
A NONSTANDARD VERSION OF THE
FOKKER-PLANCK EQUATION

TRISTRAM DE PIRO

Abstract. We derive a nonstandard version of the Fokker-Planck
equation.

Definition 0.1. We let v ∈ ∗N \ N , and η = 2ν.

We let Ωη = {x ∈ ∗R : 0 ≤ x < 1}

and Tν = {t ∈ ∗R : 0 ≤ x ≤ 1}

We let Cη consist of internal unions of the intervals [ i
η
, i+1
η

), for

0 ≤ i ≤ η−1, and let Dν consist of internal unions of [ i
ν
, i+1
ν

) and {1},
for 0 ≤ i ≤ ν − 1.

We define counting measures µη and λν on Cη and Dν respectively,
by setting µη([

i
η
, i+1
η

)) = 1
η
, λν([

i
ν
, i+1
ν

)) = 1
ν
, for 0 ≤ i ≤ η − 1,

0 ≤ i ≤ ν − 1 respectively, and λν({1}) = 0.

We let (Ωη, Cη, µη) and (T ν ,Dν , λν) be the resulting ∗-finite measure
spaces, in the sense of [2].

Definition 0.2. We let V (Cη) = {f : Ωη → ∗C, f(x) = f( [ηx]
η

)} and

W (Cη) ⊂ V (Cη) be the set of measurable functions f : Ωη → ∗C, with
respect to Cη, in the sense of [2].

Lemma 0.3. W (Cη) is a ∗-finite vector space over ∗C, of dimension η,
(1).

1 By a ∗-vector space, one means an internal set V , for which the operations
+ : V × V → V of addition and scalar multiplication . : ∗C × V → V are internal.
Such spaces have the property that ∗-finite linear combinations ∗Σi∈Iλi.vi, (∗), for
a ∗-finite index set I, belong to V , by transfer of the corresponding standard result
for vector spaces. We say that V is a ∗-finite vector space, if there exists a ∗-finite
index set I and elements {vi : i ∈ I} such that every v ∈ V can be written as a
combination (∗), and the elements {vi : i ∈ I} are independent, in the sense that
if (∗) = 0, then each λi = 0. It is clear, by transfer of the corresponding result for

1
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Proof. This follows straightforwardly, by transfer, from the correspond-
ing result for C-valued functions on finite sets. Namely, any C-valued
f : N ∩ [1, n] → C can be written as

∑n
i=1 λiei, where ei(j) = δij, for

1 ≤ j ≤ n, and λi = f(i), for 1 ≤ i ≤ n. �

Definition 0.4. Given n ∈ N>0, we let Ωn = {m ∈ N : 0 ≤ m < 2n},
and let Cn be the set of sequences of length n, consisting of 1’s and
−1’s. We let θn : Ωn → N n be the map which associates m ∈ Ωn

with its binary representation, and let φn : Ωn → Cn be the compo-
sition φn = (γ ◦ θn), where, for m̄ ∈ N n, γ(m̄) = 2.m̄ − 1̄. For
ν ∈ ∗N \N , we let φν : Ων → Cν be the map, obtained by transfer of
φn, which associates i ∈ ∗N , 0 ≤ i < 2ν, with an internal sequence
of length ν, consisting of 1’s and −1’s. Similarly, for η = 2ν, we let
ψη : Ωη → Cν be defined by ψη(x) = φν([ηx]). For 1 ≤ j ≤ ν, we let
ωj : Cν → {1,−1} be the internal projection map onto the j’th coordi-
nate, and let ωj : Ωη → {1,−1} also denote the composition (ωj ◦ ψη),
so that ωj ∈ W (Ωη). By convention, we set ω0 = 1. For an internal
sequence t ∈ Cν, we let ωt : Ωη → {1,−1} be the internal function
defined by;

ωt =
∏

1≤j≤ν ω
t(j)+1

2
j

Again, it is clear that ωt ∈ W (Ωη).

Lemma 0.5. The functions {ωj : 1 ≤ j ≤ ν} are ∗-independent in
the sense of [1], (Definition 19), in particular they are orthogonal with
respect to the measure µη. Moreover, the functions {ωt : t ∈ Cν}
form an orthogonal basis of V (Ωη), and, if t 6= −1, Eη(ωt) = 0, and
V arη(ωt) = 1, where, Eη and V arη are the expectation and variance
corresponding to the measure µη.

Proof. According to the definition, we need to verify that for an in-
ternal index set J = {j1, . . . , js} ⊆ {1, . . . , ν}, and an internal tuple
(α1, . . . , αs) ⊂ ∗Cs, where s = |J |;

µη(x : ωj1(x) < α1, . . . , ωjk(x) < αk, . . . , ωjs(x) < αs)

=
∏s

k=1 µη(x : ωjk(x) < αk) (∗)

finite dimensional vector space over C, that V has a well defined dimension given
by Card(I), see [3], even though V may be infinite dimensional, considered as a
standard vector space.



