ZARISKI STRUCTURES AND ALGEBRAIC CURVES
TRISTRAM DE PIRO

ABSTRACT. The purpose of this paper is to provide an alternative
account of multiplicity for finite morphisms between smooth pro-
jective varieties. Traditionally, this has been defined using commu-
tative algebra. In model theory, a different approach to multiplicity
was developed by Zilber using the techniques of non-standard anal-
ysis. Here, we first reformulate Zilber’s method in the language of
algebraic geometry, using specialisations, and, secondly, show that,
in classical projective situations for smooth algebraic curves, the
two notions essentially coincide.

We will work mainly in the language of Weil’s Foundations, namely
using varieties instead of schemes. K will denote a big algebraically
closed field. L C K will denote a small algebraically closed field. By
an affine variety V', we mean a closed subset of K™ in the Zariski topol-
ogy. If V is irreducible, we denote the ring of regular functions on V' by
K[V] and the function field by K (V). If k C K is perfect, we say that
V' is defined over k if I(V'), the radical ideal of functions vanishing on
V' is generated by polynomials with coefficients in k. Any irreducible
affine variety V' has a minimal field of definition ky with the property
that any automorphism fixes V' setwise iff it fixes ky pointwise. This
is a classical result due to Weil, but is in fact a special case of a more
general construction due to model theorists of canonical bases, see [3].
By a variety, we will mean a set V, a covering of subsets Vi,...V,,
and for each 7 a bijection f; : V; — U; with U; an affine variety and
such that for each 1 < i,j < m, U;; = f;(ViNVj) is an open subset
of Uy and f;; = f; f;* is an isomorphism between the affine varieties
Ui; and Uj;. A variety V then inherits a natural Zariski topology by
declaring U C V open if for each i, f;(U NV;) is open in U;. For
k C K, we will say that V' is defined over k, if the data (U;, Uy, fij)
is defined over k in the sense of affine varieties. We let P"(K) de-
note n-dimensional projective space over K, that is K"/~ where ~ is
the equivalence relation on K™\ {0} given by (zq, ..., %) (Y0, - - - Yn)
iff Mzo,...,2n) = (Yo,...,yn) for some A € K. Writing elements of
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P"(K) in homogenous coordinates, (g : 1 : ... : x,), we have natu-
ral bijections f; between K™ and P"(K); = {Z : x; # 0}. This gives
P™(K) the structure of a variety defined over the prime subfield and an
induced Zariski toplogy. By a projective variety V', we mean a closed
subset of P"(K), using the coordinate charts f;, V' automatically is a
variety in the sense defined above. Equivalently, a projective variety
V' is defined by a set of homogenous polynomials in Kz, ...z,] and
is defined over k if the ideal I(V') is generated by homogenous poly-
nomials with coefficients in k. If a variety is V' defined over k£ and
k C L C K with L algebraically closed then we will use the notation
V(L) to denote V considered as a variety over L. In this case, we will
require that a subvariety of V(L) is defined over L.

We will use the notation X Xy Z to denote the fibre product of two
varieties X and Z over Y. Given a variety V defined over k£ and a tuple
of elements a € V", we will use k(a) to denote the field of definition
of a. In the case when X = Spec(L), corresponding to an L rational
point j : Spec(L) — Z;

Lx,Y — X

boob

y L.z

we will often use the notation L Xz Y to denote the geometric fibre
f~Yy) of a point y € Z, considered as a variety over L. Similar no-
tation will be used in the case of sheaves. Given varieties Y,Z and a
morphism ¢ : Y — Z, we define the pullback of a coherent sheaf F' on
Z to be the sheafification of

g*F = Oy ®g*102 gilF

where g7 F(U) = lim_, jucvF(V). Again, in the case when j :
Spec(L) — Z is an L rational point and F' is a coherent sheaf on Z,
j~'F = F, the localised sheaf at z, and L ®o, , F. is a vector space
over L which, by slight abuse of notation, corresponds to the fibre of
the sheaf F' at z. Given a morphism f : X — Y, we let {2x/y denote
the sheaf of relative differentials on X. We will use the geometric con-
struction of Q0x/y as A*J/J* where A : X — X xy X is the diagonal

embedding and J/J? is the normal bundle of A(X) in X xy X. In the
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case when Y = Spec(L) for k C L C K and k the field of definition
of X, we use the notation {2x,;, to denote the sheaf of meromorphic
differentials on X and Q}/L the sheaf of meromorphic vector fields.
There is a canonical isomorphism;

d . mz/mz — (QX/L)Z X L
d(f +m3) = df

relating the sheaf of differentials to the cotangent space at a point.
Using this isomorphism and Nakayama’s Lemma, one has that for an
algebraic variety X of dimension n over k C L, 2x/y, is a locally free
module of rank n on the nonsingular locus U of X, see [6] for details.

