i
1 Syt Re( ) ()05 ()
< %([nmrghg] — [nmrgnm] + 1)

Ly ; Ly, ,
= Dl (P — )] = (5 — )

2k m 2k m
(tgn1+3)m ; (tgni+2)m ;
= De([nm(= g2 = )] = [nm (P = 5]

Lemma 0.83. For § infinitesimal, |y| < \/cn®, we have that;

Y \12
|(_47T2Z~)M _ (—4722')[‘/;7%}1 < 4#2(2775_’((1+C)) + + nCQ) ~ 0

and |(Fyelge) ) (~4720) YL (g, () (i)

< 2EDm2(on’ -z (1) + L+

Ve ) =0

77C2

Proof. Let % =m+0,withme*Z, |§| <1

Then;

V()12
n

2

3

=|

(\/\7; 75)2
n

Let VI — 4§, withn € *Z, |§| < 1

ne? T
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_ (ymey=o')?

Tone
We have that;

n an
T 5)2 5
:47T2|(V‘/$ ) (yme—d)? |

nc?

(-2 1 52)

_ (ney®—2/meyd’+6"2) |
nc?

2 !
i 2t %) (2 -2y )

= 472

3

We have that;
NV Ak
)T -

|(Fe(gye) (y) (—4m?i
.)[\/ﬁ(f)P _ (—dn? ){\ﬁy]

S ‘(«Fnc(g\/z) (y)l(—4’/T2Z 77c2
< 2(1‘{}:]3)47T2(2776_§( ‘) + + 7702) ~0

using Lemma 0.79.
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Lemma 0.84. If f € S(R), with the extra assumption that Re(f) and

Im(f) and are real analytic. For0 <~ <3,y € R, Venz) < Jy| <
Ve .

4 7

Foe(fY) )] < (w(n) + a(n) +w'(n) + a'(n) + 2)7'3(172— + )+
(n—%ﬁ
where;

w(n) = Card(Re(f)|-nn = 0), a(n) = Card(Re(f)|-nn = 0),
@) = CordmifYlmal'= 0. () = Cardlin Dl -
r| > 1.

(e
~—

|$‘2 i

Proof. We can assume that Re(f) and Im(f) # 0. Let n € N, we first
prove that;

oty £ e (~2mizg) e ()] < 5z = 0, (1)
where F € R.
We have, using the definition of fv° in Definition 0.64, that;
| f(|x\zM>mRﬁ fYeewpye(—2mizy)diy(z)|

eyt VR
= jn— >yl

As f € S(R), we have that, |f*|(z) < |£ for [z| > 1, C € R. It
follows that;

= 91 for |k| > [n\/7]

‘2 |k‘|2’

| (e
1l <
Then;

eyl )

| L
Nl

c—1 C
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e
o QC\/ﬁ[;l]nc—l
=7 T nym
_20\/77( 1 1 )
T Ve Vnyml-1 ne—1
20m 1
< Ve nym—2
20/ 1
AN T
_ 2C
RRCENG

which gives the result (x), taking E = 2C.

We have that;

f(lw\< NI fYeexpy.(—2mizy)dps,.(r)

f(—"\f nf expnc( 27Txy)d/~l’nc($)
vne \/’Tc

= f(w n7n\/ﬁ)f\/ECOSnC(27T.Ty)d/,L77C(CU>

—Zf v nyi) fYesing.(2mry)d,.(z)

f( ni ) Re(fVe)cosye(2may)dpy(r)

+sz (=2t /) Im(f\f)cosnc@m:y)dunc( )

—Zf(,n W’"ﬁ) Re(fﬁ)SZnnc(Qny)de(x)

+f T ) Im(fVe)sing.(2moy)dpy,(r)
Vv

We have;

ﬂ

f( —ny nym) Re (fYe)cosye(2mzy)dpiy. ()

Vi )
nfRe(ff)(

T]C
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Re( fY9)( ) cosy(22)

e £*)( )cosye(2)
Y Rl (o)
where Hc,k(\/iﬁ) = cosnc(szik)

We compute an upper bound, for given k € *Z, n € N, of;
Re(f7)(L)6.()

by transfer of the result for;

o <nmBe(F) ()00, (55)

where {v,m} C Rso, 7 € Z, n € N, and 02, (L) = cosy2p2(FL5),
(v corresponds to v/c,m to /7, r to k)

For x € R, we have that;

2 (x) = COSy2,m2 (ngnz) =0

iff 272 — Z ¢, (te 2

m

7("[)2’)’)1
. 7+7rtv m
iff z =

2rr

1ffx—(4r—|—2r)v m, (1)

{T7 t} C Zv {Uvm} C 7?’>0
With the assumption that |~| < %%, we have that |r| < vim?

