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TRISTRAM DE PIRO

Abstract.

1. Preliminaries

Lemma 1.1. Let s ∈ C, with 0 < Re(s) < 1, then, if
∑∞

n=1
1
ns con-

verges, we have that;∑∞
n=1

1
ns =

∑∞
n=1

e−iln(n)b

na

where a = Re(s), b = Im(s).

Proof. This follows simply from the fact that;

n−s = e−sln(n) = e−aln(n)−ibln(n) = e−ibln(n)

na , for n ∈ Z≥1.
�

Definition 1.2. We let;

Θb = {θ ∈ [−π, π) : ∃n ∈ Z≥1(−bln(n) ≡ θ(mod2π))}

and, if θ ∈ [−π, π);

Rθ,b = {n ∈ Z≥1 : −bln(n) ≡ θ(mod2π)}

We say that θ is finite if
∑

n∈Rθ,b

1
ns converges and, we then let;

Sθ,b =
∑

n∈Rθ,b

1
ns

Lemma 1.3. If θ is finite, we have that;

Sθ,b = eiθ
∑

n∈Rθ,b

1
na

and, more generally, without the finiteness assumption, n ∈ Rθ,b iff
Kθ,b(n) = 1, where

1
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Kθ,b(x) = cos(bln(x) + θ)

Proof. The proof is clear from Definition 1.2.
�

Lemma 1.4. Suppose that θ0 ∈ [−π, π), b ̸= 0 and Rθ0,b ̸= ∅, then, if
n0 ∈ Z≥1 is minimal with the property that n0 ∈ Rθ0,b, we have that

n ∈ Rθ0,b iff n = n0C
l
b, for some l ∈ Z≥0, where Cb = e

2π
|b| .

Proof. Assume, first, that b > 0. We have that θ0 = −bln(n0) + 2k0π,
for some k0 ∈ Z≥0. Then;

n ∈ Rθ0,b iff −bln(n)− θ0 = −2kπ for some k ∈ Z≥k0

iff −bln(n0 + r)− (−bln(n0) + 2k0π) = −2kπ, for some k ∈ Z≥k0

iff −bln(n0+r
n0

) = 2(k0 − k)π

iff bln(n0+r
n0

) = 2(k − k0)π

iff bln(1 + r
n0
) = 2lπ, for some l ∈ Z≥0

iff r = n0(C
l
b − 1)

iff n = n0C
l
b

where n = n0 + r. A similar proof holds when b < 0, obtaining
Cb = e

−2π
b . �

Definition 1.5. We say that θ0 ∈ Θb is unique if |Rθ0,b| = 1, and
returning if Rθ0,b is infinite.

Lemma 1.6. θ0 ∈ Θb is not unique, iff there exists l0 ∈ Z≥1, with
n0C

l0
b ∈ Z≥1, where n0 and Cb are given in the previous lemma.

Proof. Clear by Lemma 1.4 and Definition 1.5. �
Lemma 1.7. If θ0 ∈ Θb is not unique, and b ̸= 0, then θ0 is finite.

Proof. Choose l0 ∈ Z≥1 minimal, with C l0
b ∈ Q, this is possible as θ0 is

not unique. Then clearly Ckl0
b ∈ Q, for all k ∈ Z≥0, (∗). Suppose that

n0C
l
b ∈ Z≥1. Let l = kl0 + l′, where 0 ≤ l′ < l0 and k ∈ Z≥0, then,

we have that n0C
kl0
b C l′

b ∈ Q≥1, hence, by (∗), C l′

b ∈ Q. It follows that
l′ = 0 and l = kl0. Then;
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n∈Rθ,b

1
na

≤
∑

q=n0C
kl0
b ,k∈Z≥0

1
na

=
∑

k∈Z≥0

1

(n0C
kl0
b )a

= 1
na
0

∑
k∈Z≥0

( 1

C
l0a
b

)k

= 1
na
0

1

1−C
−l0a
b

as C l0a
b > 1, because 2πl0a

|b| > 0.

