A NONSTANDARD APPROACH TO
EQUIDISTRIBUTION

TRISTRAM DE PIRO

ABSTRACT. Using nonstandard analysis, we generalise a classical
result on equidistributions to integrable functions, and give an ap-
plication of the Weil conjectures for algebraic curves, to equidistri-
bution in characteristic zero.

Lemma 0.1. Let {x, : n € N} be equidistributed on [0,1), then, if
f e LY(]0,1)), we have that;

Jo Fdp=limn, ot 30 f(xy)

Proof. We give a nonstandard proof of this result. Choose n € *N
infinite. By transfer, we can find an internal sequence {s; : i €
N N[1,n)} C *0,1), with s; = z;, for i € N. We adopt the nota-
tion (S,,C,) of Definition 0.4 in [4], and define 4, : C, — *R by setting;

053, 557)) = 3" Card({i € NN [Ln] = s; € [3,55)})

0n(V) =" Esevon([5, 57) (%)

for 0 < j <np—-1and V € C,. It is easily verified that 0,
is finitely additive, hence *-finitely additive. Following [3], we let
(L(S,), L(C,), L(3,)) denote the associated Loeb space. We claim that
the standard part mapping;

st (L(S,), L(C,). L(5,)) — (10,11, B, p)

is measurable and measure preserving, (xx), where B denotes the
completion of the Borel field on [0, 1] and p is Lebesgue measure. Ob-
serve, for {a,b} C ([0,1) N Q), using (x) and the fact that [a,b) =

41
Uan<j<onlsr 57);

I

6y (*la, b)) = %*C’ard{l <i<n:s; €la,b)}

1



2 TRISTRAM DE PIRO

The internal sequence {s},}i<i<y, defined by i, = T*Card({k €
*N'N[L,i : sp € *[a,D)}), has the property that s, ~ b — a, us-
ing Theorem 2.22(i) of [3]. Hence L(d,)(*[a,b)) = b — a. Now, let
{c,d} C ([0,1) N R), and assume that ¢ # 0, (*). Choose sequences
{Cins Cums iy dup € Z51} C (*]0,1)NQ) such that ¢,, < ¢ < ¢y <
dip, < d < dyp, limpeoCypn = limpoCry, = ¢ and limy,_,oody,, =
lim ooty = d. We have that ¢, dy,,) C [2,14) C [e, . dy), for
n € Z>1. Then, using elementary properties of measures, we have that;

L(8,) ([, 20)) = limy o0 L(8,) (i, din))

n
= limnﬁooL((sn)([cu,n? du,n))
= limnﬁ)oo(dl,n - cl,")
= l'lmn%oo(du,n — Cu’n> = d — C

We can now follow Theorem 14 in [1], to obtain that L(d,)(st ™' ([c,d))) =
d — ¢, and then (**) is shown, using the same proof. For g € V/(S,),
and A € C,, we let [, gdd, be as in Definition 3.9 of [3], and define
S-integrability, as in Definition 3.17 of [3]. Then, we have, by Theorem

3.20 of [3], that, for g S-integrable;

© f§77 gd(sn = f§77 OgdL((Sn), (* * *)

If f € L'Y([0,1),B,p), using the result (%), we must have that
st*(f) € LYL(S,),L(C,),L(6,)). We claim that there exists g €
SLY(S,), (%), with the property that g(z;) = f(z;), for 1 < i < g
and °g = st*(f) a.e d(L(0,)), (***x). We follow the case by case proof
of Theorem 3.31 in [3]. The case when st*(f) is bounded follows by
choosing the initial sequence of C,-measurable functions { f,, }ner., to
have the property that f,(x;) = f(z;), for 1 <i < n. After extending
the sequence {f,}nen., to an internal sequence {f,}1<n<., for some
infinite w’, this property continues to hold by overflow, quantifying
over the internal sequence {*f(s;) }1<i<min(wr,n)- Choosing w < W', as in
the proof of Theorem 3.13, we obtain that f,(z;) = f(x;), for i € N,
(* * % % x). For the general case, we can follow the proof, requiring,
using (* % x x %), and replacing gn by A, that the sequence { f,, }nens,,