4 7 4
1 4 v2m 2 2
[r| = v2m?7 2|r| 2 m

1 v'm _
> —, where T = %2 T 2L 0,2,(z1) = 0 and

29 = pz(z > 21 1 O2,(20) = 0). Fix 99 € R With 0 < ’yo < %,

then 2 < |Lm iff [r| > ”2, so we require that, &= < |r| < o2 m , (%),
Yo

m270

m? > 4 . With the assumption that v is odd and m? is prime, we have

thatvm(1+2t)1sodd Sothatwgéz so if O,2,(z9) = 0,
then mzg ¢ Z, (1).
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We claim that Re(f) has finitely many zeroes at {1,...,Tam)},
with —n < 2; < ... <@ < .00 < 2oy < n, (¥%). Suppose not,
then, choose an infinite set of zeroes {z; : ¢ > 1} C [—n,n], with
a convergent subsequence {x;;) : j > 1} C [-n,n]. As [-n,n| is
closed, the limit b € [—n,n], and, as Re(f) is continuous, f(b) = 0.
As Re(f) is analytic, it is identically zero on an open neighborhood
[b — €,b+ €], then, using the fact that [—n,n] is connected, and, re-
peating the argument, Re(f) = 0 on [—n,n], and, similarly, f = 0 on
R. Let o = —n and Z4(n)+1 = n. Since, Re(f)|(z,2:.,] is differentiable,
for 0 <7 < a(n), as above, it has finitely many maxima and minima,
{Zin, . @ig, - wipe ), with 2 <20 < <0< @) < Tiga,
0<i<a(n),1<j<bli)—1 Letz;p=a; for 0 <i<a(n)+1,
then it follows that Re(f)|z, .z, ., is monotone for 0 < i < a(n),
0<j<0b(i)—1and Re(f) ] is monotone for 0 < i < a(n).

[Z‘i,b(z‘>,$i+1,0

Without loss of generality, there are four cases to consider, Re(f) >
0 on [x;;,2j+1), with Re(f)(z;;) < Re(f)(xij+1), Re(f) > 0 on
[@ij, iy j], with Re(f)(2i;) > Re(f)(@i541), Re(f) < 0on [z, ;i j41],
with Re(f)(a:w) < Re(f)(xi7j+1), Re(f) < 0 on [l’i7j,l’i’j+1], with
Re(f)(xij) > Re(f)(xij+1), 0 < i < i < a(n), 0 < j < b(i)—
and, similarly, for [2; p), Tit1,0], 0 <7 < a(n).

If zp € R, with mity € Z, then mQx(Q) € Z. If {m?},m3} are prime,
{ni,ne} C Z, with 23 = oF = 35, then nimi = ngmi, ny = m?,
ny = m3, and |zo| = 1. As Card({xw 1<i<an)—-1,1<j<
b(i) — 1}) and Card({z; : 1 <1i < a(n) — 1}) are finite, we have that
for sufficiently large, and m ¢ Z, mx; ¢ Z, for 1 <i < a(n) — 1 and
max;; ¢ Z,for 1 <i<a(n)—1,1<j<b()—1, (1).

Let {r;;js : 1 <s < e(i, )} enumerate the zeroes of 6,2, on [z; ;, T; j+1],
Tijo = Zij, Tij(e(i,j)+1)) = Tjj+1, for 0 S 1 S CL(TL), 0 S j S b(l) — 17 and
let {r;s : 1 < s < e(i)} enumerate the zeroes of O,2, on [z; ), Tit1,0),

Tio = Tip(i)s Ti(e(i)+1) = Tit1, 0 <0 < a(n). Then, using (1), (11), we
have that;

S eamRE(F) ()02, (L)

= Lyt ZE”{?;?L}Re(fX%>9v2,r<$>

= Ly S e S Re(f) (1), 0 (L)
4
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s S S Re(f) ()00, (£)

= Ly S e s s T Re( £) ()0, (L)
L e S S e Re(£)(L)6ue 0 (1)

