A NONSTANDARD VERSION OF THE
FOKKER-PLANCK EQUATION

TRISTRAM DE PIRO
ABSTRACT. We derive a nonstandard version of the Fokker-Planck
equation.
Definition 0.1. We let v € *N \ N, and n = 2".
Welet Q,={zr€*R:0<x <1}
and T, ={t € *R:0< 2 <1}
We let C, consist of internal unions of the intervals | ,%), for

0 <i<n-—1, and let D, consist of internal unions of [%, %) and {1},
for0<i<v-—1.

—S .

We define counting measures i, and X\, on C, and D, respectively,

by setting py([y, ) =+, M5 5H) = 4, for 0 < i <1,

0 <i <v—1 respectively, and \,({1}) = 0.

We let (Q,),Cp, 11y) and (T, Dy, \,) be the resulting *-finite measure
spaces, in the sense of [2].

Definition 0.2. We let V(C,) = {f : @, — *C, f(z) = f(")} and
W(C,) C V(C,) be the set of measurable functions f : Q, — *C, with

respect to C,, in the sense of [2].

Lemma 0.3. W(C,) is a *-finite vector space over *C, of dimension 1,

().

1 By a s-vector space, one means an internal set V, for which the operations
4+ :V xV — V of addition and scalar multiplication . : *C x V' — V are internal.
Such spaces have the property that x-finite linear combinations *¥;crA;.v;, (), for
a *-finite index set I, belong to V', by transfer of the corresponding standard result
for vector spaces. We say that V is a *-finite vector space, if there exists a *-finite
index set I and elements {v; : i € I'} such that every v € V can be written as a
combination (x), and the elements {v; : i € I'} are independent, in the sense that
if (x) = 0, then each A; = 0. It is clear, by transfer of the corresponding result for
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Proof. This follows straightforwardly, by transfer, from the correspond-
ing result for C-valued functions on finite sets. Namely, any C-valued
[N N[l,n] — C can be written as > ., \ie;, where e;(j) = d;5, for
1<j<mn,and \; = f(i), for 1 <i <mn. O

Definition 0.4. Given n € N~g, we let Q, = {m e N : 0 < m < 2"},
and let C,, be the set of sequences of length n, consisting of 1’s and
—17%. We let 6, : Q, — N™ be the map which associates m € €,
with its binary representation, and let ¢, : Q, — C, be the compo-
sition ¢, = (v o 0,), where, for m € N™, v(m) = 2.m — 1. For
v € *N\N, we let ¢, : Q, — C, be the map, obtained by transfer of
On, which associates i € *N, 0 < 1 < 2¥, with an internal sequence
of length v, consisting of 1’s and —1’s. Similarly, for n = 2", we let
Uy Q, — C, be defined by ¥, (x) = ¢,([nz]). For 1 < j < v, we let
w; : C, — {1, =1} be the internal projection map onto the j’th coordi-
nate, and let w; : Q, — {1, =1} also denote the composition (w; o ),

so that w; € W(,). By convention, we set wy = 1. For an internal

sequence t € C,, we let wy : Q, — {1,—1} be the internal function
defined by;

t()+1
I 2
Wy = H1gj§u W

Again, it is clear that wy € W(€2,).

Lemma 0.5. The functions {wj : 1 < j < v} are x-independent in
the sense of [1], (Definition 19), in particular they are orthogonal with
respect to the measure p,. Moreover, the functions {w; : t € C,}
form an orthogonal basis of V(Q,), and, if t # —1, E,(w;) = 0, and
Var,(w;) = 1, where, E, and Var, are the expectation and variance
corresponding to the measure [i,.

Proof. According to the definition, we need to verify that for an in-
ternal index set J = {j1,...,7s} € {1,...,v}, and an internal tuple
(aq,...,04) C*C®, where s = | J|;

(22 wjy () < g, .., wj, (T) < ag,y .., w;, (2) < ag)

= [Tiey (7 wj, (2) < i) (%)

finite dimensional vector space over C, that V' has a well defined dimension given
by Card(I), see [3], even though V may be infinite dimensional, considered as a
standard vector space.
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Without loss of generality, we can assume that each «;, > —1, as if
some «a;, < —1, both sides of (%) are equal to zero. Let J' = {j’ € J :
—l<ay<ltand J"={j" € J:1<aju},soJ=JUJ" Then;

pn (2 wjy () < aq, ..., wj (x) < a)

