NOTES ON THE WEIL CONJECTURES FOR CURVES
TRISTRAM DE PIRO

ABSTRACT. We summarise the proof of the Weil conjectures for
curves, which was later generalised to higher dimensions by Deligne,
and his application to exponential sums in one variable. We extend
his result on exponential sums to include rational functions.

Lemma 0.1. Let C be a smooth projective curve of genus g, g # 1,
defined over a finite field Fy,, with ¢ = p", p prime. Let N be the number
of points of C, rational over I, then N = 1 —a+q, with |a| < 2¢,/3.

Proof. Let F' be the n’th power of Frobenius, I' C C' x C' the graph of
F,and A C C x C the diagonal. By the adjunction formula, see [1],
we have that;

- (I'241.K)
g(l) =1+ ——

Hence, I? = 2(g — 1) — I.K, as I' and C are birational. Let
| =[zgxC] C CxC, forazg € C,m=1[Cxy| CCxC, for
Yo € C'. We have, again using the adjunction formula, that;

Kl=2(glaxC)—1)—1*=2(g—1)

Km=2(g(C xy) —1) —m? =2(g — 1), ()

as [ = m? = 0, because, (rox C)N(zxC) = (C xy)N(C xyy) =0,
for x # xo, y # yo, and xy X C, C' X yo are C are birational. Let
D =K —-2(g—1)m, then D.I =0, as l.Lm = 1. Let D, = D + nl, we
have, by Riemann-Roch, that;

R(D) = 10(Dy) = 1+ g + Dot

Hence;

hO(D,) > —(1+g) — Dn~(D2n7K) = —(1+g9)+ K.D*D2;r2n(g71)
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It follows that, if g = 0, taking n < %_DQ—Q, orif g > 2, takingn >

2(2+g)2_(g(ﬁ§)—D2), that h°(D,,) > 1. Choosing an effective representative

of the class D,,, we have that D,,.l =0, hence, D,, = |J,;,(z; x C)™,
with x; < zo, therefore D,, = ¢l, where t = Y\, m;. Tt follows that
D = (t —n)l, and, K = (t —n)l +2(g — 1)m. Using (*), and the fact
that I.m = 1, m* = 0, we obtain K = 2(g — 1)(l +m). Then;

2 =2g-1)-I.K
=2(g—1)-T.(2(g = D)l +m))
=2(g—1)(1=T.(I4+m))

We have that I'.l = card({y : F(zo) =y}) =1, and I''m = card({z :
F(z) =yo}) = q. Hence;

[ =2(g=1)(1 = (1+4q)) = 2¢(1 - g)
We have that I''A = Card({z : F(z) =z} = N, as the intersection
of I with A is transverse. Let D = (51" +s2A), with {s1,s} C Z. We

have that 'l =1, I'm = ¢, A.l =1 and A.m — 1, hence, D.l = s1+ s
and D.m = s1q+ s3. Then, by Castelnouvo and Severi’s inequality, see

[4];
D? = (51T +55A)% = $2T2 + 25159 (T A) + s5A2 < 2(s1+ 89) (851G + 52)
253q(1 — g) + 2N 189 + 55(2 — 29) < 283G + 28159 + 281529 + 53
as A? = 2 — 2g, see Ex V.1.6(a) of [4]. Hence, for s; # 0;
29(1 —g) + 2N + (2 — 2g) < 2q + 22 + 2¢% + 2(2)?
2q(1 — g) + 2Nt + (2 — 29)t* < 2q + 2t + 2qt + 2t*
(—29)t> +t(2N — 2 —2q) —2q9 <0
(2N —2—29)* — 4(29)(2q9) < 0

(2N — 2 —2¢)? < 16qg?
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2N —2—2q <4g./q
2N -2 <2q+49./q
N—1<qg+29q
Let N =1—a+q, then ¢ —a < ¢+ 2g,/q and |a| < 29,/

as required.
O

Lemma 0.2. Using the same notation as Lemma 0.1, let C' be a smooth
projective curve of genus g = 1, defined over F,, with ¢ = p", p prime,
then N =1 —a + q, with |a] < 2,/3.

