A NONSTANDARD APPROACH TO
EQUIDISTRIBUTION IN ERGODIC THEORY

TRISTRAM DE PIRO

ABSTRACT. We develop a nonstandard approach in ergodic theory,
considering the doubling map shy on the unit interval, which is
known to be chaotic in the sense of [2]. We show that there exists
a typical element for shg, using arguments from [6], motivated
indirectly by the early work of J. Ville on probabilistic properties
of binary sequences. In particular, we obtain new methods for
finding equidistributed and weakly equidistributed sequences, in
the sense of [3].

Definition 0.1. We adapt slightly the notation in Definition 0.1 and
Definition 0.2 of [4]. As in Definition 0.1, we let n = 2", for v €
*NA\N, (Q_m Cy, lty) the corresponding *-finite measure space, and
(Q,, L(C,), L(11,)) the associated Loeb space. We denote by < the usual
ordering on Q_n, induced by *[0,1). We let Q, be as in Definition 0.2,
but C, the set of sequences of length v, consisting of 0’s and 1’s. For
v even, we let B, = {t € C, : Y /_ #(j) = 5}. Observe that, given
{z,y} C Q,, we have that x < y Zﬁ% < % iff [nx] < [ny] in Q,. We
let 8, : Q, — C, associate i € Q, with its binary representation. We
define the right shift map sh,, : C, = C,, by setting;

shy, (8)(J) =t(j — 1), for2<j<v

t(v)

Letting sh;,, = (0" o shy,, 06,) : Q, = Q,, we have that;

shy, - (t)(1)

sh,, (o) = 2a, if a € Q4
shi, . (a) = 2(a — 2°7) + 1, otherwise
We define the associated forward shift shy, s Q_n — Q_n by setting;
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shyp(3) = el
shg(2) = shi s (E) 4z — 2
If r € *N N [1,v], we define;
Cor={teC,:tlr—7j)=0,0<j<r-—1}

with corresponding initial segment €2, C €),,.

Lemma 0.2. Ifr € *N N [1,v], we have that;

[m(ShV7T |Cu—r) C OV_T"F]-

Proof. O

Lemma 0.3. The forward shift map sh, ; is measurable and measure
PTESETVINg.

Proof. Observe that, if A € C,, we have A = Uiel[%, %), with I C Q,
internal. Then;

shy 1(A) = Uies shy 5 (15 5)

shyr(4) shpi(it1
= g ([t ey

= Uz’esh;’,ln(l) [%7 %)

As sh, L(I) C €, is internal, we obtain that sh, ;(A) € C,.
Moreover;

— *Card sh;i I *Car

p(shy, j(A)) = Cerdeter@)  2CardlD) — ) (A) (x)

as sh,,, is a bijection. Letting €, denote the o-algebra generated by
C,, we have that sh;}(@n) is also a o-algebra generating C,, as sh,, s is
C,-measurable, hence, sh,, }((’:n) = ¢,, and sh, s is €, -measurable. A
similar argument with the completion L(C,) of &,, shows that sh,, s is
L(C,))-measurable. We have, using Theorem 3.4, see also Lemma 3.15,
of [5], that, if B € L(C,), and € > 0 there exist {A4,C} C C,, such
that A C B C C, and max(fu,ext(B \ A), tnext(C \ B)) < €. We have
that sh;}(A) C sh;}(B) C sh;}(C). Hence, using (), we obtain that
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finext(B) — € < Mn,emt(Sh;}(B)) < finext(B) + €. As € was arbitrary, we

have that uth(sh;}(B)) = ln.ext(B), as required. O

Lemma 0.4. If v € Q,, then, if 0 < x < %, shyyf(@) = @, and, if
s <z <1, sh, ([W ) = 2z(modl) + %

Proof If 0 <z < 3, then [nz] € Q,_1, and, using Definition 0.1 (make

lemma?), sh, (”m]) Zx]. If L <z <1, then [nz] = 2"7! +y, with
y e, 1, then

shi(B1) = 2 = HRESEEE = o) (modD) +

3=

O

Definition 0.5. We let ([0, 1), B, i) denote the unit interval, with end-
points identified, and the completion of the Borel field and Lebesgue
measure. Recall from [1], that;

st (@, LCy), L)) — (0,1), B, )

1s measurable and measure preserving, with the convention that the
endpoints are identified. We define the doubling map shy : [0,1) —
0,1) by;

shq(z) = 2x(modl)

Lemma 0.6. The doubling map shq is measurable and measurable pre-
serving. Moreover, if ' € [0,1) and x € Vy N Q,, then shy(z') =
°shy, ().

Proof. The first part is a standard result. If 2’ € |0, %), and °x = 7/,

then 0 <z < 1 ,0< ["x] 1 and;

“shi (o) = 222+ (2 = B1)) = 20 = shy(a)

o, 1 1 [-T] .
If 2 € (5,1), and x—x’,then§<:p<1,§<"T<1,and,

19
27
“shyp(x) = °(21% (mod1) + 1 + (x — 220)) = 2z(mod)
Ifx’:%,Wehave,if:r;:%—5,5:0,6>0;

OSh,,J(JI) — 0(2[77(%—5)] + (l o (5 o [77(%77—5)})) — 0 — Shd<l‘/)

n 2
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and,ifxz%—{—é,é:(),ézo;

1_ 1
shy () = °2 D (mod1) + 1 + (4 + 5 — )y = 0 = shy(a)
as required.

U

Definition 0.7. We let Dy, = {0,1}" denote the set of infinite se-
quences of 0’s and 1’s, and let t; be defined by t1(i) = 1, fori € N.
We say that t is permitted, if t = t1, ort # t1, and there does not exist
io € N, with t(ig) = 0, and t(io +1) = 1, fori € N. We let Eo, C Dy
be the set of permitted sequences. We define v : [0,1] — E by;

Y@)1) =0, ifr #1, 2 €0,3),7(x)1) =1, ifz € [5,1)

V(@) +1) =0, ffx # 1, 2= W@) (k)27 € [0, ), i €N
Y@) i+ 1) =1 ife# 1 a3 (@) (k)27 €[5, 30), i €N
y)(@) =1, ifi e N

We let v : [0,1) — Ew, associate x € [0,1) with its decimal binary
representation. We define the left shift shy : Es, — Eo by (shy(t))(i) =
ti+ 1), fori € N. Welet T : Dy, — C, associate the standard
sequence {w(i) : i € N'} with its transfer {w(i) : i € *N N [1,v]}, let
rev : C, — C, be a sequence reversal rev(w)(i) = w(v —i+ 1), and
S = (revoT). Let res : C, — Dy be the restriction res(w)(i) =
wy—i+1), forieN.

