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ABSTRACT.

1. PRELIMINARIES

Lemma 1.1. Let s € C, with 0 < Re(s) < 1, then, if Y.»" |+ con-
verges, we have that,

ZOO i _ zoo e*iln(n)b
n=1ns — n=1 na
where a = Re(s), b= Im(s).
Proof. This follows simply from the fact that;

e~ aln(n)—ibin(n) — —efibl:(n), for n € Z-,.
n =

—S

—sln(n) _

n =€

Definition 1.2. We let;
O, ={0 € [—m,7):3In € Z5,(=bln(n) = O(mod2r))}
and, if 0 € [—m,7);
Ryp ={n € 2>, : =bin(n) = 0(mod2r)}
We say that 0 is finite if > L converges and, we then let;

nERgJ, ns
S50 = Cerngy =
0,b nERg’b ns

Lemma 1.3. If 0 is finite, we have that;

_ 0 1
Sop =€ er,, n

and, more generally, without the finiteness assumption, n € Ry, iff
Kyp(n) =1, where
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Kyp(x) = cos(bln(z) + 0)

Proof. The proof is clear from Definition 1.2.
O

Lemma 1.4. Suppose that 6y € [—m,7), b # 0 and Ry, # 0, then, if
ng € Z>1 is minimal with the property that ng € Ry, we have that

n € Royp iff n = nOC’é, for some l € Z>, where C}, = e\%.
Proof. Assume, first, that b > 0. We have that 6, = —bln(ng) + 2ko,
for some ky € Z>(. Then;

n € Rpyp iff —bin(n) — 0y = —2k7 for some k € 25y,

iff —bin(ng + 1) — (=bln(ng) + 2kom) = —2km, for some k € Z-y,

iff —bln(”%—gr) =2(ko — k)

iff bin("etr) = 2(k — ko)

iff bin(1 + =) = 2Im, for some | € Z>g

iff r =no(CL —1)

iff n =neC}

where n = ng + r. A similar proof holds when b < 0, obtaining
—27

Ch=eb . J
Definition 1.5. We say that 6y € O, is unique if |Rg 5| = 1, and
returning if Ry, ts infinite.

Lemma 1.6. 0y € O, is not unique, iff there exists ly € Z>1, with
nOC'ZiO € Z>1, where ny and Cy, are given in the previous lemma.

Proof. Clear by Lemma 1.4 and Definition 1.5. U
Lemma 1.7. If 6y € ©, is not unique, and b # 0, then 0y is finite.

Proof. Choose [y € Z>; minimal, with C’éo € 9, this is possible as # is
not unique. Then clearly C’fl" € Q, for all kK € 2, (x). Suppose that
noCl € Z>1. Let | = kly + 1, where 0 < I’ < [y and k € Z5, then,
we have that ngCy°C! € Qs1, hence, by (x), C!' € Q. Tt follows that
I'=0 and [ = kly. Then;
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Z 1
nER&b ne
1
S Zq:no(];flo,kezzo na

_ 1
Zk6220 (nOCl]:’lO)a

1 1
~ ne ZkeZZO(W)k

11
- ong1-c, 00

as Cl°* > 1, because 27%?“ > 0.

O

Lemma 1.8. 0, € O, is returning iff there exists | € Z>1 such that
Cl € Z. In particular, if there exists 0y € Oy which is returning, then
every 0 € Oy is returning, and if 6y € O, and |Rg, 5| > 3, then 6y is
returning. If 6y € Oy is returning then Ry, = {noCélo cl e 25},
where ly € Z>1 s minimal with the property that C'll)o € Z. IfCl ¢ Q,
forl € 251, then |Rgy 5| = 1, for every 0y € ©y. IfCl ¢ Z, forl € 254,
and there exists | € Z>y with C! € Q, (x), then Dy = {0 € O : |Rgp| =
2} # 0, and moreover, Dy = {—kbln(ng)(mod2w) : k € Z51}, where
ni

C’llf =2 (ny,n0) =1, and ly € Z>1 is minimal with the property that

ng’

cp e Q.

