RESULTS ON THE NONSTANDARD LAPLACIAN
TRISTRAM DE PIRO

ABSTRACT.

We adopt the following notation;

Definition 0.1. Forn € *N \ N, we let;
Hy=" U0§i§2n—1[_ﬂ- + W%7 -7+ W%)
so that H, = *[—m, ).

We let {€,} denote the associated x-finite algebras generated by the
intervals [—m 47, —7r—|—7r%), for 0 <i<2n—1, and {\,} the associ-
ated counting measures, defined by \,([—m + W%, —7 + 77%)) =T We

let (H,, L(€,), L()\,)) denote the associated Loeb spaces, see Definition
0.5 of []. We let ([—m,7],B, 1) denote the interval [—m, x|, with the
completion B of the Borel field, and i the restriction of Lebesgue mea-
sure. We let (*R,*D) denote the hyperreals, with the transfer of the
Borel field ® on R. A function f : (H,, €,) — (*R,*D) is measurable,
if {71 — &,. Observe that this is equivalent to the definition given
in [?]. We will abbreviate this notation to f : H, — *R is measurable,
(%). The same applies to (*C,*®), the hyper complex numbers, with
the transfer of the Borel field ©, generated by the complex topology.
Observe that f : H, — *C is measurable, in this sense, iff Re(f) and
Im(f) are measurable in the sense of (x).

We let;
V(H,) ={f:H, — *C, f measurable d(\,)}

Let f : H, — *C be measurable. As in [?], we define the discrete
derivative f' to be the unique measurable function satisfying;

fllemmy) = Hf(=m+m5h) = fl=m+ 7))

1
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fOT 1 € *N0§i§2n—2-

fim—T) = 2(f(=m) — f(x — )

n

If f - 7—[_,7 — *C is measurable, then we define the shift (right);
fh(=m 4 ml) = f(=m + 7L for 0 < j <2 -2
fohir — %) = f(-m)

fr (= md) = f(=m +m2) for 1 < j < 2p—1

fref(=m) = f(r = 17)

We define the nonstandard Laplacian A, : V(H,) — V(H,) by;
An(f) ="

We let C=([—m,7]) = {f € Cl—n,7] : fl(=rm) € C®(—m,7),3gx €
C([=m, 7)), gr(=7) = gu(), gl () = f), k € 220}

We let A : C®([—m,7]) — C’OO([ 7,7]) be defined by A(f) = fP),
where f(2)(—7r) = go(—7) = fe ( ) = ga(m).

Lemma 0.2. If A € C, f € C®([—n,7n|), f # 0, then A(f) = \f, iff
A= —n? for some n € Z>.

Proof. Let 7 = —\, and suppose that A(f) = —7f. Using Peano’s
Theorem on (—m, ), we have that;

= Ccos(y/7(x + m)) + Dsin(y/7(x + 7))

where {A, B,C, D} C C. Using the definition of C*°([—m,7]) in Def-
inition 0.1, we obtain;

f(=m) = C = Ccos(2\/Tm) + Dsin(2\/Tm) = f(n)
If sin(2/77) # 0, (&), we obtain;

D = S0 C/ED)  Then;
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Flierm(@) = Cleos(v/7(x +m)) + LB sin(y/7(x + )]

POy (@) = Cl=Fsin(y/7 (@ + 1)) + /7 U282 cos (/7 (a +
)] (%)

Using Definition 77 again, we obtain;

iql(—)7r) :\/?—(152’(82(%% \/_003(2\/_7r)—1;;(52(\2%;7r VTsin(2y/Tm) =
gi(—m

(1 — cos(2/77))? = —sin?(2/77)
cos(2\/tm) =1

hence, /7 € Z, and sin(2\/77) = 0, contradicting (). It follows
that sin(2/77) = 0, /T € Z, A\ = —7 = —n?, for some n € Z5(. It
is easily checked that, if n € Zsg, €™ € C®°([—m,7]), and A(f) =
—n?f. O

