NONSTANDARD MARTINGALES, MARKOV CHAINS
AND THE HEAT EQUATION

TRISTRAM DE PIRO

ABSTRACT. We construct a nonstandard martingale from a dis-
crete Markov chain. This is shown to be useful for solving the heat
equation with a non smooth initial condition. We show that the
nonstandard solution to the heat equation with a smooth initial
condition specialises to the classical solution

One of the most fundamental results in the theory of Markov chains
is the following;

Theorem 0.1. Let P be the transition matrixz of an irreducible, aperi-
odic,positive recurrent Markov chain, { X, }n>0, with invariant distribu-
tion w. Then, for any initial distribution, P(X,, = j) — m;, as n — o0.
In particular;

pz(;l) — 7j, for all states i, j, as n — oo

Proof. A good reference for this result is [3]. However, we give the
proof as it is used and modified later. Let the initial distribution be
A, and let I be the state space. Choose {Y,,},>0, such that {X,},>0
and {Y,,},>0 are independent, with {Y},},>0 Markov (7, P). Let T =
inf{n > 1: X, = Y,}. We claim that P(T < c0) = 1, (x). Let
W, = (X,,,Y,). Then {W,,},>0 is a Markov chain on [ x I. By inde-
pendence, it has transition probabilities given by;

Tj(i,j)(k,l) = PikPji
and initial distribution p(; jy = Aym;. A simple calculation shows that;
ﬁg?;)(k n = pgz)pﬁ) for fixed states 1, 7, k, [
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As P is irreducible and aperiodic, we have that mz’n(pgz), 57)) > 0,
for sufficiently large n. Hence, for such n, ﬁé?;)(k > 0 and P is irre-
ducible. A similar straightforward calculation gives that the distribu-

tion ;) is invariant for P. By well known results, this implies that
P is positive recurrent. Fix a state b, and let S = inf{n >1: X, =
Y, = b}. Then S is the first passage time in the system {IW,},>0 to
(b,b), and P(S < oo) = 1 follows by known results, and the fact that
P is irreducible and recurrent. Clearly P(S < oo) < P(T < o0), so ()
follows. We now calculate;

PX,=7)=PX,=j3n>T)+P(X,=j,n<T)
=PY,=jn>T)+P(X,=jn<T)

by definition of 7" and the fact that {X,},>0 and {Y,,}.>0 have the
same transition matrix. Then;

PX,=j)=PY,=jn>T)+PY,=jn<T)
—PY,=jn<T)+P(X,=jn<T)

= P(Yy=j)— P(Y,=jn<T)+P(X, = jn<T)

=1, —PY,=jn<T)+P(X,=7jn<T) (xx)

We have that P(Y,, = j,n < T) < P(n < T) and Pln < T) —
P(T = 00) =0 as n — 00, using (x). Similarly, P(X,, =j,n<T) =0
as n — oo. It follows that P(X, = j) — m;, using (*x), as required.
The final claim is a consequence of the fact that pz(»?) = P(X, =7)

where the initial distribution of X is the dirac function ;.
O

We now establish a rate of convergence result.

Lemma 0.2. Let P be the transition matriz for a finite irreducible ape-
riodic Markov chain. Then there existsm > 1 and p € (0, 1), such that;

|pl(-;t) — 7| < (1 —p)m~1, for all states i, j

Proof. From Theorem 0.1, taking the initial distribution of X, to be
0;, we have that;
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P(Xn =) =T —PY,=jn<T)+PX,=7n<T)
Hence;
) =7l < P(n < T)

As P is irreducible and aperiodic, we have that p,(;;) > 0 for all suffi-
ciently large n, and all states k,[. As P is finite, there exists an m > 1

such that p(m) > ( for all k,[. In particular, there exists p € (0, 1) such
that p,(d ™S p. We have that;

Poa(T < m) = 32, B () = S P Pi = 032, 1h) = p
P (T >m) <(1-p)

P(T>m) =% Puy(T >m)dym < (1 —p)

Moreover;

P(T >n) < P(T > [%]m)

We claim that, for £ > 1, P(T' > (k+ 1)m|T > km) < 1—p. We
have that;

P(T > (k+ 1)m|T > km)
. - Zifcm#jkmaik'mfl?éjkmfl7~~..,’i,:]‘ P(T > (k—i—l)m\ka = (ka7]km)7 kafl =
(lkm—ly.]km—l)a ceey WO = <Z7]>)P(ka = (“:mm]km)a ka—l - (Zk:m—ly.]km—1>a ceey WO =
(4 )T > km)

= 2 i tiomsism iom o (L > (kH1)m| Wiy = (ks jkm)) P (Wi =
(ikm Jem)s Wim—1 = (Gkm—1 Jkm—-1), - - - » Wo = (4, 7)|T" > km)

< (U= 0) X timivm 12 1rii L Wim = (ks Jim)s Wem—1 =
(ikm—lajk’m—l)a sy WO = (%])’T > km)

=({1-p)

Inductively, we have that;
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P(T > km)=P(T > km,T > (k—1)m)

=P(T > km|T > (k—1)m)P(T > (k — 1)m)

< P(T > km|T > (k—1)m)(1 — p)*!