1. ZARISKI STRUCTURES

Definition 1.1. Let (M, 7) be a topological space and let {C'} denote
the collection of closed sets on (M). We call (M, T) a Zariski structure
if the following axioms hold;

(L) Language: Basic relations are closed;
The diagonals A; C M x M" are closed.
Any singleton in M is closed.

Cartesian products of closed sets are closed

(P) Properness: The projection maps pr : M"™ — M™ are proper
and continuous, that is the images and inverse images of closed sets
under pr are closed

(DCC) Descending Chain Condition: The topology given by the
closed sets on M™ is Noetherian for all n > 1. The condition (DCC)
implies that every closed set C' can be written uniquely (up to permu-
tation) as a union of irreducible closed sets;

C=CU...UC,
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(DIM) Dimension: The following notion of dimension for closed sets

C Cc M™ is well defined;

For irreducible C, dim(C) is the maximum m for which there exists
a chain of irreducible closed sets Co Cc C; C ... C,, = C.

For arbitrary closed C, dim(C) = mazi<;<pm{dim(C;)} for C; the
irreducible components of C'

(PS) Pre-Smoothness: For all closed irreducible sets Cy,Cy C M™,
with C; N Cy # 0,

diMeomp(C1 N Ca) > dim(Cy) + dim(Cy) — dim(M™)

(DF) Definability of fibres: If C C M" ™™ is closed, then

F(C,k) = {a € M":dim(C(a)) > k}

is closed.

(GF) Generic fibres: If C' C M™™ is closed and irreducible, then

dim(C) = dim(pr(C)) + minaepr(cydimC(a)

Remarks 1.2. The definition of dimension easily implies the following
properties;

(DU) Dimension of unions: For Ci,Cy closed, then
dim(Cy U Cy) = maz{dim(Cy), dim(Cs)}
(DP) The dimension of a point is 0.

(DI) Dimension of irreducible sets: If Cy C Cy and Cy is irreducible,

We now show the following;
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Theorem 1.3. Let V' be a smooth projective variety of dimension m
defined over k and k C L with L algebraically closed, then V(L) con-
sidered as a toplogical space with closed sets given by the algebraic sub-
varieties defined over L is an irreducible Zariski structure of dimension
m.

Proof. We will verify the axioms;
(L) We need only verify that the diagonals A; C V* x V* are closed.

(P) An algebraic variety V' is complete if for all varieties Y, the pro-
jection morphism

pr:VxY —Y

is closed. Taking Y to be V" in the above definition, complete vari-
eties have the property that the projection maps

pr: Vil yn

are closed. If W C V is a closed subvariety of a complete variety V,
then, as is easily checked, W is also complete. By assumption V is a
closed subvariety of PV (L) for some N. Now it is a classical fact that
PN(L) is complete, see for example [2].

(DCC) Let {W; : i < w} be an infinite descending chain of closed
subvarieties of V™. Let {Uy, ... U,} be an affine open cover of V™. Then
{U; N W; :i < w} defines a descending chain of closed subvarieties of
each U;. By the Nullstellensatz, each such chain stabilises inside Uj;.
Then clearly the chain stabilises inside V.

(DIM) For W an irreducible subvariety of V", we let dimgeom (W) =
t.deg(L(W)/L). Then dimgeom corresponds to dim as defined above.
To see this, suppose that dim(W) > n+ 1, and W is irreducible, then
by definition one can find an irreducible closed subvariety W' C W with
dim(W') > n and so inductively dim(W') > n. Now take any affine
open subset of V" intersecting W', so we may assume that W and
W’ are affine as the function fields are unchanged. Let L[W] denote
the coordinate domain of W, p the proper prime ideal correspond-
ing to W’ and dimg,.; the Krull dimension of an integral domain.
By Krull’s theorem, height(p) + dimgpu(L[W]/p) = dimgpuu(L[W]),
dim g (LIW]) = t.deg(L(W)) and dim g (LIW]/p) = t.deg(L(W')),
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hence t.deg(L(W'))) < t.deg(L(W)). It follows that dimgeom(W') <
dimgeom (W) and so dimgeom (W) > n+1. Conversely, if dimgeom (W) >
n + 1, then again assuming W is irreducible and affine, if we take f €
L[W] to be a non-unit, then each irreducible component of V' (f) C W
has codimension 1 in X, see [2|. Therefore, dimgeom(V (f)) > n and
inductively dim(V(f)) > n. As each component of V(f) is a proper
closed subset of X, dim(WW) > n+1. Now clearly we have that dimeom
corresponds to dim and so in particular we know that dim(V") = mn
and the notion of dim on V™ is well defined.