Proof. Again, using the same notation as Lemma 0.1, we have that
P e C(F,)) iff F(P) = P, hence, C(F,) = Ker(1—F) = deg(1—F), as
1 — F is seperable, (!). We have that deg : C' — Z is a positive definite
quadratic form, hence;

|deg(1 — F) — deg(1) — deg(F)| < 2v/deg(1)deg(F) = 2/q

IN-1-¢q| <2,/
O

Lemma 0.3. Again, let notation be as in Lemma 0.1, let C be a smooth
projective curve of genus g, defined over F,, with ¢ = p", p prime, then
the eigenvalues of F, the n'th power of Frobenius, on H*(C,Q;), with

(I,p) =1, all have absolute value qz.

Proof. We let N, = Card(C(Fy)), N, =1 —a, +¢". By the above,
la,| < 2gqz. Using the Lefschetz Fixed Point Formula, see Theorem
4.2 of [3], we have that;

Z(C,t) = exp(d o2 M) = P _ H.%l(l—ait) ()

v RORO . (- (—qb)

where P;(t) = det(1 — F*t; H(C,Q;), 0 <i <2, and {o; : 1 <1 <
2g} are the eigenvalues of Frobenius on H(C, Q). From (1), we obtain
that;

log(Z(C,1)) = 3272, et

r=1 r

ISee [7], Corollary 5.5, p79
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=222, log(1 — ait) —log(1 — t) —log(1 — qt) (i1)
Equating coefficients, we have a, = .72 o, (¥). We claim that

la,| < 2gq2 iff |ay| < g2, for 1 <i < 2g, for g # 2, (*x). One direction
is clear, otherwise observe that, using (x);

> 1

=2 (32 gt
=20 ()
=D 0 rpt”

: -1 .
The power series Y -, awltr converges for |t| < ¢, (% * %), using
r+1

the fact that |a, 1| < 2g¢"% , and Lm0 5 299, 2 | < 1, if (%) holds.
L

Qt?" 1‘

If there exists |oy| > ¢, we obtain a pole of S 10“; - at t = —, with

t] < q2, a contradiction, hence (xx) is shown. If ¢ = 2, a simllar claim
to (%), namely |a,| < (maz(2,2g)+v/2)q? iff |a;| < q2, for 1 <i < 2g
holds, using the same proof as for (xx). From the functional equation

for Z(C,t), which follows from the Riemann-Roch formula, see [4], and
(1), we obtain;

Z(y) =q" M L(t)

qt
2 . 2 2
Hii1(t - %)qg = Hiil(t - a%) Hzil Qi
Hence, for some permutation o € Sy, % = %@, so that |a;| = q%,
for 1 <i < 2g.

O

Remarks 0.4. Lemmas 0.1 and 0.3, due to Weil, and Lemma 0.2, due
to Hasse, can be found as exercises, V.1.10, App. C. 5.7 and V.1.10,
respectively, in [4]. Lemma 0.3 is often referred to as the Riemann
hypothesis, part of the Weil conjectures, for curves, as it implies that
the zeros of the associated zeta function to C' are all situated on the
line Res(s) = 1. The proof of 0.2 can also be found in Lemmas 1.1
and 1.2, p138, of [7]. The proof of Theorem 4.2 for locally constant
sheaves with an action by Qy, in (3], is derived from the corresponding
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result Theorem 2.9 in [3], for locally constant sheaves with an action
by Z/1Z2.

Lemma 0.5. Ifr € F,[z|, with ¢ = p™, p prime, deg(r) = d, (p,d) =1,
and ¢ : Fy — C is a nontrivial additive character, then,

| Y aer, U(r(x)| < (d—1)g2 +1

If {r,s} C F,lz]|, with ¢ = p™, p prime, deg(r) = d, deg(s) = e,
(p,d) = (p,e) =1, and ¢ : F, — C is a nontrivial additive character,
then;