A NONSTANDARD VERSION OF THE FOKKER-PLANCK EQUATION 3

Without loss of generality, we can assume that each αjk > −1, as if
some αjk ≤ −1, both sides of (∗) are equal to zero. Let J ′ = {j′ ∈ J :
−1 < αj′ ≤ 1} and J ′′ = {j′′ ∈ J : 1 < αj′′}, so J = J ′ ∪ J ′′. Then;

µη(x : ωj1(x) < α1, . . . , ωjs(x) < αs)

= 1
η
Card(z ∈ Cν : z(j′) = −1 for j′ ∈ J ′, z(j′′) ∈ {−1, 1} for j′′ ∈ J ′′)

= 1
2ν
Card(z ∈ Cν : z(j′) = −1 for j′ ∈ J ′) = 2ν−s

′

2ν
= 2−s

′

where s′ = Card(J ′). Moreover;∏s
k=1 µη(x : ωjk(x) < αk) =

∏
j′∈J ′ µη(x : ωj′(x) = −1) = 2−s

′

as µη(x : ωj(x) = −1) = 1
2
, for 1 ≤ j ≤ ν. Hence, (∗) is shown. That

∗-independence implies orthogonality follows easily by transfer, from
the corresponding fact, for finite measure spaces, that E(Xj1Xj2) =
E(Xj1)E(Xj2), for the standard expectation E and independent ran-
dom variables {Xj1 , Xj2}, (∗∗). Hence, by (∗∗);

Eη(ωj1ωj2) = Eη(ωj1)Eη(ωj2) = 0, (j1 6= j2) (∗ ∗ ∗)

as clearly Eη(ωj) = 0, for 1 ≤ j ≤ ν. If t 6= −1, let J ′ = {j′ : 1 ≤
j′ ≤ ν, t(j′) = 1}, then;

Eη(ωt) = Eη(
∏

1≤j≤ν ω
t(j)+1

2
j ) = Eη(

∏
j′∈J ′ ωj′) =

∏
j′∈J ′ Eη(ωj′) = 0 (])

where, in (]), we have used the facts that J ′ 6= ∅ and internal, and
a simple generalisation of (∗ ∗ ∗), by transfer from the correspond-
ing fact for finite measure spaces. Hence, 1 = ω−1 is orthogonal
to ωt, for t 6= −1. If t1 6= t2 are both distinct from −1, then, if
J1 = {j : 1 ≤ j ≤ ν, t1(j) = 1} and J2 = {j : 1 ≤ j ≤ ν, t2(j) = 1}, so
J1 6= J2 and J1, J2 6= ∅, we have;

Eη(ωt1ωt2)

= Eη(
∏

j∈J1 ωj.
∏

j∈J2 ωj) (]])

= Eη(
∏

j∈(J1\J2) ωj.
∏

j∈(J2\J1) ωj) (]]])
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= Eη(
∏

j∈(J1\J2) ωj)Eη(
∏

j∈(J2\J1) ωj) = 0 (]]]])

In (]]), we have used the definition of J1 and J2, and in (]]]), we have
used the fact that (J1∪J2) = (J1∩J2)t(J1\J2)t(J2\J1), and ω2

j = 1,
for 1 ≤ j ≤ ν. Finally, in (]]]]), we have used the facts that (J1 \ J2)
and (J2 \ J1) are disjoint, and at least one of these sets is nonempty,
the result of (]) and a similar generalisation of (∗ ∗ ∗). This shows that
the functions {ωt : t ∈ Cν} are orthogonal, (∗ ∗ ∗∗). That they form
a basis for V (Ωη) follows immediately, by transfer, from (∗ ∗ ∗∗) and
the corresponding fact for finite dimensional vector spaces. The final
calculation is left to the reader. �

We require the following;

Definition 0.6. For 0 ≤ l ≤ ν, we define ∼′l, on Cν, to be the internal
equivalence relation given by;

t1 ∼′l t2 iff t1(j) = t2(j) (∀j ≤ l)

We extend this to an internal equivalence relation on Ωη, which we
denote by ∼l;

x1 ∼l x2 iff ψη(x1) ∼l ψη(x2) (∗)

We let Clη be the ∗-finite algebra generated by the partition of Ωη into

the 2l equivalence classes with respect to ∼l, (∗). As is easily verifed,
we have Cllη ⊆ Cl2η , if l1 ≤ l2, C0

η = {∅,Ωη} and Cη = Cνη . For 0 ≤ l ≤ ν,

we let W (Clη) ⊆ W (Cη) be the set of measurable functions f : Ωη → ∗C,

with respect to Clη. We will refer to the collection {Clη : 0 ≤ l ≤ ν}
of ∗-finite algebras, as the nonstandard filtration associated to Ωη. We
also require a slight modification of the construction of nonstandard
Brownian motion in [1]. Namely, we define χ : T ν × Ωη → ∗C by;

χ(t, x) = 1√
ν
(∗
∑[νt]

i=1ωi), [νt] ≥ 1

χ(t, x) = 0, 0 ≤ [νt] < 1

If λ : T ν × Ωη → ∗C is measurable, we say that λ is progressively
measurable if;
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(i). For t ∈ Tν, Y [νt]
ν

is measurable with respect to C[νt]
η .