We compute 4+ 320071 STl Re( ) (46, (1)

mngs]'i']-
ij(s+1 1]
Let 0@7]'( ) Zl [m,EZ; :_1 Re (f)(%)er,T(%)

We consider Case 2, Re(f) > 0 on [, j, z; j11)], with Re(f)(z;;) >
Re(f)(x;,j+1)). Assume, without loss of generality, that 0,2, >
07 (TTT)? then? as Re(f) [xi,j,$i7(j+1)] Z 07 a‘nd7

[rij1.7352]

9’02 |T1j.§ z](s+1)] 971
0,2,

[ZS 17(s ] . .
J(s+1)°"ij(s42) ,1§8§6(Z,j)—2

‘9112 |T1]S z](s+1]‘ ’LJ(S+1) 1J(S+2)]|

the sequence {6;;(s) : 1 < s < e(i,j) — 1} is alternating. As
Re(f) is decreasing, we have that;

10:5(s)| = 105,5(s +1)], for 1 < s < e, j) — 2

[ﬂﬁi,jwi,(jﬂ)}

so that sequence {6; ;(s) : 1 < s <e(i,j) — 1} is decreasing in mag-
nitude.

We show that 0 S 91’](1) S l@j, lz‘,j S R, where l@j = 61’3(1) > 0.

Assume that e(i, 7) is odd. We claim that for all sequences {6; ;(s) :
1 <s<e(ij)— 1}, decreasing in magnitude, with [; ; > 0, and e(4, j)
odd, that * > 7" 2 —16; ;(s) <l; ;. We can prove this by induction, the
base case is tr1v1al Assume true for e(i, j), and consider the sequence
{0:;(s) : 1 < s <e(i,j) +1}. We have that 6, ;(3) > 0, and the se-
quence {6, (s) : 3 < s < e(i,j) + 1} is alternating and decreasing in
magnitude. By the induction hypothesis, we have that;

S 16;5(5) < 0,4(3)
Hence, * %9 110, (s)

= 0,;(1) +0,,(2) +* %) 416, (s)
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< 05(1) +0:(2) +0:,;(3)
< 0;,3(1)
as 0;;(2) +6,,(3) <0
We have that 0 <6, ;(1) <1, l;; € R.
As;
0,;(2p—1)+6,;(2p) >0, for 1 <p< %
0< "3 0(s)
therefore, 0 < * ziﬁf)‘lei,j(s) <lij, (% %)

Assume that e(i, j) is even, then as;

0, ;(2p) +0,;(2p+1) <0,for 1 <p< e(i,j)—2
so that;
ST (s) < Uiy

and, as;

0:3(2p — 1)+ 0;;(2p) > 0, for 1 < p < <22
0ij(e(i,j) —1) =0

therefore;

0 <*Se70; 5 (s) <l (%% %)

We compute;

lig = 75" Sl (Re(f)(5)0,2,(5)

< L s nlmrie]-l D, where |Re(f)| < D, and 0 < 0,2,

— mv l:[mrijl]—l—l

<1

Tij1aTi2) =

< L (([mrije] — 1) = ([mrij] + 1) + 1)

- mv
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D
= Z([mrije] — [mrij] — 1)

< oo ((mrigs + 1) = (mrjy — 1) — 1)

= T ((rig = rij) + )

so that, using (s * ), (% * %x);

0< L* Ze(w - Ezm%fﬁil1R€(f)(#)9u2,r(#) <li;
< %((7’1'32 —rij1) + %)

2

(*3 + ;) using (%)

Slle!

We can remove the assumption (1{1), to obtain;

e(z, [mxz s 1}
Lyt e Re () ()i (1)) < 2 ((riga —rip) + 1)

Cases 4 is similar, with the same bound. For Cases 1 and 3, reversing
the sequences, we obtain;

e, 1* MTij(s
L e Re () (500 (L)

< B((rijetig) — Tijteti)-1) + =)

<%< 2r +L)

Similarly, considering all 4 cases,we obtain the same bound;

e( —1x mrz(s+1)] 1 L 0 L < 2 v2m L
ol 2o s Be(N) )02 () < T (558 + )
We have that;

mr” 1
mv| Zl [m;,]]0+1 e(f)(%)evzﬂ”(%ﬂ

< _LxImriga]-1
— mv I=[mr;j0]+1

< o (([mrijn] = 1) = ([mrijo] +1) + 1)