Definition 0.3. We let VA = {—n? :n € Z5¢}.
Lemma 0.4. Ifr € Z5q, then (A= X)"(f) =0 iff r =1 and A € V2.
Proof. Using [?] and Lemma 0.2, if f € C°°([—m,]), then;

f= ez [ m)e™, (x)

where f"(m f f(x)e ™™mdx, and the convergence is uniform.
Using (), and 1nterchang1ng the summation and differentiation oper-
ations, we have that;

(A= ADO(f) = ez (1) (m? + A A (m)e™

It follows that, if (A — X)) (f) = 0, and f"(m) # 0, for some
m € Zsg, then, < (A — A)(f), ™ >= ( Dr(m?+ N fNm) =0
implies (m2+/\) = 0, and, therefore, A = —m?, (), holds. It follows, as
f # 0, that (%) holds and f( ) = Ae‘m":+Be*zm‘”, for some {A, B} C C.

In particularly, r = 1.
O

Lemma 0.5. If p € *C, h € V(H,), and A, (k) = ph, (x), then, for
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h(—m + 7rf—7)

= G+ + (1= L)1) = (14 )i — (1= Ly h(—n)
ol (L2 = (L= (= + )

and;

h(=m) = (45 — Dh(—7 + 7 2E2) 4 2h(—7 + 7 21)

hM-m+7) = (2’;’;2 — 2)h(—7 + 7r27’n—*2) + (“ni; + 3)h(—7 + 7r2”n—71)

Proof. Suppose {u,e,h} C *C, and let H : H, x *C x *C — *C x *C be
defined by;

H(r,2',y) = (v, pz')

The solution to (*), with initial condition h(—m) = e, h'(—m) = f, is
then given by, using Definition ?? and the method in ?77;

h(—m)=e,h(—m)=f

—

h(—m + m({E

)) = h(—m+ (L) + Th'(—m +7(2)), 0 < j < 2 —2

—

W(—m+7(4t)) = h/(—ﬂ'—FTF(%))—F%Mh(—ﬂ-l—ﬂ'(%)), 0<j<2n-2

= ‘

Wi = Aw;, 0<j <2p—2
w; = Ay, 0< j < 2 —1
where;
_ W=7+ (1))
= e+ (d)
n
and;

/1=
A= 1
n

The eigenvalues of A are given by {%ﬁ + 1, #ﬁ + 1}, with eigen-
vectors {U1, Ty}, where;
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(3

and;

(L)

so that B AB = diag(%ﬁ +1, %ﬁ + 1), where;

)
)

|
L0
§PA

‘H

[N}
5

1
2
1 4
2

S

@, = Bdiag(™Z +1, =% + 1B (w,)
= Bdiag((™L +1)7, (22 —1)))B ' (w)
Hence;

: [T (U ="E)] [ ) (1= "))
h(—m+m(})) = e+ PN f

) 1 TVENG TV 1 TVENG 4 (1 Ty
h,(—7T+7T(z—7>>:\/ﬁ[(+")2( n)]€+[(+n);—( n)]f

for 0 < j < 2n—1, so that there exist *-polynomials in z2, {P (x),Q, (x)} C
“Cla], with 1 < i < 2;

with h(—7 + 7(2)) = PL,(n)e + QL (n)f

W(=m+ (L)) = P} (u)e + QF (1) f, (+%)

where;

2/ n n
P2 () = [(1 4+ B — (1 )]
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2 (@) = 41+ ZEY + (1 - Y]

We have that f = 1(h(—m + 7) — h(—m)), e = h(—m). Hence, using
()3

: QL () QL () .

h(=m+7(1)) = (P, (1) — T2 h(—m) + T2 h(—m + 1)

™ n
giving the first result. We have, from Definition 0.1;

h(=7) = (5% — Dh(=7 + 7222) + 2h(—7 + 722) (i)

h(—m+ Z) = (4 — Dh(—m + 721) + 2h(—7) (1)