If λ is progressively measurable, we define the stochastic integral
µ(t, x) =

∫ t
0
λ(t′, x)dχ(t′, x) by;

∗∑[νt]
j=1λ( j−1

ν
, x)(χ( j

ν
, x)− χ( j−1

ν
, x)), for [νt] ≥ 1

µ(t, x) = 0, for 0 ≤ [νt] < 1

Remarks 0.7. Observe that, for t ∈ T ν, Eη(µ(t, x) = 0. This follows
as;

Eη(
∗∑[νt]

j=1λ( j−1
ν
, x)(χ( j

ν
, x)− χ( j−1

ν
, x)))

= ∗∑[νt]
j=1Eη(λ( j−1

ν
, x)(χ( j

ν
, x)− χ( j−1

ν
, x)))

= ∗∑[νt]
j=1Eη(λ( j−1

ν
, x))Eη(χ( j

ν
, x)− χ( j−1

ν
, x)) = 0

Lemma 0.8. For 0 ≤ l ≤ ν, a basis of the ∗-finite vector space W (Clη)
is given by Dl =

⋃
0≤m≤lBm, where, for 1 ≤ m ≤ ν, Bm = {ωt : t(m) =

1, t(m′) = −1,m < m′ ≤ ν}, and B0 = {ω−1}.

Proof. The case when l = 0 is clear as ω−1 = 1, and using the descrip-
tion of C0

η in Definition 0.6. Using the observation (∗) there, we have,

for 1 ≤ l ≤ ν, that W (Clη) is a ∗-finite vector space of dimension 2l.

Using Lemma 0.5, and the fact that Card(Dl) = 2l, it is sufficient to
show each ωt ∈ Dl is measurable with respect to Clη. We have that, for

1 ≤ j ≤ l, ωj is measurable with respect to Cjη ⊆ Clη. Hence, the result
follows easily, by transfer of the result for finite measure spaces, that
the product Xj1Xj2 , of two measurable random variables Xj1 and Xj2

is measurable.
�

Definition 0.9. We define a nonstandard martingale to be a Dν ×Cη-
measurable function Y : Tν × Ωη → ∗C, such that;

(i). For t ∈ Tν, Y [νt]
ν

is measurable with respect to C[νt]
η .

(ii). Eη(Y [νt]
ν

|C[νs]
η ) = Y [νs]

ν

, for (0 ≤ s ≤ t ≤ 1).
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Lemma 0.10. Let Y : Tν × Ωη → ∗R be a nonstandard martingale,
then;

Yt(x) =
∑[νt]

j=0 cj(t, x)ωj(x)

where, if s = j
ν
, j ≥ 1, cj : [s, 1]×Ωη → ∗C is Dν ×Cj−1

η measurable,

c0 : [0, 1] × Ωη → ∗C is Dν × C0
η , measurable, cj(s, x) = cj(t, x), for

s ≤ t ≤ 1.

Proof. Using (ii) of Definition 0.9, we have that Eη(Yt) = Eη(Yt|C0
η) =

Y0. Replacing Yt by Yt− Y0, we can, without loss of generality, assume
that Eη(Yt) = 0, for t ∈ [0, 1]. By (i) of Definition 0.9 and Lemma 0.8;

Yt =
∑[νt]

j=1 cj(t, x)ωj(x)

where;

cj(t, x) =
∑j−1

a=1

∑j−1
i1<...<ia;1 p

(i1,...,ia)
j (t)ωi1 . . . ωia(x)

Using Lemma 0.8, we obtain the first claim for s = j
ν
. Again, using

(ii) of Definition 0.9, and the fact that c[νt′](t, x)ωνt′ is orthogonal to
c[νs′](t, x)ω[νs′], for [νs′] ≤ [νs] < [νt′] ≤ [νt], (∗), we have;∑[νs]

j=1 cj(t, x)ωj(x) =
∑[νs]

j=1 cj(s, x)ωj(x)

Equating coefficients, and using the fact that D[νt] is a basis for

W (C[νt]
η ), we obtain cj(s, x) = cj(t, x), for all 0 ≤ s ≤ t ≤ 1.

�

Lemma 0.11. Martingale Representation Theorem

Let Y : Tν×Ωη → ∗R be a nonstandard martingale, with Eη(Yt) = 0,
then there exists a progressively measurable Z : Tν×Ωη → ∗R such that;

Yt =
∫ t

0
Z(t′, x)dχ(t′, x)

Proof. By Lemma 0.10, we can find cj : [ j
ν
, 1]→ ∗C, j ≥ 1, such that;

Yt(x) =
∑[νt]

j=1 cj(t, x)ωj(x), for [νt] ≥ 1
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Set Z(t, x) =
√
νc[νt]+1(1, x), 0 ≤ [νt] < 1, and Z(1, x) = 0, ,then Z

is progressively measurable and;

Yt =
∫ t

0
Z(t′, x)dχ(t′, x)

as required. �

Definition 0.12. If η′ ∈ ∗N \N , we define Rη′ = [−η′, η′) ∩ ∗R.
We let Fη′ consist of internal unions of intervals of the form [ i