= %([mnjl] — [mﬁ'jo] - 1)
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< o ((mrij +1) = (mrizo — 1) = 1)
= 2 ((rij1 = ijo) + 1)

= T ((rijn — i) + 3)

< B((ripg = rig-p-n) + =)

and, similarly;

max(A;;, Bij, Ci, D;)

1,59 1,59

<

|9

(5 +5)
where;
Ay = 1 S L Re(f) ()00 (1)
Bis = il el Re( £)(5) 00,0 ()]
Ci= L S Re(£)(£)00.: (1))
Dy = 1| e Re(£) (50 (L))
It follows that;
LY e RE() (5002 ()
< L S SO e s e e Re(£) (50,20 (L)
ok S S S Re(£) (1), (1)
< L e SO e e e e Re(£) (40,20 (L)
L e S S Re(f)(5)ue (5 S Re(f) ()00 1 (L))
L e S S e Re(£) (L6020 (1)
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TN Z’"[m] Re(f) ()00 ()4 S D Re(1) ()00 (4)
<yl SO (D L)

+* Z“(" Zi "5+ 1)

where w(n) = Card(Re(f)|[-nn = 0), a(n) = Card(Re(f)|—nn =
0)

It follows, by transfer, that;

|f T n Re(f\/)cosnc(way)dunc( )|
\/7(; c

o)
= I S enyaRe(F) ()b ()]
< (w(n) +a(n) + 1)7D( %)

and, similarly;

Similarly;

maz(A,, Cp) < (w'(n) + a'(n) +1)32 (%7 +

where;
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w'(n) = Card(Im(f)'|j-nn = 0) and a'(n) = Card(Im(f)|—nn =

0)
A= 11 s gy (o (2 (2)
B, = zf( SN, ) Re(fVe)sin,.(2nzy)dim.(z))|
Vol
C - |f —nvn ”\f)]m(f\[)sznnc(2ﬂ-xy)d:unc( )l

It follows that;

/\

)|
c\/i
Y L)

cyn 1 1
( 2 Cnlf’Y + \/_F])

|f| < fYeexpy.(—2mizy)dp,.

< (w(n) + a(n) + w'(n) + d'(n) + 2)%2

—~

< (w(n) +a(n) +w'(n) +a'(n) +2)%

S8 S8 3|®

N
3
-
2

5
_I._

= (w(n) +a(n) + w'(n) +d'(n) +2)2Z

so that;
| S FY eapye(—2miay)dpye(x)]

<| f(‘xk%)mm f\/Eexpnc(—mey)dunc(m)|—|—] f(lx\>[%—?)ﬂﬁ f\/aexpn(:(_mey)dﬂnC(l'”

< (w(n) +a(n) +w'(n) + d'(n) + 2) 235 + %) + 27

= (w(n) + a(n) +w'(n) + a'(n) + 2) 2 (2 ;7+¢%7)+ﬁE

Slu

Lemma 0.85. If f € S(R), then for |y| > 1;
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Frel ) ()] < 8L,

Ve,
4

In particular, for |y| >

Fre( £V (w)] < B

where L € R.

Proof. We have, for 7("571) <i< @, that;

(PP (L)

= ne(fVE(R2) — 2f V(L) 4 fY()
= ne(F*)(E22) — 2(f*(52) + (L)

= efP2 (L)

where, for C20 < < =D f e V(R, ) is defined by;

Fre() = F(2)

A straightforward adaptation of Lemma 0.21 shows that there exists
G € R>o, with |(fn,c)D2| < Y forz € R,., |z| > 1, where;

[zn,c]??

i

me(Tﬁ) = x*(\/Lﬁ)

It follows that;

c\D?( i
(Y97 ()
— D2/ i
= clfye (Z5)]
Ge _ Gem G
S |in|2 i2n RET ( )

for |i| > [\/n], as ’$nc|2<\/%) = 717—20 Using Lemma 0.19, we have that;

Fe((FYOP) (W) = )V () Fe(fY) ()

It follows for |y| > 1, that;
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< 2
| Foel Vo) ()] < el 2 ()

X3 (y) V2 (y)]

We have, using (%), that;
| Foe(FYE) 2" ()]
= | fR"C(f\ﬁ)DQezﬂpnc(—Qﬂ'ixy)d,unc(x)|
D2 C D2
< fmg%mnc |(FY) dpane() + f|a:|>%mgﬁc |(FY)P" |dpne()

< Jui<i

2

nc
(nc 1)

D2
cf(\x|§1)ﬁmc‘< nvc)’d'”"vc( ) ZH [val+1 |5’3n5|2

S

(n

c—1)
-+ % f[\/ﬁ x—% (by transfer, and, using the fact that (f777C)D2 <
M, see Lemma 0.17.)