= %C’ard(z €eCy:2(j)=—1forj € J, 2(") € {—1,1} for j" € J")

/

=LCard(z € C,: 2(j') = =1 for j € J') = 2 e

where s’ = Card(J'). Moreover;

/

HZ:l (7 wiy (v) < o) = Hj/eJ’ pin (2 s wyr(x) = —1) =27°

as fiy(z : wj(x) = —1) = 3, for 1 < j < v. Hence, (%) is shown. That
x-independence implies orthogonality follows easily by transfer, from
the corresponding fact, for finite measure spaces, that E(X;, X;,) =
E(X;,)E(Xj,), for the standard expectation £ and independent ran-
dom variables {X;,, X;,}, (s*). Hence, by (*x);

E’?(wjlez) = Eﬁ(wh)Eﬁ(wh) =0, (]1 7é ]2) (* * *)

as clearly B (w;) =0, for 1 < j<w. Ift# -1 let JJ={j/:1<
j' <, t(j') =1}, then;

() +1

Ey(wy) = En(l—hgjgu WJT) = En(Hj'eJ' wjr) = Hj’eJ’ E,(wy) =0 (8)

where, in (), we have used the facts that J' # () and internal, and
a simple generalisation of (* % x), by transfer from the correspond-
ing fact for finite measure spaces. Hence, 1 = w—; is orthogonal
to wg, for t # —1. If t; # t, are both distinct from —1, then, if
Ji={j:1<j<uyt(j)=1}and o ={j: 1<]<yt2()—1} SO
J1 7é Jg and Jl, JQ 7é Q) we have

By (wrwg)
= Ey(ILjes wi-Tljer wi) (82)

= Eﬁ(H]e(Jl\JQ Wy - HJE(JQ\J1 wy) (ftf)
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= EU(HjE(Jl\JQ) wj)EU(HjE(JQ\Jl) Wj) =0 (#8)

In (8t), we have used the definition of J; and J5, and in (ftt), we have
used the fact that (J1U.Jy) = (JiNJo)U(J1\ Jo)U(J2\ Ji), and wj = 1,
for 1 < j < wv. Finally, in (#11f), we have used the facts that (J; \ J2)
and (Jy \ J1) are disjoint, and at least one of these sets is nonempty,
the result of () and a similar generalisation of (x ). This shows that
the functions {w; : ¢ € C,} are orthogonal, (x % #x). That they form

a basis for V(€2,) follows immediately, by transfer, from (x % %) and
the corresponding fact for finite dimensional vector spaces. The final
calculation is left to the reader. O

We require the following;

Definition 0.6. For 0 <[ < v, we define ~;, on C,, to be the internal
equivalence relation given by,

t~p b iff 1 () = 12(7) (V5 < 1)

We extend this to an internal equivalence relation on ﬁm which we
denote by ~y;

w1~ @y iff (@)~ g (a2) (%)

We let C,l7 be the x-finite algebra generated by the partition 0]”@7 into
the 2! equivalence classes with respect to ~, (). As is easily verifed,
we have Cf; C Cff, if 11 <y, Cg ={0,Q,} and C, = Cy. For0<I<v,
we let W(CL) C W(C,) be the set of measurable functions f : Q, — *C,
with respect to Cl. We will refer to the collection {C} : 0 < 1 < v}

of *-finite algebras, as the nonstandard filtration associated to ﬁn‘ We
also require a slight modification of the construction of nonstandard
Brownian motion in [1]. Namely, we define x : T, x 2, — *C by;

X(t,z) = L0 w), v > 1
x(t,z)=0,0<[vt] <1

If X : T, x ﬁn — *C 1is measurable, we say that \ is progressively
measurable if;
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(i). Fort €T,, Yuy is measurable with respect to C#ﬂ

]f )\ 18 progressively measurable, we define the stochastic integral
fO dX t/ ) by7

Z[””A(,, 2)(x(},2) — x(57,2)), for [vt] > 1

p(t,x) =0, for 0 < [vt] <1

Remarks 0.7. Observe that, for t € T, E,(u(t,x) = 0. This follows
as;

Ey(* SN, ) (x(L, @) = x(5H,2))

= *zgﬂEnu(f‘%,x)(x(%, ) — x(52, 7))

Lemma 0.8. For 0 <[ < v, a basis of the x-finite vector space W(C,l?)
is given by Di = Uy< ey Bm, where, for1 <m <wv, B, = {w;: {(m) =
Lit(m')=—-1,m <m’ <v}, and By = {w=}.