η′
, i+1
η′

),

for −η′2 ≤ i ≤ η′2 − 1. We define a measure φη′ on Fη′, by setting
φη′([

i
η′
, i+1
η′

)) = 1
η′

, for −η′2 ≤ i ≤ η′2 − 1. We let W (Rη′) consist of

the set of measurable functions on Rη′. If f ∈ W (Rη′), we define f ′ by;

f ′( i
η′

) = η′(f( i+1
η′

)− f( i
η′

)), for −η′2 ≤ i ≤ η′2 − 2

f ′(η′ − 1
η′

) = 0

and
∫
Rη′

fdφη′ = 1
η′
∗∑η′2−1

i=−η′2f( i
η′

)

If f ∈ C∞(R), we let fη′ ∈ W (Rη′) be defined by;

f( i
η′

) = ∗f( i
η′

), for −η′2 ≤ i ≤ η′2 − 1

Remarks 0.13. Observe that if f ∈ W (Rη′);

f ′′( i
η′

) = η′2(f( i+2
η′

)− 2f( i+1
η′

) + f( i
η′

)), for −η′2 ≤ i ≤ η′2 − 3

f ′′(η′ − 2
η′

) = −η′2(f(η′ − 1
η′

)− f(η′ − 2
η′

))

f ′′(η′ − 1
η′

) = 0

We now introduce distribution functions;

Definition 0.14. Let Y : Tν × Ωη → ∗R be measurable, and suppose
that |Y | ≤ η′′, with η′′ ∈ ∗N \N , and η′ ≥ η′′ + 1. Let t ∈ Tν. Define
Rt : Rη′ → ∗[0, 1] and rt : Rη′ → ∗R by;

Rt(x) = µη(Y [νt]
ν

≤ [xη]
η

), rt(x) = R′t(x)
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Lemma 0.15. We have that;

Rt(η
′ − 1

η′
) =

∫
Rη′

rt(x)dφη′ = 1

Rt(−η′) = 0

Proof. The facts about Rt follow immediately from the definition and
the property that |Y | ≤ η′ − 1. We have that;∫

Rη′
rt(x)dφη′

= 1
η′
∗∑η′2−1

i=−η′2R
′
t(

i
η′

)

= 1
η′
∗∑η′2−2

i=−η′2η(Rt(
i+1
η′

)−Rt(
i
η′

))

= Rt(η
′ − 1

η′
)−Rt(−η) = 1

�

Lemma 0.16. Let W ∈ C3(R), and let max(W, dW
dx
, d

2W
dx2

, d
3W
dx3

) ≤ K,

then (Wη′)
′ ' (dW

dx
)η′ on Rη′ \ [η′ − 1

η′
, η′) and (Wη′)

′′ ' (d
2W
dx2

)η′ on

Rη′ \ [η′ − 2
η′
, η′)

Proof. We have, by the mean value theorem, that, for x0 ∈ R, n ∈ N ;

W (x0 + 1
n
)−W (x0) = dW

dx
|x0+c

1
n
, where c ∈ (0, 1

n
)

Therefore;

|dW
dx
|x0 − n(W (x0 + 1

n
)−W (x0))

= |dW
dx
|x0 − dW

dx
|x0+c| = cd

2W
dx2
|x0+d, where d ∈ (0, c)

Therefore;

|dW
dx
|x0 − n(W (x0 + 1

n
)−W (x0))| ≤ K

n

We have that;

n2(W (x0 + 2
n
)− 2W (x0 + 1

n
) +W (x0))
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= n(dW
dx
|x0+c+ 1

n
− dW

dx
|x0+c)

= d2W
dx2
|x0+c+e where e ∈ (0, 1

n
)

Hence;

|d2W
dx2
|x0 − n2(W (x0 + 2

n
)− 2W (x0 + 1

n
) +W (x0))|

= |d2W
dx2
|x0 − d2W

dx2
|x0+c+e

= (c+ e)d
3W
dx3
|x0+f , where f ∈ (0, c+ e)

≤ 2K
n

Then;

R |= (∀x ∈ R)(∀n ∈ N )max(|dW
dx
− n(W (x+ 1

n
)−W (x))|,

|d2W
dx2
− n2(W (x+ 2

n
)− 2W (x+ 1

n
) +W (x))|) ≤ 2K

n

Hence, ∗R satisfies the transferred statement. In particular, for any
infinite η′ ∈ ∗N , as 2K

η′
' 0, we obtain the result from Definition 0.12

and Remark 0.13. �

Lemma 0.17. Let hypotheses be as in the previous lemma. Then, there
exist {f, g} ⊂ W (Rη′), with |f | ≤ K

η′
, |g| ≤ 2K

η′
, and C ∈ R such that;

(dW
dx

)η′ = (Wη′)
′ + f + δη′− 1

η′
(dW
dx

)η′(η
′ − 1

η′
)

(d
2W
dx2

)η′ = (Wη′)
′′ + g + δη′− 2

η′
((d

2W
dx2

)η′(η
′ − 2

η′
) + η′(dW

dx
)η′(η

′ − 2
η′

) +

C) + δη′− 1
η′

((d
2W
dx2

)η′(η
′ − 1

η′
))

Proof. The proof just requires the observation that;

W ′
η′(η

′ − 1
η′

) = W ′′
η′(η

′ − 1
η′

) = 0

and

W ′′
η′(η

′ − 2
η′

)
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= −η′(Wη′(η
′ − 2

η′
))

= −η′((dW
dx

)η′(η
′ − 2

η′
) + C

η′
)

= −η′((dW
dx

)η′(η
′ − 2

η′
)− C

where C ∈ R.