IA
Sl=
$

I~

nc—1)

Sl=

+
[N}
15

S

(ne—1)

e
o
[\~
Q

I
Sl=
+

. 33

Q

IA

S

_l’_
5%
{}

I
Sl=
+

5

IA
a
1|

(% * %)

Using (xx), (* * *), we have

Fl P < e
_ _M+4G
T VexE()l
16(M+4G)
- Vyl?

using Lemma 0.20. The result follows, taking L = M + 4G.
O

Lemma 0.86. For k,A C R,, with 1 <k <\, and f, € V(R,), with
o] < %P, for ly| > K, and C € *R~q, then we have that;
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| fn§|y\§/\ fndﬂn(y”

< 4C

K

Proof. We have that;

|ffi§|y\§/\ fndﬂn(y”
< ng\y|g,\‘fn’dﬂn

< _C
< Jegiyien Ty

1
< Cf\yIZH Wdl“bn

2C %
< T iyl

__ 2Cnx

= i Diziny

n—1 dx
< 20\/7_7 f[n\/rﬂfl a2
_2m
BCNGIE!

20/
— H\/ﬁ—Q
207
= (syi-S40)

_
Tk

1

)2

&

sl\.pl —

O

Lemma 0.87. let f € S(R), and, let {h., g} be as in Definition 0.71
above, then, for finite t, for |y| > \ZTC, T € Ry, we have;

|(hc(tv y) - g\/E(tv y))| <2
(he = 9,2t DFoe V)W) < 22

vz ((he = 9y2) Fue (V) eapye(2mizy) dpue(y)]

ly|>5
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for 1< |yl <m2v/e, t €Ty
|(he = g2(t, )]
< 20(M 4 dn? 4 ST 4 A g 0 B

[(he = 9.2) Foe(£VO)I(t, y)]

< \/%S‘ng(%(l??—’f +4n? 4 &2 I+ e )

and | fi_ 3 o((he = g\/a)fnc(fﬁ))wpnc(?mxy)dunc(y)|

64L 1672 42 1672
< TN +an® + 5 C§+7+ o+ )

and for nr /e < |y < ¥
[(he — ge(W))] < 2;
|(he = 9yeFac(FYN W] < Fiim

Jf((hc—g\/a)]'—nc(f‘ﬁ))expnc(Qma:y)d,unc( y)| < 1BL

n2 e

| ] 3= o

Proof. Using Definition 0.71, for finite ¢t € T, |y| > @, we have that;

[(he = g,c(t,9))]

. —4m2it[/rey]? . —An?it]\ /(%))
= [reap(TTYTUL) _ reqp(— L) < 9

It follows, using Lemma 0.85, that, for |y| > ‘ZTC >1;

[(he = geFae(FY) W)

16 L
S NCITE

_ 3L
Velyl?

Applying Lemma 0.86, and using the fact that |((he—g./e) Fpe(fVE))expne(2mizy)| <
%&2, for y > ‘ﬁ , & € R,), we have that;

| fMZ\/F ((hc - g\/E)‘Fnc<f\/E))expnc<277ixy)d,unc(y)|
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< 4.32L 4
— Ve ne
_ 512

Ve

For the second part, using Lemma 0.70, we have for 1 < |y| <
n3774/c, that;

a2l ()P
[ Foe(Ke) = —— |

167 2 8r2 1 | dn® | 1672 | 8r2
Snc +4W+n”c%+n+nﬁ+m

It follows, for ¢ € T, finite, 1 < |y| < 77%_7\/5, that;

| . 47r2it[\/%y}2 . 47F2’it[\/ﬁ(%)]2
ne? n

< (A A S g 0 4 S

For {z,w} C C, with |z —w| < %, and w imaginary, we have that;
e e

= lev(e = 1)

=0 S -1

= 220:1 lz::fln

<D nm |z —wl?]