<(1-p)F

It follows that |p§?) —m < (1 —-phl < (1 —p)mt

g

Lemma 0.3. Let P define a Markov chain with N states, {0,1,..., N—
1} such that the transition probabilities of moving from state i to i-
1,i,1+1 (mod N) respectively is % Then P s irreducible and aperiodic,
moreover, we can choose m = N — 1 and p = 3N;—1 i Lemma 0.2. It
follows that;

P — L < (Bl =,

If N is odd, we can choose m = Y1 and p = —— in Lemma 0.2.

372
It follows that,

(n) 1 3N 21
|pij -~ < ( e )V =6,

Moreover, for any initial probability distribution o, letting w; =
P(X,, = j), we have that;

|] N’ ) J

and, similarly, with o, replacing €,, when N is odd. For any initial
distribution \g of positive numbers, with sum K, letting A\, = \oP",
we have that;

A — K| < Ke,, 0<j<N-1

and, similarly, with 0,, replacing €, when N is odd.

Proof. The first two claims follow immediately by noting that for any
2 states k, [ p,(g(lN_l) > 3N1,1, and the transition probabilities pir > 0,
for all states k. This also shows that we can choose m = N — 1 and

p = ?)N%l The final claim of the first part follows from Lemma 0.2.
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The case when N is odd is similar. The penultimate claim follows by
noting that m,, = moP" and calculating;

= wipy + wIBY A+ T

=m0+ ...+ 7N )(5) F el + .+ T en
_ 1
=% —|— efn

where e{l <€, for0<j< N—1andé€, <e¢,. Thecase N odd is the
same. The final claim follows by observing that A\, = A\gP" = KmgP"
for an initial probability distribution 7y. Then multiply the result (x)
through by K, similarly for N odd.

O

Lemma 0.4. Let P define a non standard Markov chain with n states,
{0,1,...,n— 1}, for n infinite, such that the transition probabilities of
moving from state i to i-1,i,i+1 (mod n) respectively is % Then, if € is
an infinitesimal and

log(e
nz <T] B 1)<1 + log(SW—lfl%(f)log(Sn—l) (*)
we have for any initial probability distribution my, that;

T~

; for0<j<mn—1 (%)

3=

We obtain the same result, if n is odd, € is an infinitesimal and;

n> 1114+ _109(6) _ « % x
> T ) )

for any initial probability distribution my. If Ao is a nonstandard dis-
tribution with sum X\, possibly infinite, then if € is an infinitesimal with
Ae >~ 0, and n satisfies (x), we obtain that;

T~

i for 0 <j <mn—1 (*%xx)

S

and, the same result holds when n is odd and n satisfies (* * x).

Proof. Let Seq; = {f : N — R} and Seqy = {f : N* = R}. We let;
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Proby = {f € Seqi : (Vmznt1f(m) = 0) A (Vicmenf(m) > 0) A
ZlgmgN f(m) =1}

encode probability vectors of length N. Let G : NV — Seqy be de-
fined by;

G(N,1,1) = G(N,1,2) = G(N,1,N) = (V;r128G(N,1,m) =0

= 3,

(vlngN—IVZSmSNG(N7k —l— 1, 1) = G(N, k,N), G(N,k —|— l,m) =
G(N,k,m—1)

VieN+1Ym>n1G(N, k,m) = 0

G encodes the transition matrices for the given Markov chain with
N states. Let H : N2 — Seqo be defined by;

(Vi<ij<n)H (1, N i, j) = G(N, 1, j)

(Vijsn)H(1,N,i,7) =0

(Vicigen)H(n, Nyi, j) = 30 cpan H(n = 1,4, k)G(N, k, j)
(Vijsn)H(n,N,i,5) =0

H encodes the powers G(N)" of the transition matrices. We define
maps L(N,n) : Proby — Proby by;

(vléjSN)L(Nﬂ n)(f)(]) = ZlngN f<k)H(n> N, k’j)
(Vj>n) LN, n)(f)(5) = 0

L(N,n)(f) encodes the probability vectors 7™ for an initial distribu-
tion 7y represented by f.

By a simple rearrangement, we have that the bound in |77 — 4,
from lemma 0.3, can be formulated in first order logic as;

VN € NVr € ProbyVe € Rog¥n € N(n > (N—1)(1+ pogr=rd—r) —
(1L(n, N)(m)(j) = x| < €,0<j <N —1)
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By transfer, we obtain a corresponding result, quantifying over *\/.
Taking € to be an infinitesimal and 7 to be an infinite natural number,
we obtain the first result. Observe that by construction of G, H, L,
the nonstandard Markov chain with 7 states evolves by the usual non-
standard matrix multiplication by the transition matrix, of the initial
probability distribution. The remaining claims are similar and left to
the reader.

O

Definition 0.5. We let n, A C *N \ N, and let v satisfy the bound (x)
in Lemma , where € is an infinitesimal with with \e ~ 0.

We let Q, = {x € *R:0 <z <1}

and T, ={t € *R:0<z <1}

We let C,, consist of internal unions of the intervals [%, %), for
0 <i<n—1, and let D, consist of internal unions of [+, L) and {1},

v) v
for0<i<v-—1.