�

Definition 0.18. If V ∈ C3(R), and Y ∈ W (Ωη), we let (V ◦ Y )η be
defined by;

(V ◦ Y )η(
i
η
) = ∗V (Y ( i

η
)), for 0 ≤ i ≤ η − 1

Suppose that |Y | ≤ η′′, and η′ = η′′ + 1, let Vη′ be defined by;

Vη′(
i
η′

) = ∗V ( i
η′

), for −η′2 ≤ i ≤ η′2 − 1

so that (V ◦ Y )η ∈ W (Ωη) and Vη′ ∈ W (Rη′).

Lemma 0.19. Let Y ∈ W (Ωη), with |Y | ≤ η′′, and η′ ≥ η′′ + 1. Let
V ∈ C3(R), with max(V, dV

dx
) ≤ K. Then;

Eη((V ◦ Y )η) '
∫
Rη′

Vη′rY dφη′

Proof. We have that;

γ1 =
∫
Rη′

Vη′rY dφη′

= 1
η′
∗∑

−η′2≤i≤η′2−1Vη′(
i
η′

)rY ( i
η′

)

= ∗∑
−η′2≤i≤η′2−2Vη′(

i
η′

)(RY ( i+1
η′

)−RY ( i
η′

))

= 1
η
∗∑

−η′2≤i≤η′2−2
∗∑

j∈JiVη′(
i
η′

) (∗)

where Ji = {j ∈ ∗Z ∩ [0, η − 1] : Y ( j
η
) ∈ ( i

η′
, i+1
η′

]}

γ2 = Eη((V ◦ Y )η)

= 1
η
∗∑

0≤j≤η−1
∗V (Y ( j

η
))
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= 1
η
∗∑

−η′2≤i≤η′2−2
∗∑

j∈Ji
∗V (Y ( j

η
)) (∗∗)

|γ1 − γ2| ≤ 1
η
∗∑

−η′2≤i≤η′2−2
∗∑

j∈Ji |Vη′(
i
η′

)− ∗V (Y ( j
η
))|

= 1
η
∗∑

−η′2≤i≤η′2−2
∗∑

j∈Ji |Vη′(
i
η′

)− ∗V ( i+c(j)
η′

)|, 0 ≤ c(j) < 1

≤ 1
η
∗∑

−η′2≤i≤η′2−2
∗∑

j∈Ji
K
η′

= K
η′
' 0

where, in the penultimate step, we have used the proof of Lemma
0.16.

�

Definition 0.20. If t ∈ R and V ∈ C3([0, t0]×R, and Y ∈ W (Tν×Ωη),
we define (V ◦ (t, Y ))ν,η by;

(V ◦ (t, Y ))ν,η(t, x) = ∗V ( [νt]
ν
, Y (t, x)) for (t, x) ∈ (Tν ∩ ∗[0, t0])× Ωη

so that (V ◦ (t, Y ))ν,η ∈ W ((Tν ∩ ∗[0, t0])× Ωη).

Lemma 0.21. Let Y : Tν × Ωη → ∗R be a nonstandard martingale

with associated Z : Tν × Ωη → ∗R, and let D = Z2

2
. For t0 ∈ [0, 1],

let Vt0 and W be as given. Let W (t, x) = Vt0(t)W (x), and let St0,η be
defined by;

St0,ν,η(t, x) = ∗W ( [νt]
ν
, Y (t, x))

(
∂Vt0
∂t
◦ (t, Y ))ν,η(t, x) = ∗ ∂Vt0

∂t
( [νt]
ν
, Y (t, x))

Then, for t′ ∈ µ(t0) ∩ ∗[0, t0];

St0,ν,η(t
′, x)

'
∫ t′

0
(
∂Wt0

∂t
◦(t, Y ))ν,η+D(

∂2Wt0

∂x2
◦(t, Y ))ν,ηdλν+

∫ t′
0
Z(

∂Wt0

∂x
◦(t, Y ))ν,ηdχ

Proof. We have that;

St0,ν,η(t
′, x)



12 TRISTRAM DE PIRO

= ∗W ( [νt′]
ν
, Y (t′, x))− ∗W (0, Y (0, x))

= ∗∑[νt′]
j=1(∗W ( j

ν
, Y ( j

ν
, x))− ∗W ( j−1

ν
, Y ( j−1

ν
, x)))

= ∗∑[νt′]
j=1
∗ ∂W
∂t

( j−1
ν
, Y ( j−1

ν
, x))) 1

ν

+∗
∑[νt′]

j=1
∗ ∂W
∂x

( j−1
ν
, Y ( j−1

ν
, x)))(Y ( j

ν
, x)− Y ( j−1

ν
, x))