r(z 1
| zxqu,s(m);éO w(sgx;)’ S (1 + d + 2€>q2 +e

Proof. The proof of the first result is contained in [2], but the 1-
dimensional case simplifies the presentation. We have that C' C A2,
defined by t? —t = r(z), is an etale, Galois cover pr, of A', with Galois
group [}, in particular C' is nonsingular. It is a straightforward calcu-
lation to show that, for z € A'(F),), the action of F on the fibre C, is
given by, F(x,t) = (x,t + Trp,p,(r(x))). We let £ = Ql(e%# 10 <
j <p-—1), (I,p) = 1. Denoting the action of w € F, on C, by wx* z, we
can construct constant sheaves {Fj : j € F,} on P!, with (F}), & E,
for x € P!, and inclusions k; : C — F}, respecting the Galois ac-
tion, such that k;(w* z) = ewp(%)kj(z), (). Using footnote 2, the
Lefschetz fixed point formula for P!, see Theorem 2.9 of [3], the classifi-
cation of characters on F, the facts that H(P', F}) = H'(A', F;) =0,
for i # 1,7 # 0, and H' (P, F;) = H*(A', F}), we obtain, for j € F,,
j # 0, that;

ZmeplﬁFix(F) TT(F;’ Fj@) - 212:0<_1)1TT(F*7 Hi(Pla ‘FJ))

2 Tt is straightforward to construct algebraic power series Nz (T), for zp € AL,
with (2,7, (z)) € C, for x € Al. Interpreting these on etale covers {Uy, : k € N},
which are closed under the action of F', where Card(F3'9) = Card(N), we can
construct Fjj| 41, using ea:p(%), for the transition wyy € Fp, between n
and 7y on the intersections Uy N Uy,. For the extension to P!, we can choose
an open U C P!, with oo € U, such that U N Uy (Ux NUy) = 0 and use

the trivial transition. By construction, we have that o —nx = (T'rp, /5, (r(x))),
hence, for z € AY(F,), we have that Tr(F}, F;,) = exp( _QMJTTF;/FP(T(Q:))), and,
Tr(FY, Fjoo) =1
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L+ Y pep, $(r(x) = Tr(F*, H'(A', Fy), (+)

We can find a nonsingular projective curve Z and an embedding
b : C — Z, defined over F,, (*). As in [2], we have that b.pr} :
HY(A'Y F;) — HY(Z, E)) is injective, (xx), and dim(H'(A', F})) =
d—1, for j € F,, j#0, (xxx). It follows, using (*%), (* * %), Lemma
0.3, (*), applied to Z and H'(Z, E}), observing that Ej is a constant Q,
sheaf, and, Remark 0.4, that;

1+ er, Y(r(@)] < (d—1)g2
| Y aer, (@) < (d—1)g2 +1

For the second result, if {r, s} C F,[z], we let C' C A*Npr'(s(x) #
0), be defined by s(x)(t* —t) — r(x) = 0, which defines an etale, Galois
cover pr, : C' — A\ s(x) = 0, with Galois group F,. Repeating the
construction of the first part of the lemma, for corresponding F}, with
j # 0, we obtain;

e+ ZxEFq,s(z);éO Y(r(x)) =Tr(F*, H (A \ s(x) =0, F})

Again, embedding C' in a smooth projective curve b : C' — Z, over
F,, we obtain that b,pr} : H'(A'\ s(x) =0, F;) = H'(Z, E)) is injec-
tive. Following [5], see notation there for ¢l and «, and [6], letting U =
(P'\ (s =0Uo0)), so that x(U) =2 —2g(P) — (deg(s) +1) =1 —e,
we obtain that;

dim(H'(A'\ s(x) = 0, F})
= XU)E(Fj) = 3y @ (Fye) — 0 Fy0)

=(1—¢€) = X sw=0 ordx(gg)) — ordoo(zgi)) = K.

—

=~

where Ky, < 1+ d+ 2e, for j € F,, j # 0. Hence, as above, for a
nontrivial character ¢ on Fy;

r(x 1 1
|3 e a0 V()] < Kueq? +e < (1+d+2e)q3 +e

3However, the projective closure of C', C C P2 is not smooth at infinity, if d # p
4We can assume that the restriction of F* to H'(A', F}) is in Jordan Canonical
Form when calculating the trace.
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