�

Lemma 1.8. θ0 ∈ Θb is returning iff there exists l ∈ Z≥1 such that
C l

b ∈ Z. In particular, if there exists θ0 ∈ Θb which is returning, then
every θ ∈ Θb is returning, and if θ0 ∈ Θb and |Rθ0,b| ≥ 3, then θ0 is

returning. If θ0 ∈ Θb is returning then Rθ0,b = {n0C
ll0
b : l ∈ Z≥0},

where l0 ∈ Z≥1 is minimal with the property that C l0
b ∈ Z. If C l

b /∈ Q,
for l ∈ Z≥1, then |Rθ0,b| = 1, for every θ0 ∈ Θb. If C

l
b /∈ Z, for l ∈ Z≥1,

and there exists l ∈ Z≥1 with C l
b ∈ Q, (∗), then Dθ = {θ ∈ Θb : |Rθ,b| =

2} ̸= ∅, and moreover, Dθ = {−kbln(n0)(mod2π) : k ∈ Z≥1}, where
C l0

b = n1

n0
, (n1, n0) = 1, and l0 ∈ Z≥1 is minimal with the property that

C l0
b ∈ Q.

Proof. Suppose that there exists l ∈ Z≥1 such that C l
b ∈ Z, then, if

k ∈ Z≥0, choosing θ0 ∈ Θb, we have, if nk = n0C
kl
b , that, by Lemma

1.4, nk ∈ Rθ0,b. Moreover, if k1 ̸= k2, then nk1 ̸= nk2 , as Cb > 1, and
l ≥ 1. Hence, θ0 ∈ Θb is returning. Conversely, suppose that θ0 ∈ Θb

is returning. Let n1 correspond to the first return, then, there exists
l0 ∈ Z≥1 such that C l0

b = n1

n0
. If l ∈ Z≥1, we have that n0C

l
b ∈ Z iff

n0(
n1

n0
)

l
l0 ∈ Z which implies that nl0

0 (
n1

n0
)l ∈ Z, therefore,

nl
1

n
l−l0
0

∈ Z, and

nl−l0
0 |nl

1. Taking l > l0, and considering prime factors, we must have
that n0|n1 and C l0

b ∈ Z, as required. The second part is clear from
the above proof. The third part follows from the first part and Lemma
1.4. The fourth claim is clear from the proof. Finally, if (∗) holds, and
{l0, n0, n1} ⊂ Z≥1 are chosen, as in the hypotheses, then |Rθ,b| = 2 iff

there exist {l, n, n′} ⊂ Z≥1, with C l
b = n′

n
, and θ = −bln(n)(mod2π).

By the choice of l0, we have that l = kl0, for some k ∈ Z≥1, n = nk
0,

θ = −kbln(n0), (mod2π).
�



4 TRISTRAM DE PIRO

Definition 1.9. Until Lemma ?, we assume that every θ0 ∈ Θb is re-
turning, so that Rθ0,b = {q ∈ Q : n = n0C

kl0
b , k ∈ Z≥0}

We let ϕb : (1− ϵ,∞) → C be defined by;

ϕθ0,b(x) = n0C
l0(x−1)
b

and let Qθ0,a,b : (1− ϵ,∞) → C be defined by;

Qθ0,a,b(x) = ϕθ0,b(x)
−a.

Remarks 1.10. Observe that ϕθ0,b|Z≥1
defines a bijection between Z≥1

and Rθ0,b.

Lemma 1.11. Qθ0,a,b ∈ C2(1 − ϵ,∞), and there exists a constant D,

such that supx∈(1−ϵ,∞){x4|Q(k)
θ0,a,b

| : 0 ≤ k ≤ 2} ≤ D.

Proof. This is a simple calculation. We have that;

Qθ0,a,b(x) = ϕθ0,b(x)
−a = n−a

0 C
−al0(x−1)
b = n−a

0 Cal0
b C−al0x

b = n−a
0 Cal0

b e
−2πal0x

|b|

Observing that (x4e
−2πal0x

|b| )′ = 0 iff x = 0 or x = 2|b|
πal0

, we obtain that;

supx∈(1−ϵ,∞)x
4e

−2πal0x
|b| = x4e

−2πal0x
|b| | 2|b|

πal0

= 16|b|4
π4a4l40e

4 , if |b| > (1−ϵ)πal0
2

supx∈(1−ϵ,∞)x
4e

−2πal0x
|b| = x4e

−2πal0x
|b| |1−ϵ

= (1− ϵ)4e
−2πal0(1−ϵ)

|b| , if 0 < |b| ≤ (1−ϵ)πal0
2

Letting D1,b = max( 16|b|4
π4a4l40e

4 , (1− ϵ)4e
−2πal0(1−ϵ)

|b| ), we have that;

supx∈(1−ϵ,∞)(x
4|Qθ0,a,b| ≤ D1,bn

−a
0 Cal0

b

supx∈(1−ϵ,∞)(x
4|Q′

θ0,a,b
| ≤ D1,bn

−a
0 Cal0

b
2πal0
|b|

supx∈(1−ϵ,∞)(x
4|Q′′

θ0,a,b
| ≤ D1,bn

−a
0 Cal0

b (2πal0|b| )2, (1)