12

(PS) A simple calculation shows that for (z7...x,) € V", mz
X105, g2, @ My, Hence,

Tang (V") = (mg/m3)" = Sy (mg,/m3,)" = XLy Tang, (V).
Therefore, V" is smooth.

Now we use the following lemma;

Lemma 1.4. If X is a non-singular algebraic variety of dimension n,
and Y, Z are irreducible closed subsets. Then if W is a component of
Y NZ, we have,

dim(W) > dim(Y') +dim(Z) —n
or equivalently

codim(W') < codim(Y") + codim(Z)

Proof. We have that Y N Z 2 Y x Z N A(X) inside X x; X. Let
J1,- - -, gn be uniformisers on an open subset U inside X. Then we
saw above that Qx,, is just the pullback of the conormal sheaf J/.J?
for the inclusion of A(X) inside X x; X. As Qy/y, is locally free, so
is J/J?, and in particular generated freely on A(U) by the functions
g®1-1®ag,...,9,. 1 —-1®g,. At a point x € A(U), we have that
G ®1-1®¢1,...,9,.®1—1® g, generate J,/J? and therefore form
a basis for the vector space J,/m,J, as clearly any function belonging
to J lies in m, the ideal of functions in Ox x , vanishing at x. Then,
as J,/mgJ, is just the base change J ® k(x) of the ideal sheaf J at the
point x, it follows by Nakayama’s lemma that these functions generate
J on an open neighborhood U containing z (not freely!). It follows
that Y x Z N A(X) is cut out by exactly n equations inside Y x Z, so
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by standard dimension theory we have the result.

It follows immediately that V™ satisfies (PS5).

In order to check the final 2 axioms we introduce the following defi-
nitions;

Definition 1.5. Ifa,b € V™ are tuples of elements, we define locus(a/b)
to be the intersection of all closed subvarieties defined over k(b) con-
taining @ and locusg,..(a/b) to be the intersection of all closed subvari-
eties defined over k(b)™. We define dim(a/k) to be t.deg(k(a)/k) and
dim(a/kb) to be t.deg(k(a)/k(b)); if the underlying field k is clear from

context, we will abbreviate this to dim(a/b)

By the condition DCC, it is clear that locus and locus;., are well
defined. locus;,., is an irreducible subvariety of V" containing a, as if
V' is an irreducible components of locus;,, containing a and ky is the
minimal field of definition, then ki has only finitely many congugates
under an automorphism fixing k(b)%9, hence ky C k(b)™.

Definition 1.6. If W C V" is an irreducible closed subvariety, a € W,
and b is a tuple of elements such that k(b) contains a field of definition
for W, then we say that a is generic in W over b if locus(a/b) = W.

Lemma 1.7. Let W C V" be an irreducible closed subvariety defined
over k and a generic in W over k. Then dim(W) = t.deg(k(a)/k) =
dim(a/k).

Proof. By the above, dim(W) = dimgeopn (W) = t.deg(k(W)/k). By
choosing an open affine subvariety of W containing a and defined over
k, we can assume that W is affine. Now define a map ev : k[W] — k(a)
by setting ev(f) = f(a). ev is injective as if f(a) = 0, then as f has
coefficients in k and a is generic in W over k, f|IW = 0. Clearly ev

extends to a map on k(W) which is an isomorphism.
U

(DF) Let W C V™™ be a closed subvariety and pr the projection
onto n factors. We can cover (PY(L))™+™) with finitely many affines of
the form AVt hence we may assume that W is a closed subvariety
of AN™+m) and show that I'(g) = {a : dim(W(a)) > k + 1} is closed
in pr(W). By additivity of t.deg and the lemma, this occurs iff we can
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find algebraically independent elements by . .. bgbry1 C b C L such that
W (ba) holds iff

Hg(k+2) B HU(Nm)W(iL’l, ey TNm, @)

has maximal dimension for some permutation o € Syp—41). We
may write each projection W, in the form

ni Fz(l’l .. .Ik+1,g) =0nN ﬂj Qj(xl .. .l‘k+1,g) 7é 0

where F; and @); are polynomials in the variables Zy. Let 6, () define
the closed set given by the vanishing of all coefficients in the F;. Then
an easy calculation shows that I',(y) = {y € pr(W) : 6,(y)}, which is
closed.

