NONSTANDARD METHODS FOR SOLVING THE
HEAT EQUATION

TRISTRAM DE PIRO

ABSTRACT. We apply convergence results for discrete Markov chains,
to prove the existence of an equilibrium limit in the nonstandard
heat equation. We construct a nonstandard backward martingale
from a nonstandard solution, and show, using the Feynman-Kac
method, how to derive an explicit formula for such solutions, when
the initial condition is S-continuous. Finally, we prove that that
the nonstandard solution to the heat equation, with a smooth ini-
tial condition, specialises to the classical solution.

This paper is concerned with nonstandard approaches to the heat
equation. Arguably, interest in these methods goes back to Joseph
Fourier, (1768-1830), and Pierre Simon Laplace, (1749-1827), who pre-
ferred the use of Newtonian infinitesimals, before a standard version
of the calculus was available, in about 1820. Indeed, Fourier wrote an
essay, " Theorie du mouvement de la chaleur dans les corps solides”,
in 1811, published between 1819 and 1820, in which he considers the
solution of the heat equation on an infinite line, obtaining an explicit
solution with the use of Fourier transforms. In an earlier work of 1807,
”Memoire sur la propogation de la chaleur”, he employs a Fourier series
solution which Laplace later recognised as solving the heat equation on
a bounded domain.

Laplace’s work on probability in connection with the heat equation
is also interesting. In 1809, in his ”Memoires sur les Approximations
des Formules qui sont Fonctions de Tres Grandes Nombres et sur leur
Application aux Probabilites”, Laplace derives the Central Limit The-
orem. In his later 1814 essay, " Essai Philosophique sur les Probabilites
des Jeux”, he formulates the idea behind martingale strategies for fair
games, a precursor to modern nonstandard stochastic analysis. All this
is tied in with work on the heat equation, using the method of finding
probability distributions by differential equations. He does this to find
the distribution of the average inclination of n independent satellite
orbits in his 1809 memoir.
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Fourier’s method now constitutes a core of modern analysis, and we
consider this technique in the final part of the paper. Laplace’s work
anticipates a general probabilistic method referred to as the Fokker-
Planck formula, the converse method, using stochastic processes as
a way of solving the heat equation, is generally now known as the
Feynman-Kac formula. This converse method, in the guise of reverse
martingales, constitutes the second part of this paper.

The results of this paper are particularly interesting because they
clarify work due to Fourier and Laplace which has been lost. They are
also very relevant to modern mathematics, which has seen an explosion
of interest in nonstandard stochastic analysis over the past 40 years.
The methods of the last two parts of this paper can be applied to other
partial differential equations, most importantly Schrodinger’s equation,
which with the insertion of an appropriate constant, is identical to the
heat equation in form. Indeed, it is the author’s hope that this paper
can serve as a template for analysis of the Schrodinger equation for a
free particle. A statistical interpretation of the propagator for such an
equation would greatly simplify work on the Feynman path integral by
replacing the totality of paths with the paths of Brownian motion. It
is known that such standard methods lead to insights into certain par-
tial differential equations with a potential term, via the Feynman-Kac
formula. The connection with Schrodinger’s equation with a poten-
tial is a new possibility, and one would envisage that the techniques of
nonstandard stochastic analysis, see [2],[1] and [7], Chapter 9, on the
Martingale Representation Theorem, might become very relevant here.
Some preliminary work on a nonstandard solution to the heat equa-
tion was done in [3], but for an unbounded domain, while we consider
a bounded domain. The use of statistical methods is mainly avoided
there, with an application of Stirling’s formula rather than the Central
Limit Theorem to achieve the final result in IV.13.

The paper is divided into three parts. We identify the principal
results. In Theorem 0.7, we establish a rate of convergence to equilib-
rium, using the theory of discrete Markov chains. This ends the first
part of the paper. In Lemma 0.9, we establish the statistical nature
of the heat equation. We apply the method of reverse martingales in
Theorem 0.11. After some error estimates for the Central Limit The-
orem, in Lemma 0.12, we achieve the main result of the second part
which is an explicit description of the nonstandard solution to the heat
equation, Theorem 0.13. On specialisation, this agrees with classical
result, Theorem 0.14, which will be further verified in the final part of
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the paper. The final part employs the nonstandard theory of Fourier
analysis, to find a different approach, which corresponds to the clas-
sical quantum theory. The main result here is Theorem 0.36, which
shows that the nonstandard solution specialises to the classical solu-
tion, in the case where we start with a smooth initial condition. We
finally note, in Theorem 0.45, that our final two approaches provide
a much faster convergence to equilibrium than given by the Markov
theory presented here. However, a faster rate of convergence, in the
Markov setting, applying results in discrete harmonic analysis, can be
found in [8], see also [9], although a slightly different Markov chain
is used there. The former book might provide insights into an explicit
solution when the initial condition fails to be bounded or S-continuous.

One of the most fundamental results in the theory of Markov chains
is the following;

Theorem 0.1. Let P be the transition matrixz of an irreducible, aperi-
odic,positive recurrent Markov chain, { X, }n>0, with invariant distribu-
tion . Then, for any initial distribution, P(X,, = j) — m;, as n — o0.
In particular;

pz(.;z) — 7;, for all states i,7, as n — oo

Proof. A good reference for this result is [5]. However, we give the
proof as it is used and modified later. Let the initial distribution be
A, and let I be the state space. Choose {Y},},>0, such that {X,},>0
and {Y},},>0 are independent, with {Y},},>0 Markov (7, P). Let T" =
inf{n > 1: X, = Y,}. We claim that P(T < o0) = 1, (x). Let
W, = (X,,,Y,). Then {W,,},>0 is a Markov chain on [ x I. By inde-
pendence, it has transition probabilities given by;

Piijykny = PirDir (1)

and initial distribution p(; ;y = Asm;. A simple calculation, using (),
shows that;

ﬁg?}-)(k@ = pgz)pﬁ) for fixed states 1, 7, k, [
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As P is irreducible and aperiodic, we have that mz’n(pgz), 57)) > 0,
EZ;)(M) > 0 and P is ir-
reducible. A similar straightforward calculation gives that the dis-
tribution m;; = mm; is invariant for P. By well known results,
this implies that P is positive recurrent. Fix a state b € I, and
let S =inf{n >1: X, =Y, =b}. Then S is the first passage
time in the system {W,},>¢ to (b,0), and P(S < oo) = 1 follows by
known results, and the fact that P is irreducible and recurrent. Clearly
P(S < o0) < P(T < 00), so (x) follows. We now calculate;

for sufficiently large n. Hence, for such n, p

P(X,=j)=P(X,=jn>T)+P(X,=jn<T)
=P(Y,=jn>T)+P(X,=jn<T)

by definition of 7" and the fact that {X,,},>0 and {Y,},>0 have the
same transition matrix. Then;

P(X,=j)=PY,=jn>T)+PY,=jn<T)
—PY,=jn<T)+PX,=jn<T)
=PY,=j)—PY,=jn<T)+P(X,=j,n<T)
=m;—PY,=jn<T)+P(X,=jn<T) (xx)
We have that P(Y,, = jyn < T) < Pln < T) and P(n < T) —
P(T = 00) =0 as n — oo, using (x). Similarly, P(X,, =j,n <T) — 0

as n — oo. It follows that P(X,, = j) — 7, using (*x), as required.

The final claim is a consequence of the fact that pl(»?) = P(X, =7)
where the initial distribution of X is the dirac function ;.
O

We now establish a rate of convergence result.

Lemma 0.2. Let P be the transition matriz for a finite irreducible ape-
riodic Markov chain. Then there existsm > 1 and p € (0,1), such that;

|pz(‘;l) — ;| < (1 —p)m=t, for all states i, j

where m 1s the limiting distribution guaranteed by Theorem 0.1.
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Proof. From Theorem 0.1, taking the initial distribution of X, to be
0;, we have that;

PX,=j)=m—PY,=jn<T)+P(X,=jn<T)

Hence;

Py —m;| < P(n < T)

As P is irreducible and aperiodic, we have that pg;) > 0 for all suffi-

ciently large n, and all states k,l. As P is finite, there exists an m > 1

such that p,(;l”) > 0 for all k,[. In particular, there exists p € (0, 1) such

that pgln) > p. We have that;
Pea(T <m) 2 32, B ) = SuPh Pl = 0 Xubl) = 0
Pia(T >m) < (1-p)
P(T'>m) =30 Py (T > m)bum < (1 - p)
Moreover;

P(T >n) < P(T > [2]m)

n
m

We claim that, for £ > 1, P(T' > (k+ 1)m|T > km) < 1—p. We
have, using the total law of probability, the Markov property and the
definition of T, that;

P(T > (k+ 1)m|T > km)
- Zikmijkmdkmq#jkm—l ----- i07#£jo P(T > (k+1)m|ka = (ikmvjkm)a Wim-1 =

(tkim—1s Jrem—1)s - - s Wo = (20, 50)) P Wim = (ikms Jkm)> Wim—1 = (ikm—1, Jkm—1)s - - -, Wo
(40, Jo)|T > km)

- Zikm#jkmuikmflijkmfl 77777 107#£Jo P(T > (k+1>m|ka - (ka’jkm))P(ka -
(ikems Jim)s Wem—1 = (tkm—15 Jkm—1) - - - » Wo = (i0, Jo)|T" > km)

< (1 - p> Zikm?éjkmvikmfl#jkmfl ~~~~~ 0750 P(ka - (ikm’jkm)’ Wim-1 =
(Tkm—1, Jkm—1); - - -, Wo = (do, Jo)|T" > km)
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=(1=p)
Inductively, we have that;
P(T > km) = P(T > km,T > (k—1)m)
=P(T > km|T > (k—1)m)P(T > (k—1)m)
< P(T > km|T > (k — m)(1 - )~
<(d-p)f

It follows that |pg-b) —m] < (1= p)l < (1 - p)m~1, as required.