Proof. Suppose that there exists [ € Z5; such that C! € Z, then, if
k € Z-g, choosing 0y € Oy, we have, if ny = noC¥, that, by Lemma
1.4, n, € Ry, p. Moreover, if k; # ko, then ng, # ng,, as C, > 1, and
[ > 1. Hence, 0y € O, is returning. Conversely, suppose that 6, € O,
is returning. Let n; correspond to the first return, then, there exists
lo € Z»1 such that C)° = 2 If | € 25, we have that noC} € Z iff

i l
no(;+) € Z which implies that nf)o(z—;)l € Z, therefore, nlnfllo € Z, and
0

nhont. Taking I > ly, and considering prime factors, we must have
that ng|n; and C’éo € Z, as required. The second part is clear from
the above proof. The third part follows from the first part and Lemma
1.4. The fourth claim is clear from the proof. Finally, if (x) holds, and
{lo,no,n1} C 251 are chosen, as in the hypotheses, then |Ry,| = 2 iff
there exist {l,n,n'} C Z5, with C! = %/, and 0 = —bin(n)(mod2).
By the choice of Iy, we have that | = klg, for some k € Z>1, n = nf,
0 = —kbin(ng), (mod2m).

O
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Definition 1.9. Until Lemma ?, we assume that every 0y € Oy is re-
turning, so that Reyp ={q € Q :n = nOC’flo, ke Zs}

We let ¢y : (1 —€,00) — C be defined by;

Pao(x) = noCP

and let Qoy.ap : (1 —€,00) = C be defined by;

Qo0,a.6(T) = Do p(z)"

Remarks 1.10. Observe that ¢g,p|z., defines a bijection between 2>,
and RGQ,b'

Lemma 1.11. Qg,ap € C*(1 — €,00), and there exists a constant D,
such that supxe(l,ﬂoo){x‘*\Qéﬁ?a’b] 0<k<2}<D.

Proof. This is a simple calculation. We have that;

—2malgx

Quoan() = dop(@) ™ = ng*Cy ™ = ng "Gy = mg Cyloe ™

—2mal
Observing that (zte™ P e ) =0iffz =0orz = 2 we obtain that;

malp’

4 —2malgzx 4 —2malgx
SUPge(1—co0)Te P =xte BT | g
malg

16|b| 7ralo

= 7r4a4l4e4’ if |b| >

4 —27malgx 4 —2malgx
SUPpe(1—eo0)Tie I =axte” BT |,

—2malg(1—¢)

=(1—ete ™ if0< b < Lalo

. 16‘[)‘4 4 —2malg(1—¢)
Letting Dy = max(wlgem (1 —e)*e” ™) we have that;

7acvl¢)1l0

SUPze(1—e,00) <I4|Q90, )

2malg

—aval
Spre(1—E,oo)($4|Q/90,a,b| < Dipng“Cy° [o]

©)2, ()

SUPze(1—e,00) (w4|Q60,a b| = Dl b1 0 “Cy ZO(

Hn fact, Qoy,a.6 € S(1 —€,00)
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. o —a valg —a valg 2mal —a valg ( 2malp \2
Letting D = max(D1png “Cy™, D1png “Cy Z5e, Dypng “Cy (55557)7),
we obtain the result.

O
Lemma 1.12. If 0 € ©,, we have that,;
S@,b = 610 ZneRe,b nLa = 619 anZZl Qe,a,b(n)
Proof. The result follows immediately from Remark . m

Definition 1.13. Let r € Z51, and 0y € Oy, then we define Fy, qp6.r
R — C by letting,

Foy apr(2) = Qo ap(x), (x > 1)
Foyapr(t) = Qoap(—2), (x < —1)
FHo,a,b,r<$> = p90,a,bﬂ"($)f (’x‘ < 1“)

where Pg, apr 1S 4 Symmetric polynomial with pg’;?a?bm(r) = Qéﬁ?a’b(r),
fOT’ 0 S k S 27 and p90,a,b,r(n> = QGo,a,b,T<n)7 fO’l" 1 S n S r.

Lemma 1.14. Fy, ., € C*(R), and there exists a constant F, such
that supxen{xﬂF(k) |:0<k<2}<F.