1In fact, Qθ0,a,b ∈ S(1− ϵ,∞)
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LettingD = max(D1,bn
−a
0 Cal0

b , D1,bn
−a
0 Cal0

b
2πal0
|b| , D1,bn

−a
0 Cal0

b (2πal0|b| )2),

we obtain the result.

�

Lemma 1.12. If θ ∈ Θb, we have that;

Sθ,b = eiθ
∑

n∈Rθ,b

1
na = eiθ

∑
n∈Z≥1

Qθ,a,b(n)

Proof. The result follows immediately from Remark . �

Definition 1.13. Let r ∈ Z≥1, and θ0 ∈ Θb, then we define Fθ0,a,b,δ,r :
R → C by letting;

Fθ0,a,b,r(x) = Qθ0,a,b(x), (x ≥ r)

Fθ0,a,b,r(x) = Qθ,a,b(−x), (x ≤ −r)

Fθ0,a,b,r(x) = pθ0,a,b,r(x), (|x| ≤ r)

where pθ0,a,b,r is a symmetric polynomial with p
(k)
θ0,a,b,r

(r) = Q
(k)
θ0,a,b

(r),
for 0 ≤ k ≤ 2, and pθ0,a,b,r(n) = Qθ0,a,b,r(n), for 1 ≤ n ≤ r.

Lemma 1.14. Fθ0,a,b,r ∈ C2(R), and there exists a constant F , such

that supx∈R{x4|F (k)
θ0,a,b,r

| : 0 ≤ k ≤ 2} ≤ F .

Proof. The proof is clear by Lemma 1.11 and the construction in Defi-
nition 1.13. �

Lemma 1.15. For θ0 ∈ Θb and r ∈ Z≥1;∑
m∈Rθ0,b

m−a

=
∑r+1

j=0(aθ0,a,b,r)j+1(
B2j+1(r)

2j+1
)+

n−a
0 e

2πal0(1−r)
|b|

2
+

|b|n−a
0 e

2πal0(1−r)
|b|

2πal0
+Rθ0,a,b,r

where limr→∞Rθ0,a,b,r = 0, and;

|Rθ0,a,b,r| ≤ D
9r3

pθ0,a,b,r =
∑r+1

j=0(aθ0,a,b,r)j+1x
2j
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Proof. The first part follows the fact that, using Lemma 1.14, Fθ0,a,b,r

satisfies the conditions of Lemma 1.16, and Lemma 1.20 in [5], gives;∑
m∈Rθ0,b

,m≥ϕθ,b(r)
m−a

=
∑∞

n=r Qθ0,a,b(n)

=
∫∞
r

Qθ0,a,b(x)dx+
pθ0,a,b,r(r)

2
+

Rθ0,a,b,r

2∑
m∈Rθ0,b

,m<ϕθ,b(r)
m−a

=
∑r−1

n=1Qθ0,a,b(n)

=
∑r+1

j=0(aθ0,a,b,r)j+1(
B2j+1(r)

2j+1
)

where;

Rθ0,a,b,r = Rθ0,a,b,r,1 +Rθ0,a,b,r,2

=
∑

n∈Z̸=0
(
∫∞
r

e2πinxQθ0,a,b(x)dx) +
∑

n∈Z ̸=0
(
∫∞
r

e−2πinxQθ0,a,b(x)dx)

We have that;

Rθ0,a,b,r,1 =
∑

n∈Z̸=0

−Qθ0,a,b
(r)

2πin
−
∑

n∈Z̸=0

1
2πin

∫∞
r

Q′
θ0,a,b

(x)e2πinxdx

=
∑

n∈Z̸=0

Q′
θ0,a,b

(r)

(2πin)2
+
∑

n∈Z̸=0

1
(2πin)2

∫∞
r

Q′′
θ0,a,b

(x)e2πinxdx

=
−Q′

θ0,a,b
(r)