Lemma 0.8. If z € [0,1), we have that;

sha(z) = (yv~! o shy o) ()

(01050 o 4

(v o shg)(z) = (res o sh,, o Soy)(x) =resosh,, od,([n])

Proof. Let x = Y77 a,27", then, if z € [0,1), a1 = 0, shy(z) = 2z =
o a2 = an+12 ,and, if 2 € [5,1), oy = 1, shy(x) =
20 —1=>"" 1an2‘”+1 1=, a,27" =3 1an+12 " Hence,
sha(z) = (v P osh oy)(x). Let s,(x) = D a;27" then |sn()—
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x| < 3, 14277 < 5. Using Theorem 3.4(i) of [5], we have that
|s,(z) — x| ~ 0, where ns,(x) = (0,' o S o~)(x). The fact that (yo
shq)(x) = (resosh,,0Sov)(x) follows immediately from the definitions

of shg,7, sh,, and res in Definition 0.7. U
Remarks 0.9. The doubling map sh% has the horseshoe property in
the sense that there exist disjoint closed subintervals {[0,1],[%, 3]} C
P([0,1)), with sh3([0,1]) = sh3([3,3]) = [0,1), endpoint preserving.
One can relax the property, in the sense that there exist disjoint subin-
tervals {[0,1),[3, 1)} € P([0, 1)), with sha([0,3)) = sha([3,1)) = [0, 1),
endpoint preserving. Using this idea, or directly, using the decimal rep-
resentation, one can show that sh!} has at least 2" fized points, shq has
periodic points of every minimal period and shg has uncountably many

non periodic points.

Definition 0.10. If = € Q_m we say that x is periodic with period
r € *NN[l,v], if r is minimal in *N N [1,v], with the property that
sh;f(x) = x. If x 1s periodic, with period r, we define the associated
probability measure p, on )y, by;

)

and corresponding Loeb measure L(p,), where, for y € Q_n, 0y is the
point measure with respect to C,,, supported ony. If {z, :n € N} C Q,,
we say that limy, n—ooL(ps,) = L(iy), if, for every A € Cy;

Pz = 7»( Zogjgrfl(sshi FT

i o0 L(pa, ) (A) = L(pg)(A).

Remarks 0.11. Observe that every element x € Q_n has a period
1 <r < v, and, if shl,;(v) = =, with t € *N, t > 1, then r|t.
This is an elementary consequence, by transfer and Definition 0.1, of
the corresponding result for finite sets. Observe that, if r € N is finite,
and x has period r then;

L(p.) = %(Zogjgr—l L(éshi’fx))

and, for A € C,, L(py)(A) = ps(A). Using Theorem 3.4(ii) of [5], if
limuy noo L(pa,) = L(iy), then, for every A € L(C,), limy, oo L(py, )(A)
L) (A).

Lemma 0.12. If {z, :n € N'} C Q,, with r, € N, such that the weak
limit limuy oo L(pr,) = L(y), then, for any k € *N infinite, we have
that, for the internal sequences {x, }1<n<r, {Tn}1<n<r, {Pan f1<n<s, and
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fev(), |fl<C, withC € R;

fm fdpy ~ i* Zogjgm—lf(Sh{/,f%) (1)

and the sequence {shifx,i}ogjgm_l 1s weakly equidistributed, in the
sense of [3], (1), (*), (change & notation in [3]).

Proof. By the hypotheses on f, f € SLY(,, u1,), hence, °f € L*(Q,, L(u,)),
and;

o Pty = fo® FAL (), (5 %%

As |f| < C, we have that f € SLY(Q,,ps,), for 1 < n < &, (x).
Observe that for A € C,, and n € N, L(p,,)(A) = p.,(A). Hence,
limyoopr, (A) = lim,_ooL(py,)(A) = L(py)(A). Then, by Lemma

2.22(i) of [5], we have that p,, (A) ~ L(u ( )), hence L(pr J(A) =
L(p,)(A), and L(p,,) = L(py), (xx), by Theorem 3.4(ii) of [5]. By

(%), (), (%% %);
Y 0cjer S (5, 00) = Joo fdpy,
~ o fdL(p:.)
= Jo; °fdL ()

~ fmfd,un, (% * %)

In particularly, the sequence {shf/ T Jo<j<n—1 18 weakly equidistributed,
as, if {a,b} C [0,1), *[a,b] € C,, and we can apply (* * *x) t0 X[a4 €
V(Q_U)7 with |X[a,b]| <1 0

Definition 0.13. If = € [0,1), we say that x is periodic with period
r €N, if ris minimal in N, with the property that shi(x) = x. Simi-
larly to the above, if x is periodic, with period r, we define the associated
probability measure p, on [0,1), by;

Pz = %(Zogjgr—l 5shg:¢)

IWe slightly extend the sense of weakly equidistributed, to mean that
L(ps,.)(a,b) = b—a for {a,b} C R. Observe that p,_ is defined in this paper
relative to C, rather than C, . The nonstandard analogue of Weyl’s criterion may
be more difficult to prove, though, when r, # 1. The reader should check that the
proof below still goes through using the definition with respect to C,, .
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where, fory € [0,1), 6, is the point measure with respect to B, sup-
ported on y. More generally, if x € [0,1) and n € N, we define the
associated probability measure p,,, on [0,1), by;

Pzn = %(Zogjgn—l 5shfiat)

If m e N, x €[0,1) is periodic with respect to sh}', with period r,
we define the associated probability measure pp, . on [0,1), by;

Pmaz = %(Zogjgr—l 5shg”'z)

and, if x € [0,1) and n € N, the associated probability measure
Pm.zn 1S defined on [0,1), by;

Pman = %(Zosm—l 55113“' 1’)

We define C([0,1)) = {glp1) : g € C([0,1])}. Given a sequence of
complete probability measures {p, : n € N'}, on ([0,1),B), we say that
Limuy nsoofin = 1, if, for every g € C([0,1));

limy, o0 f[D,l) gdpin = f[0,1) gdp

If v € [0,1), and m € N, we say that x is typical for shl, if,
limw,n—)oopm,w,n = M-
Lemma 0.14. If {i, fnen s a sequence of complete probability mea-
sures on ([0,1),B), then limy, 1, = 1 iff for every A € B, limy, oo fin(A) =
1(A).
Proof. Suppose that, for every A € B, lim,_ooptn(A) = pu(A). Let
g € C([0,1), and € > 0, then we can find g = 3.1, Mexa,, A € B,
1 <k < N, with A\, € C, such that, for x € [0,1), |g(z) — g(z)| < e.

