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Abstract.

We adopt the following notation;

Definition 0.1. For η ∈ ∗N \ N , we let;

Hη =
∗∪

0≤i≤2η−1[−π + π i
η
,−π + π i+1

η
)

so that Hη =
∗[−π, π).

We let {Cη} denote the associated ∗-finite algebras generated by the
intervals [−π+π i

η
,−π+π i+1

η
), for 0 ≤ i ≤ 2η−1, and {λη} the associ-

ated counting measures, defined by λη([−π+ π i
η
,−π+ π i+1

η
)) = π

η
. We

let (Hη, L(Cη), L(λη)) denote the associated Loeb spaces, see Definition
0.5 of []. We let ([−π, π],B, µ) denote the interval [−π, π], with the
completion B of the Borel field, and µ the restriction of Lebesgue mea-
sure. We let (∗R, ∗D) denote the hyperreals, with the transfer of the
Borel field D on R. A function f : (Hη,Cη) → (∗R, ∗D) is measurable,
if f−1 : ∗D → Cη. Observe that this is equivalent to the definition given
in [?]. We will abbreviate this notation to f : Hη → ∗R is measurable,
(∗). The same applies to (∗C, ∗D), the hyper complex numbers, with
the transfer of the Borel field D, generated by the complex topology.
Observe that f : Hη → ∗C is measurable, in this sense, iff Re(f) and
Im(f) are measurable in the sense of (∗).

We let;

V (Hη) = {f : Hη → ∗C, f measurable d(λη)}

Let f : Hη → ∗C be measurable. As in [?], we define the discrete
derivative f ′ to be the unique measurable function satisfying;

f ′(−π + π i
η
) = η

π
(f(−π + π i+1

η
)− f(−π + π i

η
));

1
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for i ∈ ∗N 0≤i≤2η−2.

f ′(π − π
η
) = η

π
(f(−π)− f(π − π

η
))

If f : Hη → ∗C is measurable, then we define the shift (right);

f sh(−π + π j
η
) = f(−π + π j+1

η
) for 0 ≤ j ≤ 2η − 2

f sh(π − π
η
) = f(−π)

f rsh(−π + π j
η
) = f(−π + π j−1

η
) for 1 ≤ j ≤ 2η − 1

f rsh(−π) = f(π − π
η
)

We define the nonstandard Laplacian ∆η : V (Hη) → V (Hη) by;

∆η(f) = f ′′

We let C∞([−π, π]) = {f ∈ C[−π, π] : f |(−π,π) ∈ C∞(−π, π),∃gk ∈
C([−π, π]), gk(−π) = gk(π), gk|(−π,π) = f (k), k ∈ Z≥0}.

We let ∆ : C∞([−π, π]) → C∞([−π, π]) be defined by ∆(f) = f (2),
where f (2)(−π) = g2(−π) = f (2)(π) = g2(π).

Lemma 0.2. If λ ∈ C, f ∈ C∞([−π, π]), f ̸= 0, then ∆(f) = λf , iff
λ = −n2, for some n ∈ Z≥0.

Proof. Let τ = −λ, and suppose that ∆(f) = −τf . Using Peano’s
Theorem on (−π, π), we have that;

f |(−π,π)(x) = Aei
√
τ(x+π) +Be−i

√
τ(x+π)

= Ccos(
√
τ(x+ π)) +Dsin(

√
τ(x+ π))

where {A,B,C,D} ⊂ C. Using the definition of C∞([−π, π]) in Def-
inition 0.1, we obtain;

f(−π) = C = Ccos(2
√
τπ) +Dsin(2

√
τπ) = f(π)

If sin(2
√
τπ) ̸= 0, (♯), we obtain;

D = C(1−cos(2
√
τπ))

sin(2
√
τπ)

. Then;
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f |(−π,π)(x) = C[cos(
√
τ(x+ π)) + (1−cos(2

√
τπ))

sin(2
√
τπ)

sin(
√
τ(x+ π))]

f (1)|(−π,π)(x) = C[−
√
τsin(

√
τ(x+ π)) +

√
τ (1−cos(2

√
τπ))

sin(2
√
τπ)

cos(
√
τ(x+

π))] (∗)

Using Definition ?? again, we obtain;

g1(−π) =
√
τ (1−cos(2

√
τπ))

sin(2
√
τπ)