Substituting the expression for h(—m) from () into (}), we obtain;

h(—m+Z) = (2 — 2)h(—7 + 7 22) + (K 4+ 3)h(—7 + 7 21) (i)

as required.
O

Lemma 0.6. If € *C, h € V(H,), and A,(h) = ph, (%), then;
h(=m+m(*22)) = Py o, (1) h(=7) + Q3 () (=) (i)
h(=m +m(*52)) = Py,_y , (0h(=7) + Qb1 , (W' (—m) (it)
h(=7) = (45 — Dh(~m +7(2=2)) + 2h(—7 + 7(2L)) (i)’

B(—m) = (= — D)h(—r + 7(E2)) + (£ 1 Iyh(—r + m(2L) (v
Proof. (i)', (i)' follow from (%) in Lemma 0.9. (4i7)’ is (i) in Lemma
0.9. Finally, using h'(—7) = n(h(iﬂi)ih(iﬂ))
we obtain (iv)'.

, and (i7) in Lemma 0.9,

t

Lemma 0.7. We have that pu is an eigenvalue for A, : V(H,) — H,
iff;

det(D) =0

where;
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1 1— “n% -2
— n_ BT __ (KT n
D = ) 0 ) 1 T ( n T x)
_P21n—2,7]<:u) _Q%n—Zn (M) 1
_P217—1,77<:u) _Q2n—l,r] (/JJ) 0 1
Proof. This follows easily from Lemma 0.6. U

Lemma 0.8. We have that, for u finite;

eQ‘/rf 67277\/7

P2177 27](:“) P2177 177(”)2%

6271-\/776_2”\/7

Q%nfln(pl) = Q%nfl,n(:u) = #
In particularly, there exists C\, € R;

with maff(P% 277( ) QQn 277( ) P21n 177( )’Q%n—l,n(u)) < Cy, (1)

Moreover;

dP!} dQ; mj P Ql .
SL=mp! ==L L for0<j<2np—1
du 2n vj—1s du 2np 2/

dp} TI'Qj dQ; Pl

_ Q] .
Wﬁ P) ’du_ 221_2\/%7]607‘]6{277_27277_1}

Proof. For y € C, (1 + %)" ~ €%, hence, as (14 ¥)" is S-continuous,
(1+ )7~ Y, for y finite, (). It follows that;

(1+ 52 = (14 2P+ 2E)

~ 627r\/3?

as (1+ %5)_1 ~ 1. The remaining cases follows similarly, and then
the claim (1) is clear.
The final results are simple calculations, left to the reader.

O

Lemma 0.9. If i ~ —n?, with n € Z, then det(D) ~ 0. If p ~ —n?,
with n € Z4, then - (det( ) & Vo

Proof. Expanding det(D) along the second row, and using the fact that

p is finite, 5 ~ &5 ~ 0, (1) in Lemma 0.8, and P,, , ~ P,

n n 'qla
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obtain that;
det(D) =~ —(1+ Py, — 2Py, 1) = H(—=Q3,_» — 2E) — 2(Q},_, + E)
= <P217771 - 1)+ %(Q%nfz - Q%n—l + E)

VI in, Wlth n e Zzo Hence;

Pl

2n— 117(,“) ~ COS(QT{'TL) = 1 Q%n—l,n(#’) ~ Sin(27rn) _ 0

n

We have;

Hence;

1Py, 5 — P3, 1) =~ — /1Py 5 ~ \/_005(2”") = —cos(2mn) = —1
%(Q%n—z QQn 1)~ \/_QZn 2 = _\F+Z(2ﬂn) —isin(2mn) =0
We have that;

%E = %(P;anQ%nfl - P21n71Q§n72>

= %(((Péna - P21n—1)Q%n—1) + ((Q%n—Z - Q%n—l)len—D)

) sin(2mn

~ —cos(2mn —isin(2mn)cos(2mn)

= (=% —4)sin(2mn)cos(2mn) = 0
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Hence, det(D) ~ 0 as required.