4π2

∑∞
n=1

1
n2 +Dθ0,a,b,r,1

=
−Q′

θ0,a,b,
(r)

24
+Dθ0,a,b,r,1

where;

|Dθ0,a,b,r,1| ≤
Cθ0,a,b,r,1

4π2

∑
n∈Z ̸=0

1
n2 =

Cθ0,a,b,r,1

24

and Cθ0,a,b,r,1 ≤
∫∞
r

|Q′′
θ0,a,b

(x)|dx

≤ D
∫∞
r

dx
x4

= D
3r3
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It follows that;

|Rθ0,a,b,r,1| ≤
|E′

θ0,a,b
(r)|

24
+ D

72r3

≤ D
24r4

+ D
72r3

≤ D
18r3

Similarly, |Rθ0,a,b,r,2| ≤ D
18r3

, so that |Rθ0,a,b,r| ≤ D
9r3

.

We have that;∫∞
r

Qθ0,a,b(x)dx =
bn−a

0 C
al0
b

2πal0
e

−2πal0r
|b|

Therefore, for r ∈ Z≥1;∑
m∈Rθ0,b

m−a

=
∑r+1

j=0(aθ0,a,b,r)j+1(
B2j+1(r)

2j+1
)+

n−a
0 e

2πal0(1−r)
|b|

2
+

|b|n−a
0 e

2πal0(1−r)
|b|

2πal0
+Rθ0,a,b,r

where limr→∞Rθ0,a,b,r = 0, as required.

�

We now show a series of results about equidistributed sequences.

Lemma 1.16. Let {xn : n ∈ Z≥1} be equidistributed on [0, 1), then, if
f ∈ L1([0, 1)), we have that;∫ 1

0
fdx = limn→∞

1
n

∑n−1
j=0 f(xj)

Proof. We give a nonstandard proof of this result. Choose η ∈ ∗N
infinite. By transfer, we can find an internal sequence {si : i ∈
(∗Z ∩ [1, η])} ⊂ ∗[0, 1], with si = xi, for i ∈ Z≥1. We adopt the nota-
tion (Sη, Cη) of Definition 0.4 in [7], and define δη : Cη → ∗R by setting;

δη([
j
η
, j+1

η
)) = 1

η
∗Card{1 ≤ i ≤ η : si ∈ [ j

η
, j+1

η
)}

δη(V ) = ∗ ∑
j
η
∈V ν([

j
η
, j+1

η
)) (∗)
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for V ∈ Cη. It is easily verified that δη is finitely additive, hence
∗-finitely additive. We let (L(Sη), L(Cη), L(δη)) denote the associated
Loeb space. We claim that the standard part mapping;

st : (L(Sη), L(Cη), L(δη)) → ([0, 1],B, µ)

is measurable and measure preserving, (†). First, observe that, for
{a, b} ⊂ ([0, 1) ∩Q), we have that;

δη(
∗[a, b)) = 1

η
∗Card{1 ≤ i ≤ η : si ∈ [a, b)}

using (∗) and the fact that [a, b) =
∪

aη≤j<bη[
j
η
, j+1

η
). The internal

sequence {sia,b : 1
i
∗Card{1 ≤ k ≤ i : sk ∈ ∗[a, b)}, has the property that

sηa,b ≃ b− a, using Theorem 2.22(i) of [8]. Hence L(δη)(
∗[a, b)) = b− a.

Now, let {c, d} ⊂ ([0, 1) ∩ R), and assume that c ̸= 0, (2), and choose
sequences {cl,n, cu,n, dl,n, du,n : n ∈ Z≥1} ⊂ (∗[0, 1) ∩ Q) such that
cu,n < c < cl,n < dl,n < d < du,n, and limn→∞cu,n = limn→∞cl,n = c,

limn→∞du,n = limn→∞dl,n = d. We have that [cl,n, dl,n) ⊂ [ [ηc]
η
, [ηd]

η
) ⊂

[cu,n, du,n), for n ∈ Z≥1. Then, using elementary properties of mea-
sures, we have that;

L(δη)([
[ηc]
η
, [ηd]

η
)) = limn→∞L(δη)([cl,n, dl,n))

= limn→∞L(δη)([cu,n, du,n))

= limn→∞(dl,n − cl,n)