90 ,a,b,r

Proof. The proof is clear by Lemma 1.11 and the construction in Defi-
nition 1.13. 0

Lemma 1.15. For 0y € O, andr € Z>q;

—a
ZmGReoyb m
2malg(1—7r) 2malg(1—7r)

_ NVl Bajyi(r)y  nge Il lblng “e 1l
_ijo(aeo,mb,r)j—&—l( 2j+1 )+ 2 + 2malo +R907a,b,7’

where [1m, oo Roy apr = 0, and;
D
| Rog,ar| < 555

DPog,abr = Z;Ié (EOO,a,b,r>j+1$2j
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Proof. The first part follows the fact that, using Lemma 1.14, Fp, 45,
satisfies the conditions of Lemma 1.16, and Lemma 1.20 in [5], gives;

—a

ZmEReo,b,mZ%,b(T) m

= e, Qogap(n)

= [ Qupapla)de + aprl®)  Toupo

—a

ZmERgO’b,m<¢g’b(T) m

- Z:L_:ll Qeo,a,b (n)
_ .
= X3k szﬁfr))

where;

Rog a0 = Rogapr1 + Rogabr2

— Znezﬂ(foo ¥ Qg ap(x)d) + Znezﬂ](f e Qgo ap(x)d)

We have that;
R _ Z *Qeo,a,b(r) o Z 1 foo Q/ (x)eQ’medx
o,a,b,r,1 — neZzg 2min ne€Zo 2min Jr bo,a,b

Qe b 21
:ZTLEZ;&O 207an +Znez;ﬁo 27rzn f Qé’o,ab ) mmcdl.

= et 50 14 Dy
= QGO—“b( + Deo,abrl
where;
| Dggabri] < % > ez 1= %

and Cpyaprn < [ |Qpap(T)|dz
<D [>d%&

_ D
33
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It follows that;

(£ ap(T)
—Y0,®:0% 7 D
|R90,a,b,r,1 | < 24 + 7273

D D
< 2474 + 7213

<D

1873

< 25, so that |Rgyap,| < %.

— 18737

Similarly, |Rg, a2

We have that;

— l —2malgr
bny “C0 0
o “»

froo Q@ma’b(l‘)dl‘ — We [b]

Therefore, for r € Z51;

ZmGRgoyb m-*

2malg(l—r) 2malg(l—r)
_ Nl Bajyi(r)y  nge Il lblng “e 1l
= ijo(a90707b77")j+1( 2j+1 )"’ 2 + omaly +R907a,b,7’

where lim, 00 Rgy 06 = 0, as required.
O

We now show a series of results about equidistributed sequences.

Lemma 1.16. Let {x, : n € Z51} be equidistributed on [0,1), then, if
f e LY(]0,1)), we have that;

Jo fdz = lim, oo 3020 f ()

Proof. We give a nonstandard proof of this result. Choose n € *N
infinite. By transfer, we can find an internal sequence {s; : i €
(*Zn[L,n)} C *0,1], with s; = x;, for i € Z-;. We adopt the nota-
tion (S,,C,) of Definition 0.4 in [7], and define 4, : C, — *R by setting;

577([%7 ]%1)) = %*C’ard{l <i<n:s e[l )

(V) =" S seyr((4,451) (4
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for Ve C,. It is easily verified that 0, is finitely additive, hence
*-finitely additive. We let (L(S,), L(C,), L(d,)) denote the associated
Loeb space. We claim that the standard part mapping;

st (L(S,), L(C,). L(5,)) — (10,11, B, p)

is measurable and measure preserving, (). First, observe that, for
{a,b} C ([0,1) N Q), we have that;

0y (*la, b)) = %*C’ard{l <i1<n:s; €la,b)}

using (%) and the fact that [a,b) = Uf”?<J<b77[77’ :1) The internal
sequence {s’, : 2*Card{1 <k <i:s; € *[a,b)}, has the property that
Sap = b— a, using Theorem 2.22(i) of [8]. Hence L(d,)(*[a,b)) = b —a.
Now, let {¢,d} C ([0,1) NR), and assume that ¢ # 0, (%), and choose
sequences {cin, Cun, din,sdun : 1 € 251} C (*[0,1) N Q) such that
Cun < € < Cp < diy < d < dyy, and limy,_ooCyn = liMyoCin = C,
iy oot = 1imnsodyy = d. We have that [c,,, dy) C [122,129) ¢
[Cums dun), for n € Z51. Then, using elementary properties of mea-
sures, we have that;