(GF) We first show the following;

Lemma 1.8. Let W C V™™ be closed and irreducible, defined over k.
Then ab is generic in W over k iff a is generic in pr(W) over k and b
is generic in W (a) over k(a).

Proof. One direction is straightforward, if @ is not generic in pr(W),
then a € £ C pr(W) and ab € pr~*(E) € W. If b is not generic in
W (a), then we can find X C W (a) containing b defined over k(a). As
we are working in a product of P™(L), we can define X by a series of n-
homogeneous equations with coefficients in k(a). Applying Frobenius
to these equations, we can in fact assume that the coefficients lie in
k < a >. Now a straightforward exercise in clearing denominators and
writing affine equations in homogeneous form shows that we can write
X as the fibre Y(a) for some closed subvariety Y of V"™ Intersecting
with W if necessary gives a proper closed Y C W with ab € W and
defined over k.

For the other direction, suppose that @b is not generic in W over k,
then there exists X defined over k such that ab € X C W. Then a €
pr(X) which is also closed and defined over k. Hence, pr(X) = pr(W).
As b € X(a), we have that dim(X (a)) = dim(W (a)) = m. By (DF),

Xm ={a€pr(X):dim(X(a)) = dim(W(a)) = m}

is constructible and, by automorphism, can be seen to be defined
over k. Hence, as a was assumed to be generic, X,, is open inside
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pr(X). Now, using Lemma 1.7 and the hypotheses on a,b, dim(X) >
dim(ab/k) = dim(b/ak) + dim(a/k) = m + dim(pr(W)). However,
choosing @'’ generic in W over k, we have that dim(W) = dim(a't' /k) =
m + dim(pr(W)) by the properties of X;. Hence, dim(X) > dim(W)
contradicting the fact that X C W and W was assumed to be irre-
ducible.

O

Using the lemma, we can give an easy proof of (GF);

Let W C V™™ be closed, irreducible and defined over k. Choose ab
generic in W over k. Then

dim(W) = Elim(al_)/k;) = dim(b/ak) + dim(a/k) = dim(pr(W)) +

Mingeprow)W (a).
The last equality follows from the previous lemma and (DF').

We have therefore checked all the axioms.
O

Definition 1.9. Given a closed subvariety W of V™ (L) and a closed
F Cc W x V™ all defined over k, we say that F is a cover of W if
pr(F) = W and that a € W is regular for the cover if dimF(a) =
dimF(a') for @ generic in W over k.

2. SPECIALISATIONS

For this section, we work in the language L,., = (+, —, X, 0, 1, Div)
where, for an algebraically closed valued field (L, v,T") ,with value group
[',we interpret the predicate Div by;

Div(z,y) = v(z) < v(y)

Abraham Robinson proves in [10] that Th(K) has quantifier elimi-
nation in L, .

In order to apply the technique of specialisations, we fix an alge-
braically closed field L with the trivial valuation v and construct a

universal extension (K, v,) as follows;

Set (Ko, vo) = (L,v). Construct (K;1,v;51) inductively as follows;
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Let K;((t;+1)) be the field of formal Laurent series in the variable
ti+1 over the algebraically closed field K;. Define K; , = K;((tiy1))%9.
We can define a valuation v; 11 on K;((t;41)) extending the valuation v;
on K; by setting

Given the tower of algebraically closed fields L C K1 C Ky C ... C
K;c...,weset K, =, ., K

For all i < w, K,y is equipped with a canonical valuation v, :
K, 1 — Z defined as follows;

For f € K;((tit1)), weset v;11(f) = ord;y1(f), where ord;;1(f) is the
minimum n appearing in the Laurent expansion of f. As is shown in
(7], (K;((ti+1)), vit1) is the completion of (K;(t;11), v), for the canonical
valuation v on the function field K;(¢;11). It follows that K;((t;+1)) is
a Henselian field with respect to v;;. By Hensel’s lemma, K;((t;41))9