We have, for n € N, with mazy<p<n (pn(Ar) — p(Ax)) < %SN(’\’“)E,
that;

| f[O,l) gdp — f[o,1) gdljin|
S ‘ f[071)(g - ge)d:u’ + ’ f[071)<g - ge>d,un’ + ’ f[071) ged,u - f[071) ged,un‘
< 26+ 300 [Aelli(Ar) — pn(Ar)] < 3¢

As € was arbitrary, it follows that limy, ,—p, = . Conversely, sup-
pose that lim, ., = i, and let A € ¥y, where 3 consists of finite
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unions of sets of the form [a,b) C [0,1). Given ¢ > 0, we can find
gae € C([0,1)), such that |xa — ga| < e. Then, for n € N, with

| Jioay 94.edi — [ig.1) 9aedhin| < €, we have;

| Jio.ny Xadi = Jio.1) Xadpin|

< | Joy (xa=ga.)dul+| fio.1 (xa=gae)dunl+ f1) 9aedu—fg 1) gaedin|
< 3¢

Hence, as € was arbitrary;

(A) = Jio.1) Xadp = 1imy oo X adptn, = limy oopn(A)

It follows that lim, ,ooptn, = p on Xy, hence, by Caratheodery’s

Lemma, lim, o0 ftn, = [ as required.

t

Lemma 0.15. Let {x, },en be a sequence of periodic elements in [0, 1),
such that limy, n—soope, = K, then there exists x € [0,1), which is typical
for shy.

Proof. By Definition 0.13, using the fact that p({1}) = 0, we can re-
place [0,1) by [0,1]. We can now follow through the proof of Lemma
1.11 in [6], replacing the left shift o on [0, 1]V by the left shift sh; on
D. U

Lemma 0.16. Suppose that, for every f € C([0,1)) and € > 0, there
exists a periodic element z. € [0,1), such that;

| f[(],l] fdlu’ - -[[0,1} fdpze| <€

then there exists a sequence of periodic elements {, }nen in [0,1),

such that limuy pn—ooPz, = It

Proof. The proof is similar to Lemma 1.12 in [6], using the Stone-
Weierstrass Theorem for [0, 1], instead of [0, 1]™, for n € N'. We obtain
a countable base for 2, C M, where M is the set of regular real valued
measures on [0, 1], and €2, is the set of open sets containing the measure

L.

O

Definition 0.17. Given n € N, we define j,,, € 2", by j, (i) = 1,
for1<i<n. Ifje2", weletx; =73 j(k)27F, and;
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. 1 .p T -
B, ={ze[0,1]:0<z—a; <3, if ] # jin

B: ,={xel0,1]:0<z—2; <.

jl,nrn o ]l,n — 2n

Lemma 0.18. Let ¢ > 0, g € C([0,1]), and a periodic element x €
0,1) be given, then there exists n € N, and & > 0, such that if
|p2(B;,,) — 1(Bj,) <6, for all j € 2", then;

| Jio.ny 94pe = [0y 91l < €

Proof. The proof is a simple adaptation of Lemma 1.14 in [6]. O

Lemma 0.19. Givenn € N, and § > 0, there exists a periodic element
x5 € [0,1), such that;

P25 (Bj ) = #(Bj )| <0

for every j € 2".

Proof. Again, the proof uses Theorem 1.15 of [6]. After defining &,
using (p, [0, 1]), the conditions (i) — (i7i) hold for k. In the graph the-
ory argument, with ¥ = {0, 1}, observe that, in the longest sequence
(&', ..., €771 of elements from X" with the properties (1) and (2), and
& = &0 if B is not permitted, then 3(i) =1, for 0 <7 < n—r—2, and,
therefore ff =1, for1<j<r—1,0<i<n-—1. Such a sequence is
stationary, & = ¢!, for 1 < j < r — 1, and can clearly be extended to
a longer sequence, by taking a new sequence;

71:51773;:2:0, 7Tj1-+k=1, for j#£n—Fk for1 <k<<n
gtk =l forn+1<k<n+r-1
satisfying (1), (2), n! = 7",

It follows that f is permitted, and corresponds to zs € [0, 1).
O

Theorem 0.20. There exists v € [0, 1), which is typical for sha, the se-
quence {shffl(x)}j@\f is equidistributed. Moreover, for all v € *N infi-

nite, if t € {0,1} transfers v(x), y = w, then {*sh)" (z)}1<j<v

and {shi}l (y) h<j<p are weakly equidistributed in the sense of [3].
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Proof. The first part follows by combining Lemmas 0.15, 0.16, 0.18
and 0.19. The second part is a simple adaptation of Lemma 0.14. The
third claim follows from Remarks 0.3 of [3]. For the final part, let
meN,a= 2%, with associated decimal binary expansion given by
(a1,...,am), b =%t where 0 < k < 2™ — 1. By the second part and
Lemma 0.8, we have that;

limy—ootCard({j € N N [1,n] : sk} ' € [a,b)})

= limn oot Card({j € NN [L,n] : shi” ' (y(2)) (i) = a;, 1 < i < m})

Therefore, by Lemma 2.22(i) of [5], we obtain;

o=~ *Card({j € *N' N [1,0]: shi ™ ()(i) = a;,1 <i < m})

~ L Card({j € *N N [l,v—m]:shl ' #)(i) = a;1 < i < m}),

- v—m

(*)

= Card({j € "N N[Lv—m]:shl M (SE)v—i+1)=a;,1<

T v—m

i <mj})

~ L*Card({j € *N'N[1,v] sh,{;l(S(Z))(u—i—i—l) = a;,1 <i<m}),
(*)

It follows that;
L Card({j € "N O [1,0] 2 skl (y) € [a,b— (5)"*™)}) =~ 5, (+)
We claim that, for a given z € Q,;

LCard({j e "N N[1,v]: shf;}l(y) e [l Dy ~ ) (k)

n'’ n

In order to se this, using (x), choose sequences {a,, }menrs {bm }men,
with [, ) < (g, by, — (3)772") € Q) {am2™, b2} C N, and

2 For infinite x and finite m, letting S, = LxCard({j € *NN[1,x] : shi =1 (1) (3)
ai,1 <i<m}), Sy = 2*Card({j € *NN[k—m+1,x] : shi™'(@®)(i) = a;, 1 < i
m}), by the law of weighted averages, we have that S,_, = —=—(vS, — mSy, )

|14
Sy, a8 ;2 ~ 1.