L(8,) (M, 280 = Limp o L(8y) ([tns din)

n Y
= l'lmnﬁooL((sn)<[cuvn7 dum‘))
= l/l.mn_ﬂ)o(dl,n - clm,)
= l'lmn_>oo(du7n - Cu,ﬂ) =d—c

We can now follow Theorem 14 in [1], to obtain that L(d,) (st *([¢,d))) =
d — ¢, and then () is shown, using the same proof. For g € V(S,),
and A € C,, we let [, gdd, be as in Definition 3.9 of [§], and define
S-integrability, as in Definition 3.17 of [8]. Then, we have, by Theorem
3.20 of [8] and (t), that, for g S-integrable;

° J5, 940, =[5, °9ddy, (1)

2The case ¢ = 0 can be dealt with, by observing that [70] = 0, and taking
Cu,n = 0 below.
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If f € LY([0,1), B, i), we have, by (1), that st*(f) € L*(L(S,), L(C,), L(J,)).
We claim, using Theorem 3.31 of [8], that there exists g € SL(S,)
with the property that g(z;) = f(z;), for 1 < i < n and °g = st*(f)
a.e d(L(6,)), (T1T) (The case when st*(f) is bounded follows by choos-
ing the initial sequence of C,-measurable functions {f,}nea~, to have
the property that f,(z;) = f(x;), for 1 < i < n. After extending the
sequence {f,}nen., to an internal sequence {f,}1<n<.s, for some infi-
nite w’, this property continues to hold by overflow, quantifying over
the internal sequence {*f(s;)}1<i<min(w - Choosing w < w’, as in the
proof of Theorem 3.13, we obtain that f, has the required property
that f,(z;) = f(z;), for i € N, (x). For the general case in Theorem
3.31, we can follow the proof, requiring, using (*), and replacing S, by
A,,, that the sequence {f, }nen,, has the property that f,(z;) = f(z;),
for any s; € A,.) Then, using (1), (1), (117);

(5 Lizjzn f(55)

= (5" Xi<jn 9(55))

=" f?n gdo,

= Js, °9dL(0,)

=[5, st*(F)AL(,) = J fdp

The lemma then follows, again using Theorem 2.22(ii) of [8].

t

Definition 1.17. An internal sequence {s;}1<i<y is equidistributed if,
it corresponds to a standard equidistributed sequence {x;}icz,,. An in-
ternal sequence {s; }1<i<y 15 weakly equidistributed if, for the associated

measure L(6,), L(5,)(a,b) =b—a, for {a,b} C (*[0,1)NR).

Remarks 1.18. Observe, from the proof of Lemma 1.16, that equidis-

tributed implies weakly equidistributed, and, if {s;}1<i<y is equidis-

tributed or weakly equidistributed, then for any standard f € L'([0, 1)),
« 1

(% Z1§j§n f(s5)) =~ fo Jdz

Lemma 1.19. An internal sequence {s; }1<i<y is weakly equidistributed

iff %* > i<icy€tDy(2miks;) = 0, for finite k € Z, 4, and some (any)

n € *N infinite.

Proof. Suppose that {s;}1<i<, is weakly equidistributed, then, using

the above proof, we have that, for finite k € Z, 4, as exp,(2mikx) is
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S-integrable;

= o(%* Zlgjgneamn(QMksj))

=° fgn exp,(2mikz)ds,

:fgn expy(2mikx)dL(d,)

. : ot : _

= fgn st*(exp(2mikz))dL(d,) = [, exp(2mikz)dp = 0

Conversely, suppose that %* > 1<icn©@py(2miks;) =~ 0, (), for fi-
nite k € Z, . Let {a,b} C [0,1), and choose f € C>([0,1]), with
f(0) = f(1), such that ||f — Xjapllcqo)y < € Let f = g+ r, where
r= fol fdx, g € C*(|0, 1]), with g(0) = ¢g(1). We have that;

gn(®) =" kez, odn(K)expy(2mike)