((tzlfﬁ)) of ramified extensions of K;((f;+1)). The

valuation v;41 extends uniquely to the spectral valuation on K;((t, f}))

by the formula;

is a union J,_,

Vir1(a) = (1/n)vita (N, @1/m)) /i (1)) (@)

From the previous section, we have that P"(L) and P"(K,) with
closed sets given by subvarieties defined over L and K, respectively
are Zariski structures. We define a specialisation map «,, : P"(K,) —
P™(L) as follows. First, the maps;

Tivim : PUKG((64T)) — P (K;)
are defined by
(for oot fo) = (t5fo .. t5f)

where s € Z is chosen such that {t°fy,...t°f,} C O,,,, = Ki[[t ZIJ/FT]]

and v;41(t5, 1 f;) = 0 for some j with 0 < j < n. Using the fact that the
residue mapping is a homomorphism on Ki((ti J/FT)), this map is clearly

well defined. Moreover, the maps m;1,, are compatible for m € N, in
the sense that, given my and ma, for T 1 mym, : P"(Ki((t SJ/rTlmQ))) —
P™(K;), we have that 7ri+17m1m2]P"(Ki(t3J/er)) = Tit1,m, for k € {1,2}.
Hence, the maps 7,11 ,, naturally define a map
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Tir1 - P"(Kiy1) — P"(K;)
(fo N fn) = 7Ti+1,m(f0 et fn)
where {fo, ..., fn} C K;[[t"/™]

NOW, for M < N, let HN,M =TpM410...0TN: Pn(KN) —>Pn<KM)
and let II5; s = Id. Then we have that for M; < My < Ms, Iy, ©

s, vy = g, sy, hence the maps {I1y 5/} form an inverse system and
we set I1, = U, v Hun : PM(K,) — P*(L).

We now show the following lemmas for the pair (P"(K,),IL,).

Lemma 2.1. Let V C P"(L) be a smooth projective variety defined
over L. ThenTl, : V(K,) — V(L) defines a homomorphism of Zariski
structures, in the sense that for all closed W C V™ defined over L and
a € W(K,), we have that 11,(a) € W(L).

Without loss of generality we can take V' to be P"(L) and consider
the case m = 2. The Segre embedding is defined by;

P(L) x P*(L) — P""*3)(L)
((wo:eoi@n), (o tyn)) = (ToYo : oo T ToYn t T1Yo * « -+ : TnUn)

and the following diagram is easily checked to commute:

Segre

P(Ki1) x PM (K1) —— P" (K, )

lm+1><7ri+1 l”iﬁ-l
PMK;) x PMEK;) 29 prow2) ()

Therefore, it is sufficient to prove that the property holds for ;4 :
P2 (K ) — PPO2)(K). This is trivial to check using the fact
that the residue map on K[[t'/™]] is a ring homomorphism fixing K;.

Now we show that (P"(K,,), I1,) has the following universal property;

Lemma 2.2. Let . C L, be a field extension of transcendence degree
m, V' a smooth projective variety defined over L and suppose the map
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7w V(Ly) — V(L) is given satisfying the conclusion of Lemma 2.1.
Then there exists an L-embedding o, : L, — K, with the property that
II, oy = .

Choose a transcendence basis {t1,...t,} for L, over L. We may
assume that V' is P"(L) for some L and that = : P*(L,,) — P"(L) is
defined as above for some discrete valuation v on L,,, with residue field
L. Altering (t1,...t,) by automorphism if necessary, we may assume
that v|L(t1,...,t,) is the canonical valuation given by;

Upes © L(t1, ... tm) — (2™, <)
Vpes (Tt ) = (i1 .. i)

where < denotes the lexographic ordering on Z™. The comple-
tion of L(ty,...,t,) with respect to v,.s is the formal Laurent series
in m variables (L((t1,...,tm)); Ures). Let (L, o) be the completion
of L,, with respect to v, then, as L((t1,...ty)) is Henselian with
respect to s, ¥ is the unique extension of ¥,., to LAm. Now, for
1 <i <m, there exist canonical isomorphisms between L((t;,...,tn))
and L((t;))((tiz1,---,tm)). These combine to give an L-embedding ay,
of L((t1,...,tn)) into K,,. Moreover, an easy calculation shows that
[I,oa;, =mon L(ty,...,ty). Now, by the uniqueness of the valuation
extension from a(L((ty,...,tm))) to K, = a(L((t1,...,tn)))", for
any extension of a to an embedding of L,, into K,,, we have I, oa;, =7
on L,, as well.