O

Lemma 0.3. Let P define a Markov chain with N states, {0,1,..., N—
1}, where N is odd, such that the transition probabilities of moving from
state i to i-2,i,i1+2 (mod N) respectively are % Then P s irreducible,
aperiodic and 7, defined by m; = %, for 0 < i < N — 1, defines an
mwvariant distribution. Moreover, we can choose m = 2N and p = 4%\,
in Lemma 0.2. It follows that;

P — L] < (Bl =,

Moreover, for any initial probability distribution Xo, letting N} =
P(X,, = j), we have that;

A7 — L] <€, 0<j<N—1 (%)

For any initial distribution po = ug — pg , with sums K+ and K,
letting u" = poP", and K = K+ — K~ we have that;

= K| < (KT 4+ K )ep,, 0<j < N —1
Proof. To prove irreducibility, observe that i+2(¥) = i+1 (mod N),

(N+1

2 ) > N;H, for all states 0 < i < N—1, (x). To show that all
272

hence, p; ; ¢,
states 7, 7 communicate, it is sufficient, by symmetry, to assume that

1 < 7. If i = 7, then we have that pg? > %. If j —1 is even, we have that



NONSTANDARD METHODS FOR SOLVING THE HEAT EQUATION 7

(7

2 1
Pig 2

j—i is odd, then j—(i+1) is even. We then have that;

N+1 , j—(i+1)

P 7+ 2 > 1 1
.7 Z TNF¥L  j—(i+1
,J PR 2%

using (). To prove aperiodicity, it is sufficient to show that pgl) > 0,
for sufficiently large n, for any given state ¢ with 0 <7 < N — 1. Ob-
serve that ¢ + 2N = i (mod N), hence p(m > %N If n > N, and n

(23

is even, then clearly pgl) > 2% If n > N and n is odd, then n — N
11

is even, and pz(»i ) > NN = 2% For the invariance claim, we compute;

(mP); = > miPji = x(Pic2i + Pry2i) = (3 +3) = %

To ﬁnd m and p, observe that, by the aperiodicity calculation, that

pgf) > L forany 0 <i < N—1,and n > N. Observe also that,
starting at a given state 7, we can cover all the states, by moving in
one direction, a total of N steps. It follows that pgf) > 2’“ for some
k < N. Choosing some 1 < k;; < N for each pair of states (i,7),

observe that 2N — k;; > N, therefore, for any states (i, j);

(2N) 1 11
Pi; > oFij 2PN—Fi; — IN

We can, therefore, take m = 2N and p = fN. We then have that;

no_ N_1\yn _
(1—p)mt = (Lh)dv!

and the following claim follows, by Lemma 0.2. The penultimate
claim follows by noting that A\, = A\gP" and calculating;

(n)

)\ )\gpoj —i-/\lpl] A 1PN

= (A0 + . ) () AL+ A e

where ¢/ < ¢,, for 0 < j < N —1 and €, < ¢,. The final claim
follows by observing that;

= po P = pud Pt — pg P* = Kt P — Ky P™ (%)
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where {7, m; } are distributions. We then have, using the previous
result, and multiplying by an appropriate constant, that;

n +
(Kt )y — 5] < Key
(K=m PM); — | < Kes

for 0 < 7 < N — 1. Therefore, combining this with (xx*), we obtain
that;

n n K- —
1 — | = 1} = (F) < (KF + K )en
as required.

O

Lemma 0.4. Let P define a non standard Markov chain with n states,
{0,1,...,n—1}, forn odd infinite, such that the transition probabilities
of moving from state i to i-2,i+2 (mod n) respectively are % Then, if
€ is an infinitesimal and

log(e
n > (1 + o em) (%)

we have for any initial probability distribution mgy, that;

T~

; for 0 <j<mn—1 (xx)

3=

If o = pg — 1o is a nonstandard distribution with sums { K+, K™},
possibly infinite, then if K = K+ — K~ , and € is an infinitesimal with
(KT 4+ K~ )e ~ 0, and n satisfies (x), we obtain that;

u?:%forOgjgn—l ()
Proof. Let Seq; = {f : N = R} and Seqs = {f : N? = R}. We let;

Proby = {f € Seqi : (Vmxnf(m) = 0) A VYo<men—1f(m) > 0) A
Zogmgjv—1 f(m) =1}

encode probability vectors of length N. Let G : N' — Seqy be de-
fined by;

G(N,0,2) = G(N,0,N —2) = 2, (Viron—2G(N,0,m) =0
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(Vo<k<n—2V1<m<n-1(G(N,k+1,0) = G(N,k,N—1), G(N, k+1,m) =
G(N,k,m—1))

kaNvaNG(Nu ka m) =0

G encodes the transition matrices for the given Markov chain with
N states. Let H : N? — Seqy be defined by

(Vo<ijen-1)H(L,N,i,j) = G(N, i, j)

(Vij>n)H(1,N,i,5) =0

(Vosijen—1Ynz2)H(n, N, i, j) = D o<pen—y H(n—1, N, i, K)G(N, k, j)
(VijsnVnz2)H(n, N,i,j) =0

H encodes the powers G(N)" of the transition matrices. We define
maps L(N,n) : Proby — Proby by;

(Vosjen—1) LIN, n)(£)(J) = 2ocken—1 f(K)H(n, N, k, j)
(Vj>n)L(N,n)(f)(j) =0

L(N,n)(f) encodes the probability vectors 7™ for an initial distribu-
tion 7y represented by f.

By a simple rearrangement, we have that the bound in |77 — %|,
from Lemma 0.3, can be formulated in first order logic as;

VN € N,V € ProbyVe € R<oVn € j\/(n > 2N(1+ log(e) ) N

log(4N —1)—log(4N)
(IL(n, N)(m)(j) = | £ 0<j <N —1)

By transfer, we obtain a corresponding result, quantifying over *N.
Taking e to be an infinitesimal and 7 to be an infinite odd natural
number, we obtain the first result. Observe that by construction of
G, H, L, the nonstandard Markov chain with 7 states evolves by the
usual nonstandard matrix multiplication by the transition matrix, of
the initial probability distribution. The remaining claim is similar and
left to the reader.

O
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Definition 0.5. Let n € *N \ N, infinite and odd, and let v = .
veE*Qso\ Q. We let;

Q={reR:0<a<1}, T, ={t € *Rao}

We let C, consist of internal unions of the intervals [71]
0 <i<n—1, and let D, consist of internal unions of [13/
1€ *ZZO'

7%)7 for
i1

) iyl); fOT

We define counting measures pi, and A, on C,; and D, respectively,
by setting i, ([, 1)) = =, A([5, ZT})) =1 for0<i<n—1,i€"Zx
respectively.

We let (Q,,Cp, p1y) and (T,, Dy, \,) be the resulting measure spaces,

in the sense of [4]. We let (Q_ T.,,Cy x Dy, p1,y X A,) denote the cor-
responding product space.

If f € V(Q, x T,) is measurable, we define;

where we adopt the usual convention of taking i mod 7).

Definition 0.6. Let f : Q_n — "R be measurable with respect to the
xa-algebra C,, in the sense of [4]. We define F : Q, x T, — *Rso by;

F(x,w:F(M,”—ﬂ), (2,t) € Oy x T,

where s is the nonstandard distribution vector corresponding to f,
K s the transition matriz of the above Markov chain with n states, and
K7 denotes a nonstandard power.

Theorem 0.7. Let F' be as defined in Definition 0.6, then F is mea-
surable with respect to C, x D, and, moreover F is the unique solution
to the nonstandard heat equation;

OF _ 9°f _
ot "oz =V
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with initial condition f. If f is bounded, then for T > w, we
have that F, ~ C, where C' = fﬁn fdu,.

Proof. The first proposition follows by observing that the defining schema
for F' is internal and by hyperfinite induction, see Lemma 0.4 for the
mechanics of this transfer process. For the second proposition, it is a
simple computation, using the definition of the partial derivatives in
Definition 0.5, to see that, if F' satisfies the nonstandard heat equation,
then;
P31 = £R(E2 1) 4 (1= B)F(E, 1) + LR(E2 D), j €25

In particular, F' is uniquely determined from the initial condition f
and taking n? = 2v, we obtain that;

F(p,50) = 5F(52,0) + 5F(52,0), 1 € "2

n v
which agrees with the defining schema for F' in Definition 0.6. For

the last claim, by definition of the nonstandard integral, see [6], and the
assumptions on f, we have that f = f* — f~, with corresponding sums

{K* K~ K}, where Y252 ~ 0, and Ja, Fdpy = £. By Lemma 0.4,

we have, taking € = % that for;

log(n?)
n 2 20(1 = G ogrm)

n o~ fﬁn fdu,. Then, we compute;

tog(n?)
20(1 ~ fogtar 1) “togram)

log(n)
< 4n(log(4n)f%02(4"71)) +1

_ log(n)
- 77(10g(1+ﬁ)) +1

< 8n(4" — 1)log(n) as log(1 + ) > 5, for x ~ 0
It follows that, for % > 76(477 — Dlog(n), Fn ~ fﬁn fdp,, therefore,

if 7> 1716 (4Mlog(n), F, ~ fﬁ fdu,, as requlred
U

We now give an alternative description of the process given in The-
orem 0.7. Namely, we can think of it as the density of a collection of
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particles , moving independently and at random. For sufficiently large
t, the density, which we refer to as the equilibrium density, is close to
being constant. This idea is made precise in the following.

Definition 0.8. We keep the notation of Definition 0.5. We let v = ”2—2
but we drop the restriction that n is odd. We let;

Q. ={(si):1<i<k,s,=10r —1}

so that *Card(,) = 25. We let;

Wit Qe — {1, -1}, for 1 <i <k, be defined by;

wi(s) = s;

We let;

7,‘,7,{:{t€f:0§ [vt] < Kk}

We let x : Qn X Ty — Q,, be defined by;

X(s:t) = 10 wj(x)) mod[0,1), 1 < [vt] < &
x(s,0) =0

We let X : Q, x Q. X T, 0 — Q, be defined by;

X(z,s,t) = x4+ 2x(s,t) mod|0, 1)

Given an initial condition f € V(Q,), with f > 0, we let;
Ny Q_n X TH — *R>¢ be defined by;

Nyp(@,t) =" gcicy150 Card({s € Qe : X(5, 5,t) = %})

Lemma 0.9. Let f € V(Q,), f > 0 be an initial condition, for the
heat equation in Theorem 0.7 or the Markov chain in Definition 0.6,
then Ny as given in Definition 0.8 is exactly the process F' given by
Lemma 0.7.
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Proof. This follows easily by hyperfinite induction. As both N; and F'
are measurable on €, X7, ., it is sufficient to check the two claims that;

Ny(2,0) = f(x)

Ni(w, 57) = §Np(z + 2, 2) + 3 Ny(z = 2, 9)

N

v

for0<j<k—1,2¢€Q, n- For the first claim, observe that, if
[na] = 4, then X(; - 5,0) = "T] for all s € €, and if [nz] # 4, then
Y(%,S,O) = [737—“3] for no s € Q,, by definition of Y. Hence, a simple

computation of Ny(x,0) gives the result. For the second claim, just
observe that, for 0 <i<n—-1,0<j57<k—1;

*Card(s € Q. : X(£,5,71) = M)

z
77’1/ n

= 1*Card(s € O 1 X(2,5,2) = B2) 1 1 Card(s € Q. X(E, 5, 1) =

n

The second claim then follows by linearity and the definition of Ny.
O

Definition 0.10. Let (Q,,&,,7,) be a nonstandard *-finite measure

space. We define a reverse filtration on Q_,] to be an internal collection
of xo-algebras &, ;, indezed by 0 <i <k, k € "N\ N, such that;

(i) €0 =&y
(ii). £y CEpsy if0<j <i< k.