= limn→∞(du,n − cu,n) = d− c

We can now follow Theorem 14 in [1], to obtain that L(δη)(st
−1([c, d))) =

d − c, and then (†) is shown, using the same proof. For g ∈ V (Sη),
and A ∈ Cη, we let

∫
A
gdδη be as in Definition 3.9 of [8], and define

S-integrability, as in Definition 3.17 of [8]. Then, we have, by Theorem
3.20 of [8] and (†), that, for g S-integrable;

◦ ∫
Sη

gdδη =
∫
Sη

◦gdδη, (††)

2The case c = 0 can be dealt with, by observing that [η0] = 0, and taking
cu,n = 0 below.
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If f ∈ L1([0, 1),B, µ), we have, by (†), that st∗(f) ∈ L1(L(Sη), L(Cη), L(δη)).
We claim, using Theorem 3.31 of [8], that there exists g ∈ SL1(Sη)
with the property that g(xi) = f(xi), for 1 ≤ i ≤ η and ◦g = st∗(f)
a.e d(L(δη)), (†††) (The case when st∗(f) is bounded follows by choos-
ing the initial sequence of Cη-measurable functions {fn}n∈N>0 to have
the property that fn(xi) = f(xi), for 1 ≤ i ≤ n. After extending the
sequence {fn}n∈N>0 to an internal sequence {fn}1≤n≤ω′ , for some infi-
nite ω′, this property continues to hold by overflow, quantifying over
the internal sequence {∗f(si)}1≤i≤min(ω′,η). Choosing ω ≤ ω′, as in the
proof of Theorem 3.13, we obtain that fω has the required property
that fω(xi) = f(xi), for i ∈ N , (∗). For the general case in Theorem
3.31, we can follow the proof, requiring, using (∗), and replacing Sη by
An, that the sequence {fn}n∈N>0 , has the property that fn(xi) = f(xi),
for any si ∈ An.) Then, using (†), (††), (†††);

◦( 1
η
∗∑

1≤j≤η f(sj))

= ◦( 1
η
∗ ∑

1≤j≤η g(sj))

= ◦ ∫
Sη

gdδη

=
∫
Sη

◦gdL(δη)

=
∫
Sη

st∗(f)dL(δη) =
∫ 1

0
fdµ

The lemma then follows, again using Theorem 2.22(ii) of [8].
�

Definition 1.17. An internal sequence {si}1≤i≤η is equidistributed if,
it corresponds to a standard equidistributed sequence {xi}i∈Z≥1

. An in-
ternal sequence {si}1≤i≤η is weakly equidistributed if, for the associated
measure L(δη), L(δη)(a, b) = b− a, for {a, b} ⊂ (∗[0, 1) ∩R).

Remarks 1.18. Observe, from the proof of Lemma 1.16, that equidis-
tributed implies weakly equidistributed, and, if {si}1≤i≤η is equidis-
tributed or weakly equidistributed, then for any standard f ∈ L1([0, 1)),

( 1
η
∗ ∑

1≤j≤η f(sj)) ≃
∫ 1

0
fdx

Lemma 1.19. An internal sequence {si}1≤i≤η is weakly equidistributed
iff 1

η
∗∑

1≤i≤ηexpη(2πiksi) ≃ 0, for finite k ∈ Zη, ̸=0, and some (any)

η ∈ ∗N infinite.

Proof. Suppose that {si}1≤i≤η is weakly equidistributed, then, using
the above proof, we have that, for finite k ∈ Zη,̸=0, as expη(2πikx) is
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S-integrable;

= ◦( 1
η
∗ ∑

1≤j≤ηexpη(2πiksj))

= ◦ ∫
Sη

expη(2πikx)dδη

=
∫
Sη

◦expη(2πikx)dL(δη)

=
∫
Sη

st∗(exp(2πikx))dL(δη) =
∫ 1

0
exp(2πikx)dµ = 0

Conversely, suppose that 1
η
∗ ∑

1≤i≤ηexpη(2πiksi) ≃ 0, (∗), for fi-

nite k ∈ Zη,̸=0. Let {a, b} ⊂ [0, 1), and choose f ∈ C∞([0, 1]), with
f(0) = f(1), such that ||f − χ[a,b]||C([0,1)) < ϵ. Let f = g + r, where

r =
∫ 1

0
fdx, g ∈ C∞([0, 1]), with g(0) = g(1). We have that;

gη(x) =
∗∑

k∈Zη, ̸=0
ĝη(k)expη(2πikx)