For the second part, using the same reasoning as above, we have that;

) dp} dQi dQi
det(§7) ~ —( ;,’12—2 2;11>—¥(— —= 2 - M= )

. Pl s Q.
= T(Q%n—3 - 2@%7]—2) - %(_(T( 227711, - 22\%2) 2?15)

1 1
~2(r 5t - ) + )

5 Poys _ @y m—2)E
:T(Q%n—s_QQ%n_z)—g(—(ﬂ' 22’7M3 — 22\’};72)_’_2 (77 ) )

P} Q3_ 72(2n—2)E
_g((ﬂ' 22"#2 _ ;\n/ﬁl)_ (?7772 ) )
= (Pzn 3 Pzn 2) _ﬁﬁ(Q%n—z—Qén—l) — Em

O

Lemma 0.10. For every n € Z, there exists a unique 1 ~ —n?, an
eigenvalue for A,.

Proof. By Lemma 0.9, we have that, if n € 25, Ry, (in) =€ ~ 0, ().
Let Ry e = Ry — €, and let puy, (2,y) = Ray(y) — x, with coefficients
{dij : 0 < i < 1,0 < j < 4n} so that pa,(0,in) holds. We have

LA simple computation shows that;

det(D) =1+ (F(1 = 15°) 4 51z (2 — 7)) (1 + T y2n=2
HFH1 - ) — (2 - (- T

(1= gl (2 = B+ Ty

Ft g (3 = B (1= TEy

—oum? w2 —
+(EE) (1 - Ty

i—1
14 L 2277 9 mi— HT‘Ciznfz B *2271 27T7+1M % Czn 2
271.\/* 2771—1 2nz+1
) it1 )
277 27~ l/t 2 C’277 2(—1)it? * 27]7271'1+1/L%Ci2"_2(—1)'+1
27rf +” Z 27]7 1 - Zi:O 2nitl

i—1
. _ *Z2n 17l l»b 2 C?nf + 2277 171_z+1 —Czn 1
271'\/;7 2771—1 2nz+1
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) ) it1 .
277 17wty st C; 2n=1(_qyit1 * 2n71w1+1/LTCf"_l(—1)’+1
+ 27rf Z 27]1*1 Zi:l 2nit1
2277 2’ u202”7
2m— i1
27] 27" #2C 2(-1)
TR g i
it2 o o
277 2722 c;"
+* 3 gz
it2  op—2 i
27] 272 O3 (—1)¢
+* D e

27] 171'/L2C’2"
gy e

21 7ipzC? (— 1)
T mpC ()

n

1 op2i+2 1+102n—1( 1)itt

+ 3,

. det(D) =141 3LJ

+ 3,

2n21+2

—-37 #201+1 (71)i o

(%)

i L on—2
C+1 22n—1”L/L2Cijl

=2 2nt

2277 L wiud 0231y

2n 2nt
D D 2’”‘20 L 2 mﬂC”’l
=0
a2 nipt O (~1) 2y wuEC (1)
szo +1 + Z ,,]1,
2277 27" HZC;27772
277 27" ;LZC?” 2(—1)it?
+* Z 2—771
oan ,u2C "7
iy
L 2277 WNQC; 2(-1)"
TR g L
27] 171';;202" (—=1)°
O T
27ri;t%02;:11(—1)%
+ 21—21 even 22771'
det(D) =1+ (C7" 2 = 771
2n—3 ik —2 ; 2—1 ; 22
0 eaa e O (L4 (1)) = CETH (1 + (1)) = G2 (1 + (=1))



RESULTS ON THE NONSTANDARD LAPLACIAN 11

that 22 4”‘ ) = 1 # 0, hence, by Newton’s Theorem, there exists
a *- power series y(x) = *Zje*z>0€]a7 , such that pg, (z,v(z)) = 0,
with v(0) = in. We have that |d;;| < C' + 1, (show bound is uniform
inn) for 0 <7 < 1,0 < j < 4n, need uniform bound on increase
in coefficients of v, < D7, some D € R. Then, if § ~ 0, v(d) =~
0, [7(0)] < *Ycez. (D6) = 25 ~ 0. Taking e = §, we obtain

Pan.e(€,7(€)), so that p4n(0,”y(e)), and det(D)(v(€)) = 0. As 7y(e) ~ in,
we obtain the result.