Hence;

%* Zléiéngn(si) - %* Zlﬁién* Zkezn,;éog’l(k)expn(%riksi)

=* Zkezn#g}](k)%* > i<icn TPy (2miks;) >~ 0

Using the decay rate on the coefficients g, (k), see [7], (x), and the
fact that ]%* > i<icy€tPy(2miks;)| < 1, for k € Z,. Hence;

%* Zlgignfn(si) =r
It follows that;

|%* Zlgignx[a,b)m(si) - %* Zlgignfﬂ(siﬂ < %,776 =€

Hence;
|%* Z1gi§nx(a,b),n(5i> —r[ <2
Ir—(b—a)l <e

|%* Zlgian(a,b)J?(Si) —(b—a)| < 3e
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and, as as € was arbitrary;

%* Elgignx(a,b)m(si) ~ (b—a)

It follows that {s;}1<i<, is weakly equidistributed.
O

Lemma 1.20. Letp € R[z] be a standard polynomial, p(z) = Z?:o ajzt,
with 0 < a; < 1, then;

lag] =q

lzmq—>oo q prime q

and, if 0 <a<b<1and f € LY[0,1));

llmQ—mo,q pmme |{ O < Z < q— 1 Zl =0 aéq] ! (mOd 1) (a7b>}| =
(b—a)

S e = Uimsceg prime S0 (S, 9 (mod 1)

Proof. The first claim follows easily from the fact that, for infinite

n, @ ~ q;, and Theorem 2.2(i) of [7]. We claim that, for infinite

n prime, and infinite v € *A, the sequence {37 @z’l 1< <
v(mod 1)} is weakly equidistributed, (). By the previous lemma,
it is sufficient to show that there exists an infinite n € *N, with
%* D 1< jenCTPy(2mikEE(5)) =2 0, for k € Z,, k # 0.

Suppose that p(z) = 3¢, @z, and that 0 < || < 1, for 0 <1 < d.
For ¢ prime in *N, Let t,;, = [qa], so that a; ~ [";7” and 0 < ¢, <,
for 7 infinite, therefore 0 < ¢, < ¢, for sufficiently large ¢ € N, (x).
Let p, = Z;jzo t1 47, and let F, & Z/qZ denote a finite field with ¢
elements. Using Lemma 0.5 of [9], we have that, for ¢ prime sufficiently
large, see (*), coprime to d;

| S oeseqr €7 < (d—1)g? +1
for 0 <k <q-—1.

By transfer, for infinite n prime, which must be coprime to d, for
O0<k<n—-1,
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* FEx : d—1
51 2 0<jen—1 exp(2mitipy(4))] < (n% 4L

ke
The characters {e*™4 : —(q—1) < k < —1} are just a re-enumeration
omik

of the characters {e"™¢ : 1 < k < ¢—1} on F, for ¢ prime, and, there-
fore, by the same argument;

%‘ > 0<j<n-1 *€l‘p(2ﬂi§*pn(j))‘ ~ 0, for k € Z,\ {-n,0}
As exp(2mikz) is continuous on [0, 1), for k € Z, we have that;
%\* Zogjgn_le:vpn(27ri%*pn(j))| ~ (0, for finite k € Z, 4

It follows, using the previous lemma, that the sequence {%( J) Yo<j<v—1
is weakly distributed, for any infinite v, hence (f) is shown.

We have that, for any given ¢ > 0 standard, v infinite, ¢ infinite
prime ;

(b—a)—e<if{i:0<i<v—1,50 0 (mod 1) € (a,0)}] <
(b—a)+e

By underflow, there exists a standard N(e) prime, such that, for all
standard primes ¢ > N (e);

(b—a)—e€< %|{2 0<i < q—l,zzjzo@il (mod 1) € (a,b)}| <
(b—a)+e

hence, the second claim is shown. Using Remarks 1.18, we have that,
for any given f € L!([0,1)), standard € > 0, v infinite and ¢ infinite
prime;

fol fdr —e < %ZZ”:_OI f(Z;l:O @il (mod 1)) < fol fdxr + €

Again, by underflow, there exists a standard M (e, f) prime, such
that, for all standard primes g > M (e, f);