We define counting measures i, and X\, on C, and D, respectively,

by setting pu([1,55)) = 5. M([5,5) = 5, for 0 < i < — 1,

0 <i <wv—1 respectively, and \,({1}) =

We let (Q),Cp, 11y) and (T, Dy, \,) be the resulting *-finite measure
spaces, in the sense of [2]. We let (2, x T,,Cy X Dy, iy X A,) denote
the corresponding product space.

Definition 0.6. Let f : Q, — *R>q be measurable with respect to the
xo-algebra C,, in the sense of [2], and suppose that * Zogign—lf(%) =\

We define F : Q, x T, = *Rsq by;

F(5.5) = (rpK2)(@), for0<i<m=1,0<j <v

n v

F(a,y) = F(& ) (2, 9) € Q, x T,

where 7y is the nonstandard distribution vector corresponding to f,
K is the transition matriz of the above Markov chain with n states, and
K7 denotes a nonstandard power.

Lemma 0.7. Let F' be as defined in Definition 0.6, then F' is mea-
surable with respect to C, x D,, and, moreover F(z,1) ~ C where
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¢= ngnfdﬂn-

Proof. The first proposition follows by observing that the defining schema
for F' is internal and by transfer from the result for finite measures
spaces, see Lemma for the mechanics of this transfer process. For the

second proposition, observe that, by definition of the nonstandard in-

tegral, see [5], and the assumptions on f, we have that C' = 2. The

result then follows by the choice of v and the result of Lemma .
O

Remarks 0.8. I’ defines the evolution of a stochastic process, which
we can think of as the density of a number of gas particles each moving
independently and at random. This idea is made more precise in [6].
The final density, which we refer to as the equilibrium density is close
to being constant.

Definition 0.9. Let (Q,,&,,7,) be a nonstandard x-finite measure
space. We define a reverse filtration on ), to be an internal collec-
tion of xo-algebras &, ;, indexed by 0 < @ < v, such that;

(1). Eno =&,
(it). £ C &y, if i > .

We say that F : Q, x T, — *R is adapted to the filtration if F is
measurable with respect to &, x D, and Fi : §),, — *R is measurable
with respect to &,;, for 0 <1 <.

If f : Q, — *R is measurable with respect to &, ; and 0 < j <i < v,
we define the conditional expectation E,(f|E,:) to be the unique g :
), = *R such that g is measurable with respect to &, ; and;

Jo 9dvm = [, fd,

for allU € &,;. We say that F : Q_n x T, = *R is a reverse martin-
gale if;

(1). F is adapted to the reverse filtration on €,

(it). B (F;l& ;) =F:i for0<j<i<vw
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Given F' : Q_n x T, — *R measurable with respect to &, x Dy, we
define the cumulative density function; P :*R x [0,1] = *R by,

P("Eat) = '777(Ft < 1‘)

We say that Fy and Fy are equivalent in distribution, if their respec-
tive cumulative density functions P, and Py coincide.

Theorem 0.10. Let F' be as in Definition 0.6, then there exists a
reverse filtration on Q_n and an extension of F to F such that F is a
reverse martingale. Moreover the processes F and F are equivalent in
distribution.

Proof. We define the reverse filtration, by setting &,; to be internal

unions of the intervals [Syfin, 3{277) for 0 <j <3 inp—1,0<i<v.

Clearly, this is an internal collection. It follows that &, = &, ¢ consists
of internal unions of the intervals [3571’ J;;) for 0 < j < 3'n—1, and
we define the corresponding measure v, by setting %([33_77’ ];[; ) = ﬁ
Observe that &,, = C,, the original xo-algebra. We define special

points of the first and second kind on Q_n x T, inductively, as follows;

i

Base case; the points {(},1) : 0 <@ < n — 1} are special points of
the first kind.

Inductive hypothesis; Suppose the special points of the first and sec-
ond kind on €, x [“>*,1] have been defined for 0 <i <v —1

v—i—1

) is special of the first kind if (z, “>*) is special
v—i—1 )

Then a point (z,
of the first or second kind, in addition, the points (z + 3”%7,

1 < k < 2, are special of the second kind, when (x, %) is special of
the first kind.

We call a point of the form (%,%) for0 <i<n—-1,0<j<vw
original. We associate original points to special points inductively as

follows;

Base case; We associate the original point (%, 1) to the special point
(5. 1), for 0 <i<ny—1
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Inductive hypothesis: Suppose we have associated original points to
special points on Q, x [“£, 1],for 0 <i <v — 1.

Then if (2, “==1) is special of the first kind, and (—1‘ Y=1) is asso-

k n’ v
ciated to (z,%*), we associate (2, ==1) to (x,”==1). We match
n v

original points to special points of the second kind, by associating
(ﬁ V*zfl) to (a:_'_ 3Hlln’ szfl) and (%’ u—;—l) to (:U—l— 3131”, 1/7171)’

n v v v

where (z, ) is special of the first kind. We adopt the convention

_ Y
that =t = =L and 2 = 9,
n n nom

v—i—1
v

We define F on Q, x T, by setting F(z) = F(I'(2)), (x), where z is a
special point of Q, x T, and I'(2) is the associated original point. We

then set F(z,y) = F(%, [V—If’]), (xx).