IThe case ¢ = 0 can be dealt with, by observing that [n0] = 0, and taking
Cyn = 0.
2Using the notation in [1] for S-integrable functions.
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has the property that f,(z;) = f(z;), for any s; € A,,. Hence, (x * %)
is shown. Then, using (xx), (% * %), (* * *%);

(1 Yy F(5))

= (2 Y0y 9(s))

= J5 gdd,

= Js, °9dL(0y)

= Jg, st (£)AL(8,) = [y fdp

The lemma then follows, this time using Theorem 2.22(ii) of [3].
U

Definition 0.2. Ifn € *N is infinite, we say that an internal sequence
{sit1<i<n C *[0,1) is equidistributed if it corresponds, by transfer, to
a standard equidistributed sequence {x;}icz., C [0,1). An internal se-

quence {s; }1<i<y is weakly equidistributed if, for the associated measure
L(6,), L(6,)(a,b) =b—a, for {a,b} C [0,1).

Remarks 0.3. Observe, from the proof of Lemma 0.1, that equidis-
tributed implies weakly equidistributed, and, if {s;}1<i<y is equidis-
tributed or weakly equidistributed, then for any standard f € L*(]0,1)),

« 1
(% Z1gj§n f(s5)) ~ fo fdp.
Lemma 0.4. If n € *N is infinite,an internal sequence {s;}1<i<y is
Eeakly equidistributed iff %* Y i<icy€tPy(2miks;) ~ 0, for finite k €
Zﬂ:?ﬁ(]? (3)

Proof. Suppose that {s;}1<i<, is weakly equidistributed, then, using
the proof of Lemma 0.1 and Remark 0.2, we have that, for finite
ke Z, 4, as exp,(2mikx) is S-integrable;

1 .
O(ﬁ* Z1§jgne$pn(2mksj))
=° fgn expy(2mikx)dé,
3We adopt the notation of Definition 0.8 in [4], letting exp, (2mikx) denote the

C,-measurable counterpart of *exp(2mikz) on *[0,1), and Z, .0 ={k € *Z: —n <
kE<n-—1}.
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= fgn *expy(2mikx)dL(d,)
= fgn st*(exp(2mikz))dL(6,) = fol exp(2mikz)dp = 0

Conversely, suppose that %* Z1gignexpn(2mk5i) ~ 0, (x), for finite
k € Z,4. Let {a,b} C [0,1), ¢ > 0 and choose f € C>([0,1]), (%),
such that || f — X{asllcqo1)) < € (¥*). Suppose that f = g +r, where

= fol fdu, so that g € C*([0, 1]) and fol gdp = 0. Using Lemma 0.9
of [4], we have that;

90() = * Srez, L doK)eap,(2mikz), ()

Hence, using (%), the fact_that |%* Zlgignexpn(Qﬂ'ikSiN < 1, and
|G (E)| < f w2, (xxx), for k € Z,, where H € R, (©);

%* Zlgigngn(s )= o Zl<z<n Zkezn 20 ( )e:ppn(ka;s )

Zkezn %0 G (K )1 : Zl<z<nexp77<27mks )=~0

Hence;

%* Zlgignfn(si) =r

and, using (xx);

|l* Zlgignx[a,b)m(si) - Z1§i§nfn(3i)’ < l776 =€
n 7 n

Hence, as |%* Y icicgX(ab)n(si) — [ < 2¢ and |r — (b —a)| < ¢, we
have that;

|%* Z1gian(a,b)m(Si) —(b—a)| < 3e

and, as € was arbitrary;

%* Z1§i§nx(a7b)m(5i> ~ (b—a)
It follows that {s;}1<i<, is weakly equidistributed.

4We let C>°([0,1]) = {f € C[0,1] : 3g € C>°(S"),ang*g = f}, where ang(d) =
e? for 6 € [0, 1].