+∗
∑[νt′]

j=1(1
2
∗ ∂2W
∂t2

( j−1
ν
, Y ( j−1

ν
, x)) + εtt)

1
ν2

+∗
∑[νt′]

j=1(1
2
∗ ∂2W
∂x2

( j−1
ν
, Y ( j−1

ν
, x)) + εxx)(Y ( j

ν
, x)− Y ( j−1

ν
, x))2

+∗
∑[νt′]

j=1(∗ ∂
2W
∂t∂x

( j−1
ν
, Y ( j−1

ν
, x)) + εtx)

1
ν
(Y ( j

ν
, x)− Y ( j−1

ν
, x))

W (t, x) = e−x
2
sin(πt

t0
)

max(Wxxx,Wtxx,Wttx,Wttt) ≤ K

|Wxx(t+ h1, x+ h2)−Wxx(t, x)|

≤ |Wxx(t+h1, x+h2)−Wxx(t+h1, x)|+ |Wxx(t+h1, x)−Wxx(t, x)|

≤ h2K + h1K

Similarly, for Wtx,Wtt.

R |= (∀(t, x)∀||(t1, t2)||R2 <
√

2ν
−1
3 )

max(Wxx(x+h)−Wxx(x),Wtx(x+h)−Wtx(x),Wtt(x+h)−Wtt(x)) ≤
2K
√

2ν
−1
3 = ε

Assume that |Z| < min{ν 1
6 , ε

−1
3 } = min(ν

1
6 , (2K

√
2)
−1
3 ν

1
9 ) = (2K

√
2)
−1
3 ν

1
9 )

|(Y ( j
ν
, x)− Y ( j−1

ν
, x))| ≤ |Z( j

ν
, x)|| ej√

ν
| < min{ν −1

3 , ε
−1
3 ν

−1
2 }

|(Y ( j
ν
, x)− Y ( j−1

ν
, x))|2 ≤ min{ν −2

3 , ε
−2
3 ν−1}

It follows that;

|∗
∑[νt′]

j=1εxx(Y ( j
ν
, x)− Y ( j−1

ν
, x))2|



A NONSTANDARD VERSION OF THE FOKKER-PLANCK EQUATION 13

≤ ν|εxx|ε
−2
3 ν−1

≤ |εxx|ε
−2
3

where εxx = sup||δ||2≤||u−s||2|(Wxx(s+ δ)−Wxx(s)), for W (u)

= εε
−2
3 = ε

1
3 ' 0, as ||( j

ν
, Y ( j

ν
))− ( j−1

ν
, Y ( j−1

ν
))||2 ≤

√
2ν
−1
3

Similarly,

|∗
∑[νt′]

j=1εtt
1
ν2
|

≤ ν|εtt| 1
ν2

= ε
ν
' 0

Finally;

|∗
∑[νt′]

j=1εtx
1
ν
(Y ( j

ν
, x)− Y ( j−1

ν
, x))|

≤ ν|εtx| 1ν ε
−1
3 ν

−1
2

= |εtx|ε
−1
3 ν

−1
2

= 2εε
−1
3 ν

−1
2

= 2ε
2
3ν
−1
2 ' 0

Then;

(i).∗
∑[νt′]

j=1
∗ ∂W
∂t

( j−1
ν
, Y ( j−1

ν
, x))) 1

ν
=

∫ t′
0

(
∂Wt0

∂t
◦ (t, Y ))ν,ηdλν

(ii).∗
∑[νt′]

j=1
∗ ∂W
∂x

( j−1
ν
, Y ( j−1

ν
, x)))(Y ( j

ν
, x)− Y ( j−1

ν
, x))

= ∗∑[νt′]
j=1
∗ ∂W
∂x

( j−1
ν
, Y ( j−1

ν
, x)))Z( j

ν
, x)

ej√
ν

=
∫ t′

0
Z(

∂Wt0

∂x
◦ (t, Y ))ν,ηdχ

(iii).|∗
∑[νt′]

j=1
1
2
∗ ∂2W
∂t2

( j−1
ν
, Y ( j−1

ν
, x)) 1

ν2
| ≤ νK

ν2
' 0

where K = max(∂
2W
∂t2

, ∂
2W
∂t∂x

).
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(iv).∗
∑[νt′]

j=1
1
2
∗ ∂2W
∂x2

( j−1
ν
, Y ( j−1

ν
, x))(Y ( j

ν
, x)− Y ( j−1

ν
, x))2

= ∗∑[νt′]
j=1

1
2
∗ ∂2W
∂x2

( j−1
ν
, Y ( j−1

ν
, x))Z2( j

ν
, x) 1

ν

=
∫ t′

0
D(

∂2Wt0

∂x2
◦ (t, Y ))ν,ηdλν

(v).|∗
∑[νt′]

j=1
∗ ∂2W
∂t∂x

( j−1
ν
, Y ( j−1

ν
, x)) 1

ν
(Y ( j

ν
, x)− Y ( j−1

ν
, x))|

≤ νKν
1
6

νν
1
2
' 0

giving the result. �

Lemma 0.22. With assumptions as in the previous lemma, we have
that;