We say that F : Q X ’T — *R is adapted to the filtration if F is
measurable with respect to 5 x D, and Fz Q — *R is measurable
with respect to &, ;, for 0 <@ < k.

If f: Q_n — "R is measurable with respect to &, ; and 0 < j <@ <k,
we define the conditional expectation E,(f|E,;) to be the unique g :
), = *R such that g is measurable with respect to &, ; and;

fU gdryy = fU fdv,

for allU € &,;. We say that F : Q, x T, . — *R is a reverse mar-
tingale if;

[772]*2)
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(1). F'is adapted to the reverse filtration on €,

(ii). Ey(F;)&) =F: for0<j<i<rk

Theorem 0.11. Let F' be as in Definition 0.6, without the restriction

that n 1s odd, but keeping v = %, and let F, be its restriction to ﬁn X

ﬁ. Then there exists a reverse filtration on Q_n and F,. such that F,,
is a reverse martingale, and Fy s = Fx

Proof. We define the reverse filtration, by setting &,; to be internal

unions of the intervals [%Ln, 27,;’377) for 0 <j <28 —1,0<1i<k.

Clearly, this is an internal collection. It follows that &, = &, ¢ consists
of internal unions of the intervals [zﬁ—n, 7;;) for 0 < j < 2"p—1, and
we define the corresponding measure v, by setting %([ﬁ, %)) = ﬁ
Observe that &, . = C,, the original xo-algebra.

We define bijections ®; : *Ny<jcy1 X Ly — *No<j<on—in_1, for
0 <i <k, where Q, ; = {(wp) rwp =10r—1,1 <k <k —1i}, by;

Di(j,w) = 27775 4 257 1§k§n7iu2”’z_j:11
Define F,, by;

FR(L 1’) —

T b (% + %* > i<k<ni%k)

where ®;(j,w) =7, for 0 <r <27 —1,0<i < k.

— — K—[vt] o _—
Fo(x,t) = Fo( G, 1), (2,1) € O, x Ty

It is clear that F,, is adapted to the reverse filtration on ﬁn- More-
over, it is straightforward to see that;

as ®.(r) =7, so Fﬁ,g = F=. We claim that F,. is a reverse martin-
gale. We have verified condition (z) in Definition 0.10. To verify (i),
by the tower law for conditional expectation, it is sufficient to prove

that EW(F,# i) = F&ﬂ7 for 0 <i <k — 1. We have that;

E,(F

Eiv1) ()

1
KL
‘v
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Eiv1 ) d%

— 2H—i—1nﬁ , r+l ) ET](F/%%

2&—1’—1.,]72&—1'—1"
_ ok—i—1 Fnl
=2 77f[ r r+1 )Fn,ld%
2&7171n’2m7171n v
_ 27l o 2rtm
= W(Zmzo Fﬁ,%<2"*in))

(Fg(%‘i‘%(* Zlgkgﬁﬂelwk— 1))+F%(7j‘7+%(* ngg%—lwk"‘l)))

(Fi(o =2+ Fya+2)

N |—

|
N[

= Fi+1 (Z‘) = FH’

i1 (e=m1;)

where ;41 (j,w) =7, w = (Wk)1<k<p—i—1 and & = %+%(* D i<k<nio1Whk)s
as required.

O

We now require a lemma about the rate of convergence in the Cen-
tral Limit Theorem for a particular class of random variable.

Lemma 0.12. Let k be odd and infinite, and let {X; : 1 <1i < Kk} be
discrete identically distributed random variables X; : Q. — *R which
are x-independent with respect to the probability measure P = ., and
take the value /2t with probability % and —/2t with probability %,

where t > 0. Then if T,, = %, there exists a finite constant L,
such that;

. 7.2 -3
|P(T, = Y2) — Zreap(5L)| < Li™

for j odd and —k < j < k.

Proof. This result will be obtained by transfer from the finite case. We
take n odd and finite, and consider the iid random variables { X3, ..., X,,}
on §2,,, where X; takes the value 1 with probability % and —1 with prob-

ability % We have that F(X;) =0, E(X?) = 1. Let S, = X1+\7:7;|’Xn‘
We also have that;

¢s,(x) = E(e™)

1T,

= Z—nﬁjoddgn P(Sn = \/Lﬁ)e "

SiE
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=22 0<jodazn P(5n = \/Lﬁ)cos(\%) (%)
As is easily checked, we have the identity;
%f_g% cos(tx)cos(sz)dr = d;s, for t,s odd integers.

Making the substitution x = \/iﬁ, we obtain;

mV/n
%ﬁ [ 25 cos(\j—%)cos(j’/—%)dy = §;5, for t, s odd integers.
%),

2

Combining this with (x), we obtain that;

; mvn .
P(S, = \/LE) = #ﬁ fﬁ{ﬁ cos(f/—”%)cﬁsn(x)dx for 7 an odd integer.

Now, by independence, and a simple calculation of the moments of
X, we have that;

b5, (2) = bx ()"

iz X

= E(eﬁ)”

— enlog(l—hn(:v))

where;

2 4
hn(m):;_n_ﬁﬁ"""'

It is easy to check that h,(z) =1 — cos(\/ia). In particular, in the

range |z| < ™ we have that 0 < h,(z) < 1. It follows that, for

2
lz] < %ﬁ, using the power series expansion of log(1 — h,(x)), that;

2

—x

2
Ps,(x) —e 2 = 67(60‘"(@—%(@ —1)
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We claim that a,(z) < Bn(x), for |z| < %ﬁ, (xx). In order to
see this, let h(z) = log(eT cos(m)) then h/(z) = = — tan(x), h'(z) =

—tan®*(z), so h'(z) = « — tan(z) < 0, for x € [0,5), and, therefore,

h(z) < h(0) = 0, for z € [0,7). It follows that cos(a:) < 6_7962, for
3

|z| < Z. By substltutlon we have that cos(f) < e, for |z| < ”‘f
Then, 1 — h,(z) < 67, so nlog(l — h,(x)) + % 7 < 0. Using the fact

that nlog(1 — h,(z)) = a,(z) — Bu(z) — %2, we obtain the result (xx)
as required.

h , for

1
Z for x| < %, we obtam, for

Now using the fact that 3, (z)
h <0, and h,(z) < 32,0%(37)
2| < ”f , that;

<
<

_g2
le™2 (ean@=Bn(@) _1)]|

nh? (2)

22
< e (TR 1)

—z? nh2 (x
< 17 (an(e) — 2260

—T 4 4
<e3(2Lgp =t
— (4!n + 4ncos(ﬁ))

We have that;

T/ ac2 4

3 — T
e 2 ————dx
;/:‘frg\/H 4ncos(f)

T/ —Jc

3 € xt
S f*r\/ﬁ 2n dx
3

3 —x2n /n 22
= %(—(%ST”2 +2my/n)e"is +3 [_ 3 e™2 dx) (integrating by parts)
3
3 2
< (= (2D 4 ory/n)e " + 34/2m)
T

for n sufficiently large and C' > 0 a finite constant. Now for |j| < n,
7 odd, using L’Hopital’s rule, we have that;

IN
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. jeos(LL)
me_)#W%ﬂ =lj| <n

It follows that;

_22 |cos(4Z )|zt
—_ vn
2 —_——
f%gmk# e dncos(Z) dx

2

—
ne 2 x4

S fw3n§|x|<ﬂ\2/ﬁ an dx

(VAN
N

3
B

3
1S

3
[V}

|
ol
3

= 2l T < D (4

for n sufficiently large, and D > 0 a finite constant. Combining ()
and (f1), we obtain that;

TR 2 |cos(AE)|at
2 RV i
f*‘frz\/ﬁ €z dncos(-=) dr <

vr

S

where ¥ = C'+ D. In the same way, we can find a finite constant
F > 0, for which;

L Jzy|(

;‘Ez X 3?4
f_fﬁe 2 |Cos(ﬁ)|(m+w)dl‘§

Sl

2
Combining these inequalities, we obtain;
o oy o= g
m/n fﬂ |¢Sn(r)603<\/a) € COS(\/H)\ T

2

< En_T?)

™
=Gnz

for n sufficiently large and G = fri a finite constant. We now have

that;

TN 2 .
Jx

A 2 .
|P(Sy = =) — 7 J 2w €72 cos(LL)dx| < G

2

2

\/Lﬁ) - #ﬁ = e%cos(%)dﬂ
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=3 —a? -
<Gn>z + |#ﬁf|m‘>ﬂ7f e 2 cos(LL)dz|

n

_z2

;3
<Gn> —l—#ﬁfwme > dx

We have that e < Hlz|3, for |z| > ‘f , n sufficiently large and
H > 0 a finite constant. Usmg this mequahty, and performing the
integration, giveS'

|P(Sy, f e cos \J/—%)dﬂ

<G’I’L2 +7r\f272r§
:Cv’n%g—i—f(?’fT3 —In?

where K = ‘;—ﬁf and L = G+ K. Now we have that;

where F denotes the Fourier transform. So we obtain that;

P(S, = dn) — e | < In7 (H1)

Consider now the case, when the original {X; : 1 < ¢ < n} on Q,
take the values v/2t with probability 1 and —v/2¢ with probability 1,
where t € R~y. Then {\)/% : 1 <4 < n} are as in the above proof, so
we can apply the result (f117), to obtain that;

_ Vo 5 s
|P(Tn_7f)—\/%ezn\§an

where T, Xl*—\/ﬁX" Now we can transfer this result from 2,,, with
the measure pu,, for finite n, to the case when x is infinite, and obtain

the result of the lemma.
O
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We now obtain an explicit solution for the nonstandard heat equa-

tion;

Theorem 0.13. Let assumptions be as in Theorem 0.11, with Fy S-
continuous, then for k odd and °% # 0, we have that;

L)Z

Fg(%) = #* Zi,EIFQp(% + %)ﬁ*ewp(#)

for0<j<n—1, wheren' =1, I'="ZN[—m,m], for some infinite
integer m € *Z>q, and Fyy is the periodic extension of Fy to *R.