We claim that F is a reverse martingale. By the definition (), F
is adapted to the reverse filtration, (7). To verify (i7) of the definition
of a reverse martingale in Definition 0.9, by the tower law for condi-
tional expectation, it is sufficient to prove that E,(F:|€i11) = Fit,
for 0 <i <wv —1. We have that; ’

E,(F

1) (gmiers)

_ gu-i- 177f %)En(Fg&H)d%

3V*Z* n’3v—i—

— gv—i= 177]‘ 1 )F%d’}/n

3V 2 17]731/ 7— 1
3vTitly Fnl k
= S (e P (355))

(%) + Fu () + Fu (55))

= Fus(12) = Foat (s

) is associated to the special point (ﬁ,%) =

i

iy il
n

where (
=)

’v

AN

(x

We now claim that if (z Y1) is an orlgmal point, then it is associated
to 37 special points of the form (y, =2 ) We prove this by induction.
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Base Case; 7 = 0, then the original points {(%, 1):0<i<n—1}
are in bijection with the same special points.

Inductive hypothesis; Suppose that, for 0 <4 <7 — 1, each original

point (%, Y1) is associated to 3/ Speaal points of the form (y, =2).

If the original point ( v=I-1) is associated to a special point (z ( =1y
there are 3 cases, elther (£,21) is associated to (z, 22), or, (22 ,—])
n’ v n v
is associated to (x — Sjiln,¥), or (%,%) is associated to (x —

ﬁ, “=1). These cases are disjoint and all occur, so we obtain a total

of 3.3/ = 3! assignments.

s
}—‘\.

Using this result and the definition of F, for a given o € *R;
3 Card({i:0<i<n—1 F( ["t]) =a})
—*Card({i : 0 <i < 3" Wy — 1, F(=—, 1) = a})

3v— [Vt]n )

We now calculate;

:1*Ca7"d({ 0<i<n-— 1F(' [”t])—a})

_ * v—|v [Vﬂ _
= o1 Card({i:0<i<3 vy — 1, F(5br, ) = a})

= /777(?15 =a)

Using the measurability of Fi.q and F g with respect to the algebras

C, and &, , .y respectively.
O

Remarks 0.11. The advantage of working with a reverse martingale to
analyse the cumulative density function of F is that we have available
a nonstandard martingale representation theorem, Ito’s Lemma and
a strateqy to obtain a Fokker-Planck type equation. This is work in
progress, see [4].

We make some considerations in connection with the heat equation.

Definition 0.12. We let S'(1) denote the circle of radius 1, which we
identify with the closed interval [—m, 7], via p : [—m, 7] = S*(1), u(0) =
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e We let C([—m,7]) = {u*(g) : g € C®(SYH)} and C°(|—m,7]) =
{u*(g): g € C=(SH}. Welet T = [—m, 7| X Rsg and T° = (—m,m) x
R~ denote its interior. Welet C*(T) ={G € C(T) : Gy € C=([—m, 7)),
fort € Rso, G|T? € C>(T°)}. If h € C([—m, pi]), we define its Fourier
transform by;

F(h)(m) = = [T h(z)e ™ dx
If g € C(T), we define its Fourier transform in space by;

Flg)(m,t) = 3= [7_gla, t)e ™ dx

Lemma 0.13. If g € C°([—m7,7]), there exists a unique G € C>(T),
with Gy = g, such that G satisfies the heat equation;

2
%48 0

on TO.

Proof. Suppose, first, there exists such a solution G, then, applying F
to (*), we must have that;

F(% — 2y (m,t) =0 (t > 0,m € Z)

Differentiating under the integral sign, we have that;

FI9) = A0, ), o > O € 2

Integrating by parts and using the fact that G, € C*([—m,n]), for
t > 0, we have that;

FIG = —m2F(G)(m,t), for t >0,m € Z

We thus obtain the sequence of ordinary differential equations, in-
dexed by m € Z;

oF (G
PO L m2F(G)(m,t) =0 (t > 0)
with initial condition, given by;

F(G)(m,0) = F(g)(m)
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By Picard’s Theorem, this has the unique solution, given by;
F(G)(m,t) = e ™ F(g)(m) (¢ > 0)

As Gy € C*([—m, 7)), its Fourier series converges absolutely to G;
and, in particular, GGy is determined by its Fourier coefficients, for ¢ > 0.
It follows that G is a unique solution.