=
√
τcos(2

√
τπ) (1−cos(2

√
τπ))

sin(2
√
τπ)

−
√
τsin(2

√
τπ) =

g1(−π)

(1− cos(2
√
τπ))2 = −sin2(2

√
τπ)

cos(2
√
τπ) = 1

hence,
√
τ ∈ Z, and sin(2

√
τπ) = 0, contradicting (♯). It follows

that sin(2
√
τπ) = 0,

√
τ ∈ Z, λ = −τ = −n2, for some n ∈ Z≥0. It

is easily checked that, if n ∈ Z≥0, e
inx ∈ C∞([−π, π]), and ∆(f) =

−n2f . �

Definition 0.3. We let V ∆ = {−n2 : n ∈ Z≥0}.

Lemma 0.4. If r ∈ Z≥0, then (∆−λI)r(f) = 0 iff r = 1 and λ ∈ V ∆.

Proof. Using [?] and Lemma 0.2, if f ∈ C∞([−π, π]), then;

f =
∑

m∈Z f∧(m)eimx, (∗)

where f∧(m) = 1
2π

∫ π

−π
f(x)e−ixmdx, and the convergence is uniform.

Using (∗), and interchanging the summation and differentiation oper-
ations, we have that;

(∆− λI)(r)(f) =
∑

m∈Z(−1)r(m2 + λ)rf∧(m)eimx

It follows that, if (∆ − λI)(r)(f) = 0, and f∧(m) ̸= 0, for some
m ∈ Z≥0, then, < (∆ − λI)(r)(f), eimx >= (−1)r(m2 + λ)rf∧(m) = 0
implies (m2+λ)r = 0, and, therefore, λ = −m2, (∗), holds. It follows, as
f ̸= 0, that (∗) holds and f(x) = Aeimx+Be−imx, for some {A,B} ⊂ C.
In particularly, r = 1.

�

Lemma 0.5. If µ ∈ ∗C, h ∈ V (Hη), and ∆η(h) = µh, (∗), then, for
0 ≤ j ≤ 2η − 1;
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h(−π + π j
η
)

= (1
2
[(1 +

√
µ

η
)j + (1−

√
µ

η
)j]− η

2π
√
µ
[(1 +

√
µ

η
)j − (1−

√
µ

η
)j])h(−π)

+ η
2π

√
µ
[(1 +

√
µ

η
)j − (1−

√
µ

η
)j]h(−π + π

η
)

and;

h(−π) = (µπ
2

η2
− 1)h(−π + π 2η−2

η
) + 2h(−π + π 2η−1

η
)

h(−π + π
η
) = (2µπ

2

η2
− 2)h(−π + π 2η−2

η
) + (µπ

2

η2
+ 3)h(−π + π 2η−1

η
)

Proof. Suppose {µ, e, h} ⊂ ∗C, and let H : Hη × ∗C × ∗C → ∗C × ∗C be
defined by;

H(τ, x′, y′) = (y′, µx′)

The solution to (∗), with initial condition h(−π) = e, h′(−π) = f , is
then given by, using Definition ?? and the method in ??;

h(−π) = e, h′(−π) = f

h(−π + π( (j+1)
η

)) = h(−π + π( j
η
)) + π

η
h′(−π + π( j

η
)), 0 ≤ j ≤ 2η − 2

h′(−π+π( (j+1)
η

)) = h′(−π+π( j
η
))+ π

η
µh(−π+π( j

η
)), 0 ≤ j ≤ 2η−2

wj+1 = Awj, 0 ≤ j ≤ 2η − 2

wj = A
j
w0, 0 ≤ j ≤ 2η − 1

where;

wj =

(
h(−π + π( j

η
))

h′(−π + π( j
η
))

)
and;

A =

(
1 π

η
πµ
η

1

)
The eigenvalues of A are given by {π

√
µ

η
+ 1,

−π
√
µ

η
+ 1}, with eigen-

vectors {v1, v2}, where;
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v1 =

(
1√
µ

)
and;

v2 =

(
1

−√
µ

)

so that B
−1
AB = diag(

π
√
µ

η
+ 1,

−π
√
µ

η
+ 1), where;

B =

(
1 1√
µ −√

µ

)

B
−1

=

(
1
2

1
2
√
µ

1
2

−1
2
√
µ

)

wj = Bdiag(
π
√
µ

η
+ 1,

−π
√
µ

η
+ 1)jB

−1
(w0)