Proof. We have that;
F” - 77f[3 i) F"d%
= nf[J i) F,i,alfy77
= nf[g i) nod%
:772n Zo<s<2~ IF,{ 0( L ﬁ)
= 2%* Zweg FO( + 2 Zl<k<mwk‘)
= 5" Y en, Fo(d + \/_\/%* Dichenr) P = 2w, 5 =1

Letting 4, be the measure on Q,, defined by s, (w) = 5=, we have

that the random variables wy; : Q. — *R defined by wy,(w) = V2twy,
have the property of *x-independence and satisfy the hypotheses of
Lemma 0.12. We let;

" [(vV2ts+1)n V2tr+1
Rn\ﬁn—{l’GR tn+)]§x<[( tn+)77]}

and let;

“n,\/ﬂn([%’ %)) = %, foriel

where I = *Z N [—[(vV2tk + 1)n], [(V2tk + 1)n] — 1]. We let F, be
the periodic extension of Fj to R, aix- Then, we compute;

F%(%) = 2%* ZwEQEFO( + ﬁ* Zl<k<nwk>
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- 2%* ZiEIFO’P(% - %>* Zwem(\/_ﬁg* Zlﬁkﬁnwk) e [L, )

n’on
=" Lierlon( + Piwl{e it* D ickentr € [1, 50}

Observing that f, and using Lemma 0.12, we have that;

/’Lli({w : \/_\/%* Zlgkgnwk S [%7 %)})
= po({w : Tp(w) € [24, TV

2K’ 2K

)
= ({w s Tulw) = L3, L <43

ﬁ

VE 7 V2K NG
= pn({w: To(w) = 2,5 = i})
V2

= ?*exp(g—fj) +€

where |e] < Lk? . Observmg that *Card(l) < 6k, 50 *Card(l) ~ 0,
letting I,.s = {i € I : £ is odd}, and replacing x by =L it follows that;

j * j 3 * —32
Fe(f) =" cq Fop( + ;)\/\% exp(5y)
* j 7 * —i2
= L5 Fop(d + 1) 2 eap(3E)

* j 7 * ()
=3 Dien. Fop(y + ) eap(— )

Now let ' = 7, :]—,,—1—2%7, Z%andf’: {=2 i € I}, As Fy is
S-continuous, it is bounded, therefore the same holds for Fj ,, we also
have that *exp(—x?) is S-continuous and rapidly decreasing. Using
these properties, we have that;

Ff(%) = 42 ZzeI’FO,p« + 21] ) + Z_//)\/L;t*emp(vzl—ﬁ)

~ LS B3+ )5 eap(~

Letting s = pi'(i' € ILes), and m = |%|, we can, ignoring a finite
number of endpoints if necessary, assume that I’ = *Z N [—m,m]. This
gives the theorem.

O

We now verify that our solution defines the classical solution on spe-
cialisation, see Lemma 0.16, and provides a solution when the initial
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condition is just S-continuous.

Theorem 0.14. Let g € C*([0,1]), see Definition 0.15, and let g, :
Q, — *R be measurable with the definition gn(%) = *g(%), for0<i<
n—1. Let I': Q_n x T, = *R satisfy the nonstandard heat equation, as
in Lemma 0.7, with initial condition g,. Then, for finite t € *R, with

°t#£0, and x € Q_m we have that;

_y2
F@) = [ gper 1 y) 5o e dy (+)

where gper 1s the periodic extension of g to R. In particular F' spe-
cialises to the classical standard solution of the heat equation.

If g € C[0,1], see Definition 0.15, with the same assumptions as in
the first part of the Theorem, then (x) still holds.

Proof. By Theorem 0.13, if s is odd, and °t # 0, using S-integrability
of;

Fop (B 4 y) 5= (5)

on Ry = {y € *R : —m < [yn] < m}, equipped with the usual
measure /i, s, and basic facts about specialisation of measures, see (7],
we have that;

o o X * —y?
Frx(x) = fRn, Fo,p(¥ +y) 5= exp(S ) Aty

2

= [ Gper (P + y)ﬁe%dy

By Theorem 0.27, we have that %—i = ‘2275 remains bounded, so that
Fi(z) ~ F,,1(x), for all z € ,. This gives the first result, as we can
assume £ is odd. The second claim is well known, see for example [10].
Finally, if g € C]0, 1], then Fj is S-continuous and bounded, and so is
F1, with F1 (z) ~ Fy(z), for x € Q,,. It follows that Fy o, ~ Fypon Ry,
and S-continuous. Taking F1 as the initial condition, we can assume

that k is odd. Then, repeatirig the above proof gives the result.
O

For notational reasons, we switch to the interval [—m, 7]. The reader
is invited to make the relevant transposition to the probability space
0, 1] with Lebesgue measure. We make a nonstandard analysis of the
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heat equation in terms of Fourier series.

Definition 0.15. We let S'(1) denote the circle of radius 1, which
we identify with the closed interval [—m, 7], via p : [—m, 7] — SY(1),
(@) = €. C(SY) and C>=(SY) have their conventional meanings. We
let O([=m,7]) = {u*(9) : g € C(S)} and C=([-m,7]) = {1*(g)
g € C°(SYH}. Welet T = [-m,71] X Rso and T° = (—m,m) X
R~o denote its interior. We let C(T) = {G, continuous on T ,G; €
C([—m, 7)), for t € Rso}, C°(T) = {G € C(T) : G, € C([—m, 7)),
fort € Rso,GIT® € C=(T°)}. If h € C([—m, ), we define its Fourier
coefficient by;

F(h)(m) = 5 J7 h(x)e” ™ dx

form e Z. If g € C(T), we define its Fourier transform in space
by;

Flg)m,t) = o [T, gz, t)e" ™ dx

forme Z.

Lemma 0.16. If g € C*°([—7,7|), there exists a unique G € C>(T),
with Go = g, such that G satisfies the heat equation;

% 2¢ (x)

ot~ Ox2
on TY.

Proof. Suppose, first, there exists such a solution G, then, applying F
to (*), we must have that;

F(% — 2y (m,t) =0 (t > 0,m € Z)

Differentiating under the integral sign, we have that;

FI) = Dm0, for 1> 0,m e 2

Integrating by parts and using the fact that G, € C*([—m,n]), for
t > 0, we have that;

FIG = —m2F(G)(m,t), for t >0,m € Z
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We thus obtain the sequence of ordinary differential equations, in-
dexed by m € Z;

2G4 F(G)(m, 1) = 0 (¢ > 0)

As G € C(T), Gy — Gy pointwise , as t — 0, and, using the Domi-
nated Convergence Theorem, F(G)(m,t) — F(G)(m,0), as t — 0, for
each m € Z. By Picard’s and Peano’s Theorem, see [7], Chapter 4,
this system of equations has a unique continuous solution, given by;

F(G)(m,t) = ™" F(g)(m) (t > 0)

As Gy € C°°([—m,x]), its Fourier series converges absolutely to G,
and, in particular, G, is determined by its Fourier coefficients, for ¢ > 0.
It follows that G is a unique solution.

If g € C>°([—m, 7)), its Fourier series converges absolutely to g, hence,
the series;

> ez € " F(g)(m)em

are absolutely convergent for t > 0. It follows that G defined by;

G, 1) = X ez € ™ F(g)(m)e™
is a solution of the required form. O

We introduce more notation.

Definition 0.17. Ifn € "N\ N, we let V; = * Uycjcq, o [-m+77, =7+
W%), so that V,, = *[—m,m). We let D, denote the associated x-finite
algebra, generated by the intervals [—m + 71'%, -7+ W%), for 0 <i<

2n — 1, and p, the associated counting measure defined by p,([—m +

W%y -7+ W%)) = 7. Welet (Vy, L(D,), L(p,)) denote the associated

Loeb space, see [4]. If v € *N\N, we let T, = “Uocicrra £ 21,

so that T, = [0,v) C *Rso.We let C, denote the associated *-finite

algebra, generated by the intervals [£,=22), for 0 < i < v* — 1, and

Ay the associated counting measure defined by A, ([%, 1)) = L. We let

v’ v

(7,,L(C,), L()\,)) denote the associated Loeb space.
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We let ([—m, 7|, D, ) denote the interval [—m, 7|, with the completion
® of the Borel field, and p the restriction of Lebesque measure. We let
(R0 U {400}, €, \) denote the extended real half line, with the com-
pletion € of the extended Borel field, and )\ the extension of Lebesgue
measure, with \(+00) = oo, see [7], Chapter 6.

We let (V, x T,, D, x Cy, jiy X \,) be the associated product space
and (V,, x T,,, L(D,, x Cy), L(p, X \,))) be the corresponding Loeb space.
V, x T, L(D,) x L(C,), L(,;) x L(X\,)) is the complete product of
the Loeb spaces (Vy, L(Dy), L(py)) and (T, L(C,), L(\,)). Similarly,
([—m, 7] X (Rso U {+00},D x €, u x \) is the complete product of
([—m, 7], D, 1) and (Rso U {400}, T, A).

We let (*R,*€) denote the hyperreals, with the transfer of the Borel
field € on R. A function f : (V,,D,) — (*R,*€) is measurable,
if 71 *&€ — D,. The same definition holds for T,. Similarly,
f:(VyxT,,D,xC,) = (*R,*€) is measurable, if {1 :*E€ — D, x €,.
Observe that this is equivalent to the definition given in [4]. We will ab-
breviate this notation to f : 777 —*R, [ Vn —*Rorf: V_,,xf — "R
is measurable, (x). The same applies to (*C,*€&), the hyper complex
numbers, with the transfer of the Borel field €, generated by the com-
plex topology. Observe that f:V, —*C, f: T, —*C f:V, xT, = *C
is measurable, in this sense, iff Re(f) and Im(f) are measurable in the
sense of (x).

We let S, = Vn x T, and;
V(V,) ={f:V, = *C, f measurable d(u,)}

and, similarly, we define V(T,). Let;

V(S,.,) =1{f:S,, = *C, f measurable d(u, x \,)}

Lemma 0.18. The identity;
i: (Vyx To, L(Dy x Cy), Ly X \y))
— (V, X To. L(D,) x L(C,), L{y) x L(V))

and the standard part mapping;
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st (Vyx T, L(D,) x L(C,), L(11,) x L(\,)) = [—7, 7] X RsoU {400}
are measurable and measure preserving.
Proof. The proof is similar to work in [7], Chapter 6, using Caratheodory’s
Extension Theorem and Theorem 22 of [2].
O

Definition 0.19. Discrete Partial Derivatives

Let f - V_,] — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

Flom +78) = (f(—r+ 7i21) — f(om + 75L))

n n

fOT‘ 1 € *NISiSQn—Q'

f=m) = & (f(~m+ %) = f(r — )

Let f: T, — *C be measurable. We define the discrete derivative f'
to be the unique measurable function satisfying;

G =v(f(5H) = F(2);

fori € *No<ic,2_o.

fegh=0;

If f :V,, — *C is measurable, then we define the shift (left, right);
fi(—m 4 wl) = f—m+ wlt) for 0 <j <2np—2

fohm = %) = f(=m)

fr(=m 4 md) = f(=m +m2) for 1 <j < 2p—1

frt(=m) = f(m = 7%)

If f: T, — *C is measurable, then we define the shift (left, right);
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flsh(%) — f(%) for0<j<v?—2
fiv —=3) = 1(0)
frsh(%) _ f(J%l) for1<j<iv?-—1

Fr0) = f(v — 1)