— |zl

- (I=fz—w])

< 2|z — w|

It follows, by transfer, that for {z,w} C *C, with w imaginary, and
z ~ w, that;

["exp(z) — exp(w)| < 2[z — w|

47r2it[\/ﬁy]2 w — 47’r2it[\/ﬁ(%)}2

—, , we obtain that;
ne 7

taking z = —
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|hc(ta y) - g\ﬁ|

* 4% cy)? % 4”2“[\/77(%)}2
= [reap(— TN  xeqp(— V)

1672 2, 82 1 | dx? | 1672 | 8n?
SZt(nc +4W+nvc%+n+nﬁ+m)

It follows, using Lemma 0.85 that, for 1 < |y| < 77%’7\/5, teT,
finite;

|(he(t, y) = 9y Fue(£YV) (y)]

2 2 7S LS 2
< e (2 47 + 5+ 55 4 T+ )

We then have, applying Lemma 0.86 that;

| Syt a((he = 92) Fae(fVO)) expue(2mizy) dpine(y)|
7T T 71'2 T T('

< S +4ar 4+ +47+176\/+8 )

For the last part, for n277,/c < |y| < ¥E, as above:

|(he(t,y) = g,e(t,m))] < 2

(e — gy Fael PO )] < 2Ly

Applying Lemma 0.86 again, and using the fact that;

((he — 90) Foel £Y9) epyel2miay)] < 25

for y > 77%”\/5 > 1, r € R, we have that;

S oy (e — &) Fue([VO))expne(2mizy) dpne(y)]| < 2225

n2 e

< 3204
- \/En%*"f\/a

128L
. —
nz 7c

O

Lemma 0.88. Let f € S(R), and g,z as in Lemma 0.87, then, for
T € ﬁnc, v > (nc)®, and the convolution equation;
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9 _K.xF=00nRy.xT,

with initial condition f € V(R,.), we have that, for finite t T,,
lyl > 4~

| Fue(y,t) = ge(y, t)| <7

| Sy (Fue(ys £) = 9y, 1) Fycewppe(=2mizy)dpne(y)| <7
for finite t € T, 1 < |y| > 027, v > 0;
|~Fnc(y7 t) - g\/E(ya t)| <7

| flSIyISn%ﬂ (Fely, t) — g\ﬁ(?/a t)) Fycexppe(—2mizy)duyc(y)| <7

Proof. Using Lemmas 0.87, Lemma 0.33, v > (nc)®, and footnote 6 of
[7),we have, for finite £ € T,,, 1 < |y| > 12" that;

an?i[\/mey)® \ « (4 2i[y/mey)? 1
I V2 RV Amilymeyl” | 1
|(1 ne2v ) eEXp ( ne2 )l =71
an?ily/mey]® \ vt x ¢ Am2it[\/mey)? 1
|(]‘ - nc2 ) — €xp ( nc2 )| S 4etu%‘emp*(4"2i[my]2)‘
ne?
4et
— %
v2
w An2ilymey)? x Am2ily/mey)?
. eapr (MRS g (A
for°t > 0, = < min( 5 l, i |) =min(3, ),

v2
which is satisfied with v infinite. For {z,w} C C, using the above cal-
culation in Lemma 0.87, we have that;

|2 — 1]
= |ewlos(=) — 1|

< 2fwlog(=)|

= 2fwl|log(1 + (= — 1))|

< 2fw|| g, S

< 2Jwl|z -1
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It follows that, using transfer, that;

|(1 _ 47"27;[\/%“2)1/1‘ _ (1 _ 47"21'[\/%?4]2)[1/15]

nclv nclv

=|(1- 4W2i[\é%y]2)[ut]((1 4Tf2i[\é%y]2)ut—[ut] —1)

nc4v o nciy

< 202wt — [wt]||(1 — TRy

nc2v

< 4.1, 2ilmel

ncv

< 44m? L(LE7

2
_167w%n __ 4x?n
- 4 T v
Then;

|Fﬁc(y7t) - g\/E(yat)‘

4734 cyl? \ v
= (1 — L) gy, 1))

An?i[\/mey)? \ [y
< |(1 — TN (8 y)| + |he(ty) — gl

— ncv

<1 4W2i[\/ﬁy]2)[ut] _ emp*(4”2i[\/%y]2)|

> T T ety nc?

+2t(1?7—§2+47r2+%20i%+$+1f§§+%)

4m3y 1672 2 8n2 1 42 1672 8m2
§T+2t(T+4ﬂ- +HTC_%+T+ U\/E—{_U_V)
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