Eη(
∫ t′

0
(
∂Wt0

∂t
◦ (t, Y ))ν,η +D(

∂2Wt0

∂x2
◦ (t, Y ))ν,ηdλν)

'
∫
Rη′

∫ t′
0

(
∂Wt0

∂t
◦ (t, x))ν,η′ +D(

∂2Wt0

∂x2
◦ (t, x))ν,η′p(t, x)dλνdφη′ ' 0

Proof. As Vt0(t
′) ' 0, we have that St0,ν,η(t

′, x) ' 0 on Ωη, hence

Eη(St0,ν,η(t
′, x)) ' 0. We have Eη(

∫ t′
0
Z(

∂Wt0

∂x
◦ (t, Y ))ν,ηdχ) = 0, by

Remark 0.13. This gives the first part of the claim. For the second

part, observe that, using Lemma 0.19 and the fact that
∫ t′

0
fdλν ' 0,

if f ' 0;

Eη(
∫ t′

0
(
∂Wt0

∂t
◦ (t, Y ))ν,η∫ t′

0

∫
Ωη

(
∂Wt0

∂t
◦ (t, Y ))ν,ηdµηdλν

'
∫ t′

0

∫
Rη′

(
∂Wt0

∂t
◦ (t, x))ν,η′p(t, x)dφη′dλν

=
∫
Rη′

∫ t′
0

(
∂Wt0

∂t
◦ (t, x))ν,η′p(t, x)dλνdφη′

and a similar calculation for Eη(
∫ t′

0
D(

∂2Wt0

∂x2
◦ (t, Y ))ν,ηdλν).

�

Lemma 0.23. We have that;∫
Rη′

∫ t′
0

(
∂(Wt0 )ν,η′

∂t
+D

∂2(Wt0 )ν,η′

∂x2
)p(t, x))dλνdφη′ ' 0

Proof. By Lemma 0.16, we have that
∂Wt0

∂t
◦(t, x))ν,η′ =

∂(Wt0 )ν,η′

∂t
+g+ε,

where |g| ≤ K
η′

and ε is an error term supported at the endpoint, and
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∂2Wt0

∂x2
◦ (t, x))ν,η′ =

∂2(Wt0 )ν,η′

∂x2
+ h + δ, where h| ≤ 2K

η′
and δ is an error

term supported at 2 endpoints. Hence;

|
∫
Rη′

∫ t′
0

(
∂Wt0

∂t
◦(t, x))ν,η′p(x, t)dλνdφη′−

∫
Rη′

∫ t′
0

(
∂(Wt0 )ν,η′

∂t
p(t, x)dλνdφη′ |

≤ |
∫
Rη′

∫ t′
0

(g + ε)p(t, x)dλνdφη′|

≤ K
η′

∫ t′
0

∫
Rη′
|p(t, x)|dλνdφη′

+
∫
Rη′

∫ t′
0
|δ[νt′]− 1

ν

∂Wt0

∂t
◦ (t, x))ν,η′([νt

′]− 1
ν
)p(t, x)|dλνdφη′

≤ Kt′

η′
+ D

ν

∫
Rη′
|p([νt0]− 1

ν
, x)|dφη′

= Kt′

η′
+ D

ν
' 0

where we have used the fact that p(t, x) is a probability distribution,

and |∂Wt0

∂t
| ≤ D.

Similarly;

|
∫
Rη′

∫ t′
0
D(

∂2Wt0

∂x2
◦(t, x))ν,η′p(t, x)dλνdφη′−

∫
Rη′

∫ t′
0
D

∂2(Wt0 )ν,η′

∂x2
p(t, x))dλνdφη′ |

≤ |
∫
Rη′

∫ t′
0
D(h+ δ)p(t, x)dλνdφη′ |

≤ 2KCν
1
9

η′

∫ t′
0

∫
Rη′
|p(t, x)|dλνdφη′

+
∫ t′

0

∫
Rη′
|(δη′− 2

η′
((
∂2Wt0

∂x2
◦ (t, x))ν,η′(η

′− 2
η′

) + η′(
∂Wt0

∂x
◦ (t, x))ν,η′(η

′−
2
η′

) + C) + δη′− 1
η′

((
∂2Wt0

∂x2
◦ (t, x))ν,η′(η

′ − 1
η′

)))Dp(x, t)|dφη′dλν

≤ 2Kt′Cν
1
9

η′
' 0

for sufficiently large η′, where we have used the fact that p(t, η′− 2
η′

) =

p(t, η′ − 1
η′

) = 0, p(t, x) ≥ 0, and
∫
Rη′

p(t, x)dφη′ = 1, for t ∈ Tν

�

Lemma 0.24. If f ∈ W (Rη′), then;∫
Rη′

f ′dφη′ = f(η′ − 1
η′

)− f(−η′)
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Rη′

f ′gdφη′ = fg(η′ − 1
η′

)− fg(−η′)−
∫
Rη′

f shg′dφη′

where f sh( i
η′

) = f( i+1
η′

) for −η′2 ≤ i ≤ η′2 − 2, f sh(η′ − 1
η′

) = 0.∫
Rη′

f ′′gdφη′ = (f ′g(η′− 1
η′

)−f ′g(−η′))−(f shg′(η′− 1
η′

)−f shg′(−η′))−
(f(η′ − 1

η′
)g′(η′ − 2

η′
)) +

∫
Rη′

f sh
2
g′′dφη′

Proof. For the first part, we have that;∫
Rη′

f ′dφη′ = 1
η′
∗∑

0≤i≤2η′2−2f
′(−η′ + i

η′
)