If f :V, x T, — *C is measurable. Then we define

unique measurable functions satisfying;

S(—mmit) = L (f(—m+ 7L ) — f(

n Y

fori e *N1§Z‘§2n_2, t e Ty

fOTj S *N()Sjglﬂ_z,x S H_U
U(z,v—1y=0

ot v

We define { flshe, flshe | frhe prshiy py.
fh (20, t0) = (fi)"™" (o)

fih (o, to) = (fzo)"™" (to)

frhe(zo, to) = (fio)"" (20)

et (o, to) = (fag)"" (fo)

where, if (zo,t0) € Vyy X To;

UE]

Fio(w0) = fuo(to) = f(mw=d, [rtaly

Lemma 0.20. If f is measurable, then so are;

of of
ox? Ot

i—1 .
—7T + WT, t)),

} to be the
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of of 0%f 2 2 2 2
{6£7 8{7 3x27f5137 ft’ flshx flsht f'rshw frsht flsh flsh frsh f'rsht}

Proof. This follows immediately, by transfer, from the corresponding
result for the discrete derivatives and shifts of discrete functions f :
H, X T — C, where n,m € N, see [7], Chapter 6. O
Lemma 0.21. Let g, h : 777 — *C be measurable. Then;
fvn y)dp(y) =0
(ii). (gh)" = g'h™" + g"*" I
(#i). [y (g (W)dpy(y) = = f- gh'dpn(y)
fv y)dug(y fv B (y) dpn (y fv " (y)dpn(y)
(). (g)" = (g""), (¢)"*" = (g"")

fv (g"h)( d”n fv (gh”)( dﬁ‘n()

Proof. In the first part, for (i), we have, using Definition 0.19, that;

fv y)dpn(y)
= X[ 1 jean 2 B lg(—m + 7 (EE)) — g(—7 + w(52))]

+arlg(=m+ ) —glr =T+

¥l
Q'
—~
|
3
N—
|
Q
—
S
|
()
B}
=
|
o

For (iz), we calculate;

(ghy (=7 + i) =

— Z(gh(— + 7E) = gh(—7 + 7i=1))

= gL (gh(—m + W%l) —g(—7m+ W‘j;—l)h(—ﬂ + 7r":—1)

+g(—m + Wj%l)h(—ﬂ + W]%l) — gh(—m+ W%))

=g (-7 + W%)h(—ﬂ' + W%) +g(—m + Wj%)h’(—ﬂ + 7rf—7)
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= (¢'hlh 4 g (—m + W%)
Combining (i), (ii), we have;
0= [ (gh) (x)dp,(x)
_ fW(gthSh + g (@) dpay ()
and, rearranging, that;
fﬁ(g/hlsh dpu,y = _fv (g""h')dp,
For (iv), we have that;
oz 9" W)y ()
= %(* z:()gjgznflgm]z(_7T + 7%))

(* zlgjgzn_zg( 7T+7T ) —|—g(7r— _))

S0

(* ZOSjSQn—lg(_ﬂ- + W%)

= fv d:un

A similar calculation holds with ¢**". For (v), we have for 2 < j <
2n — 2;

SHE

(¢y*(= + 7d)
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Similar calculations hold for the remaining j to give that (¢')"*" =

(g"sh)’, and the calculation (g')!*" = (g'*")’ is also similar.

It follows that;

fv (g'h)djw,

_ fvn (R,
= — [ (g7 (h"") )y
== [y (g™ (W) dpy
= — [y (gl))dp,

which gives (ii7), using (iv), (v). The calculation (vi) is then imme-
diate from (i77).

O
Lemma 0.22. Similar results to Lemma 0.21 hold for {lshy, rshy, 2- 2, at
Namely, if g,h:S,, — *C are measurable. Then;
fSn,, 8gd :un X )\1/) =0
(vit) fs aghd g X A) = _fswgahd( % A)
(ZU) fg gd fS,] lshzd HT? % )\ fsn TShzd H’n %<\ )

(v). (%)ls"x = 8(9;;hz), and, similarly, with rsh, replacing lsh,.

fs gxgh (kg X Av) fsw gaa@ (b X Av) ()

Proof. For (i), using () from the argument in Lemma 0.21, we have;
fsn,y %de X Av)

= Jor (o (B8)eddpy)dN ()
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_fv,, fT ai dyin)dA, ()

The proofs of (i7), (iii), (iv) are similar to Lemma 0.21, relying on
the result of (7). (v) follows easily from Definitions 0.19 and (vi) fol-
lows, repeating the result of (ii7), and applying (v).

Definition 0.23. If n is even, we define a restriction 6 Y, =
Namely;

S

fl=m+72) = f(—m +712);

fOT’ 1 E *Nogignfl.

Lemma 0.24. Let notation be as in Definitions 0.23 and 0.19, then;

Flem+ i) = gh(f(=m+ m2H) — f(om + 725);

fori € *Ni<i<y-1.

fi=m) = s (f(=m+3) = f(m = 7))

and;

for(—m 4+ 78) = f(—m+72H) for0<j <n—1

W(—ﬂ'—i—ﬂ'%):f(—ﬂ"i‘ﬂ'%) for1<j<n-1

F(=r) = f(x — )

Proof. The proof is an immediate consequence of Definitions 0.23 and
0.19
O

Remarks 0.25. It is important to note that, in general f' # 7/ and,
similarly, for lsh,rsh.

Lemma 0.26. Let {g,h} C V(V,) be measurable, then;
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Proof. For (i), we have that;

Jog W)y ()

= 2 eyt gk lo(=m + () — g(—m + 7 (2))]
lo(m+ %)~ glr — )] =0

(44) is clear from the main proof and taking restrictions.
For (#i1), integrating both sides of (i7) and using (7), we have that;
oy g'hdpy (y )=~ Iy g R dps (y) (%)

Then;

fv ’hd,un

- J@Wdﬂg@

== fgmdug@) by ()

= - f@Wdug(y) by the main proof

(iv) is a simple calculation, using Definitions 0.23 and 0.19.
U

Lemma 0.27. Given a measurable boundary conditions f € V(Vn),
there exists a unique measurable F € V(S,,), satisfying the nonstan-
dard heat equation;

OF _ o°F
ot~ 0Oz
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on (T,\[v—3,v) xV,
with F(0,7) = f(z), forx € V,, (¥).

Moreover, if n < \/2vm, and, there exists M € R, with maz{f, f', f"} <
M, then maz{F, 2L 2Ly < M.

) Bz ) Ox2

Proof. Observe that, by Definition 0.19, if F': S,,,, — *C is measurable,
then;

‘92—5(—%—1—7?%,15) = %(F(—W—i—ﬂ%,i) - 2F(—7r+7r%,t) + F(—m+

= F(L, —mtnl) 4 Lo (F(, —m+m82) —2F (L, —mtrl)+ F(L, —m+
T2))

= P, —m+mi2) + (1= I (F(GE, —m+md) + 2 P, —m +
T52)) (%)

The choice of n ensures that 1 — 222 > 0. Hence, inductively, if
|Fi| < M, then, by (*);

v

2

[Fuas| < M3l + (1= 5l) + 7l5) = M.

We can differentiate () and replace F' with 2 or %275. The same

argument, and the assumption on the initial conditions, gives the re-

quired bound.
O

Lemma 0.28. If f € C®[—n, 7|, and f, is defined on V, by;
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_ 1) — f*(— 1
fol=m+7l) = fr(—m+7i)

fal) = f(=m + F[1ER))

where f* is the transfer of f to *|—m, ), then there exists a con-
stant M € R, such that max{f,, f;, f)'} < M. In particular, if F
solves the nonstandard heat equation, with initial condition f,, then,

maz{F, %, gifj} < M as well.

Proof. We have, for x € [—m, 7), using Taylor’s Theorem, that;
|35 (f(x+h) = f(z = h)) = f'(2)|
|35 (f (@) + hf' (@) + 5 £7(c) = f(@) + b (x) = B ["(¢) = ['(2)]

hK

IN

where K = max[_ ) f". By transfer, it follows, that, for infinite 7,
(fy) =~ (f")y. Clearly (f'), is bounded, as f’ is, which gives the result
for (f,)’. The case for (f,)” is similar. The final result is immediate
from Lemma 0.27. O

Definition 0.29. We let Z ={me*Z:—n<m<n-—1} Given
a measurable f : 'V, — *C, we define, for m € Z,, the m'th discrete
Fourier coefficient to be;

= o fv y)exp,(—iym)dp,(y)
Lemma 0.30. Let hypotheses be as in Definition 0.29, then;

F(@2) = Y ez, Fy(m)exp,(izm)

Proof. This is a simple transposition _of Lemma 5.9 in [7], Chapter 5.
We have there that the measure on S, is A,. The result follows using
the scalar map p: V, = S, p(z) = £, and the fact that p,(u,) = A,

O

Definition 0.31. Gwen a measurable f : S,, — *C, we define the
nonstandard vertical Fourier transform f : T, x Z, — *C by;

= o fv f(t,z)exp,(—izm)du,(v)
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and, given a measurable g : T, x Z — *C, we define the nonstandard
wwverse vertical Fourier transform by,

9t z) = 3,5, 9(t, m)expy(izm)
so that, by Lemma 0.30, f = f
f

Similar to Definition 6.20 o
On :Z? — *C be defined by;

(7], Chapter 6, for f € V,, we let

Bu(m) = 2 (cxp,(~im=) — eap,(im))
We let 1, : Z_g — *C be defined by;
Uylm) = (1 — eapy (im)

and, we let U, : Z_f’ — *C be defined by;

U,(m) = exp,(— zmQ—“))

The following is the analogue of Lemma 5.14 in [7], Chapter 5, us-
ing the definition of the discrete derivative in Definition 0.19 and the
discrete Fourier coefficients from Definition 0.29;

Lemma 0.32. Let f: Vn — *C be measurable; then, for m € Z,,
fr(m) = ¢2(m) f(m)
Proof. We have, using Lemma 0.21(iii), that;
() (m) = & iy f/()eap,(—izm)d, (z)
L [y f(a) eap,) (—iwm)dp ()
A simple calculation shows that;

(exp,)'(—izm) = exp,(—izxm)p,(m)

Therefore;
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(f)(m) = =¢,(m) f(m)
Then f”(m)
= —¢,(m) f'(m)
= ¢3(m) f(m)
as required. O

Lemma 0.33. If f : V_n — *C is measurable, then, for m € Zn, we
have that;

F7(m) = y(m)2U, (m) (F(m))

Proof. we have, using Lemma 0.26(iii), that;
T(m) = 57 fo T (@)eapy (—izm)dpy (2)
o Joy F/(@)empy(—izm)duy (z)
= g Fr@)eanl M (—iwm)duy (2)
We calculate;
capy ™ (—im(~7 + 7))
= eapl(—im(—m + 721))
= 2 (expy(—im(~m + 7)) — exp,(~im(—m + 722)))
= eap,(—im(—m +72))[f(1 - exp,(im(2)))]
= gy (m)expy(—im(— + 7))
Then;
Fi(m) = m) Jog PR (@)eTpy (—iarm)dyuy (1)

= 4y (m)(FF(m)
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It follows that;

F7(m) = —by(m) ((F)(m))

A~

= —Yy(m)((fr") (m))

= thy(m)*(f7*"*(m))

We calculate, using Lemma 0.26(iv);
F ()

= & for 7 ()P (—izm)dyuy (x)

= gecapy(Z5) for P (@)eap ™ (~izm)duy («)

= U, (m) f—f(x)m(—ia:m)d,ug (x)

as required.
O

Lemma 0.34. If f € V(V,), with f" bounded, then, there exists a
constant F' € R, with;

Moreover;

CH@) = Tes “(H(m))explimez), = € V.