IN ]

3Using a similar argument to footnote 2
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fo([@m, b — (3)772™)) = 5. As the associated measure p, is mono-

tonic and (3)""*™ ~ 0, for m € N, we obtain (sx). Combining (x) and
(%), we have that;

L*Card({j e "N N[1,v]: shi}l(y) €la,b)}) ~ 5, (x %)

It follows, from (*=x), that if B’ C L(C,) is the subalgebra generated
by finite unlons of intervals, having the form [a; ,,, @j+1,m), With a;,, =
L, ajiim = L5, for 0 < j < 2™ — 1, then L(p,)|p = L(i,)|s By
Caratheodery’s Theorem, L(py)|sy = L(ity)|ss). In particular, for
{a,b} C R, we have L(,oy)([a, b)) = b—a, and py([a, b)) ~ b—a. Hence,
we obtain the final result.

O

Lemma 0.21. For every (all) m € N, there exists z,, € [0,1) (z),

which is typical for shly', the sequence {Sh?(j_l)(.%m)}je/\/’ is equidis-

tributed. Moreover, for all v € *N infinite, if T € {0,1} transfers
1 — mli— mli—

(@), y = B hen {shiV ™V (@) hgjen and {shy PV ()<

are weakly equidistributed in the sense of [3].

Proof. Again, the first part follows by combining versions of Lem-
mas 0.15, 0.16, 0.18 and 0.19. For Lemma 0.15. Let {ay,}nen be

a sequence of periodic elements with respect to sh]', with period c,,
and corresponding decimal binary expansions {w(an)}ne A, such that
limuy n—ooPm.a, = f- The Sequences {Tu}nens T € [0, 1)V, defined by
D(a,)(f) = m(j) = Do JH Yy () (k)2 =K1 are periodic with re-
spect to sh;, and period cn As in Lemma 1.11 of [6], the sequence T,
defined from {7, : n € N'}, has the property that;

llmnﬁoo 1 Z] =0 g(Sh{T>
= llmn—woc Z;nol g(ShgﬂJ’ (*)

for g € C(QY), where Qm = {:L : 0 < j <2m—1}. Hence, if A
is defined by A(j) = v(7([ ]))(rem(m j) + 1), using the fact that, if
feC(o,1), (yo®)“f € C(Q ), and (), then, for f € C([0,1));

— fo fdp = lim, o0 = 1 ZC" lf(sh:l”jcxn)

= llmn—moc Z ( Lo (I)>*f(5hg7-n>
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= LMoo 25— (771 0 @) f(sh]T)
= Ly oo 3520 (V1) F(5h™ )
= limn ooy 350 F(shy v (V)

Hence, 7~ (\) is typical for sh’?. For Lemmas 0.16 and 0.18, the
same proofs hold, replacing the measures p,, and p,, by pm .. and
Pm.z,- For Lemma 0.18, observe that the p is sh)' invariant, hence, the
condition (ii) in Theorem 1.15 of [6] can be reformulated as;

Z(go £m71)62m ﬁ<€07 R 7§m717 é-ma s 75%*1)

.....