Jo fdz—e < 100 (O Wit (mod 1)) < [y fdx + e

q

Hence, the final claim is shown.
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Lemma 1.21. Let {r,s} C Rlz] be standard polynomials, r(z) =

S pat, s() = 326 _ bma™, with 0 < ap < 1 and 0 < b, < 1,
then;

limq%oo,q prime[a+qq] = Qay, limq%oo,q prime% = bm

or0<1<d,0<m<e. Forq prime, letting;

f ; q prime, 9;

Wy ={i:0<i<q—1,0_2%im(modl) # 0}

we have, if 0 < a<b<1, feLY([0,1));

. 1(fs . . S,

limyso0q primeg|{i 1 0 < i < g —1,i ¢ Wq,m (mod 1) €

m= q

(a,0)} = (b—a)

1 . —t=q
Jo fdz = limgso0q primeg D igw, f(W(WOd 1))

Proof. The first claim follows easily from the fact that, for infinite 7,
[%’7] ~ q, % ~ b, for 0 <1 <d, 0 <m < e, and Theorem 2.2(i) of
[7].

Sketch proof; use case ¢ = n* to get correct scaling, see [9] for the
quotient. Need to get rid of trace term.

]
Definition 1.22. Forb # 0, if 0 € Oy, we let ng = un(n € Ryy), and;

Nb = U@E@b g
= {n IS (39 S @b)(n S R@b N (Vm S R(;,b)(n < m))}

Let k : N — N, be an order preserving enumeration, let {z, : n > 1}
be the sequence defined by z, = |blin(k(n)), and let {y, : n > 1} C [0, 1]

a(l—yn)
[blyn )

azn

be the sequence defined by vy, = ﬁ, so that exp( 7 ) = exp(
Form € Z>1, we let py,m € R[z] be a polynomial, defined by;

Pom(N) = Ypi1, forn e Z2N0[0,m — 1].

We let;
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2malg(1—7r)

e 1] e:rp(ia(l_y))
— [bly
fl,r,8<y> = 2
2malg(1—r)
lbleap(“Grtd)e TP
fQ,T,S( ) 2malg

alo(z— a(l—
Fara(@,y) = Cy " Veap(eit))

fars(z,y) is a symmetric polyomial in x, with;

Ui (r,y) = 222 (r,y), for 0 < k<2
frrs(n,y) = fars(n,y), for1 <n <r
?4,r,s,j+l(y) = %(0 y) (0 <Jj<r+ 1)
Foms (W) = rt0 (Famogun) () (2222

Jors(y) = fors() + fors(W) + frrs(y)
Remarks 1.23. If ng € Ny,

bl = [bleapin(ng*)

= [blezp(—aln(ny))

= [blexp(g; ([b]in(no)))

axn_l(”o))

a(l=y,~1(p,))
= [blexp( o] o) )

[Blezp( Ibly —1(n )

Then;

S35 (T, Y no) Q0o,0.6(T)

Jars(T, Y1(n0)) = Poo,abir (T)

?4,r,s,j+1(y:‘i_1(no)) = (Agy.apr)jt1, (0<j <r+1)
r+1 Bajt1(r)

Jorms(Yn—1(ng)) = Z] O(Clao,abr)j+1(w>

f6rs<yn L(ng) ) + R90,ab7’ - ZmEReo,b m=*
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ZnEZZl fG,r,s (yN) + 29691) Re,a,b,r = ngZZl m=*

Moreover, for m € Z54;

fol fﬁ,r,s(y>dy = limq—mo,q primeé Z;}:—S f6,r,s( [qu’m] (Z) (modl))

We have that;

| Zn6221 fG,r,s (yn) - ZWEZZO f6,r,s (pb,m (TL) (mOdl)) |

< ZnGszH ‘fﬁ,r,S(ynﬂ + Znezz,n ‘fG,T,S(pb,m(n)(mOdl))‘

(Bound first term, decreasing with m, and second term, using a ratio-
nal function, (xx) replacing the polynomial, using fact that limy_ f,s(y) =
0, exponentially. Modify Lemma ?7 to include (xx), and consider re-
striction on coefficients as well.)
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