Proof. Using results of [7], Chapter 5, we have that @ < |y(m)| <

@7 and |U,(m)| = 1 for [m| < 2. As f” is bounded, so is f”, so

|ﬁ(m)| < G € R. This implies, by the result of Lemma 0.33 that;
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Fm) < L. (%)

form € Zn i where F' = , as required. Using the Inversion Theo-
rem from Lemma 0.30, we have that;

T(@) = * Sz, Fm)eapy (ivm) = M. (z € V)
Let L =Y, °(f(m))exp(im®x)

If ¢ > 0, we have, using these results, and the fact that expn Is S-
continuous, that for n € Z;

(M — L] < [M = M|+ My — L] + |~ 1|
S . Zn+1<\m\<" me + Zm 1 6 + Z|m|2n+1 % (61 ~ 0)

<2F(2—2)+ 5+ 2 (5~0)

< AUF+1)
- n

<€

dltas)

for n > ,n € N. As e was arbitrary, we obtain the result.

l

Lemma 0.35. If F' solves the nonstandard heat equation, with initial
condition f, bounded and S-continuous, such that° f(x) = g(°x), where
g is continuous and bounded on [—7, x|, then;

°(F(m, ) = e~ (3) (m)

form € Z and finite t.

Proof. As & — ‘375 0, we have, taking restrictions, that;

OF _ 9’F _

ot 0z2

Taking Fourier coefficients, for m € Z, and, using Lemma 0.33;

A

% - Hn(m)F(m, t)=0

where 6, (m) = ¢2(m)U,(m). Then;
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v(F(m,t+ 1) —F(m,t)) = 6,(m)F(m,t)

Rearranging, we obtain;

~

F(m,t+ 1) = (14 2 F(m, 1)

v

and, solving the recurrence;

A~

Flm,t) = (1 + 20 IF (. 0)

v

T

Taking standard parts, and using the facts that limg, . (1+%)" = €,
and °0,(m) = —m?, we obtain;

(m))

for finite t. As f is bounded and S-continuous, so is f, and °f =°f
is integrable. We have that;

<

°(F(m, ) = (e=™*"t)°(

as required.

O

Theorem 0.36. Let g € C®([—m,7]), and G be as in Lemma 0.16.
Let f = gy, and let F' be as in Lemma 0.27. Then, for finite t, and

(z,t) €V, x T,, °F(z,t) = G(°x,°t)

Proof. By Lemma 0.28, we have that %275 is bounded. By Lemma 0.34;

Fla,1) = Y,es “(Flm, 1)) exp(im®z) (x)
By Lemma 0.35;
*(F(m, 1)) = e F(g)(m) (x%)

Comparing (x), (), with the expression;



10 TRISTRAM DE PIRO
Gw,°t) =2z e W F(g)(m)e™™

obtained in Lemma 0.16, gives the result that °F(x,t) = G(°x,°t).
However, F, is S-continuous, for finite ¢, by the fact that (2), is

oz
bounded, from Lemma 0.28, hence;

°F(z,t) =°F(x,t) = G(°z,°t)
as required.

O

Theorem 0.37. Let g € C*([—m,n]), and G be as in Lemma 0.16.
Let | = g,, and let F' be as in Lemma 0.27. Then, for infinite t, and
(z,t) € Vy x Ty, Fla,t) ~ fv—nfdun.

Proof. Again, using Lemma 0.28 and Lemma 0.34, we have, using the
proof of Lemma 0.35, that;

- —0n(m)t p .

F(x,t) ~ ZmGZg expy )tf(m)expg (tmz)

Taking standard parts, using Lemma 0.34, and the fact that exp, On(m)t
0, for finite m and infinite ¢, we see that all the coefficients vanish, ex-
cept when m = 0, that is;

F(x,t) = f(0) = fi Fdps =~ [ fdu,
The result follows for F'(z,t) by S-continuity.

O

Remarks 0.38. When n? = 272y, we obtain, by Lemma 0.27, the iter-
ative scheme for the nonstandard Markov chain with transition proba-
bilities {%, %} By Theorem 0.45, we obtain convergence to equilibrium
after at least v = Z—i steps, which is polynomial in the number of states
1. This is a considerable improvement over the result in Theorem 0.7,
which s exponential in n. The discrepancy results from the choice of
a “smooth” initial distribution. The method of reverse martingales is
useful to consider other "nonsmooth” cases, when the initial condition
s just S-continuous, for which a Fourier analysis is impossible.

Definition 0.39. We use the notation in Definition 0.8, keeping v =

é. Assume that the initial density f > 1. Choose u € *R~q, with
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w0 andlogy(p) € *N <o. Choose T € *N g, with T+1ogs (1) € *N'so,
and k = T + logs(p) infinite, with k = v* — 1. For 0 <i <n—1, we
let;

N="x Zlgignlei

and, for0 <1 <n—1,1<k <N
ﬁn,i,kzﬁﬁ

Quor = Uogign—ugngiQmi,k
We define a probability measure pyor on Qiot, by;
Lot (S) = ﬁ, where s € Qyix, for some 0<i<n—1,1<k<N,

and extend pio; to internal x-finite unions. We define a particle to be
5€ Quik, forsome0<i<n—-1,1<k<N,;. We define the distance
random variable Dy : Qo — *R by;

Dj(s) = %* Zgzlwi(s), for0<j<v?—1.

v

and, for 0 < i <n—-1,1 < k < N;, the point distance random

variables Dt,%,k cQeik — R by;

D i (8) =237 wi(s), for0<j<v?—1.

n i=1

i
,/7177

We define the velocity random variable Vi = Qi — *R by;

V%(S) - %* 5:1%'(5): for0<j<uv?—1.

= 2_’1—* Zgjm(s), for0<j<v?—1.
752 e
and, for 0 <1 < n—1,1 < k < N,;, the point velocity random

variables V, i . 1 Qi — "R by;
) ’

L(8) = f]—?* S wils), for0<j <v?—1.
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Given the initial condition f € V(Q,), with f > 1, for0 <i<n-—1,
1 <k <N;, we let;

We let xip ﬁm,k X T, — ﬁm be defined by;

Xik(s:t) = 2 W wji(s)) mod[0,1), 1 < [pt] < v? =1

Xik(s,0) =0

We let X, : Q_n X Q. i,k x T, — Q_,? be defined by;

Xix(T,5,1) = 2+ 2x; (s, 1) mod[0, 1)

M;: Q) x T, — *Rso be defined by;

My(z,t) = *Pocicn11<ken 3 Card({s € Quip Nik(:s:) =

i)

Lemma 0.40. With the choice v = %, and {v,n} C *Rsqo infinite,
letting F' denote the solution to the nonstandard diffusion equation;

2
OF 8F_0

ot ox2

in Theorem 0.7, with initial density f > 1. Then M(x,t) ~ F(z,t),
forxeﬁn and 0 <t <.

Proof. Asin the proof of Theorem 0.7, we have that the defining schema
for F'is given by;

F(3, 5 = JF(E2,8) + FF(52 ), (modL), (k€ *Z50). 0 < j <

2 Y

We have that;
Mf(%,()) =" Zogignfl,lgngiz%*Card<{s € ﬁn,i,k 1Yi,k(%, s,t) = 3‘7})

__ k MoK
- Zlgngj 2'12

=" Z1gk§Nj:“
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F(L)
(=]

O]
= (-

= f(2) +en

+e)p, 0 <] <1

~ f(2), as p == 0, (%)
We have, for 0 < k < v? — 2, that;

My(Z, L)

n v

= N cicntachen, e Card({s € Qap : Xip(E, 5, H2) = 1})
=Y ocicn-11cken, (37 Card({s € Qpin - Xip(L,5,5) = 12}

"‘%*CCLTCZ({S € ﬁﬁ,i,k : Yi,k(%‘a S, k) = J_2}))

v n

= %Mf(j%a %) + %Mf(j%> E)v (* * *)

v

We have, by (), (x x %), that for 0 < k < v? — 2;

|My(2, 5 — F(3 55

v n v

= [(GMp(52,8) + My (52, 5) — (

2 n v v

N |
k>
S
<
|+
[\]
I~
SN—
+
N |
!
—~
N
||
R I~
SN—
-

< LMy (E2 ) - F(E2 5| + 40y (52 %) - (2, 5)

It follows that, if [My(Z, %) — F(2, )] < Mj, for some M), € “Raxo,
and some 0 < k < v? — 2 then;

(M3, ) — P( k)| < Moy 2y,

v

In particular, using (*x), as |Mf(7%, 0) —F(%, 0)] <4, forall 6 € Roo,
we have that |Mf(f—7,§) - F(%, EY <6, forall 6 € Rug and 0 < k <
v? — 1, so that Mf(%, By ~ F(f—], E), for all 0 < k < 0% — 1, (% % xx).
Equivalently, as I and M are measurable with respect to pu, x A,, the
claim (% %) holds for 0 <t < v and z € (,, as required.

U
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Lemma 0.41. With notation as in Definition 0.39, for {a,b} C *R,
a,b finite, t € R, we have that;

b 7vt

utot(a < Vtu] < b) t7

NG 1 dLeb(v)

If {a,b} C *R, with a, b > 0, b infinite, t € R~q, we have that;

(v)

and similar result hold for the other cases. We have that;

Ntot(@ < VtV] < b f

E(Viwm) =0 and Var(Vi ) ~ 2

where dLeb is Lebesque measure.

Proof. Assume that [tv] is odd, for t € R+, the case for [tv] even is
similar, then, for v € *R, using the fact that * Z?:_OlNi = N, we have;

Ntot(Vtvl =v) = ZO<z<n 1,1<k<N; forik (Vi + = v)

N ) 20 % [tv] —
=N Zogign—ugkgm#n,z,k(n[tl,] D i Wi =)

= Mn(nil:,]* Zng =)

[\
*
\g/
.
i
€
N
|
~—r

= a2 B

U[tl’]?‘j - ﬁf, for some —[tv] < j < [tv],

Then for admissible v, using Lemma

We say that v is admissible if

J €*Z, 5 odd, so that v =
0.12;

[t]

(*Zg’ﬂwi: J )

[t]2 [t]2

*exp(— 2[w]) + 6 (where |0 < L[tv] ?)