o Z(50 Em—1)EXD™ (57717"~7§n—1,§0,...,§m_1) (*)

~~~~~

for n > m. Using the fact that n can be taken arbitrarily large,
and m|n, in Lemma 0.18 and corresponding Lemma 1.14 of [6], it is
sufficient to show in Lemma 0.19, that we can find a periodic element
Tms € [0,1), with respect to sh}', such that;

|pm,wm,5(Bj,n> - M(Bj,n)l <0 (T)

for every j € 2" and n > m, m|n. Let ¥’ = {55 : 0 < i < 2™ — 1},
Then, with n = sm, (x) becomes;

> gpesy fl(€os - - €s1)

=D ges B0, -5 Gt &) ()

where k(&, ..., & 1) = p(m, Y@ @ " ... "a,1))
= (Baorm . gy ,em)

and @; = Y(&;)|m, 0 < j < s —1. Follow proof of Theorem 1.15 in
6], (i). Nk(§) € Z holds for N sufficiently large, £ € ¥, (ii). & is
a probability measure on E’S, and (iii). (xx). Take /8 to be periodic,
n+r—1, defined by (&3, .. ! €01 ) for longest sequence

sm 1> Ssm—1» sm—1 1
0 1 -0 -0 =l —r—1 s
(€°,...&1) . Then correspondmg (@0 -+ Qg1 Tgpyy15 - - - 5 Q1) 18

n +r — 1 periodic with respect to sh]', and satisfies (), with n = rm.
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The rest of the claims follow from the proof of the corresponding re-
sults in Lemma 0.21.

O

Remarks 0.22. An interesting use of the tree image, with a trunk
and two sets of branches, representing a vertical line and two semi-
diagonals, can be found on a fragment at St. Michael’s church, Dowdeswell,
in Gloucestershire, see the section on Norman architecture at

hitp:/ /www.magneticstriz.net This proves to be a useful mnemonic for
structuring the proof of Theorem 1.15 in [6], and relates to the imagery

of the line, cross and circle, which I examined in ”Christian Geometry:
The Geometry of Light”, Chapters 11 and 12, see also Remark 1.8 of
”Some Geometry of Nodal Curves”.

Lemma 0.23. If n € N and x € [0,1) is typical for shl, then x is
typical for sh, with m|n. In particular, if n € N, then there exists
x € [0,1) which is typical for shl, with 1 <r <n.

Proof. For the first part, let ¢ = v(x), and suppose that n = mt, then
we have, as z is typical for sh}j, using Definition 0.13, Lemma 0.8 and
Lemma 0.14, that if r € M and 1 < k < ¢, then;

limyooCard({i € [1,s] NN 1(j + (i — 1)n) = &(j),
1<j<r+ (k= 1m}) = gmpm (%)
for 05 € Qi (k—1)m. We claim that, for r € N, and 05 € Q,;

lim oo tCard({i € [1, ] NN :T(j + (i — )ym) = 6:(j),

J

1<j<r}) =g (%)

Observe that, from (x);

limsﬁoo%Card({i el,s]NN :t(j+ (i — 1)n) = 6-(5),

j
1§j§r}):2ir(>k>k*)

If 0= € Q. with 02(m + j) = 05(j), for 1 < j <r, then, by (%);

limyooCard({i € [1,s] NN :E(j + (i — 1)n) = «9%.(]'),
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1<y §r+m}):ﬁ (% * %)

We have that;

Card({i € [1,s]NN :#(j+(i—1)n) = 0;(j —r),1+m < j < r+m})

= Sproy Card({i € [1s] AN 5+ (i — ) = 81(),
1 <j<r+m}) (x**xx)

Hence, taking limits, and using (* * *x);

limg oo tCard({i € [1,s] NN : 1(j + (i — 1)n) = 65(j —m),
l+m<j<m-+r})

= Vs = = & (s )

In the same way, taking the last r terms of sequences of length
r+ (k—1)m, for 1 <k < t, we can show that;

limoetCard({i € [1,s] NN :1(j + (i — 1)n) = 6;(j — (k — 1)m),
L+ (k=Dm<j<r+(k—1m}) =5 (1)

The result (+*) then follows, using (1) by observing that;

limy e Card({i € [1,s] NN 1 #(j + (i — 1)m) = 0:(j),1 < j < 1})

= limyyoo = Card({i € [1, st]NN : 1(j+(i—1)m) = 65(j),1 < j < r})

=+ > 1chy lime ot Card({i € [1,s] NN 2 #(j + (i1 — 1)n)

=0;(j—(k—1m), 1+ (k=1)m <j<r+(k—1)m})

- %Zlgkgt 2i - zL

Again, using Lemmas 0.8 and 0.14, we have that x is typical for sh,
as required.

The last part follows by taking ny = n!, using Lemma 0.21 to find
x € [0,1) which is typical for sh]', and applying the first part. O
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Lemma 0.24. For any v € *N, infinite, there exists y € *[0,1) and an
infinite k € *N such that {shZ?}(c] _l)(y)}‘lgjgl, is weakly equidistributed,
for 1 < m < k. In particularly, {shZ?}J_l)(y)}lngV is weakly equidis-
tributed, for m € N.

Proof. Using Lemmas and 0.21, if v is infinite we can find a sequence
(Yn)nenr, such that {sh%f -1 (y) }1<j<v is weakly equidistributed, for
1 <m<mn, (x). Forn € N, let;

An ={y €70,1) : (V21 € 7[0,1)) (V22 € *[0,1))(Vi<mzn)
|%*Card(sm,v,nm) — |z — 2] < %}

where Sy, 20 2 = {1 € NN, 1] sh?}]_l)(y) € [21,22)}. Each A, C
*[0,1) is internal, A, ;1 C A,, and, by (x), we have that A, # (). By
countable comprehension, we can find (A,,),e-x, an internal sequence,
extending the sequence (A, )nen. By overflow, we can find an infinite
k € *N, with A, # (). Hence, we can find y € *[0,1), satisfying the
requirements of the lemma. Note that the final claim follows just by
compactness of the nonstandard model, see Lemma 2.14 of [5].

O
Lemma 0.25. With notation as in Theorem 0.20, we have that there

exists k € *N, k infinite, k < v, such that for all &' < k, and a,y = 2%,
0 < k < 2¢ — 1, with associated decimal binary expansion given by
(ah HE 7al~£’); bli’ = %;
* . * . j—1 v—2k'

2*Card({j € "NN[1,v] : shl, 1 (y) € [aw, b —(3)"72)}) = 507+ 0w,
()

where [0,| < €0 + 27”/

and €, >~ 0.

In particular, for any n € N, and a,; = 5—}” (po = ’2“—3, with
0 <k <2"—1,0 < ky < 2" — 1 and associated decimal binary
expansion given by (ayq,...,an1), (@12,...,0,2), we have that;

LCard({j e "N N[1,v]: Shi}l(S(%))O/ —i+1)=a;1,1<i<n,