= Bdiag((
π
√
µ

η
+ 1)j, (

π
√
µ

η
− 1)j)B

−1
(w0)

Hence;

h(−π + π( j
η
)) =

[(1+
π
√

µ

η
)j+(1−π

√
µ

η
)j ]

2
e+

[(1+
π
√
µ

η
)j−(1−π

√
µ

η
)j ]

2
√
µ

f

h′(−π + π( j
η
)) =

√
µ[(1+

π
√
µ

η
)j−(1−π

√
µ

η
)j ]

2
e+

[(1+
π
√

µ

η
)j+(1−π

√
µ

η
)j ]

2
f

for 0 ≤ j ≤ 2η−1, so that there exist ∗-polynomials in x
1
2 , {P i

j,η(x), Q
i
j,η(x)} ⊂

∗C[x], with 1 ≤ i ≤ 2;

with h(−π + π( j
η
)) = P 1

j,η(µ)e+Q1
j,η(µ)f

h′(−π + π( j
η
)) = P 2

j,η(µ)e+Q2
j,η(µ)f , (∗∗)

where;

P 1
j,η(x) =

1
2
[(1 + π

√
x

η
)j + (1− π

√
x

η
)j]

Q1
j,η(x) =

1
2
√
x
[(1 + π

√
x

η
)j − (1− π

√
x

η
)j]

P 2
j,η(x) =

√
x
2
[(1 + π

√
x

η
)j − (1− π

√
x

η
)j]
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Q2
j,η(x) =

1
2
[(1 + π

√
x

η
)j + (1− π

√
x

η
)j]

We have that f = η
π
(h(−π + π

η
)− h(−π)), e = h(−π). Hence, using

(∗∗);

h(−π + π( j
η
)) = (P 1

j,η(µ)−
ηQ1

j,η(µ)

π
)h(−π) +

ηQ1
j,η(µ)

π
h(−π + π

η
)

giving the first result. We have, from Definition 0.1;

h(−π) = (µπ
2

η2
− 1)h(−π + π 2η−2

η
) + 2h(−π + π 2η−1

η
) (i)

h(−π + π
η
) = (µπ

2

η2
− 1)h(−π + π 2η−1

η
) + 2h(−π) (†)

Substituting the expression for h(−π) from (i) into (†), we obtain;

h(−π+ π
η
) = (2µπ

2

η2
− 2)h(−π+ π 2η−2

η
) + (µπ

2

η2
+3)h(−π+ π 2η−1

η
) (ii)

as required.
�

Lemma 0.6. If µ ∈ ∗C, h ∈ V (Hη), and ∆η(h) = µh, (∗), then;

h(−π + π(2η−2
η

)) = P 1
2η−2,η(µ)h(−π) +Q1

2η−2,η(µ)h
′(−π) (i)′

h(−π + π(2η−1
η

)) = P 1
2η−1,η(µ)h(−π) +Q1

2η−1,η(µ)h
′(−π) (ii)′

h(−π) = (µπ
2

η2
− 1)h(−π + π(2η−2

η
)) + 2h(−π + π(2η−1

η
)) (iii)′

h′(−π) = (µπ
η
− η

π
)h(−π + π(2η−2

η
)) + (µπ

η
+ η

π
)h(−π + π(2η−1

η
)) (iv)′

Proof. (i)′, (ii)′ follow from (∗∗) in Lemma 0.9. (iii)′ is (i) in Lemma

0.9. Finally, using h′(−π) =
η(h(−π+π

η
)−h(−π))

π
, and (ii) in Lemma 0.9,

we obtain (iv)′.
�

Lemma 0.7. We have that µ is an eigenvalue for ∆η : V (Hη) → Hη

iff;

det(D) = 0

where;
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D =


1 0 1− µπ2

η2
−2

0 1 η
π
− µπ

η
−(µπ

η
+ η

π
)

−P 1
2η−2,η(µ) −Q1

2η−2,η(µ) 1 0
−P 1

2η−1,η(µ) −Q1
2η−1,η(µ) 0 1


Proof. This follows easily from Lemma 0.6. �

Lemma 0.8. We have that, for µ finite;