Hence;

1
η
∗ ∑

1≤i≤ηgη(si) =
1
η
∗ ∑

1≤i≤η
∗ ∑

k∈Zη, ̸=0
ĝη(k)expη(2πiksi)

= ∗ ∑
k∈Zη, ̸=0

ĝη(k)
1
η
∗ ∑

1≤i≤ηexpη(2πiksi) ≃ 0

Using the decay rate on the coefficients ĝη(k), see [7], (∗), and the
fact that | 1

η
∗∑

1≤i≤ηexpη(2πiksi)| ≤ 1, for k ∈ Zη. Hence;

1
η
∗ ∑

1≤i≤ηfη(si) ≃ r

It follows that;

| 1
η
∗ ∑

1≤i≤ηχ[a,b),η(si)− 1
η
∗∑

1≤i≤ηfη(si)| ≤
1
η
ηϵ = ϵ

Hence;

| 1
η
∗ ∑

1≤i≤ηχ(a,b),η(si)− r| < 2ϵ

|r − (b− a)| < ϵ

| 1
η
∗ ∑

1≤i≤ηχ(a,b),η(si)− (b− a)| < 3ϵ
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and, as as ϵ was arbitrary;

1
η
∗ ∑

1≤i≤ηχ(a,b),η(si) ≃ (b− a)

It follows that {si}1≤i≤η is weakly equidistributed.
�

Lemma 1.20. Let p ∈ R[x] be a standard polynomial, p(x) =
∑d

l=0 alx
l,

with 0 ≤ al < 1, then;

limq→∞,q prime
[alq]
q

= al

and, if 0 < a < b < 1 and f ∈ L1([0, 1));

limq→∞,q prime
1
q
|{i : 0 ≤ i ≤ q − 1,

∑d
l=0

[alq]
q
il (mod 1) ∈ (a, b)}| =

(b− a)∫ 1

0
fdx = limq→∞,q prime

1
q

∑q−1
i=0 f(

∑d
l=0

[alq]
q
il (mod 1))

Proof. The first claim follows easily from the fact that, for infinite

η, [alη]
η

≃ al, and Theorem 2.2(i) of [7]. We claim that, for infinite

η prime, and infinite ν ∈ ∗N , the sequence {
∑d

l=0
[alη]
η
il : 1 ≤ i ≤

ν(mod 1)} is weakly equidistributed, (†). By the previous lemma,
it is sufficient to show that there exists an infinite η ∈ ∗N , with
1
η
∗∑

1≤j≤ηexpη(2πik
pη
η
(j)) ≃ 0, for k ∈ Zη, k ̸= 0.

Suppose that p(x) =
∑d

l=0 alx
l, and that 0 ≤ |al| < 1, for 0 ≤ l ≤ d.

For q prime in ∗N , Let tl,q = [qal], so that al ≃ [ηal]
η
, and 0 < tl,η < η,

for η infinite, therefore 0 < tl,q < q, for sufficiently large q ∈ N , (∗).
Let pq =

∑d
l=0 tl,qx

l, and let Fq
∼= Z/qZ denote a finite field with q

elements. Using Lemma 0.5 of [9], we have that, for q prime sufficiently
large, see (∗), coprime to d;

|
∑

0≤j≤q−1 e
2πi k

q
pq(j)| ≤ (d− 1)q

1
2 + 1

for 0 < k ≤ q − 1.

By transfer, for infinite η prime, which must be coprime to d, for
0 < k ≤ η − 1;
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1
η
|
∑

0≤j≤η−1
∗exp(2πik

η
∗pη(j))| ≤ (d−1)

η
1
2

+ 1
η
≃ 0

The characters {e2πi
k
q : −(q−1) ≤ k ≤ −1} are just a re-enumeration

of the characters {e2πi
k
q : 1 ≤ k ≤ q− 1} on Fq for q prime, and, there-

fore, by the same argument;

1
η
|
∑

0≤j≤η−1
∗exp(2πik

η
∗pη(j))| ≃ 0, for k ∈ Zη \ {−η, 0}

As exp(2πikx) is continuous on [0, 1), for k ∈ Z, we have that;

1
η
|∗
∑

0≤j≤η−1expη(2πi
k
η
∗pη(j))| ≃ 0, for finite k ∈ Zη, ̸=0

It follows, using the previous lemma, that the sequence {
∗pη
η
(j)}0≤j≤ν−1

is weakly distributed, for any infinite ν, hence (†) is shown.