shi H(S(D)(v—K'+n+2—i) = a;p, 1 <i <n}) ~ oo
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for k" < min(k, ifj;é)) +n—1), & infinite.

(then replace shy,y with sh;, ;)

Proof. Given a binary sequence, @, of length p, we let;
Az = {3 € NN sk (D)) = @i, 1 < i < i}

Let;

( * Ca’rd(Au’E# ) )

BN‘:’/J- = maxL(a#):/’L v

( *Card(AmaH,l,) )

14

B2 = ming @)=
By Theorem 0.20, we have that;

Biwi > 55, Bnyo > 5, for all m € N

In particular, if {€,, }men, with lim,, o€, = 0, we have that;
max(|Bmy1 — 55|, | B2 — 2%,1]) < €

Hence, by overflow, there exists k € *N, k < v, r infinite, with
max(|By 1 — %L | B 12 — %]) < €u, forall K <k

We have that, for all K" < k
An’,EN/,V—/{’ = An’ﬁﬁ/,y - Bn’,aﬂ/,u—n’
Cli/,an/,l/ = AK/,EN/,Vfﬁ/ + Dn/,aﬁ/,ufn’

= Ali’,an/,l/ + (Dn’,an/,ufn’ - Bli’,an/,llflﬁl)

maz(|Cpr 1 — 2%‘: Cr 2 — 2%|)

*CaTd(D /= _ /UB,_ - _ /) /
K@, =k K@, =k < €t + 2%

v —

< €x +

giving the result (x), observing that €., ~ 0, if £’ is infinite, by The-
orem 2.22(i) of [5], taking €, arbitrarily small and using compactness
otherwise.
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We have that;

En,n/,agn,l/ = ZL(EN,_%):,«J,QH Cn/,anAan,_QnAan,u

Hence;

282y (27 — 160]) < B w < 287 70(27% + |6,0])
where |0,] < € 27’4 Therefore;

v(272 — 287250 )) < By gpn e < V(2720 4 28720(5,))

|E"!’€,752nvl’ _ 2—2n‘ < 2'{/_271(6,4 + 2_“/) ~ (0

v

' — 3K log(v) 1 ip g e o .
taking €., = 37", k' < Togm T7— 3 if k" is infinite, and, again,
using compactness, if £ is finite.

()
O

Definition 0.26. Given n € N and sequences {ti,ts} C Qny1, with
ti(n+1) =ta(n+1) =0, we define;

Gra = i [(h & 1) (4) — () — 12(5)]

4where;
Bo g w—r = Card{j € " NNv—r +1]: sh{_l(f)(i) =a;1<i<K})
Cua,w="Card{j € " NN[Lv]:shi;}(SE)v—i+1)=a;1 <i<rK})

Dy g = Card({j € "N N[v—r+1,0]: shi MSE)(rv—i+1) =a;1<
i <K'}
*Card(Cyr 5 , )
Oﬁ’,z/,l == maxL(EK/):m’ %)
*Card(C,,

v

@ )
. ,G.H’/ WV
CK/,V,Q = man(Em/):n’( )

Epwt@anw = 13 €N DL u}: shi H(SE)(v—i+1)=a,1<i<n,
shf,}l(S(t))(v — k' +n+2—14)=a;21<i<n}
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— 1 5 _ o
E, = 22n Ztleﬂn,tgeﬂn thAO,tzAO

Lemma 0.27. We have that lim,,_,.,—2E2 =1

Proof. Observe that;

Qn+1 = (U{eQn EAO) U (U%eﬂn f/\l)
Hence;
22(n+1)En+1 = Zﬁeﬂnﬂ,ﬁeanﬂ G¥3A0,E4Ao

- Zzlegn,zgegn Gileo,ingo

2250, aen, Giri0zr00

+ 2 e en, Gurioiio

We have that, for {fy,t2} C Qp;

G 7008000 = Grinognos (%)

Gt7105010

= Y000 ©1°10)() — 1110()) — 22°10(5)]

= (XL 00 @8 0)(j) + 1) — 2+ X5 (1100) + 1"0(4)))
= Gy nogyn0 — 1, (%)

using the fact that;

(11710 @ £,°10)

= (£,"00 & £,"00) @ (0"10 & 0"10)

= ((£"0 @ 120)"0) @ (0701)

We have that;
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Grntogroo = Yooy (110 © 15"00) () — £710(j) — 2" 00(4)]
= Wiz, — (1+ 252 (H0() + £"0(5)))
where, if (£;"0 @ t,"0)(n + 1) = 0;

Wr 5, = (3727010 © 1,100) ()

= (32 ((800 @ £,"00) @ (0110))(5))

=3 BN @ L) + 1

and, if (£;"0® £,"0)(n + 1) = 1;

Wit = (Z?Jrf( 110 @ £,°00)(5))

= (X3 ((H,700 © 1,"00) & (010)) ()

=2 (B0 @8 0)())

using the fact that;

(71100 @ £,"00) @ (010)

= (L0 & 7,0)|q, 00 & (010) & (0"10)

= (tL41"0 ® t5"0)]q,, 00 ® (0"01)

Hence;

Grr0,52000 = G1,0055000 if ("0 @ t,"0)(n+1) =0
Grimtoin00 = Givoiro — 1, if (B0 @ 00)(n + 1) = 1, (5 % %)
Let D,, = {(t1,t2) € Q2 : ({170 ® t,"0)(n + 1) = 1}

and C,, = Card(D,). We have that (f,¢) € D,, iff t;(n) = ty(n) =

1, or %1 = E5/\0, EQ = Zﬁ/\l, with (257%6) € anla or %1 = Z7/\1, EQ = Zg/\o,
with (t7,ts) € D,—1. Hence;
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Cn,=2C, 1+ (2712 =2C,_ | +4"!
Cn — 2n—101 + Z;I:_ll 9j—1gn—j

Using the fact that C; = 1, we obtain C,, = 22771 4+2771 27 (xk:).
By (x), (), (% % %), (* % *x), we obtain;

22(n+1)En+1 — 22nEn + (22nEn _ 22n) + 2(22nEn _ (22n71 _’_2n71 . Qn))
En-f—l:En_%—i_Qn%_Qn%
E, =By — "7 + (] — 5e1)

As F1 = —%, we have;

E,=-241-3

Hence, lim,,— o _an" =1.

O

Lemma 0.28. If q is prime, ¢ # 2, and 0 < i < q — 1, then * has

a recurring binary erpansion based on @, with length ¢ — 1, and é has

Q|

period r|q — 1, with respect to shyq. Moreover, r = q — 1 iff 2 generates
the multiplicative group of Fy iff for every 0 < ¢ < g —1, é has period
q—1, with respect to shy iff a is not the recurrence of a shorter sequence
b. Conversely, if x € [0,1) has a recurring binary expansion based on
@, with length ¢ — 1, then v = =— with 0 < i< 2971 —1,

__t
2q—1,1)

Proof. By Fermat’s Little Theorem, we have that ¢|2¢7! — 1. Then;

t_wm . _wvm . _2¢-1 __ _2q-1
T ogm T 20711 7 20-T-1 T oL
q q 2a—1 2g—1

where im < (¢ — 1)m < 2971 1. Letting @ denote the finite decinal
binary expansion of 5377, we obtain that the decimal binary expansion

of é is the recurrence of @, and l(a) = ¢ — 1. By Lemma 0.8, we
have that shy (%) = é, hence r|g — 1. If r = ¢ — 1, then, for all

0<s<q-1, sh%(é) = %(modl) # %1, hence 2° # 1(mod q), and, as
2971 = 1(mod q), 2 generates the multiplicative group of F,. Hence,
for every 0 < i < ¢ — 1, as shy(;) = ¢ iff 2° = 1(mod ¢), we have that
é has period ¢ — 1, with respect to shq. Then, if @ is the recurrence

of a shorter sequence b, we obtain, by Lemma 0.8, that shg(é) = é,
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for some r|g — 1, a contradiction. We then have, by Lemma 0.8, that