P 1
2η−2,η(µ) ≃ P 1

2η−1,η(µ) ≃ e2π
√

µ+e−2π
√

µ

2

Q1
2η−2,η(µ) ≃ Q1

2η−1,η(µ) ≃ e2π
√

µ−e−2π
√

µ

2
√
µ

In particularly, there exists Cµ ∈ R;

with max(P 1
2η−2,η(µ), Q

1
2η−2,η(µ), P

1
2η−1,η(µ), Q

1
2η−1,η(µ)) ≤ Cµ, (††)

Moreover;

dP 1
j

dµ
= πj

2η
Q1

j−1,
dQ1

j

dµ
=

πjP 1
j−1

2ηµ
− Q1

j

2
√
µ
for 0 ≤ j ≤ 2η − 1

dP 1
j

dµ
≃ πQ1

j−1

2
,

dQ1
j

dµ
≃ πP 1

j−1

2µ
− Q1

j

2
√
µ
, for j ∈ {2η − 2, 2η − 1}

Proof. For y ∈ C, (1 + y
η
)η ≃ ey, hence, as (1 + y

η
)η is S-continuous,

(1 + y
η
)η ≃ ey, for y finite, (∗). It follows that;

(1 + π
√
x

η
)2η−1 = [(1 + π

√
x

η
)η]2(1 + π

√
x

η
)−1

≃ e2π
√
x

as (1 + π
√
x

η
)−1 ≃ 1. The remaining cases follows similarly, and then

the claim (††) is clear.
The final results are simple calculations, left to the reader.

�

Lemma 0.9. If µ ≃ −n2, with n ∈ Z, then det(D) ≃ 0. If µ ≃ −n2,
with n ∈ Z ̸=0, then

d
dµ
(det(D)) /∈ V0

Proof. Expanding det(D) along the second row, and using the fact that
µ is finite, µπ

η
≃ µπ

η2
≃ 0, (††) in Lemma 0.8, and P 1

2η−2 ≃ P 1
2η−1, we
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obtain that;

det(D) ≃ −(1 + P 1
2η−2 − 2P 1

2η−1)−
η
π
(−Q1

2η−2 − 2E)− η
π
(Q1

2η−1 +E)

≃ (P 1
2η−1 − 1) + η

π
(Q1

2η−2 −Q1
2η−1 + E)

where E = P 1
2η−2Q

1
2η−1−P 1

2η−1Q
1
2η−2 =

π
η
(1− π2µ

η2
)2η−2. We have that√

µ ≃ in, with n ∈ Z≥0. Hence;

P 1
2η−1,η(µ) ≃ cos(2πn) = 1 Q1

2η−1,η(µ) ≃
sin(2πn)

n
= 0

We have;

η
π
((1 +

π
√
µ

η
)2η−1 − (1 +

π
√
µ

η
)2η−2)

= (1 +
π
√
µ

η
)2η−2( η

π
((1 +

π
√
µ

η
)− 1))

= (1 +
π
√
µ

η
)2η−2√µ

Similarly;

η
π
((1− π

√
µ

η
)2η−1 − (1− π

√
µ

η
)2η−2)

≃ (1− π
√
µ

η
)2η−2√µ

Hence;

η
π
(P 1

2η−2 − P 1
2η−1) ≃ −√

µP12η−2 ≃ −√
µ cos(2πn)√

µ
= −cos(2πn) = −1

η
π
(Q1

2η−2 −Q1
2η−1) ≃ −√

µQ1
2η−2 ≃

−√
µisin(2πn)
√
µ

= −isin(2πn) = 0

We have that;

η
π
E = η

π
(P 1

2η−2Q
1
2η−1 − P 1

2η−1Q
1
2η−2)

= η
π
(((P 1

2η−2 − P 1
2η−1)Q

1
2η−1) + ((Q1

2η−2 −Q1
2η−1)P

1
2η−1))

≃ −cos(2πn) sin(2πn
n

− isin(2πn)cos(2πn)

= (− 1
n
− i)sin(2πn)cos(2πn) = 0
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Hence, det(D) ≃ 0 as required.