Proof. The case when [ = 0 is clear as w— = 1, and using the descrip-
tion of C,? in Definition 0.6. Using the observation (x) there, we have,
for 1 <1 < v, that W(Cf]) is a *-finite vector space of dimension 2'.
Using Lemma 0.5, and the fact that Card(D;) = 2!, it is sufficient to
show each w; € D, is measurable with respect to Cf7. We have that, for
1 <7 <, w; is measurable with respect to C,% C Cf7. Hence, the result
follows easily, by transfer of the result for finite measure spaces, that
the product Xj; Xj,, of two measurable random variables X and X},
is measurable.

O

Definition 0.9. We define a nonstandard martingale to be a D, x C,-
measurable functionY : T, X ﬁn — *C, such that;

(i). Fort € T,, Yy is measurable with respect to C,[;'ﬂ

(ii). E,(Yia|CY) = Yia, for (0< s <t<1).
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Lemma 0.10. Let Y : T, x Q_n — *R be a nonstandard martingale,
then;

Yi(z) = 00 ¢t 2)w;(x)

where, if s =121, j>1,¢;:[5,1] xQ, — *C is D, x C)~! measurable,
¢o ¢ [0,1] x @, — *C is D, x C), measurable, c;(s,x) = ¢;(t,x), for
s<t<1.

Proof. Using (ii) of Definition 0.9, we have that E,(Y;) = E,(Y;|C})) =
Yy. Replacing Y; by Y, — Y}, we can, without loss of generality, assume
that E,(Y;) =0, for t € [0,1]. By (¢ ) of Definition 0.9 and Lemma 0.8;

= W ¢t 2)wj(x)

where;

Cj (t7 ZL‘) = Z ZZ1< <iq;l j 77777 Za)(t)wh s Wi (I)

Using Lemma 0.8, we obtain the first claim for s = % Again, using
(ii) of Definition 0.9, and the fact that cpu(¢, z)w,y is orthogonal to
Ce) (L, T)wpe, for [vs'] < vs| < [vt'] < [vt], (%), we have;

Sl (¢, w)wi (@) = S0 (s, w)w; (2)

Equating coefficients, and using the fact that Dy, is a basis for

W(C), we obtain ¢;(s, z) = ¢;(t,z), for all 0 < s <t < 1.
U

Lemma 0.11. Martingale Representation Theorem

LetY : T, xQ, — *R be a nonstandard martingale, with E,(Y;) = 0,
then there exists a progressively measurable Z : T, xQ, — *R such that;

= [ Z(t',x)dx(t',x)

Proof. By Lemma 0.10, we can find ¢; : [%, 1] = *C, j > 1, such that;

Yi(z) = 300 oj(t, x)w; (), for [vt] > 1

7=1
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Set Z(t,x) = Vvepy1(1,2), 0 < [vt] < 1, and Z(1,2) = 0, ,then Z
is progressively measurable and;

Y, = [0 Z(t, x)dx(t, x)

as required. O
Definition 0.12. If ¥ € *N\ N, we define R,y = [=n',n") N *R.
We let F,y consist of internal unions of intervals of the form [#, ’:7’,1),

for —n* < i < n? — 1. We define a measure ¢,y on F,, by setting
Gy ([, 551) = s for = < i <y — 1. We let W(Ryy) consist of
the set of measurable functions on R,y. If f € W(R,,), we define [’ by;

P = (TG = f()) Jor —if* < i <af* =2

/2 _ i
and fr—fdoy = "L 0 f(57)

If f € C®(R), we let f,y € W(R,y) be defined by;
f(5)="f(5), for = < i< -1

Remarks 0.13. Observe that if f € W(R,y);

PG5 = 2 (F(52) = 20 (50) 4 f(5)), for —q? <i<n? —3

' = 2)==n*(f' — ) — f(' = %))

1y =2y =0

We now introduce distribution functions;

Definition 0.14. Let Y : T, x Q_n — "R be measurable, and suppose
that |Y| <", withn" € "N \N, and ' > 0" + 1. Let t € T,. Define
Ry R,y —*0,1] and ry : R,y — *R by;