3. INFINITESIMAL NEIGHBORHOODS

From now on, we fix a pair of Zariski structures and the specialisa-
tion map II,,, to give a triple ((V (L), V(K,),II,) where V is a smooth
projective variety defined over L.

Definition 3.1. For a € V(L)", we define the infinitesimal neighbor-
hood of a to be;

Va =11;%(a)

The first property of infinitesimal neighborhoods is that we can move
inside closed sets.
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Lemma 3.2. If W(y) is an irreducible closed set defined in V (L),
be W and dim(W) = r, then there exists a V' € VN W (K,,) such that
dim(b//L) =r

Proof. Consider the collection of constructible sets inside V' (L)"
W(y)U{=C(y) : C closed, definable over L,dim(W (y)NC(y) < r)}

As W is irreducible of dimension 7, any finite subcollection has a
realisation in V(L)". By compactness, we can find a realisation b’ in
W(K) for L C K such that dim(b'/L) = r. It then follows that we can
define a partial specialisation 7 : V(K) — V(L) by setting w(0') = b,
for if C(y) is a closed set defined over L such that —C(b), then we
must have that dim(W (y) N C(y) < d otherwise, W being irreducible,
W () C C(¥), so by construction =C(¢') also holds. Now, using Lemma
2.2 applied to the field L(b') which has transcendence degree r over L,
we may assume that L(b') C K, C K, and the specialisation 7 is given
by the restriction of II,,.

O

We now come to the critical theorem, a more general version of which
was originally proved by Zilber in the context of abstract Zariski struc-
tures;

Theorem 3.3. Suppose that F' C D x V¥ is an irreducible finite cover
of D with D a smooth subvariety of V'™, and F, D defined over L, such
that F(a,b). If o' € V, N D(K,) is generic in D over L, then we can
find V' € V, such that (a',b') € F(K,).

We here only sketch the proof, full details may be found in [8]. We

first consider the following collection of constructible sets defined over
K,, with ' € V, N D(K,,) generic over L;

{F(d',y)} U{=Cd,y) : d € V(K,),~C(l,(d), b) }

As F'is a finite cover and K, is algebraically closed, a realisation " of
this collection lies in V' (K,,) and F(da’,b") holds. Moreover, I, (b") = b,
otherwise, as the diagonal = = y is closed, we have that b’ # y is in the
collection which is ridiculous.

If the collection is inconsistent, we find a closed set Q C V"** such
that F'(a,y) C Q(d,y) whereas —=Q(w(d),b).
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The point of the smoothness assumption is to show that the param-
eter space

L(z,z) CDx V" ={(z,2) : F(z,y) C Q(z,y)}

which in general is not relatively closed in D x M™ at least cor-
responds to a closed set over a dense open subset of D. More pre-
cisely, there is a closed subvariety P(z,z) C D x M™ and D' C D,
dim(D") < dim(D), all defined over L, such that

1. P(z,2) C L(x, 2).

2. L(z,z) C P(z,2z) U (D' x V") (%)

We have by assumption that L(a’,d) holds. As a’ was chosen to be
generic over L and ¢ ¢ D', P(d’,d) holds. Applying the specialisa-

tion I, gives that P(a,Il,(d)), hence F(a,y) C Q(IL,(d),y), hence
Q(10,,(d),b) holds as well, contradicting the assumption.

Remarks 3.4. In fact the theorem can be improved to give the follow-
ing more general result;

Suppose that F C D x V¥ is an irreducible generically finite cover of
D with D a subvariety of V™. Then, if a € D is a reqular point for the

cover and contained in the non-singular locus of D, a’ € V,ND(K,) is
generic in D over L, then we can find ' € V, such that (a’, V") € F(K,).

4. ZARISKI UNRAMIFIED MAPS AND MULTIPLICITY

The purpose of introducing infinitesimal neighborhoods is to define
an abstract notion of Zariski multiplicity.

Definition 4.1. Zariski multiplicity
Let hypotheses be as in Theorem 3.3
Given (a,b) € F, set

multy,(F/D) = Card(F(d', K,))NV,) for o' € V,ND generic over L
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We want to show this is well defined.