For the second part, using the same reasoning as above, we have that;

det(dD
dµ
) ≃ −(

dP 1
2η−2

dµ
− 2

dP 1
2η−1

dµ
)− η

π
(−dQ1

2η−2

dµ
− 2dE

dµ
)− η

π
(
dQ1

2η−1

dµ
+ dE

dµ
)

≃ −π
2
(Q1

2η−3 − 2Q1
2η−2)−

η
π
(−(π

P 1
2η−3

2µ
− Q1

2η−2

2
√
µ
)− 2dE

dµ
)

− η
π
((π

P 1
2η−2

2µ
− Q1

2η−1

2
√
µ
) + dE

dµ
)

≃ −π
2
(Q1

2η−3 − 2Q1
2η−2)−

η
π
(−(π

P 1
2η−3

2µ
− Q1

2η−2

2
√
µ
) + 2π2(2η−2)E

η2
)

− η
π
((π

P 1
2η−2

2µ
− Q1

2η−1

2
√
µ
)− π2(2η−2)E

η2
)

≃ η
2µ
(P 1

2η−3 − P 1
2η−2)−

η
2π

√
µ
(Q1

2η−2 −Q1
2η−1)− Eπ

≃ − π
2µ

̸= 0

�
Lemma 0.10. For every n ∈ Z≥0, there exists a unique µ ≃ −n2, an
eigenvalue for ∆η.

Proof. By Lemma 0.9, we have that, if n ∈ Z≥0, R4η(in) = ϵ ≃ 0, (1).
Let R4η,ϵ = R4η − ϵ, and let p4η,ϵ(x, y) = R4η,ϵ(y)− x, with coefficients
{dij : 0 ≤ i ≤ 1, 0 ≤ j ≤ 4η} so that p4η,ϵ(0, in) holds. We have

1A simple computation shows that;

det(D) = 1 + (−1
2 (1− µπ2

η2 ) + 1
2
√
µ (

η
π − µπ

η ))(1 +
π
√
µ

η )2η−2

+(−1
2 (1− µπ2

η2 )− 1
2
√
µ (

η
π − µπ

η ))(1− π
√
µ

η )2η−2

+(1− 1
2
√
µ (

η
π − µπ

η ))(1 +
π
√
µ

η )2η−1

+(1 + 1
2
√
µ (

η
π − µπ

η ))(1− π
√
µ

η )2η−1

+(−2µπ2

η2 )(1− π2µ
η2 )2η−1

= 1 + η
2π

√
µ + ∗∑2η−2

i=1
πi−1µ

i−1
2 C2η−2

i

2ηi−1 − ∗∑2η−2
i=1

πi+1µ
i+1
2 C2η−2

i

2ηi+1

− η
2π

√
µ + ∗∑2η−2

i=1
πi−1µ

i−1
2 C2η−2

i (−1)i+1

2ηi−1 − ∗∑2η−2
i=0

πi+1µ
i+1
2 C2η−2

i (−1)i+1

2ηi+1

− η
2π

√
µ − ∗∑2η−1

i=1
πi−1µ

i−1
2 C2η−1

i

2ηi−1 + ∗∑2η−1
i=1

πi+1µ
i+1
2 C2η−1

i

2ηi+1



10 TRISTRAM DE PIRO

+ η
2π

√
µ − ∗∑2η−1

i=1
πi−1µ

i−1
2 C2η−1

i (−1)i+1

2ηi−1 + ∗∑2η−1
i=1

πi+1µ
i+1
2 C2η−1

i (−1)i+1

2ηi+1

−∗∑2η−2
i=1

πiµ
i
2 C2η−2

i

2ηi

+∗∑2η−2
i=1

πiµ
i
2 C2η−2

i (−1)i+1

2ηi

+∗∑2η−2
i=1

πi+2µ
i+2
2 C2η−2

i

ηi+2

+∗∑2η−2
i=1

πi+2µ
i+2
2 C2η−2

i (−1)i

ηi+2

+∗∑2η−1
i=1

πiµ
i
2 C2η−1

i

ηi

+∗∑2η−1
i=1

πiµ
i
2 C2η−1

i (−1)i

ηi

+∗∑2η−1
i=0

2π2i+2µi+1C2η−1
i (−1)i+1

2η2i+2 (∗)