Ri(x) = py(Yiu < E2), 7y(2) = Ry()
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Lemma 0.15. We have that;
Ry( fn -ry(z)dgy =1
Ry(—n) =0

Proof. The facts about R; follow immediately from the definition and
the property that |Y| <7 — 1. We have that;

Jrs ()

= 1*2;71; Ri(%)

= 3" YL an (RS = Ri(p)
=Ri(n — ;) = Ru(=n) =1

O

R), and let maz(W, 4%, djxvg’ %V) < K,

o\ = L.0) and (Wy)" ~ (S%)y on

Lemma 0.16. Let W € C°®
then (WW’)/ ~ (ddvf)n’ on

Ry \[n' = 5.1)

Proof. We have, by the mean value theorem, that, for zg € R, n € N/;
W(xﬂ + %) - W(SEO) = %LCO‘FC%? where ¢ € (07 %)
Therefore;
|Gl — (W (20 + 1) — W (o))
| |$0 - %|$0+C| = CddQTV2V|:Eo+d7 where d € (07 C)
Therefore;
|Gl — (W (20 + 1) = W(ao))| < 5
We have that;

n?(w<$0 4 %) — QW(JZO —+ %) + W(xo))
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= n(%’xo+c+% - %‘IOJrC)

W

= W|x0+c+e where e € (0, %)

Hence;

| LW~ n2(W (o + 2) — 20 (2o + 1) + W (x0))|

_ 12w - d2W
- ‘ dxz2 ’a?o ‘xo—i-c—i-e

= (c+ e)%bﬁﬁ where f € (0,¢+e)

<2K

n

Then,;

R E (Vz € R)(Vn € N)maz (|4 — n(W(z + 1) — W ()|,

(LW p2(W (x+ 2) —2W (z + 1) + W(2))]) < 2K

dz?

Hence, *R satisfies the transferred statement. In particular, for any

infinite ' € *N, as 271—[,( ~ (0, we obtain the result from Definition 0.12

and Remark 0.13. O

Lemma 0.17. Let hypotheses be as in the previous lemma. Then, there
eist {f, g} C W (Ry), with |f| < 4, 9| < 25, and C € R such that;

(Cfi_vsr[:/)’i’ =Wy) +f+ 5n’—$(%)n/(77/ - l/)

n
(C{j_lg/) = Wy)" + g+ (5n’f%(<d;;2v>n’(77, — ) (G = )+
C) by (G ) (0 = 7))

Proof. The proof just requires the observation that;

n n
and
W”( I g)
' \" n
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= ()07 = 2)+ )
= (%)~ 3) -~ C

where C' € R.

U

Definition 0.18. If V € C3(R), and Y € W(Q,), we let (V oY), be
defined by,

(VoY)y(£) ="V(Y(£)), for0<i<n—1
Suppose that |Y| <", and n =n" + 1, let V,y be defined by;
Vn’(#) —*y (ni> for -2 <i<gy?—1

and Vyy € W(Ryy).

w(€y,)
Lemma 0.19. Let Y € W(Q,), with |Y| < 7", andn/ > n" + 1. Let
V € C3(R), with maz(V, %) < K. Then;

so that (V oY), € W(

E,((VoY),)~ fnin, Viyry dey

Proof. We have that;
fR Vipry doyy
- #* S itV )y ()
=" Z—n/2§i§n/2—2vn’(i/)(RY(in_/l) - RY(#))
= %* > rcicyr—2” Zje]i‘/;?’(ni/) (%)
where J; = {j € "ZN[0,n — 1] : Y(Z) € (&, 1]}
2 = Ey((VoY),)

= %* Zogjgn—fkv(y(%))
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= %* anﬂgign'?ﬂ* ZjeJi*V(Y(%)) (%)
71— 2| < %* > rcicyza D2lj
= %* Z—U’QSiSTz’2—2* Zjejin/n’(nif) - *V(H;/(j)”y 0< C(j) <1
"D rcicyra Zjeji§
0

<

3I>—‘

==
12

where, in the penultimate step, we have used the proof of Lemma
0.16.
O

Definition 0.20. Ift € R andV € C3([0,t] xR, andY € W (T, x,),
we define (Vo (t,Y)),, by;

(Vo (t,Y)u(tsx) = V(EL Y (t,2)) for (t,2) € (T, 1 *[0,%0]) x ©,

so that (Vo (t,Y)),, € W((T, N *[0,t0]) x Q).