shfl(é) + é, for1<s<qg—1, and shg_l(é) = é, hence r = ¢ — 1. For
the final claim, if € [0,1) has a recurring decimal binary expansion
based on @, with length ¢ — 1, then shgfl(a:) —y =2 —y = a,
where y is the binary expansion of the sequence a. As a(j) = 0, for

some 1 < j < ¢—1, we have that 0 <7 < 297! — 2, and © = 77—

O

Remarks 0.29. For q prime, the multiplicative group of F, is always
cyclic of order ¢ — 1. Taking an ultraproduct Hq prime.q£2 F,, and using
the fact that 2 is not cyclic in the multiplicative group of a field of
characteristic zero, we can see that there cannot exist r € N such that
280 =1 4n F,, with s(q) < r. Is it true that there exist infinitely many
primes q # 2, for which 2 is cyclic in F;? In this case, we obtain an
easier proof of the main result, by observing that the sequence {q%}ne/\/,
consists of periodic elements of order q — 1, with respect to shy, and,
limwﬂn%mpq& = u, by Darboux’s Theorem.

Lemma 0.30. With notation as in Definition 0.1, we have that, for
v €*N even, v >2, *Card(B,) = C’g.

Proof. For n € N, n even n > 2, letting F), consist of sequences of
length n, consisting of 1’s and —1, and D,, = {t € F,, : >77_, #(j) = 0},
we show that Card(D,) = C’g. For n even, n > 2, —n < m < n even,
we let;

R(n,m) = Card({t € D, : >77_, t(j) = m})

R(0,0) =1, R(n,m) =0, if n >0 |m| > n, m,n even.
We have, for n, m even, n > 0, that;

R(n+2,m) = R(n,m+2)+ 2R(n,m) + R(n,m — 2)
hence, for 1 <k < 3, n > 2;

R(n,m) =37, c0p CPFR(n — 2k, m — 2k + 2r)
R(n,0) = >0 C2PR(n — 2k, 2r — 2K)

Taking k = %, we obtain, for n > 2;
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R(n,0) =321, O R(0,2r —n) = C
="= 2
By transfer, we obtain the result for v € *N even, v > 2.

O
Definition 0.31. With notation as in [4], for v € *N even and infi-
nite, 1 < j < v, we let X;: Q, — Q, be defined by,

X;j=" Z1§k§jwk
Observe that {X; : 1 < j < v} is a nonstandard martingale sequence,

in the sense of [4].

Lemma 0.32. For v even and infinite, the set W, = {@ NS
X, 10)} is weakly equidistributed.

Proof. We have that W, = {6;1(B,)}, and, using Lemma 0.30;
*Card(W,) = *Card(0,*(B,)) = *Card(B,) = cy
By Definition 0.1, W, is sh,, ¢ invariant, (t). By Theorem 0.20, there
exists « € [0,1) which is typical for shy, with corresponding expansion
v(z). Let £ € {0,1}"" be the transfer of (). We claim that, for any
infinite x € *N/, 1* > oi<jent(d) = %, (%). As =z is typical, we have that
the sequence {shffl(x) : j € N'} is equidistributed, in particular;

limnﬁm%C’ard({j e NN[l,n]: shg_l(x) € [%, H}H
= limn oot Card({j € N N [L,n] : y(2)(j) = 1}) = 3

It follows that, for any infinite k;

N

S Card({j € "N N [L k] () = 1}) = 1" 301 ;<) ~

hence, (x) is shown. By (), it follows that * 37, _._ 1(j) = v(5 +¢),
where € =~ 0 and ev € *N. If € > 0, choose sy, with * > _._ #(j) = ev,
and let;

t() =10(),if1<j<s —1

f(j) =0, if s <j <7
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If € < 0, choose sy, with * Y7 _. (1 —#(j)) = ev, and let;

ta(j) =(4), if 1 < j<sp—1
%2(]>:17 1f52 §J§77

In either case, we obtain that t; € W,,, for 1 <4 < 2 (rephrase this).

1 —

Let 2/ = %&)(ti)), n = 2¥, then, by construction, 2’ € X 1(0). By
(1), we have that {shf;gl(a:’) 1< j <v}c X, 0). We claim that
{shf;}l (') : 1 < j < v} is weakly equidistributed, (#x). By Theorem
0.20, we have that {shj;fl(y) : 1 < j < n}is weakly equidistributed,
where y = w. We modify the proof of this result replacing y by
2. For m € N, let;

. Seu,m = {j € [LV] : El.70 € [17 V]7 |]_]0‘ < m—l—l,S(z)(jo) 7& S(z1>(3)}7
(%)
then *Card(Se,m) = A < (2m + 1)ev. Using the proof of Theorem

0.20 and footnote 2, with (a4, ..., a,), as in the proof of Theorem 0.20,
we have;

27 ~ L*Card({j € *N N [1,v] : shi N (S(@))(i) = a;, 1 < i < m})

~ L Card({j € "N NSE,,, + shi M (SE) (@) = a;, 1 <i < m})

= L Card({j € "N NS, shi M (S(0)) (i) = a;, 1 < i <m})
~ 3*Card({j € "N N [1,v] : shi }(S({))(0) = a;, 1 < i < m})

By the same argument, as in Theorem 0.20, we obtain (xx). We
claim that, for z € X, 1(0), z ® {shi}l(x’) : 1 < 5 < v} is weakly
distributed, (x * x).

. By Lemma 0.24, for any v € *N, infinite, there exists z € *[0,1)
and an infinite k € *A such that {Sh:}j_l)(Z)}lngV is weakly equidis-
tributed, for 1 < m < k. As {Shi{;l)(Z)}lngV is weakly equidis-
tributed, we have that;

SWith the convention that |j — j/| < m + 1, if |j — 1] < my, |j' — v| < my and
mi+mo <m-+1
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%+ €= %*Card({j e*NnNILv: shi}l(z) € [%, D})

= 1Card({j e *N N[1,v]: (shf;;,l 00,)([nz])(v) =1})

T v

= L1Card({j e "N N[L,v]:0,([nz])(v —j+1)=1})

= ,%* Zlgjguel/([nz])(j> (3 * #0k)

where € ~ 0. Now, repeating the modification of the above proof,
replacing t|;1,; with 6,([nz]), we can find 2/ = w e X, 10),
and, clearly, as W, is sh, ; invariant, {Sh:?](cjil)(zl)}lgjgy C X,1(0),
for 1 < m < k. We claim that {shﬁ?}jfl)(z’) : 1 < j < v} is weakly
equidistributed, for 1 < m < 4, (% * % % x), where (20 + 1)de ~ 0, (171),

and 0 < k is infinite. This follows, repeating the argument above, by
observing that, for finite n € N, Se,,, C Sevs, and if;

Towmn={j€[Lv]:[v—m@F—-1)—n,v—m(j—1)4+n|NSys # 0}

A0, N =*Card(Tomn), as if A\ = v, with v ¢ p(0), then, using

v