O

Lemma 0.11. If (A, — pI)"(f) =0, f # 0, u finite, r € *Z5, then
°p € VA,

Proof. Assume first that r € Z5,. An easy adaptation of Lemma
0.5 in [?], shows that, if G : *[a,b] x *C" — *C" is internal and S-
continuous, with the same hypotheses on °G, then for T as defined,
T'(t) = OG(t Z(t)). For p finite;

HCT (I (=1)) =GP (L (1)) +2077 (1 (=1)) +26775 7 (14+(=1)°)]
H I SO+ (1)) — G+ (1)) - O+ (1))
O (L (1)) = CF 2 (1 (= 1)) 42077 (14 (1)) +2C775 % (1+(= 1))
$2027 (1))

Evaluate remaining terms ¢ = 1,2(even),2n — 2,2n — 1,2n,* Z2n+1

Referring to (), we have that, for i even;

i—1 i—1 .
op—2nt "ty 212 2p—2ni "ty C21T2(—1)itt
* Z 17 H i Jr Z 7] M i

2771'—1 27]1—1
. i—1
o Zzn—lw“mch"*l _ 221; it 702" Y1)ttt
i=1 2ni—1 =1 27]’ 1 -

and, for 7 odd;

. 2n— 2t 1/L 3 (02" 2 02"_1) r2n—2,n-1
- Zz 1 i1 - n2n—2

S (o)

op—2m 2n
~ ,,—711 (1)

It follows that D = Ry, (\/1t), where Ry, is a *-polynomial of degree 47, with
coefficients {c;}o<i<ay. Inspection of () and the other terms, shows that there
exists S € R, with |¢;| < S, for 0 <i < 4.
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Gt ug, .. ug,) = (Ug, .oy Uge, D g Uiy ! (=141 CF)

satisfies this criteria, hence, we can use Lemma 0.6 of 7?7 to obtain
that (A —°ul)"(°f) =0 and °f € C®([—m,7]), (*). Using Lemma 0.2,
we obtain the result. If r € *Z( is infinite, then we can assume that
fo= (A, —pl)*(f) #0, for 0 < s < r, and then (A, —pl)"*(fs) = 0.
Taking r — s to be finite, we can apply the first part of the lemma. []

Lemma 0.12. Let g, h : H,, — *C be measurable. Then;,
) Jar 9 (W)dpy(y) =0
(ii). (gh) = g'h*" + gh’
(i17) fH y)du,(y) = —fH g R dpy (y)

fq-[ dﬂn fy y)dpy(y fy rSh dﬂn()

fH //h d#n fH sh? h// dﬂn( )

Proof. In the first part, for (i), we have, using Definitions ?? and ??,
that;

f?—tn y)din(y)

= %[* Zogjgzn—z 2g(-m+ W(%l)) —g(—m+ W(%))]

+Hg(=m) —g(r = 7] =0

The proofs of (ii), (i7i) are as in Lemma 0.12 of [?]. (iv) is clear. (v)
follows easily from Definitions ?? and (vi) follows, repeating the result
of (ii1), and applying (v).

U

Definition 0.13. We let S : V(H,) — V(H,) be defined by;

20bserve the extension of Lemma 0.6 to the endpoint 7, taking the initial con-
dition as f(m)
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S(f) = Ay(f)s"* = A,(f)

Lemma 0.14. A, is almost self adjoint, in the sense that A,x = A, +
S.