Lemma 0.21. Let Y : T, x Q_n — *R be a nonstandard martingale
with associated Z : T, X Q_n — *R, and let D = %2 For ty € [0,1],
let Vi, and W be as given. Let W (t,x) =V, (£)W (x), and let Sy, be
defined by,

Stown(t, ) = WL Y (t,2))

(B o (,Y) )yt ) = * o (M Y (1, 2))

at \ v
Then, fort" € p(ty) N*[0,to];

Stoﬂfﬂi (t,7 ZL’)

o (001 YY)t D80 (8, Y [ 25 0(t, YY),

Proof. We have that;

Stoﬂfﬂ] (t,7 ZL’)
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=Wy @, x)) — W (0,Y(0,2))
= WL Y (L) = W(EL V(5 2))
= VSN Y (5 1)

T (L Y (L ) (Y (4, 2) - V(5 )

G (R Y (58 2)) + )
Z[Vt](% SIS Y (2L, 7)) + e) (Y(L,2) — Y(E2 2))?
SIS (L Y (L ) ) LY (4,2) - V(L 1))

W(t,z) = e‘xQSin(%)

max(Waza, Wizes Wita, Wir) < K

(Waa(t 4 ha, @ + ha) — W (t, 7))

< | Wan(t+hy, x4+ hy) = Wap (b4 hy, )| 4 W (E+ by, 1) — Wep (8, 7))
< he K+ MK

Similarly, for Wy, Wy,.

R = (V(t, 2)V]|(t1, 12)|lr2 < V207)

max(Wep(ZT+h) =W (T), Wip(T+R) — Wi (T), Wiy (Z+h) =Wy (T)) <
2K \/51/771 =c

Assume that |Z] < min{vs, €3 } = min(vs, (2KV2)3 vs) = (2Kv/2) 5 v3)

(Y (o) =Y (5 ) < |Z(L, o)l ] < min{vs e v}

v

-2

(V(2,2) = Y (52, 2)]2 < minfv ™, 701}

v’ v

It follows that;

e (V(L,2) — V(52 2))?)
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< Vleggles vt

[

Similarly,

|* Zgutl]ett 5 ‘

< V‘Ett|# -

12
o

N

Finally;

e (VY (L, 2) - V(5L @)

< V\em| L5y

0 Ox
! '_ J—
(gdd). [ S AW (2 y (5 ) L] < 2K~ 0

13
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. vt'] 1 4 92 i i ; i
(iv). WL W (=L y (2L ) (Y (L,2) - V(5L 2))?
e |
= WL PW Ly (2D ) 22(2 )

W
—Jo D( gz 0 (6 Y))undAs

(). S e (2L y (2L )iV (L) - V(L )]

<tk ”%NO

1
v2
giving the result. U

Lemma 0.22. With assumptions as in the previous lemma, we have
that;

8Wt 0?2 Wt
Ey(fy (5522 0 (£,Y))y + D(Za® 0 (£,Y)) )

= e Jo (%5 0 (6:0) g + D(%5 0 (£,2)) oyt 2)AN by = 0

Proof. As V;,(t') ~ 0, we have that Stol,n(t’ z) ~ 0 on Q,, hence
Ey(Sioum(t',2)) = 0. We have E, ([ Z(%% o (t,Y)),,dx) = 0, by
Remark 0.13. This gives the ﬁrst part of the claim. For the second

part, observe that, using Lemma 0.19 and the fact that f(fl fd\, ~ 0,
if f~0;

6Wt
Ey(Jy (%5 o (1Y )iy

8Wt
fo fQ o o (t Y))V,ndﬂnd)\u
o S, (55 o (t.2))uuyp(t, 2)d6ypdN,
6Wt
- fR v fo o o (t, )y p(t, x)dA,doy

and a similar calculation for FE (f D(aaW;O o (t,Y))und\,).