If g € C°°([—m, 7]), its Fourier series converges absolutely to g, hence,
the series;

S ez € F (g)(m)e

are absolutely convergent for t > 0. It follows that G defined by;

Gat) = 3 ez e ™ Flg)(m)em

is a solution of the required form. O

Remarks 0.14. Observe that ast — oo, G(z,t) — F(g)(0) = 5= [ _gdz,
a phenomenon we observed in Lemma 0.7. This suggests that the two

processes are connected, we make this observation more precise below.
Definition 0.15. Ifn € "N\ N, we let V,; = * Upcjcq, 1 [~7+75, =7+
W%), so that V,, = *[—m,m). We let D, denote the associated x-finite
algebra, generated by the intervals [—m + 71'%, -7+ W%), for 0 <i <
2n — 1, and p, the associated counting measure defined by p,([—m +
71'%, -+ W%)) = 7. Welet (V,, L(D,), L(py,)) denote the associated
Loeb space, see.... If v € *N\N, we let T, = *Upcic,2 1[5, 22), s0

that T, = [0,v) C *Rso.We let C, denote the associated x-finite al-
gebra, generated by the intervals [X,=2), for 0 < i < v* —1, and X,

the associated counting measure defined by A, ([, 22)) = 1. We let

v v

(7., L(C,), L()\,)) denote the associated Loeb space.

We let ([—m, 7], D, ) denote the interval [—m, 7|, with the completion
® of the Borel field, and p the restriction of Lebesque measure. We let
(R0 U {400}, €, \) denote the extended real half line, with the com-
pletion € of the extended Borel field, and X\ the extension of Lebesgue
measure, with \(+00) = oo, see....

We let (V, x T,, D, % Cy, i1y X \,) be the associated product space

and (V,, x T,,, L(D,, x Cy), L(p,, X \,))) be the corresponding Loeb space.
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(V, x T,, L(D,) x L(C,), L(j,) x L(\,)) is the complete product of
the Loeb spaces (V,, L(D,), L(p,)) and (T,, L(C,), L(\,)). Similarly,
([—m, 7] X (Rso U {+00},® x €, u x \) is the complete product of
([—m, 7], D, 1) and (Rso U {400}, €, A).

We let (*R,*€) denote the hyperreals, with the transfer of the Borel
field € on R. A function f : (V,,D,) — (*R,*€) is measurable,
if [~ *€ — D,. The same definition holds for T,. Similarly,
f:(WVyxT,,D,xC,) — (*R,*€) is measurable, if f1:*€ — D, x €.
Observe that this is equivalent to the definition given in [?]. We will ab-
breviate this notation to f : V_n —*R, [ V_77 — "R orf: V_nxf, — "R
is measurable, (x). The same applies to (*C,*€&), the hyper complex
numbers, with the transfer of the Borel field €, generated by the com-
plex topology. Observe that f : 777 —*C, f: T, —=*C f: V_n x T, = *C
is measurable, in this sense, iff Re(f) and Im(f) are measurable in the
sense of (x).

We let S, = V_n x T, and;
V(V,) ={f:V, —=*C, f measurable d(u,)}

and, similarly, we define V(T,). Let;

V(S,,) ={f:S,, = *C, f measurable d(u, x \,)}

Lemma 0.16. The identity;
i+ (Vy x T, LDy x C,), Lty X A))
— (Vy x To L(D,) x L(C,), L{py) x L(A))
and the standard part mapping;
st : (VyxTo, L(Dy) x L(C,)), Lpy) X L(A)) = [=7, 7] x R0 U{+00}

are measurable and measure preserving.

Proof. The proof is similar to Lemma 0.2 in [7], using Caratheodory’s

Extension Theorem and Theorem 22 of [1].
U
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Definition 0.17. Discrete Partial Derivatives

Let f : V, — *C be measurable. As in [6], we define the discrete
derivative f' to be the unique measurable function satisfying;

Fll=m+mi) = L(f(—m +mtL) — f(—m + 75L));
fori € *Nicicon o

film=2) = & (f(=m) = f(x = 72))

fil=m) = £(f(—n+Z) = f(r = T))

n

Let f : T, — *C be measurable. As in [6], we define the discrete
derivative f' to be the unique measurable function satisfying;

G =v(f () = f();

fori € *Nocic,2_a.

f1(5H) =0;

If f :V, — *C is measurable, then we define the shift (left, right);
fi(—m 4 wl) = f(—m+mlE) for 0 <j <2np—2

forn =) = f(=n)

Jr (= md) = f(=m +m2) for 1 < j < 2p—1

fref(=m) = f(z = 7)
If f: T, — *C is measurable, then we define the shift (left, right);
) =) for 0< G < v =2

fir v =) = £(0)

FrE) = FEH for 1< j < v -1

frer0) = flv =)
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If f : V, x T, — *C is measurable. Then we define %, %} to be the
unique measurable functions satisfying;

U(—rm+mit)=L(f(-m+mE 1) - f(—r + 7=l y));

for j € “Nogjarooa,x € Hy

Gy —1)=0

We define { flshs, flshe | frsheprshe) by
1= (o, t0) = (fe)"*"(20)

fr (o, to) = (f2)""(to)

frete (o, o) = (f)"*"(20)

frhe (o, to) = (fa)™*"(to)

where, if (zo,t0) € Vy X Tr;

[*22]

fio(20) = faolto) = f(m—==,%2)

Remarks 0.18. If f is measurable, then so are;

of of &2 2 2 2 2
S GE G Fo i J1e, i e, et O pond prot, prendy

This follows immediately, by transfer, from the corresponding result
for the discrete derivatives and shifts of discrete functions f : H, X
T — C, where n,m € N, see Definition 0.15 and Definition 0.18 of
[3].