We have that, for any given ϵ > 0 standard, ν infinite, q infinite
prime ;

(b − a) − ϵ < 1
ν
|{i : 0 ≤ i ≤ ν − 1,

∑d
l=0

[alη]
η
il (mod 1) ∈ (a, b)}| <

(b− a) + ϵ

By underflow, there exists a standard N(ϵ) prime, such that, for all
standard primes q ≥ N(ϵ);

(b − a) − ϵ < 1
q
|{i : 0 ≤ i ≤ q − 1,

∑d
l=0

[alq]
q
il (mod 1) ∈ (a, b)}| <

(b− a) + ϵ

hence, the second claim is shown. Using Remarks 1.18, we have that,
for any given f ∈ Ll([0, 1)), standard ϵ > 0, ν infinite and q infinite
prime;∫ 1

0
fdx− ϵ < 1

q

∑ν−1
i=0 f(

∑d
l=0

[alη]
η
il (mod 1)) <

∫ l

0
fdx+ ϵ

Again, by underflow, there exists a standard M(ϵ, f) prime, such
that, for all standard primes q ≥ M(ϵ, f);∫ 1

0
fdx− ϵ < 1

q

∑q−1
i=0 f(

∑d
l=0

[alq]
q
il (mod 1)) <

∫ l

0
fdx+ ϵ

Hence, the final claim is shown.
�
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Lemma 1.21. Let {r, s} ⊂ R[x] be standard polynomials, r(x) =∑d
l=0 alx

l, s(x) =
∑e

m=0 bmx
m, with 0 ≤ al < 1 and 0 ≤ bm < 1,

then;

limq→∞,q prime
[alq]
q

= al, limq→∞,q prime
[bmq]
q

= bm

for 0 ≤ l ≤ d, 0 ≤ m ≤ e. For q prime, letting;

Wq = {i : 0 ≤ i ≤ q − 1,
∑d

m=0
[bmq]
q

im(mod1) ̸= 0}

we have, if 0 < a < b < 1, f ∈ L1([0, 1));

limq→∞,q prime
1
q
|{i : 0 ≤ i ≤ q − 1, i /∈ Wq,

∑d
l=0

[alq]

q
il∑d

m=0
[bmq]

q
im

(mod 1) ∈

(a, b)}| = (b− a)

∫ 1

0
fdx = limq→∞,q prime

1
q

∑
i/∈Wq

f(
∑d

l=0
[alq]

q
il∑e

m=0
[bmq]

q
im
(mod 1))

Proof. The first claim follows easily from the fact that, for infinite η,
[alη]
η

≃ al,
[bmη]
η

≃ bm, for 0 ≤ l ≤ d, 0 ≤ m ≤ e, and Theorem 2.2(i) of

[7].
Sketch proof; use case q = η2 to get correct scaling, see [9] for the

quotient. Need to get rid of trace term.

�

Definition 1.22. For b ̸= 0, if θ ∈ Θb, we let nθ = µn(n ∈ Rθ,b), and;

Nb =
∪

θ∈Θb
nθ

= {n ∈ Z : (∃θ ∈ Θb)(n ∈ Rθ,b ∧ (∀m ∈ Rθ,b)(n ≤ m))}

Let κ : N → Nb be an order preserving enumeration, let {zn : n ≥ 1}
be the sequence defined by zn = |b|ln(κ(n)), and let {yn : n ≥ 1} ⊂ [0, 1]

be the sequence defined by yn = 1
1+zn

, so that exp(azn|b| ) = exp(a(1−yn)
|b|yn ).

For m ∈ Z≥1, we let pb,m ∈ R[x] be a polynomial, defined by;

pb,m(n) = yn+1, for n ∈ Z ∩ [0,m− 1].