.... det(D) = 1 + ∗∑2η−3
i=0

πiµ
i
2 C2η−2

i+1

2ηi − ∗∑2η−1
i=2

πiµ
i
2 C2η−2

i−1

2ηi

+∗∑2η−3
i=0

πiµ
i
2 C2η−2

i+1 (−1)i

2ηi − ∗∑2η−1
i=2

πiµ
i
2 C2η−2

i−1 (−1)i

2ηi

−∗∑2η−2
i=0

πiµ
i
2 C2η−1

i+1

2ηi + ∗∑2η
i=2

πiµ
i
2 C2η−1

i−1

2ηi

−∗∑2η−2
i=0

πiµ
i
2 C2η−1

i+1 (−1)i

2ηi + ∗∑2η
i=2

πiµ
i
2 C2η−1

i−1 (−1)i

2ηi

−∗∑2η−2
i=1

πiµ
i
2 C2η−2

i

2ηi

+∗∑2η−2
i=1

πiµ
i
2 C2η−2

i (−1)i+1

2ηi

+∗∑2η
i=3

πiµ
i
2 C2η−2

i−2

ηi

+∗∑2η
i=3

πiµ
i
2 C2η−2

i−2 (−1)i

ηi

+∗∑2η−1
i=1

πiµ
i
2 C2η−1

i

ηi

+∗∑2η−1
i=1

πiµ
i
2 C2η−1

i (−1)i

ηi

+∗∑4η
i=2,i even

2πiµ
i
2 C2η−1

i
2
−1

(−1)
i
2

2ηi

....
det(D) = 1 + (C2η−2

1 − C2η−1
1 )

+∗∑2η−3
i=3,i odd

πiµ
i
2

2ηi [C2η−2
i+1 (1 + (−1)i)− C2η−1

i+1 (1 + (−1)i)− C2η−2
i−1 (1 + (−1)i)
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that ∂p4η,ϵ
∂x

|(0,in) = 1 ̸= 0, hence, by Newton’s Theorem, there exists
a ∗-power series γ(x) = ∗∑

j∈∗Z≥0
ejxj, such that p4η,ϵ(x, γ(x)) = 0,

with γ(0) = in. We have that |dij| ≤ C + 1, (show bound is uniform
in η) for 0 ≤ i ≤ 1, 0 ≤ j ≤ 4η, need uniform bound on increase
in coefficients of γ, ≤ Dj?, some D ∈ R. Then, if δ ≃ 0, γ(δ) ≃
0, |γ(δ)| ≤ ∗∑

j∈∗Z≥0
(Dδ)j = Dδ

1−Dδ
≃ 0. Taking ϵ = δ, we obtain

p4η,ϵ(ϵ, γ(ϵ)), so that p4η(0, γ(ϵ)), and det(D)(γ(ϵ)) = 0. As γ(ϵ) ≃ in,
we obtain the result.

�

Lemma 0.11. If (∆η − µI)r(f) = 0, f ̸= 0, µ finite, r ∈ ∗Z≥0, then
◦µ ∈ V ∆.

Proof. Assume first that r ∈ Z≥0. An easy adaptation of Lemma
0.5 in [?], shows that, if G : ∗[a, b] × ∗Cn → ∗Cn is internal and S-
continuous, with the same hypotheses on ◦G, then for x as defined,
x′(t) = ◦G(t, x(t)). For µ finite;

+C2η−1
i−1 (1+(−1)i)−C2η−2

i (1+(−1)i+1)+2C2η−1
i (1+(−1)i)+2C2η−2

i−2 (1+(−1)i)]

+∗∑2η−3
i=3,i even

πiµ
i
2

2ηi [C2η−2
i+1 (1 + (−1)i)− C2η−1

i+1 (1 + (−1)i)− C2η−2
i−1 (1 + (−1)i)

+C2η−1
i−1 (1+(−1)i)−C2η−2

i (1+(−1)i+1)+2C2η−1
i (1+(−1)i)+2C2η−2

i−2 (1+(−1)i)

+2C2η−1
i
2−1

(−1)
i
2 ]

Evaluate remaining terms i = 1, 2(even), 2η − 2, 2η − 1, 2η, ∗
∑4η

2η+1.
...
Referring to (∗), we have that, for i even;

∗∑2η−2
i=1

πi−1µ
i−1
2 C2η−2

i

2ηi−1 + ∗∑2η−2
i=1

πi−1µ
i−1
2 C2η−2

i (−1)i+1

2ηi−1

−∗∑2η−1
i=1

πi−1µ
i−1
2 C2η−1

i

2ηi−1 − ∗∑2η−1
i=1

πi−1µ
i−1
2 C2η−1

i (−1)i+1

2ηi−1 = 0

and, for i odd;

= ∗∑2η−2
i=1

πi−1µ
i−1
2 (C2η−2

i −C2η−1
i )

ηi−1 − π2η−2µη−1

η2η−2

≃ ∗∑2η−2
i=1

πi−1µ
i−1
2 (−C2η−2

i−1 )