Proof. We have, using (iv), (v), (vi) above, that, if {f, g} C V(H,);
<Ay(f) 9>
=< [, 0,(9) >
=< [, (Ay(9)" >
=< [, 00(9) > + < [, ()" = Ay(9)) >

=< [, (&, +9)(9) >

Lemma 0.15. A, = A, + A,

where A, 1 is self adjoint, A, 5 is anti self adjoint, and A, = An—i-%.
Proof. We have that;

A

_(AgHAY)  (Ag+AL+S) S
n,1 — 2 - 2 - An + 2

(Ap=A7)
2

Ao =

O

Lemma 0.16. If g # po, with ps finite, A(f1) = p1fr, A(f2) = pafo,
and || fil| = || fol| = 1, then < f1, fo >~ 0;

Proof. Without loss of generality, we can assume that py # 0, s # 0.
Then;

< pafi, fo >
=< A(fl)afZ >

=< f1,(A+95)(f2) >
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=< fi,pafo >+ < f1,5(f2) >

By Lemma 0.11, we have that S(f2)(x) ~ 0, for x € H,, hence,
< f1,5(f2) >= €~ 0. Tt follows that < f1, fo >= —= ~0. O

H1— 2

Lemma 0.17. There exists a basis {e; : 1 < i < n} for V(H,),
with corresponding eigenvalues {X\; : 1 < ¢ < n} C *C, such that
Ale;) = pie;, and p; finite, for finite i, with the decay rate;

Caty

<f>6i> | S It

where, fort € *Zsy, Cary = mazx{|Alf(x)] : x € H, :}.

Proof. By transfer of the Theorem on Jordan Canonical form, there ex-
ists a basis {e; : 1 <1 < n} of generalised eigenvectors for A, with the
index ¢ of each generalised eigenspace V), corresponding to the factor
(x — ;)" in det(D). By Lemma ??, (resultant calculation), i = 1, for
each ;, so we obtain a basis of eigenvectors for A, A(e;) = pe;. We
can assume that ||e;|| = 1, for 1 <7 <n. Then;

< At(fT8h2t>,€i >

=< f,Ae;) >:M_§<f,€i>

| < f’ €; > |
< ﬁ < A(f), e >
< Satgranty _ Carp

i)t lpalt *

U

Lemma 0.18. If W C V(H,), spanned by {e1,...,e.}, then the or-
thogonal projection prw (f) is given by,

*
219‘9)‘1'61'

where
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A1

All c. Alj C Aln

S

I
A
o
2

V

Lemma 0.19. If f € V(H,) and Cyn is finite, then;

f~ 219'97 < f,e;>¢€;

Proof. We can apply the Gramm-Schmidt orthogonalisation procedure
to the basis {e; : 1 <i < n}, beginning with e,, to obtain an orthonor-
mal basis {&; : 1 <i < n} such that;

f:*21§i§n<f>e_i>€_i

and &, =" Y <N, with [ X[ <1, (°). We claim that;

=1, (9.

1—1

i =" Zogjgi)‘;,jen—ja with |)‘;J’ <27, ‘)‘6,0

3Explicitly, for j < i we can take;

A = —<€n_j.n_i> \ o= 1
©J \/1+* Zj<i|<m’€n*i>|2, “ \/1+* Z]‘<i|<m’€n*i>|2
4This can be shown using induction. The base case is trivial. Assume

the result is true for the coefficients {X, . : 0 < j < ip}. We have that

10,
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It follows that | < f,&,=; > |

< Zogjgip‘;',jH < fiepj> |

i=1 Cat(p)
<27 Zogjgimn_j\t

< 95t Caty)
>~ T
(Assuming 1-spacing on infinite eigenvalues). We have that;

f="Y e, <fE@>&

= *Zlgign < f, (@ —e)+e>((E—e)+e)
= *Zlgign < f,(&i—e)> (@ —e)

D cicn < [ (@ —e) > e

+* 219'9, < f,ei > (€ —e)

D icicn < frei > €

Lemma 0.20. If f € V(#H,) and Cy» is finite, then, for n € Z>4;
f=dcicn < frei> e +Wnp

where W,11 € span({e; }nt1<i<n)

and limy, oo |[Wnr1|| = 0
Proof. 0
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‘)‘§0+1,o| < |* Zogkgio)‘ioﬂ,k)‘;c,d

<D 0chcip12F) +1 = 2% A similar argument works for the coefficients

N1k 10 < <o + 1}, with fewer steps.