Htot(VtV] =0) = [y

N

[ty

— V2 v[tv]
= exp(—57) +0
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\/5* vtV

Vo P e

Leap(—2t+35) +0, (v ="1)

[ty

)+5( <A<

$

= \/—]<*€xp(_vT2t) +7) +6 (%)

[ty

where, using the MV'T};

= Rt/ (— 5 ) = i enp(— 5 ). (w € 0.35)

1

so that, for v finite, using the fact w < 3, |[v| < 1 and *exp(z) is

bounded, for z < ;
| = 3% "eap(—4E + w)|
< WMQ, for some M € R, uniformly in v (%)
and, for v infinite, as [v] <n, 0 <\ < 1;
] = |55 eap(— 45t + w)|
< §[rexp(—4t +1)]

< glreap(—v?t)] < uniformly in v (* * )

_N_
204429

using the fact that for z > 0 infinite, *exp(—z) < I, for some
N € Rog (%% %)

We define S; = {% s —[tv] < 5 < [tv], j odd}. It follows, using
standard results on Loeb measures and specialisations, see [2]| and [6],
and from (x) that, for {a,b} C *R, with a < b, a, b finite;

lutOt(a’ < VM < b) == ZvESt,aSUSbMtOt(VM = U)
N

%
- ZveSt,a§v<b w[tv]

exp(_vT)_F ZveSt,a<v<b\/_7

*
+ Z’UESt,aSUSb5

where, using (#x), and the fact that (b — a) is finite;
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M o)t
| Zv65t7a<v<b \/W/ﬂ A /7r[ty] n? 2n
_ VA -
2y/mn3
\/it%u% (b—a)M
< VR M

b—a)M 2
:”Efn) _O(I/Z%)

" =3 (b—a)[tv
"2 vesiazocsd| < Ltv] 2 ( 23['5 ]

_ L(b—a£ ~ 0
2n[tv]2

so that;

* 2
th(a < VM < b> = ZvESt,aSUSb ﬁy]*el’p(—%)

tv] 1« )2 »
= — [2?7]; Zvest,a<v<b e.flfp(—Tt), ()\ — [2_77])

_ ]2 1+« 2

V21 A Zvest,agvgb*exp(_ )

|
=

323

l\.’)\»—‘

1
t2v

2
= :“\/g77 N 2vesia<v<y €TP(— ) (p=1)

1

2 2
- l“Qf,\ Zvest a<v<b “exp(— t); (v= %)

2
= 7)\ Z’UGSt,a<v<b 6"L‘p(_th)

053723 Dves,acvs €EP(— 1), (022 0) (x4 %)

We have that;

1 x v2t

by EUGSt,agvgb*exp(_ T)

1
l[aX]+k+5 )24

—(
~ 3 ZOSkS[A(b—a)]*€+, (taking into account endpoints)
1 7([‘1>\>]\+k)2t
= X* Zo<k<[,\(b_a)]*€f, (similarly to (x  *x))

—v?
4

~ f exp, | du,\( ) (similarly to (x * *x))
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~ [Poeapy, T AL (in(v)
= Ja Pt 258

= i dLeb(v), (1)

where p is the usual internal counting measure on *[a, b] generated
by the intervals [z,z + 1), for z € *[a,b] N Sy, L(,) is the associated
Loeb measure and, for v € *[a, b];

—v2t 7([13\)\])2t

*

expy; ="e 14

—'v2t

and we have used the fact that exp, ; is S-integrable and S-continuous,
see [6]. From (* * xx), (1), we have that;

1% v2 5 °b
0 t\?f)\ ZveSt a<v<b exp(_Tt) = 6_} f

(v) =

and;

utot(a<VtV] <b) —2ff e~ 1 dLeb (v)
For {a,b} C *R, with a < b, a finite and b infinite;
Mtot(a <V < b) =" Zvest,agvgbﬂtot<vﬂ = U)

_ % V2 o« v?2 * V2
- ZUGSuaSUSb [tv] GZL‘p(—Tt) + ZvESt,agvgbm’y
+* ZvESt,a§U§b5 (TTT)

We have that;
|* ZUGSt,aSUSb5|
S ! Z’UESt,dS’USb|5|

L x
S (tv ]% ZvéSt,aSval

< LewTY g

]2

By overflow, as S; is *-finite, we have that there exists p infinite,
with 0 < p < /7, such that the estimate () holds for |v| < p. We
then have that, without loss of generality, assuming that b > p, and
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using the proof above;

|* ZvESt,agvgb\/%,ﬂ

< /—\7{[2;1/ - ZveSt,aSv§u|7| + \/%* Zvest,#gvgbh’

_Mv2 NvV2 1
< /_Tr[tu]n Zvest a<v<pu _’_Qtz\/m Z’UESt u<v<byt

2MV2/r[tv] N L
Vvl 4\/}15? A Z1)€St,,u<v<b_4 (l‘ = 1)

IN

< 2M\/§[tu]% N Z 1
S T T
N 1% 1

12

2\/Et% by vESt,u<v<b vt

N 1 d
- -3 o A
2/t JHSUSh Uy a

12

N o1
rvme dusvss TpAL() =0

[(v—53)Al

A

where vy, =

(12, B].
It follows from (f1t), as in (* * *x), that;

+ %, using the fact that v% is S-integrable on
A

* 2
Hior(a < Viel < b) = Zvest,asva%*exp(_th)

- VX Z’UESt a<v<b 61']9( 2t>
+52t\2fi* Zvest a<v<b exp(_vTQt)’ (0.~ 0) (1)

We have that, as in (f), that;

1% v2

b uest,agvgb*exp( T)
bo 2t
~ [, “expy, © dL(pA(v))

= [ e4dLeb)

~+

so that, from (11111);

1 02
piot(a < Vtu] <b) =~ % Jo et dLeb(v)
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5” [ e~ dLeb(v)

o~ f e i dLeb (v)

Similarly, we can consider the other 4 cases, (i), a < b < 0 with a,b
infinite, (i7), a < 0, with a infinite, b finite, (iii), a < 0,b > 0, with a, b
infinite and (iv), a > 0 with a, b infinite, to get;

(4). pror(a < Vi) <b) =0

[T

(7). pot(a < Vi < b) >~ 2’5\/5 f_ozo e_UTQtdLeb(v)

1 2t
(14). pyor(a < Vi) < b) ~ ;7277 [Z e T dLeb(v) =

12

(10). prot(a < Viw) < b) ~0

The details are left to the reader, (*). We have, as utot(VtV] =0) =

Mtot(vﬂ = ) for v = [t_;L]u [ty] < j < [ty]7 thatu

E(VL"]) =" ZvGStUMtot(VW] - U) 07 (2>

By overflow, as S; is *-finite, we have that there exists p infinite, with
0 < p < /7, such that the estimate (x) holds for [v| < p. We have that

E(V[iu]) =" Zvesﬂﬂutot(‘/@ = U)

v

=" Zvest,|v|§\/ﬁv2/~btot(v =v)+" Zuest,\v|>fv Ntot(vwl =)

v

We have, as * Zy:’quH follows a *-binomial distribution, with [tv]
trials and probability %, and using Chernoff’s bound, that;

' Zvest,|v\>\/ﬁv2ﬂtot(v@ =0)

1 'We find another method of computing the distribution in Lemma 0.42. How-
ever, the technique is useful in calculating the conditional expectation and variance

2 Using the method below, we can calculate the conditional expectation, for
{a,b} C *R, with the convention that °a € {400, —00}, for a infinite;

< (v)

E(Viwla < Vpy <b) =
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Z[tulwl

1N
= Zf[t"]<|]|<[tl,] [tV]QI’L'i( v/ [tv] [tl’)

Z,[Ltul w;i

= Z f[tu] <|]|<[tl/] [tl/]2 l'[’/{( \/[t_y [tV )

= Zf[tu}<|j|<[t1/] [tU]QllLH( Z[tlj] wz“l‘l — J 2[tl/})

2 [tV] tl/
— Z \F[tl/] <|j|<[t1j] [tl/]2 Cj+2tu ]

- * [tV} v
=2 thu <j<[tv] [tu]2 OJ+[tu 2” [tv]

2
]

.

Q.i

}

tv

S 2 [tu] Zf[tu]<]<[ty} CJ+2[tu]

- e ]
= tu] zftu <]< tl/ C]+ 0]

< 2%*2 0= VE)

1
Va2
Vay/Tom =
2 x5 itv]
= 11 Cl, (0=1)
2-[tv] quw] ng
277 [tv]
S 21t Zf[tu]%t% . C]+[tu
22 <G<[tv]
f[tv]?t?)
S avr
S eXP( 2[tv] )

— 2772* eXp(—?—é) ~ O
We have, using (x), that;

" ZvGSt,lv\g\/ﬁvzutot<vM =v)
V2

\/w[tu Zv65t7|v|<fv e$p(—”T) + _w[t,,]* ZUESMU'SWUZ,Y(U)
+ ZvESt,|v|§\/ﬁU25a (ﬁﬁﬁﬁ)

We have that;

|>k Zvest,|v|§\/ﬁv25| <’ ZvESt,\U‘S\/ﬁvzwl

<

L x 2
3 Zvest7|v|§\/ﬁv

[tv]2
_Ln_x
- [tu]%

ZUGS¢,|U|§\/ﬁ]—
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< _Ln_2ymltv]

\/5 * 2
|\/7r[tu] EUGSMMS\/FIU 7(0)‘

< S et 0] +

We have that;

V2

* 2
e Duesilsat ()]

2

IA

(VAN
I

V2
tv]

" Zvest,u<|v|§\/ﬁv2’7<v>

3

< =% L
T 2124 /x[tv] VESEu<|v[ <y v?

V2«

[ty

Zvest,u<\v|§\/502|'7(v)’ ()
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1
_ pNt2 1x 1
T 2y/At2 A ZUGSz,,u<|’U|§\/F]U2 (,u = 1)

ﬁt% A vESt,u<|v|<y/m v?