Lemma 0.19. Let g, h : V_n — *C be measurable. Then;
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fvn y)dpy(y) =0
(ZZ) (gh)’ — g/hlsh —i—g”hh’

0 fv (g'h)(y)dpy(y) fv gh'dpiy(y)

fv y)dpy(y
rsh)/; (g/)lsh — (g

fv lSh d:un fv mh d,un()

(v). (¢)*" = (g Y

). Jo g ) (W)dpy(y) =[5 (ah")(y)dpng(y)

(')

Proof. In the first part, for (i), we have, using Definition 0.17, that

ISimilar results hold for {shg, 6%’ %}. Namely, if g,h : S, — *C are measur-

able. Then;

0
Swagdunx)\,,):O

dgh Jg hlshx + grshgc gi
x

(4ii) fs 39hd (g X \y) = — f&,,u g2 d(p, x \)

fgw QISh‘”d(Mn X A\y) = fﬁ

QTShm d(,un X Ay)

fs gd(py X \y) =
(v). (gg)“h a(g(;;hr) and, similarly, with rsh,, replacing Ish,,
fs az2 d(pn X Av) fsny d(py X Av) (%)

For (i), using (7) from the argument in the main proof, we have;

Jo7 §2d(uy x \)
= [y U (52)edpan)dAo (2)
f fT 8i dpin)dA, (t)
= J7=0dX\,(t) =0
The proofs of (i), (i), (iv) are similar to the main proof, relying on the result

of (7). (v) follows easily from Definitions 0.17 and (vi) follows, repeating the result

of (i), and applying (v).
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Jor 9 (W)duy(y)
= 20" Yicjeona ok lo(=m + 7(55)) — g(=m + 7(55))]
+arlg(=m+ ) —g(m = DI+ grlg(=m) —g(r =271 = 0
For (it), we calculate;
(gh) (= + 1) =
= st (gh(—m + 7 ZE) — gh(—m + 752))
= g-(gh(—m + W%) —g(—7+ Wj%)h(—ﬂ + 71']%1)
+g(—7 + W%)h( T+ 7r3+1) gh(—m + WJ%))
=g (-7 + W%)h(—ﬂ' + F]%l) +g(—7+ ﬂj%l)h/(—ﬂ + Wf—?)
— (ghish +grshh/)(_7r_|_7r%)
Combining (i), (ii), we have;
0 = fyr(ghY (2)duy )
— for (g g )y 2)
and, rearranging, that;
fW(g/hlsh dpuy = _fH (g™ )
For (iv), we have that;
fv () dpan (y)
= 2(" Yocjeag19"" (=7 + L))
= 1" Y ijeay 29— +TEL) 4 g(m = 1))

= %(* 20§j§2n71g(_7" + W%)

= fv y)dpy(y
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A similar calculation holds with ¢'*". For (v), we have for 2 < j <
2n — 2;

(¢y*h(~ + 7d)

(7Y (~7 + )
= £ + ) — gt o+ wih))

= st (g(—m +7l) — g(—m + 752))

Similar calculations hold for the remaining j to give that (¢')™" =

(g""), and the calculation (¢')!*" = (¢'*")" is also similar.

It follows that;
'Ry
_ fvn (Y,
= — g Y
— — g (),
= — [5:(gh)dp
which gives (vi), using (iv), (v).
4

Definition 0.20. If n is even, we define a restriction 6 V= Va.
Namely;,

NS

fl=m+m2) = f(—m +72);

fori e *NOSZ‘SU—I-
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Lemma 0.21. Let notation be as in Definitions 0.20 and 0.17, then;

Flem+72) = gL (f(—m+n25) — f(—m+ 122));

fOT’ 1€ *Nlﬁiﬁﬁ—l'

For (= +72) = f(—m+ 72 for 0 < j <n—1

Proof. The proof is an immediate consequence of Definitions 0.20 and
0.17
O

Remarks 0.22. [t is important to note that, in general f' # 7/ and,
similarly, for lsh,rsh.

Lemma 0.23. Let {g,h} C V(V,) be measurable, then;
fvn y)dpy(y) =0
(Z’L). <gh)/ — glhlsh + grshh/

(i) fV, y)dun(y) = =[5 g"h (1) "dpy(y)
2

Proof. For (i), we have that;

vy I y)dpy (y)
- 7[ 2133‘974 = lg(—m + W(QJ;FI)) —g(—7m+ 7T(2]n 2=1y))
F2lo(om 4T — glr— D) =0

(14) is clear from the main proof and taking restrictions.
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For (#i1), integrating both sides of (i7) and using (), we have that;

fv /hZShdun — _f grshh/dun( ) ( )
Then,;
fv ’hd/m

_ fV hrsh lShd,u?l( )

= — fﬁgrsh hrsh)/dlug <y) by <*)

== fﬁ g"sh(W)rshdpn (y) by the main proof
2

O

Lemma 0.24. Given a measurable boundary conditions f € V(V,),
there exists a unique measurable F € V(S ), satisfying the nonstan-
dard heat equation;

oF __ O*f

Bt Ox?
on T\ [y — L) xV,
with F(0,7) = f(z), forx € V,, (¥).