the fact that v = %0;

*Card(Sas) > 5%, if m <n, *Card(Se,s) > 35, if m > n, contra-

dicting (1) and the fact that *Card(S..s) < (20 + 1)ev.
Hence, for (ai,...,a,) € C,, with n € N;

27" o 1*Card({j € "N N [1,0] = shii? ™ (0,)([02])(6) = Gimmsv —
n+1<i<wv})

~ A Card({j € "N TS, : shid ™ (0,)([(n2)) (i) = @impin, v —n+
1<i<v})

= A Card({j € "N NTS,, < shE V0,102 (0) = sy -

- u— ev,m

n+1<i<wv})

~ L Card({j € *N'N[L,v]: shi 1 (0,)([n2']) (i) = tipsn, v —n+1<
i <vh)

O
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Definition 0.33. We define an addition &' : Q, x Q, — €, as fol-
lows. Given {a, B} C Q,, write « = oy + 271, B = By + 52", with
{v,0} €{0,1} and {ay, 1} C Q1. Then let;
a®B=(+pB)+1,ify=06=1,ory+d=1and oy + 5 <27}
=a1+p1, if y=0=0
=(a1+ 6 =22 YH+1,ify+d=1and ay + B > 271
We define ® : C, xC,, — C,,, by setting t, Sty = 0,(0, (1) D0, (t2))
If r € *N N [1,v], we define;
Cor,={teC,: tr—yj)=00<j<r-—1}
with corresponding initial segment €,_,. C €),,.

Given t € C,,, we define L(t) = *Card({i € *N N[1,v] : t(i) = 1}).

We define @ : ﬁn X ﬁn — ﬁm by setting % b % = D92 yhere
{j17j2} C Ql/) and;'

21@22:([T’—f@%)—k(zl—@)%—(@—h—?)

Lemma 0.34. We have that;
Im(®'|a,_,xq,_,) CQri1
Im(®lc, .xc,_,) C Corpa
Im(shy,lc,—,) C Cora
and, if {t1,t2} C C,_,., for some r € N;
051t @ ta) = 01 (t) + 6,1 (to)

Proof. O
Lemma 0.35. If {t,,s,t3} C C,, then;
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(L, Dt) Dty =1, (I, Dt3)

Proof. O
Lemma 0.36. If {t;,t2} C C,, then;

L(%l) = L(Shu,r@l))

Lty ® ta) < L(t1) + L(2)

Proof. 1t is simple to see that L(¢f) = L(sh,,(t)). We claim that
L(z®y) < L(T)+ L(y), (*+). By induction on L(y). The case L(7) = 0
is clear. Suppose that L(y) = x < v, and let ¥ = ¥; @ Y0, With
L(y,) = x — 1 and L(yfinal) = 1, where yfinal(imax) = 1, Y(imaz) = 1,
y(i) =0, for ¢ > 4,,4,. Then;

LT oy)

= L(f@ (gl D gfinal))

= L((E D gl) D yfinal)

We claim that if L(Z) = 1, L(w®7z) < L(w)+1, (**x). By induction
on L(w). The base case is clear. If Z(i) = 1 and w(i) = 0, we clearly
have that L(w & Zz) = L(w) + L(Z) = L(w) + 1. Otherwise, if w(i) = 1,
let w = w; @ w;, then;

L(wa 7)

= L((w, ®w;) &%)

= L(w, ® (w; ®Z))

= L(w; &73)

< L(w,) + 1 = L(w)

where L(5) = 1, 5(i4+ 1) = 1, and, using the induction hypothesis on
wy. Hence, using (* * *);

L((E S yl) S yfinal)
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<Lzay)+1
< L(Z)+ L(yy) + 1
= L(z) + L(y)

so that (xx) is shown.

Lemma 0.37. If {t,1,} C C,, then;

Shlx,r (%1 ¥ 1_52) - Shu,r(fl> S%) Shl/,r (%2)

Proof. We claim that, if L(Z) = 1, then sh(T + z) = sh(T) + sh(z),
(% % %), by induction on L(Z). The base case is clear. Suppose that
Z(i) = 0, where Z(i) = 1, then, clearly sh(z @ z) = sh(x) @ sh(z),
as the sequences are concatenated. Otherwise, let * = z1 + z, with
length(xq1) = length(z) — 1. Then;

sh(x 4 z) = sh(zy + (2 + 2)) = sh(z1 + w) = sh(xy) + sh(w)

sh(x) + sh(z) = sh(z1 + 2) + sh(z) = (sh(z1) + sh(z)) + sh(z) =
sh(xy) + sh(z + z) = sh(z1) + sh(w)

using the induction hypothesis, and the fact that sh(z+2) = sh(z)+
sh(z), when L(z) = 1. Hence, (% * #x) is shown. We claim that
sh(T 4+79) = sh(T) 4+ sh(y), (* * xxx). By induction on L(y). Base case
is clear. Otherwise ¥ =¥ + Yy and;

sh(T +7)

= Sh’((f + yl) + yfinal)

= sh(Z +7,) + sh(Finar), using (x * #x)

= sh(T) + (sh(¥,) + sh(T ina), by induction hypothesis

= sh(T) + sh(y), by (***%)

Lemma 0.38. The forward shift map sh,,  is S-continuous.
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Proof. Observe, first, that sh,,,.(t; ®ts) = shy . (t1) ® shy(t2), (x). We
claim that, if j € Q,, then Z ~ 0iff j € Q,, for all € N, (+x). If
% ~ (), then, for all e € R, 7 < en = €2”. In particularly, taking e = 27"
for r € N, we have that 7 < 2", hence, j € Q,_, for all r € N.
Conversely, if j € Q,_, for all r € N, then j < 2V7", for all r € N,
and, by overflow, we can find an infinite A\ € *A\ such that j < 2V~
Then f—7 < 27 ~ 0. By Lemma 0.34, we have that sh,,.(6,(5)) € C,_,,
shi, .(

fOI‘ all re N7 hence Sh;/,'r(j) € Ql/—’l‘) fOl" all r e N, and —777 7) ~ O

It follows that, if j € €, and ﬁ—l ~ 0, then shy,f(%) ~ 0, (% % *). Then,

using (x), (x % %), if {j1, jo} C Q,, with % ~ %2, j1 < ja, we have that

L2~ (), and;
n

. . I . -
je—j1\ _ shyr(2—i1)
shyp(B8) = ===

— Sh/u,r(]é)*Shfj,r(jl)
n

= shyvf(%) — shl,J(%) 0 (% % *x)

Finally, if {z,y} C Q,, with x ~ y, 2 <y. Then;

|sh, ¢ (z) — sh, ¢ (y)]
= \(Shu,f(@) - Shu,f(@)) + (7 — @) —(y— @)I ~0

as {2 [y =y, O

n’on

Lemma 0.39. Left Cancellation and Surjection If {«, 5,€,0,k} C Q,,
with a®' 8 = a@'e, then 5 = ¢, and there exists 6 € Q,,, with a®'0 = k.

Proof. Let « = a; + 921, B= 1 + 02" e = ¢ + 12V 1
with {7,d,¢} € {0,1} and {1, 81,61} C Q,_1. Then let;
Lad®'B=(ag+p)+1ify=0=10ory+d =1and a;+ 5 < 2"!
a4+ By, iy =6=0

=(a+ 6 =22 H+1,ify+d=1and a; + f, > 2"}
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It follows, as the operation @' is internal on the *-finite set Q, x §,,
and for any « € Q,,, 0, : Q, — Q,, 0,(x) = a @' z is injective, that, 0,
is surjective. Hence, the last result holds. 0

Definition 0.40. Given {«, 5} C Q,, we define a© [ to be the unique
v such that B & v = a.
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