ηi−1 (†)

It follows that D = R4η(
√
µ), where R4η is a ∗-polynomial of degree 4η, with

coefficients {ci}0≤i≤4η. Inspection of (†) and the other terms, shows that there
exists S ∈ R, with |ci| ≤ S, for 0 ≤ i ≤ 4η.
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G(t, u1, . . . , u2r) = (u2, . . . , u2r,
∑r

j=0 u2(r−j)µ
j(−1)j+1Cr

j )

satisfies this criteria, hence, we can use Lemma 0.6 of ?? to obtain
that (∆− ◦µI)r(◦f) = 0 and ◦f ∈ C∞([−π, π]), (2). Using Lemma 0.2,
we obtain the result. If r ∈ ∗Z≥0 is infinite, then we can assume that
fs = (∆η − µI)s(f) ̸= 0, for 0 ≤ s < r, and then (∆η − µI)r−s(fs) = 0.
Taking r− s to be finite, we can apply the first part of the lemma. �

Lemma 0.12. Let g, h : Hη → ∗C be measurable. Then;

(i).
∫
Hη

g′(y)dµη(y) = 0

(ii). (gh)′ = g′hsh + gh′

(iii).
∫
Hη

(g′h)(y)dµη(y) = −
∫
Hη

gshh′dµη(y)

(iv).
∫
Hη

g(y)dµη(y) =
∫
Hη

gsh(y)dµη(y) =
∫
Hη

grsh(y)dµη(y)

(v). (g′)sh = (gsh)′

(vi).
∫
Hη

(g′′h)(y)dµη(y) =
∫
Hη

(gsh
2
h′′)(y)dµη(y)

Proof. In the first part, for (i), we have, using Definitions ?? and ??,
that;∫

Hη
g′(y)dµη(y)

= π
η
[∗
∑

0≤j≤2η−2
η
π
[g(−π + π( j+1

η
))− g(−π + π( j

η
))]

+ η
π
[g(−π)− g(π − π

η
]] = 0

The proofs of (ii), (iii) are as in Lemma 0.12 of [?]. (iv) is clear. (v)
follows easily from Definitions ?? and (vi) follows, repeating the result
of (iii), and applying (v).

�

Definition 0.13. We let S : V (Hη) → V (Hη) be defined by;

2Observe the extension of Lemma 0.6 to the endpoint π, taking the initial con-
dition as f(π)
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S(f) = ∆η(f)
rsh2 −∆η(f)

Lemma 0.14. ∆η is almost self adjoint, in the sense that ∆η∗ = ∆η+
S.

Proof. We have, using (iv), (v), (vi) above, that, if {f, g} ⊂ V (Hη);

< ∆η(f), g >

=< f sh2
,∆η(g) >

=< f, (∆η(g))
rsh2

>

=< f,∆η(g) > + < f,∆η(g)
rsh2 −∆η(g)) >

=< f, (∆η + S)(g) >

�

Lemma 0.15. ∆η = ∆η,1 +∆η,2

where ∆η,1 is self adjoint, ∆η,2 is anti self adjoint, and ∆η,1 = ∆η+
S
2
.

Proof. We have that;

∆η,1 =
(∆η+∆∗

η)

2
= (∆η+∆η+S)

2
= ∆η +

S
2

∆η,2 =
(∆η−∆∗

η)

2

�

Lemma 0.16. If µ1 ̸= µ2, with µ2 finite, ∆(f1) = µ1f1, ∆(f2) = µ2f2,
and ||f1|| = ||f2|| = 1, then < f1, f2 >≃ 0;

Proof. Without loss of generality, we can assume that µ1 ̸= 0, µ2 ̸= 0.
Then;

< µ1f1, f2 >

=< ∆(f1), f2 >

=< f1, (∆ + S)(f2) >
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=< f1, µ2f2 > + < f1, S(f2) >

By Lemma 0.11, we have that S(f2)(x) ≃ 0, for x ∈ Hη, hence,
< f1, S(f2) >= ϵ ≃ 0. It follows that < f1, f2 >= ϵ

µ1−µ2
≃ 0. �

Lemma 0.17. There exists a basis {ei : 1 ≤ i ≤ η} for V (Hη),
with corresponding eigenvalues {λi : 1 ≤ i ≤ η} ⊂ ∗C, such that
∆(ei) = µiei, and µi finite, for finite i, with the decay rate;

< f, ei > | ≤ C∆tf

|µi|t

where, for t ∈ ∗Z≥1, C∆tf = max{|∆tf(x)| : x ∈ Hη :}.