Moreover, if n < /2w, and, there exists M € R, with max{f, f', f"} <

M, then max{F, %—f, ‘3275} < M.

Proof. Observe that, by Definition 0.17, if F': S,,,, — *C is measurable,
then;

CL(—m+wi,t) = Zp(F(—m + w2 1) — 2F(—m + i, t) + F(=

z 472
i—2
WT? t))
(2 <i<2n—3),t €T, with similar results for the remaining i.
Therefore, if F' satisfies (%), we must have;

F(07$> - f(ZE), (CL’ < Vﬂ)
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=F( —W+W%)+%(F(i —7T+7rji2)—2F(§,—W+7T%)+F(§,—7r+

ﬂ_ﬁ)) v v n

n

— (i J+2 n’ i J (i

T dr?y (;’ —m+ WT) + <1 - 27r21/)<F(1_/’ —T+ 7T5> + 471'21/F(;7 —m+
T2)) (%)

1<i<v?—20<j<2np—-1)

See also the proof of Lemma 0.5 in [7]. The choice of 1 ensures that
< M, then, by (x);

1— % > 0. Hence, inductively, if |F

2

|F%’ S M(4Zzu + (1 - 27717;1/) + 4221/) - M

We can differentiate () and replace F' with 2 or ‘?)271;. The same

argument, and the assumption on the initial conditions, gives the re-

quired bound.
O

Lemma 0.25. If f € C®[—n, 7|, and f, is defined on V, by;
(=7 + 7rf—7) = f*(—m +7i)

n
Folw) = f(—m + Z[2tD)]

where f* is the transfer of f to *[—m, ), then there ezists a con-
stant M € R, such that max{f,, f;, f)'} < M. In particular, if F
solves the nonstandard heat equation, with initial condition f,, then,
maz{F, 2L CEY < M as well.

bz’ 9z
Proof. We have, for « € [—n,7), using Taylor’s Theorem, that;
& (@ +h) = f(x—h)) = f'(x)]
= 2 (@) +hf' (@) + B () = f() + hf'(x) = L () = f(2)]
< hK

where K = max|_, ) f". By transfer, it follows, that, for infinite 7,
(fy) =~ (f")y. Clearly (f"), is bounded, as f’ is, which gives the result
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for (f,)’. The case for (f,)" is similar. The final result is immediate
from Lemma 0.24. d

Definition 0.26. We let Z, = {m € *Z : —n < m < n — 1} Given

a measurable f : V_n — *C, we define, for m € Z,, the m'th discrete
Fourier coefficient to be;

fv expn _Zym)dlun( )

Transposing Lemma 0.9 of [9 (2 );

(@) = Lonez, Fa(m)exp,(izm) (x)

Given a measurable f : Sn » — *C, we define the nonstandard vertical
Fourier transform f T, x Z, — *C by;

=5 fv f(t, z)exp,(—izm)du,(x)

and, given a measurable g : T, X Z — *C, we define the nonstandard
inverse vertical Fourier transform by,

9(t,x) = 3 mez, 9(t, m)expy(izm)

so that, by (%), f :f

Similar to Definition 0.20 of [8], for f € V,, we let ¢, : Z, — *C be
defined by,

O(m) = 2L (capy(—imE) — eapy(im®))
We let 1, : Z_g — *C be defined by;
y(m) = 3L(1 — exp, (im 7))

and, we let U, : Z_g — *C be defined by;

Uy(m) = cxp,(~im™))

2We have there that the measure on S, = Ay. The result follows using the scalar
map p: V, = S,, p(z) = £, and the fact that p,(u,) =\,
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The following is the analogue of Lemma 0.14 in [9], using the defini-
tion of the discrete derivative in Definition 0.17 and the discrete Fourier
coefficients from Definition 0.26;

Lemma 0.27. Let f : Vn — *C be measurable; then, for m € Z,,
fr(m) = ¢2(m) f(m)

Proof. We have, using Lemma 0.19(iii), that;
(F)(m) = 35 Ji /(@)expy(—izm)dpu,(y)

L i £(@) eapy) (—izm)du,(z)

A simple calculation shows that;
(expy)'(—izm) = expy(—izm)dy(m)
Therefore;
(f)(m) = =y (m) f(m)
Then f”(m)
= —¢y(m) f'(m)
= ¢p(m) f(m)

as required. O

Lemma 0.28. If f : V_n — *C is measurable, then, for m € Za, we
have that;

F7(m) =ty (m)2Uy (m) (F(m))
Proof. we have, using (iii) in footnote 3, that;
Fi(m) = fv,, f'(@)expy (—izm)duy (z)

:27r fv f'(x)exp,(— M’m)dﬂg(l’)
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3 oy P (@) ey (—iam)duy (2)
We calculate;
exply " (—im(—m + w2))
= eaply(—im(— + 72=1))
= st (expy(—im(—m + W%)) — expy(—im(—m + ”2]_77_2)»
= exp,(—im(—n + 72 ))[57’-(1 expy(im(2F)))]
= oy (m)exp, (—im(—m + 72))
Fi(m) = m) fog [ (@)empy(—izm)dpuy (2)
= o) (75 om)

It follows that;

F(m) = by (m) ((F)**(m)
= 1, (m) (77 ()
— 4y (m)2(F (m)
We calculate;
F )
= g TP (@) (—iwm)dy (x)

- %emp% =) f*f“h2 (x)exp;ShQ(—ixm)dug(x)

fv z)exp,(—ivm)dun (z)
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F7(m) = by (m)2U,(m)(F(m))

as required.
O

Lemma 0.29. If f € V(V,), with f" bounded, then, there exists a
constant F' € R, with;

|f(m)| < L5, form € Zn.
Moreover;

CH@) = ez “(H(m))exp(ima), « € V.