Proof. Suppose a” € V, N D with Card(F(a", K,)NV,) = n. Consider
the relation N(x,y1,...,y,) C D x V™ given by

N(z,y1, ..y yn) = F(zyy1) Ao o A F(2,y,)

Then we have that N is a finite cover of D and, moreover, by smooth-
ness of D, each irreducible component of N has dimension at least

n(dim(F) +

(n —1k) — (n — 1)(dim(D) + nk) = dim(D) 4+ n(n —
Dk —n(n—1)k= (

dim(D)

so clearly each component is a finite cover of D. Now, choose an ir-
reducible component N; containing (a”, b/, ...,b"), so by specialisation
also contains (a,b,...,b) and consider the open set U C N; given by

U(xayla"wyn):Ni(x7y17"'ayn>/\y1#yQ#"'#yn

Then, for o’ € V, generic in D, it follows we can find a tuple
(b,...,0,) such that N;(a’,b,...,0)), and (b},...,b)) € V. p). As
is easily checked, the tuple (da/,b],...,b)) is generic inside Nj;, hence
must lie inside U. This proves that the b,... 0/ are distinct, hence
Card(F(d',K,) N V) > n.

O

Definition 4.2. We say that a point (ab) € F is Zariski ramified if
multa,(F/D) > 2. Otherwise, we call such a point Zariski unramified.

Now suppose F' C D x V™ is an irreducible finite cover of D with D
smooth, then we have the following easily checked lemma

Lemma 4.3. mult,(F/D) =uef Ypera,rymulte(F/D) does not depend
on the choice of a € D, and is equal to the size of a generic fibre over D

A simple consequence is the following:

Lemma 4.4. Ifa’ € D(L), then F(a') contains a point of ramification
in the sense of Zariski structures iff |F(a')| < |F(a)| where a is generic
in D.
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Proof. We have seen that |F(a)| = Xpe por,rymulty 5(F/D). If |[F(a')] <
|F(a@)|, then there must exist b € F(a') with mult g 5 (F/D) > 2 so the
result follows by the definition of ramification in Zariski structures.
The converse is similar.

O

We will also require the following results, that Zariski multiplicity is
multiplicative over composition and preserved by open maps.

Lemma 4.5. Suppose that Fy, F5 and F3 are smooth, irreducible, with
Fy, C Fy x V¥ and F3 C Fy, x V! finite covers. Let (abc) € F3 C
Fy x VEx VL Then mult g (F3/Fy) = mult . (Fy ) Fy)multy(F3/ F).

Proof. To see this, let m = multy,,(Fy/Fy) and n = multy.(F3/F3).
Choose o' € V, N F1(K,) generic over L. By definition, we can find
distinct by ... b, in V¥(K,) NV, such that Fy(a’,b;) holds. As F; is a
finite cover of Fi, we have that dim(a’'b;/L) = dim(a’/L) = dim(F}) =
dim(Fy), so each (a'b;) € V,,NFy is generic over L. Again by definition,
we can find distinct ¢;; . . . ¢z, in VY(K,) NV, such that F3(a’b;c;;) holds.
Then the mn distinct elements (a’b;c;;) are in Vg, so by definition of
multiplicity multp.(F3/F)) = mn as required.

]

Lemma 4.6. Letm : X — D and 7w : Y — D be covers with assump-
tions as in remarks following Theorem 3.3. Suppose moreover that there
exist open smooth subvarieties U C X and V CY and an isomorphism
f:U — V such that moo f = m on U. Then if a € D is a reqular
point for the cover m and (ab) € U, mult,(X/D) = mult,puy(Y/D).

Proof. We may assume that the open set U is maximal with the prop-
erty that (ab) € U and there exists an isomorphism with V' C Y. Sup-
pose mult,,(X/D) = m. Then we can find o' € V, N D(K,,) generic in
D over L and by, ..., b, distinct such that X (a’;) holds for 1 < i < m.
It will be sufficient to show that Y'(a'f(b;)) holds and f(b;) € Vi),
for 1 < ¢ < m, then, as f is injective, mult, ;) (Y/D) > m and the
result follows by symmetry. By the fact that my 0o f = 7 on U we
clearly have that Y (a’f(b;)) holds. Let graph(f) be the projective clo-
sure of the graph of f in the projective variety X x Y and 7wy, 7y the
projections onto the coordinates X and Y. Then 7y satisfies the con-
ditions of the remarks after Theorem 3.3, and moreover by assumption
the point (ab) € X is regular for the cover 7 and contained in the
non-singular locus of X. Hence, we can find (cd) € V,u) such that