= 1
η′
∗∑

0≤i≤2η′2−2η
′(f ′(−η′ + i+1

η′
)− f(η′ + i

η′
)

= ∗∑
0≤i≤2η′2−2f

′(−η′ + i+1
η′

)− f(−η′ + i
η′

)

= f(η′ − 1
η′

)− f(−η′)

For the second part observe, that, for −η′2 ≤ i ≤ η′2 − 2;

(fg)′( i
η′

) = η′(fg( i+1
η′

)− fg( i
η′

))

= η′(fg( i+1
η′

)− g( i
η′

)f( i+1
η′

) + g( i
η′

)f( i+1
η′

)− fg( i
η′

))

= g′( i
η′

)f(( i+1
η′

)) + g( i
η′

)f ′( i
η′

)

= (g′f sh + gf ′)( i
η′

)

and that (fg)′(η′ − 1
η′

) = (g′f sh + gf ′)(η′ − 1
η′

) = 0

to obtain (fg)′ = (f ′g + f shg′), (∗). Then, by the first part and (∗);

fg(η′ − 1
η′

)− fg(−η′)

=
∫
Rη′

(fg)′dφη′

=
∫
Rη′

(f ′g + f shg′)dφη′

as required. Using the second part, we have that;∫
Rη′

(f ′′g)dφη′
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= f ′g(η′ − 1
η′

)− f ′g(−η′)−
∫
Rη′

(f ′shg′)dφη′ , (∗∗)

For −η′2 ≤ i ≤ η′2 − 3, we have that;

f ′sh( i
η′

) = f ′( i+1
η′

)

= η′(f( i+2
η′

)− f( i+1
η′

))

= η′(f sh( i+1
η′

)− f sh( i
η′

))

= (f sh)′( i
η′

)

f ′sh(η′ − 1
η′

) = (f sh)′(η′ − 1
η′

) = 0

f ′sh(η′ − 2
η′

) = f ′(η′ − 1
η′

) = 0

(f sh)′(η′ − 2
η′

)

= η′(f sh(η′ − 1
η′

)− f sh(η′ − 2
η′

))

= −η′f(η′ − 1
η′

)

Therefore, f ′sh = (f sh)′ + δη− 2
η′
η′f(η′ − 1

η′
)

We therefore have that;∫
Rη′

(f ′shg′)dφη′

=
∫
Rη′

((f sh)′g′ + δη− 2
η′
η′f(η′ − 1

η′
)g′)dφη′

= f(η′ − 1
η′

)g′(η′ − 2
η′

) +
∫
Rη′

(f sh)′g′dφη′

= f(η′− 1
η′

)g′(η′− 2
η′

)+(f shg′(η′− 1
η′

)−f shg′(−η′))−
∫
Rη′

(f sh
2
)g′′dφη′ ,

(∗ ∗ ∗)

Combining (∗∗) and (∗ ∗ ∗) gives the result.
�

Lemma 0.25. We have that;∫
Rη′

∫ t′
0

(Wt0)
sht
ν,η′

∂p
∂t

+ (Wt0)
sh2x
ν,η′

∂2Dp
∂x2

dλνdφη′ ' 0
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Lemma 0.26. If ∂p
∂t

and ∂2(Dp)
∂x2

are S-integrable, we have that;∫
Rη′

∫ t′
0

(Wt0)ν,η′(
∂p
∂t

+ ∂2Dp
∂x2

)dλνdφη′ ' 0

Proof. To see this, observe that, as (Wt0)ν,η′ is S-continuous, (Wt0)
sht
ν,η′ =

(Wt0)ν,η′ + ε1, (Wt0)
sh2x
ν,η′ = (Wt0)ν,η′ + ε2, where ε1, ε2 are infinitesimal

functions. We have that;

|
∫
Rη′

∫ t′
0

(Wt0)
sht
ν,η′

∂p
∂t
dλνdφη′ −

∫
Rη′

∫ t′
0

(Wt0)ν,η′(
∂p
∂t

)dλνdφη′|

≤ ε
∫
Rη′

∫ t′
0
|∂p
∂t
|dλνdφη′

= Dε ' 0

Similarly;

|
∫
Rη′

∫ t′
0

(Wt0)
sh2x
ν,η′

∂2Dp
∂x2

dλνdφη′ −
∫
Rη′

∫ t′
0

(Wt0)ν,η′(
∂2Dp
∂x2

)dλνdφη′ |

≤ ε
∫
Rη′

∫ t′
0
|∂2Dp
∂x2
|dλνdφη′

= Cε ' 0
�

Lemma 0.27. If ∂p
∂t

and ∂2(Dp)
∂x2

are Lebesgue-integrable, we have that;

∂p
∂t

+ ∂2(Dp)
∂x2

' 0
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