Proof. Using results of [9], we have that m < [¢,(m)| < 2m, and

|Upy(m)| =1 for [m| < 2. As f" is bounded, so is f7oso |f"(m)| < F e
R. This implies, by the result of Lemma 0.28 that;

F(m)| < L. (+)

for m € Zg, as required. Using the Inversion Theorem from Defini-
tion 0.26, we have that;

J(@) = ez, T(m)eapyizm) = M. (z € V,)
Let L=3 = o(?(m))exp(imox)

If € > 0, we have, using the result of 0.29, and the fact that expy is
S-continuous for m € Z, that;

M — L| < |M — M,|+|M, — L,| + |L — Ly|

<’ Zmlg@ﬂg%% + D e O Z|m|2n+1 % (6; =~ 0)

<2F(L—2) 464 2 (5~ )
< MERD

- n

for n > m, n € N. As € was arbitrary, we obtain the result.

O
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Lemma 0.30. If I’ solves the nonstandard heat equation, with initial
condition f, bounded and S-continuous, such that°f(x) = g(°z), where
g is continuous and bounded on [—m,w|, then;

°(F(m, 1)) = e (§)(m)

form € Z and finite t.

2 . . .
Proof. As %—f — 87}; = 0, we have, taking restrictions, that;
OF _ O°F _
ot ox?

Taking Fourier coefficients, for m € Z, and, using Lemma 0.28;

% - Qn(m)F(m, t)=0
(0

Rearranging, we obtain;

~

F(m,t+1) = (1+ 2 F(m, 1)

v

and, solving the recurrence;

A~

F(m,t) = (1+ 200 F(m, 0)

v

xT

Taking standard parts, and using the facts that lim, . (1+%)" = e,
and °6,(m) = —m?, we obtain;

°(F(m, 1)) = (e (F(m))

for finite t. As f is bounded and S-continuous, so is f, and °f =°f
is integrable. We have that;

f(&:)el‘pg(—imx)d,ug — f:r Of(ox)e—ixmdx _ ffﬂg(l‘)e_mmd:c

(o]
S—
(S5 ‘

Hence;



28 TRISTRAM DE PIRO
° = _m2o ~
(F(m,t)) = (7™ "g(m))
as required.

O

Theorem 0.31. Let g € C®([—m,7]), and G be as in Lemma 0.15.
Let f = gy, and let F' be as in Lemma 0.24. Then, for finite t, and
(z,t) € V), x Ty, °F(x,t) = G(°x,°t)

Proof. By Lemma 0.25, we have that ?;75 is bounded. By Lemma 0.29;

F(2,t) = 3 ez “(F(m, t)exp(im?z) (+)
By Lemma 0.30;

*(F(m,t)) = e F(g)(m) (+%)
Comparing (x), (**), with the expression;

G(°2,°t) = 3 ez ™ "Flg)(m)e™™

obtained in Lemma 0.13, gives the result that °F(x,t) = G(°x,°t).

However, F, is S-continuous, for finite ¢, by the fact that (2), is

oz
bounded, from Lemma 0.25, hence;

°F(x,t) =°F(x,t) = G(°1,°t)
as required.

O

Theorem 0.32. Let g € C®([—m,7]), and G be as in Lemma 0.15.
Let f = gy, and let F' be as in Lemma 0.24. Then, for infinite t, and

(z,t) €V, x T,, F(x,t) ~ fﬂfd/v‘n-

Proof. Again, using Lemma 0.25 and lemma 0.29, we have, using the
proof of 0.30, that;

F(r.t) = Y0z eops ™™ f(m)exply
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Taking standard parts, using lemma 0.29, and the fact that e:vp,je"(m)t ~
0, for finite m and infinite ¢, we see that all the coefficients vanish, ex-
cept when m = 0, that is;

F(z,t) = f(0) = [y fduy = [ fdu,
2
The result follows for F(z,t) by S-continuity.

U

Remarks 0.33. Whenn = 27&?, we obtain, by Lemma 0.24, the itera-
tive scheme for the nonstandard Markov chain with transition probabil-

ities {%, %, %} By Lemma 0.32, we obtain convergence to equilibrium

after at least v? = %’% steps, which is polynomial in the number of
states n. This is a considerable improvement over the result in Lemma
0.4, which is exponential in n. The discrepancy results from the choice
of a “smooth” initial distribution. The method of reverse martingales is
useful to consider other "nonsmooth” cases, for which a Fourier anal-

ysis is impossible.
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