®We adopt the notation, in Definition 0.8, for {g,), gy, Z, }-

OFor (* * ), sece Lemma 0.16 and Theorem 0.19 of [4].
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&

Lemma 0.5. Let p € Rlx| be a standard polynomial of degree
p(x) = Z?:o a2, with 0 < a; < 1, then;

: [arg] _
llmq—)oo,q prime q ap

and, if 0 <a<b<1and f e LY[0,1));

. . . d aiq| -
(blzm;ﬂx%q primea{z 1 < i < g, leo[éq]zl (mod 1) € (a,b)}| =
—a

1 . a .
Jo Fdp =iy soeq primes S0y F(1y 44 (mod 1))

Proof. The first claim follows easily from the fact that, for infinite
n € *N prime, @ ~ a;, and Theorem 2.2(i) of [4]. For ¢ prime in
*N, let ¢, = [qa;]. We have a; ~ @, and, therefore, 0 < ¢, <, for
n € *N infinite prime. It follows, using underflow, that 0 < ¢,, < g,
for sufficiently large ¢ € N prime, ¢ > N(p), (x). For ¢ € *N prime,
let p, = 27:0 *tl,qxl. We now claim that, for infinite n € *A prime,
the sequence {%L( J) hi<j<y is weakly equidistributed, (sx). By Lemma
0.4, it is sufficient to show that there exists an infinite n € *N, with
%* Di<jen TPy (2mikEE(5)) = 0, for k € Z,, k finite, ().

Let F, = Z/qZ denote a finite field with ¢ elements. Using Lemma
0.5 of [2], we have that, for ¢ > N(p), (¢,d) =1, and for 0 < k < n—1;

2mikpg (5 1
|ZO§j§q—l e"ta” (J)| <(d-1)gz +1

If n € *N is prime, then (n,d) = 1, n > N(p), and, by transfer, for
0<k<n-—1;

* - k% . d—1
%‘ Z[)gjgnfl exp(2m% py(9))] < ( ;) +-~0

7’]2

=

-k
The characters {e*™4 : —(q—1) < k < —1} are just a re-enumeration
2mik

of the characters {e”™« : 1 < k < ¢—1} on F, for ¢ prime, and, there-
fore, by the same argument;

%| > 0<j<n-1 *exp(Qms*pn(j))\ ~ 0, for k € Z,\ {-n,0}
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As exp(2mikz) is continuous on [0, 1), for k € Z, and;

max(%expn(st*pn(O)), %(empﬁms*pn(n))) ~ 0

we have that;
%|* Z1§j§n€xpn(277i§*l7n(j))| ~ (), for finite k € Z, 4

It follows that (xx), (% * %) hold. We have that, for any given € > 0
standard, n € * infinite prime, that;

(b—a) —e < 2{i: 1 <i <YL, 20 (mod 1) € (a,0)}] <
(b—a)+e

By underflow, there exists a standard N (e, p) prime, such that, for
all standard primes ¢ > N(e, p);

(b—a)—e < L[{i: 1 <i < g, Yo 493 (mod 1) € (a,b)}| < (b—a)+e

hence, the second claim is shown. Using Remarks 0.3, for any given
f € L'([0,1)), standard € > 0, € *A infinite prime;

Jo fdu—e< 130 F(L,

Again, by underflow, there exists a standard M (e, p, f) prime, such
that, for all standard primes g > M (e, p, f);

Jo fi—e< 23 F(SL, 44 (mod 1)) < [y fdu + e

[ai]"]il (mod 1)) < fol fdp+e

Hence, the final claim is shown.
O

Definition 0.6. If p € R[z|, and p,, q prime, are as in Lemma 0.5,
we define the associated measure;

_ 1
tpa = 300220y moar) F -+ F 022 (o) T -+ F 022 () rmoan))

where {5p—q(i)(mod1) : 1 < i < q} are point measures supported at
q
{B(i):1<i < q}.

Lemma 0.7. If p € Rlx], then the sequence {{i,, : ¢ € N, q prime}
converges weakly to Lebesque measure on [0,1).
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Proof. The proof follows immediately from the last part of Lemma
0.5. O
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