Proof. By transfer of the Theorem on Jordan Canonical form, there ex-
ists a basis {ei : 1 ≤ i ≤ η} of generalised eigenvectors for ∆, with the
index i of each generalised eigenspace Vµi

corresponding to the factor
(x − µi)

i in det(D). By Lemma ??, (resultant calculation), i = 1, for
each µi, so we obtain a basis of eigenvectors for ∆, ∆(ei) = µiei. We
can assume that ||ei|| = 1, for 1 ≤ i ≤ η. Then;

< ∆t(f rsh2t
), ei >

=< f,∆t(ei) >= µt
i < f, ei >

| < f, ei > |

≤ 1
|µt

i|
< ∆(f rsh2t

), ei >

≤
C

∆t(frsh
2t

)

|µi|t =
C∆t(f)

|µi|t .

�

Lemma 0.18. If W ⊆ V (Hη), spanned by {e1, . . . , eκ}, then the or-
thogonal projection prW (f) is given by;

∗∑
1≤i≤κλiei

where
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λ =



λ1

.

.
λj

.

.
λn



A =


A11 . . . A1j . . . A1n

. . . . . . . . .
Ai1 . . . Aij . . . Ain

. . . . . . . . .
An1 . . . Anj . . . Ann



t =



< e1, f >
.
.

< ej, f >
.
.

< en, f >


and Aλ = t, Aij =< ei, ej >, for 1 ≤ i ≤ j ≤ n.

.....

Lemma 0.19. If f ∈ V (Hη) and Cf ′′ is finite, then;

f ≃
∑

1≤i≤η < f, ei > ei

Proof. We can apply the Gramm-Schmidt orthogonalisation procedure
to the basis {ei : 1 ≤ i ≤ η}, beginning with eη, to obtain an orthonor-
mal basis {ei : 1 ≤ i ≤ η} such that;

f = ∗∑
1≤i≤η < f, ei > ei

and eη−i =
∗∑

0≤j≤iλi,jeη−j, with |λi,j| ≤ 1, (3). We claim that;

eη−i =
∗∑

0≤j≤iλ
′
i,jeη−j, with |λ′

i,j| ≤ 2
i−1
2 , |λ′

0,0| = 1, (4).

3Explicitly, for j < i we can take;

λi,j =
−<eη−j ,eη−i>√

1+∗ ∑
j<i|<eη−j ,eη−i>|2

, λi,i =
1√

1+∗ ∑
j<i|<eη−j ,eη−i>|2

4This can be shown using induction. The base case is trivial. Assume
the result is true for the coefficients {λ′

i0,j
: 0 ≤ j ≤ i0}. We have that
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It follows that | < f, eη−i > |

≤ ∗∑
0≤j≤i|λ′

i,j|| < f, eη−j > |

≤ 2
i−1
2

∗∑
0≤j≤i

C∆t(f)

|µη−j |t

≤ 2
i−1
2

C∆t(f)

|µη−i|t−1

(Assuming 1-spacing on infinite eigenvalues). We have that;

f = ∗∑
1≤i≤η < f, ei > ei

= ∗∑
1≤i≤η < f, (ei − ei) + ei > ((ei − ei) + ei)

= ∗∑
1≤i≤η < f, (ei − ei) > (ei − ei)

+∗∑
1≤i≤η < f, (ei − ei) > ei

+∗∑
1≤i≤η < f, ei > (ei − ei)

+∗∑
1≤i≤η < f, ei > ei

Lemma 0.20. If f ∈ V (Hη) and Cf ′′ is finite, then, for n ∈ Z≥1;

f ≃
∑

1≤i≤n < f, ei > ei + wn+1

where wn+1 ∈ span({ei}n+1≤i≤η)

and limn→∞||wn+1|| = 0

Proof. �
�
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|λ′
i0+1,0| ≤ |∗

∑
0≤k≤i0

λi0+1,kλ
′
k,0|

≤
√

(∗
∑

0≤k≤i0−12
k) + 1 = 2

i0
2 . A similar argument works for the coefficients

{λ′
i0+1,k : 0 ≤ j ≤ i0 + 1}, with fewer steps.