IN

N 14
St Jn<pl<yn v} KX

A [ ey F AL ) = 0 (8

It follows from (8), (£8), (£8f), that;

V2

[ty

and, from (££8f), (#tttt), as above, using the method of (f) and the

fact that vf\e:ppu(—%t) is S-integrable and S-continuous, that;

: Zvest,|v|§\/77v27(v) ~0

E(V[%V]) =" ZUESt7|U|S\/ﬁU2MtOt(V@ = U)

v

2
- \/% 2 vesuol<yit”exp(— 1)
1 2

- %* Zvest,|v|§\/ﬁv2*e T (p~1)
— t% * 9 _v2t §t% . N _2275 6NO
= avm 2aesiuisyi? © 0 T agm Leespisy? € 0o (020)

1 »
= 2@; 1= v2e " dLeb(v)

£ ([=20 =0 9 oo =vit
= (e T N + 2 [T e i dLeb(v))

1 —vet
=+=201% ¢ - dLeb(v)

I
E ) ) S

[ et dLeb(v)

(&
—0o0

2
‘/73 [T ez dLeb(y) (v= —‘/\/%y)
V2
Vit

3 Similarly, one can show that;

—v2¢

7 dLeb(v)

1 °p
E(VE,la <Viy <b) =32 [, v
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O

Lemma 0.42. With notation as in Definition 0.39, for {a,b} C *R,
a,b finite, t € R, we have that;

°p  —y?
, € dLeb(y)

/ltot(a < Dy #ﬁ fo

<b) ~

If{a,b} C *R, with a finite, b > 0, b infinite, t € R~o, we have that;

© o4 dLeb(y)

Mtot(a < Vi < b) = #ﬁ f"a

and similar result hold for the other cases. We have that,

E(V 1)=0 (dear(V )~ L

where dLeb is Lebesque measure. In particularly, up to an infinites-
imal, the particles follow rescaled Brownian motion paths /2By, where
By is Brownian motion.

Proof. We have that;
fitot (D) < d)

v

<d)

=5 Zogign—l,lgngiﬂn,i,k(D[i
=5 Zo<z<n 1,1<k<N; M, k(2* Z[w w; < d)
= (2 M w; < d)

= iu(F N wi < d), (v =)

= (2 M w; < d)

d\s

M <d),0<e<1

(\/TJFG D imiwi <

= (2 T < ), (3= 1)

* [tv]
( Zzt 1Wi < )

= Mg \/W T
= () 2 () (9




54 TRISTRAM DE PIRO

)
where U(x) = \/LQ? f_zoo e~z dy is the standard cumulative Gaussian
distribution and we have used the fact that, for d finite, ¥ is contin-

uous, so *W is S-continuous at finite z € *R, (*) and for d infinite

\D(\/g) qj(gfg) 101’ IIj(\/jt)— (5@)

Let {a,b} C *R, with a < b, then;

)
0.

<b)

Mtot(a < Dm
= ,utot(DM < b) Mtot(D[w] < a)

= W) = W), ()

V2t V2t

—~

For ¢ € R, we have that;

U ( dy

) = mff

_mf\ﬁemﬂdz( wy = z,wdy = dz,w € R)

where G(x) = ffoo et dy, so that, for {c, f} C R, with ¢ < f;

U(L) — W) = 7 (Gf) — Gle) = 7 [ e dy
and, by transfer, for {a,b} C *R, with a < b, using (*x);

< b) ="

)= W)

§|@
~+

Htot(a < DM

— ;L ("G(b) — *C(a))

For a, b finite, we have that;

4 1f 2y € R is finite, we have for any given € € R+, that there exists 6(e) > 0,
such that |xg — x| < d(€) implies | (xg) — ¥(z)| < e. By transfer, this holds for *U.
In particular, if 2’ ~ xg, then *W(zg) ~ *¥(z'). It follows that for {y’,2'} C *R,
with ¢’ ~ 2/, and ¢/, 2’ finite, that *U(y’) ~ *W(2’) = *V(°y').
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— 532G - GCa)

2
1 °b —y
= gvmi Joa €AY

For a finite, b infinite, we have that;

= (1G() = *Gla) = 1= =G a)

2
o 1 oo Y
_27rtfoae4tdy

The other cases are similar and left to the reader. Following the
argument of Lemma 0.41, we have that;

v

E(Viwm) =0and Var(Viwm) ~ £, (°)
The final claim is clear.

U

Remarks 0.43. We can think of the diffusions in Lemmas 0.7 and
0.40 as representing random particle motion confined to a circle with
radius % Then , using the formula dx = rdf, the distance and velocity
random variables, introduced in Definition 0.39, represent %AQ and
%% respectively, where Af is the continuous angle measured from a

base point, and %A@ 18 the total distance variation from the base point.

Definition 0.44. We define the instantaneous velocity random vari-

able V, : Quor — *R by;

Vi(s) = %wj(s), for0<j<v?—1.

5 Similarly, one can show that;

°b =y
E(Viyla < Vi <b) = 2\/1E Joq ye it dy

°b o =
Pyl Vs =0) = s [t

VCLT(VMm < Vi < b) =

°p ;2 °p ;2 °p ;2
s Joa VP Ay + (5= [ ye i dy) (5= [y €7 dy —2)
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We choose a sequence {r, : n € N'} with r, — 0, and extend it to a
k-SEqUENCE. o
We define the instantaneous temperature of x € ), at time t by;

T(.T, t) = *llmn—ﬂmm sz,t N V[%fu]d/'l/tot; where;
Vain = Uogz‘gn—1,1§k§m{3 € Wik : Ek(ﬁ) € B*(w,1,)}
and we define —mot(‘l/mn) fvx,t,n Vi digor =0, if Voyn =0

We say that an internal set V C Q_n 15 1 instantaneous thermal
equilibrium at time t, if T'(x,t) is constant on V. ‘
We define V400 = Uogign—l,lngNi{S € Qi sz(ﬁ) =}

Lemma 0.45. Let;
Wy = {2 € Qtor : 35 € Dy Tiocizy1Fkr<hens, Xip (L, 5, 1) = 214}
Then, we have for all t € T, and x € W, that;
T(z,t) =n?

In particular Wy is in instantaneous thermal equilibrium.

Proof. We have that, for n € *A and x € W, , that V,;, # 0, and,;

1
Utot(vz,t,n) sz,t,nV[QtV] thOt

25N 1« 2, \2
= Card(Vain) 25N D sV n w;j)
 *Card(Va,t,n) Card(‘/zft’n) n?
2 (=
= (v="75)
It follows that;

Y 1 2

T(.T, t) = lzmn*)oom sz,t,n deﬂtot

= *limn—ﬂxﬂﬁ
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_ 2
=1
as required.

O

Definition 0.46. Fiz {¢,t} C R~o, with € < t. By transfer, we can
choose {Kety Aer} C*N with;

Ke,t St_ €< t S He,t‘i‘)\e,t
v 12

and we define the (e, t)-velocity random variable V., : Quot — *R by;

A
Ver(s) = niz,t* D i1 Wi iti(8)

We choose a sequence {r, : n € N'} with r, — 0, and extend it to a
k-sequence. o

Again, we define the instantaneous e-temperature of x € ), at time
t by;

__ x], I S 2
T(Ea z, t) - llmn—mo “tot(vx’t’n) fvac,t,n ‘/e,tdutot

with the same proviso if Vyin = 0. We say that an internal set
V' C Q, is in instantaneous e-thermal equilibrium at time t, if T'(e, x, 1)
15 constant on V.

Lemma 0.47. Let {e,t} C Rso, with € < t, and x € Q,. Then, we
have for all t € T, and x € W, that;

T(e,x,t) =

In particular Wy is in instantaneous e-thermal equilibrium.

Proof. Using the proof of Lemma 0.41, we have that;

Mtot(a < Ve,t < b)

i dLeb (v)

and, if {a,b} C *R, with a, b > 0, b infinite, ¢ € R+, we have that;

(v) (*)

and similar result hold for the other cases. We have that;

Mtot(a < Ve,t < b) f e”
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E(V.;) =0and Var(V.;) ~ %
Let y € ﬁn and let m € *Z, then we define;

V, = {5 € Qs : sz(n,s,%) [y"] , for some0<i<n—-1,1<
k < Ny}

Viyamn = {5 € Qo Xip(E,5,%20) = W g, (45, ety € g2l g ),

) 7 v »,77
m4+ [nx];[ny] —r, < %* Z.’;e:;i’i\et wj(S) < m+ [na:];[ny} +7,, for some0 <

Ke,t — 7 Ke,t+ et X
%xmm—{segtot'sz( S, ,;)I%?Xi,k(_ S #> 2

7777 v 7]7

m + —[m];["y} = %* Zf;’:i‘” w;i(s), for some 0 <i<n—1,1<k<
N;}

S0 that? {‘/;/7 ‘/;/,z,m,na V;/,x,m,oo} C Qtot and, fOI' Tn < 17

Uyeﬁn,me*z ‘/yzxvmvn = %,t7n (**)

From (%) and the proof of Lemma 0.41, with the same notation, we
have that;

ﬂtot(Vy,z,m,n) ~ % (m+w+rn) —125 (U>
ttot(Vy) — 2y7m o(er[nI [ny] )

[mc] LIS .
T et dLeb(v)

Htat(Vz,z,m,n) ~ 57
Mtot(vz) - 2\/7? °(m+ [nz]— [WZ]_T.n)

,Uftot(Vy z,m oo) _ (*
#tot(vy) \/7r)\E t

vim+ [nz]— 771/])

(v =——="—nm+ [nz] — [ny] is even) (1)

ep(—2) +7) +9

/'Ltot(‘/y,m,m,oo) = 0; (nm + [T]l’] — [T]y] 1S Odd)
By (*%), (), and disjointness, we have that;
/Ltot(‘/;c,t,m) =* Zyeﬁmme*zﬂwt(%@,m,w)

‘/j'l',t,oo = Uyeﬁn’me*z ‘/;g’z’m7oo (diSjOth)
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/Ltot(‘/y,x,m,oo) = Ntot(‘/y)(\/\;%(*el’p(—%e) + /7) + (5)

[nz]—[ny]
V(m"rf)
_ 1
and Verlv, o = — 57—

so that;

1 2
fvm,t,oo Ve,tdﬂtot

Mtot(vac,t,oo)

v(m+ [nz]—[ny])
- Ntot(‘}w,t,oo)* Z( )\e,tn )Q'UtOt(Vy’x’m’oo>

1 v(m+ [nz]—[ny] )

* * U2€
= Tttot(Va £.00) Zyeﬁn,me/\/’< )\e’tn )2,Utot(v;/)( /—\T{i‘t( €l’p(_T) +

v) +9),
v(m nzl=[nul) .
(v = “E5—m + [nx] = [y] s even)

If f101(V}) is uniform, for example when initial condition is constant,
get;

T(e,x,t)=12..7

define with m to get 4Tm

and e-thermal equilibrium. Only case?

)

Boltzmann distribution in 1 dimension....¢ = =2~ so that T = 22
1~ kgD’ kge’

can rescale temperature so that % = 4Tm

Thermal noise; partition with € and show V., is uncorrelated with
Vet—e, for an arbitrary initial condition.?

g
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