]
Lemma 0.23. We have that;
Wt v,n’ Wt v,n’
S Iy (gt DRyt ), iy = 0
Proof. By LemmaO 16, we have that 2 to o(t, )y = (Wto)un Fgte

where |g] < & o and € is an error term supported at the endpomt and
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02 (W, / .
PWi o, (t, )y = (8+2)””’ + h + 6, where h| < 25X and § is an error

Ox? n
term supported at 2 endpoints. Hence;

| e Iy (Cg ot )ui(w, )y = [ [y (g2 p(t, @) dDdy |
<| Jy (g + Op(t, z)dN,doy |

< kv S p(t.2)|dA,dgy

S Jo 11 %5 o (82) )y (0] = 2)p(t, 2)|dA sy

< K4 D (i) — )| ddy

Kt D
=5ty =0

where we have used the fact that p(¢, z) is a probability distribution,
oW,
and |—2| < D.

Similarly:;

| Jy Do olt, )bt 2) ANy — [ Jy DR p(t, 2))dN oy

<|Jx; 1Y D(h + 8)p(t, x)dA, b, |

< 2K0,v§ fot fﬁ Ip(t, x)|dN,d,

i oW,
+Jy Jz; | oz 0 (6, 2))uy (' = 5) 0 (g 0 (8 ) )uy (0 —

"‘»7
%>+0>+5n/,5<<%2?°o<t,x>>u,nf<n' ) Dp(a,t)]dydA,

3|._|

1
’
S ZKtH,CV§ ~ 0

for sufﬁciently large 1/, where we have used the fact that p(¢, 7' — %) =
p(t,n' = ) =0, p(t,z) > 0, and Sy ot w)dey = 1, fort €7,
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Iz, f'9dow = foli = 5) = fa(=n) =[5, F"g'doy
where f*(5) = f(55

fR,f”gd%/ = (f g =)= g(=n") = (f*"g' (' =)= f*"9' (=)~
(f(f =)' =5 +fR,fSh2 "dpyy

e ) fOT‘ _77/2 S i S ?7/2 o 2’ fsh(n/ - #) = 0.

Proof. For the first part, we have that;
fEn, fldgy = #* Zogigwtzf/(_n/ + #)
= #* Zogigzn'LG,(f,(_nl + Z:;_/l) —fn' + #)
S pcrcar ol (< + EY) — f(—f + )
— Fr = L)~ )
For the second part observe, that, for —n? <i < n? —2;

(F9)' (%) = o (Fg(E) — Fo(&))

and that (fg)'(n' — 57) = (¢'f*" + 9f ) — ) =0

to obtain (fg)' = (f'g + f"¢'), (¥). Then, by the first part and (x);
folr' — ) = fa(=n')

= fﬁn, (fg)/dqbn/

= Ja,(f'g+ F"g)ddy

as required. Using the second part, we have that;

S, (f"9)ddyy



A NONSTANDARD VERSION OF THE FOKKER-PLANCK EQUATION 17
= f'90' = 35) = F'a(=n) = Jg ,(f*" YA, ()

For —n? < i < n? — 3, we have that;

FoME) = 115

(f"Y ' = 5)

= (foh(n — L) — fhy — 2))
=—0'f(n' =)

Therefore, /" = (f") + 8, 2/ f( — )

We therefore have that;

fﬁ , (f/Shgl)dCbW’

= Jr, ((F")G + 0,20 (0 = 359 )dy

= =59 (' = 5) + J7 (") g doy

= F0r =3)9 (1 =)+ ("9 (' = 5) = g (=) = [, (f")g"dby,
(5 % %)

Combining (xx) and (x* * x) gives the result.
Lemma 0.25. We have that;

l/77 ot v,y Ox?

S Sy W) 28 4 (W )35 282Ny = 0
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Lemma 0.26. If % and % are S-integrable, we have that;

S o (Wea)uar (32 + 5P )dN Ay = 0

Proof. To see this, observe that, as (W, ),y is S-continuous, (WtO)Sht =

(Wio)var + €1, (Wto)w, = (Wi )vsy + €2, where €, €, are infinitesimal
functions. We have that;

| i (Wit 2N oy — o [ (W) () AN 6y
<€fR fo ’ |d)\ Ay

=De~0

Similarly;

| Jy W) 5 SBEddSy — e fy (W (B2E)AN
< fr, Jo 152Ny

=(Ce~0
O

Lemma 0.27. If % and aza(z’ép) are Lebesgue-integrable, we have that;

op , *(Dp)
ot + or2 0
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