We let;
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f1,r,s(y) =
e
2πal0(1−r)

|b| exp(
a(1−y)
|b|y )

2

f2,r,s(y) =
|b|exp(a(1−y)

|b|y )e
2πal0(1−r)

|b|

2πal0

f3,r,s(x, y) = C
−al0(x−1)
b exp(a(1−y)

|b|y )

f4,r,s(x, y) is a symmetric polyomial in x, with;

∂f4,r,s
∂xk (r, y) = ∂f3,r,s

∂xk (r, y), for 0 ≤ k ≤ 2

f4,r,s(n, y) = f3,r,s(n, y), for 1 ≤ n ≤ r

f 4,r,s,j+1(y) =
∂f4,r,s
∂x2j (0, y), (0 ≤ j ≤ r + 1)

f5,r,s(y) =
∑r+1

j=0(f 4,r,s,j+1)(y)(
B2j+1(r)

2j+1
)

f6,r,s(y) = f5,r,s(y) + f2,r,s(y) + f1,r,s(y)

Remarks 1.23. If n0 ∈ Nb;

|b|n−a
0 = |b|expln(n−a

0 )

= |b|exp(−aln(n0))

= |b|exp( a
|b|(|b|ln(n0)))

= |b|exp(
axκ−1(n0)

|b| ) = |b|exp(
a(1−yκ−1(n0)

)

|b|yκ−1(n0)
)

Then;

f3,r,s(x, yκ−1(n0)) = Qθ0,a,b(x)

f4,r,s(x, yκ−1(n0)) = pθ0,a,b,r(x)

f 4,r,s,j+1(yκ−1(n0)) = (aθ0,a,b,r)j+1, (0 ≤ j ≤ r + 1)

f5,r,s(yκ−1(n0)) =
∑r+1

j=0(aθ0,a,b,r)j+1(
B2j+1(r)

2j+1
)

f6,r,s(yκ−1(n0)) +Rθ0,a,b,r =
∑

m∈Rθ0,b
m−a
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n∈Z≥1

f6,r,s(yn) +
∑

θ∈Θb
Rθ,a,b,r =

∑
m∈Z≥1

m−s

Moreover, for m ∈ Z≥1;∫ 1

0
f6,r,s(y)dy = limq→∞,q prime

1
q

∑q−1
i=0 f6,r,s(

[qpb,m]

q
(i)(mod1))

We have that;

|
∑

n∈Z≥1
f6,r,s(yn)−

∑
n∈Z≥0

f6,r,s(pb,m(n)(mod1))|

≤
∑

n∈Z≥m+1
|f6,r,s(yn)|+

∑
n∈Z≥m

|f6,r,s(pb,m(n)(mod1))|

(Bound first term, decreasing with m, and second term, using a ratio-
nal function, (∗∗) replacing the polynomial, using fact that limy→0f6,r,s(y) =
0, exponentially. Modify Lemma ?? to include (∗∗), and consider re-
striction on coefficients as well.)

References

[1] A Non-Standard Representation for Brownian Motion and Ito Integration,
Israel Journal of Mathematics, Vol. 25, (1976)

[2] Complex Algebraic Surfaces, LMS Student Texts 34, A. Beauville, (1996).

[3] La Conjecture de Weil: I, Pierre Deligne, Publications mathematiques de
l’I.H.E.S, tome 43, (1974).

[4] Etale Cohomology and the Weil Conjecture, E. Fretag, R. Kiehl, Springer,
(1988).

[5] An Application of Fourier Analysis to Riemann Sums, Tristram de Piro,
available at http://www.curvalinea.net, (2015).

[6] A Simple Proof of the Inversion Theorem using Nonstandard Analysis,
Tristram de Piro, available at http://www.curvalinea.net, (2013).

[7] A Simple Proof of the Uniform Convergence of Fourier Series using Non-
standard Analysis, Tristram de Piro, available at http://www.curvalinea.net,
(2013).

[8] Applications of Nonstandard Analysis to Probability Theory, Tristram de
Piro, available at http://www.curvalinea.net, (2013). (MOVE TO dep1)

[9] A Note on the Weil Conjectures for Curves, Tristram de Piro, available at
http://www.curvalinea.net, (2015).



16 TRISTRAM DE PIRO

[10] Caracteristique d’Euler-Poincare d’un faisceau et cohomolohie des varieyes
abeliennes, M. Raynaud, Seminaire Bourbaki, 286, 1964-1966.

[11] The Arithmetic of Elliptic Curves, 2nd Edition, J. Silverman, Springer, (1986)

Mathematics Department, Harrison Building, Streatham Campus,
University of Exeter, North Park Road, Exeter, Devon, EX4 4QF,
United Kingdom