graph(f)(a'b;, cd) holds. As graph(f)isa 1—1 correspondence between
U and V, if (a'b;, cd) € graph(f) \ graph(f) then (a'b;,cd) € Fx U Fy
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where F'y, Fy consist of the infinite fibres of the projections mx and
my respectively. By (DF'), both of these are defined over L and have
dimension strictly less than graph(f). This contradicts the fact that
(a'b;, cd) is generic inside graph(f) over L, hence (a'b;, cd) € graph(f)
and as f is a bijection (cd) = (a’f(b;)). This shows that f(b;) € Vi)
as required.

O

5. ETALE MORPHISMS AND ALGEBRAIC MULTIPLICITY

We review here the algebraic notions which will be required in the
following section.

Definition 5.1. A morphism f of finite type between varieties X and
Y is said to be etale if for all x € X there are open affine neigh-
borhoods U of x and V of f(x) with f(U) C V such that restricted to

these neighborhoods the pull back on functions is given by the inclusion;

f* i LIV] = L[] e

and det(%)(:ﬂ) #0,(x)

The coordinate free definition of etale is that f should be flat and
unramified.

The notion of an etale morphism simplifies considerably when we
assume that X and Y are smooth algebraic varieties over L, see [6];

Theorem 5.2. If X and Y are non-singular algebraic varieties over
L and f: X — Y is a morphism, then f is etale iff df : (m,/m2)* —
(mf(x)/mfc(x))* is an isomorphism everywhere.

Remarks 5.3. This gives us a convenient test for etaleness given an
arbitrary morphism of finite type between smooth varieties X and Y . If
we take local uniformisers gy, ... g, atx € X, the dg; generate Q)x freely
on an open U' of . If we pull back a set of uniformisers f*fr,..., f*fa

on'Y to X, we can locally define the Jacobian Jacg to be;

of* f;
det( gg]_f)

which means write the 1-forms f*df; = ¥;a;;dg; and take det(a;;).
If f is etale in a neighborhood of x, the f*df; also generate Qx freely
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on an open U" of x. Taking the intersection U" = U NU’, gives us

that the Jacobian Jacf|U” + 0. Conversely, if Jacl ( ) # 0, then it is
non zero on an open neighborhood U" of x and by the above theorem
we have that f is etale on this neighborhood.

We will also require some facts about the etale topology on an al-
gebraic variety Y, see [5] for more details. We consider a category
Y,.; whose objects are etale morphisms U — Y and whose arrows are
Y-morphisms from U — V. This category has the following 2 de-
sirable properties. First given y € Y, the set of objects of the form
(U,z) — (Y,y) form a directed system, namely (U,z) C (U’ 2’) if
there exists a morphism U — U’ taking x to z’. Secondly, we can take
“intersections” of open sets U; and U; by considering U;; = U; xy Uj;
the projection maps are easily show to be etale and the composition of
etale maps is etale, so U;; — Y still lies in Y,,. If Y is an irreducible
variety over K, then all etale morphisms into Y must come from re-
duced schemes of finite type over K, though they may well fail to be
irreducible considered as algebraic varieties. Now we can define the
local ring of Y in the etale toplogy to be;

O;;Y = lim_,yyeUOU(U)

As any open set U of Y clearly induces an etale morphism U —; Y
of inclusion, we have that O,y C Oy We want to prove that O
is a Henselian ring and in fact the smallest Henselian ring contalmng
O,,y. We need the following lemma about Henselian rings;

Lemma 5.4. Let R be a local ring with residue field k. Suppose that
R satisfies the following condition;

If fi,... fo € R[z1,...2,] and f1... f, have a common root a in k",

for which Jac(f)(a) = (gi;)ij(d) # 0, then a lifts to a common root in
R"™ (*).

Then R is Henselian.

It remains to show that Oy satisfies (x).

Proof. Given f ... f, satisfying the condition of (%), we can assume
the coefﬁcients of the fl belong to Oy, (U;) for covers U — Y tak-
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functions on a single etale cover U of Y. By the remarks above we can
consider U as an algebraic variety over K, and even an affine algebraic
variety after taking the corresponding inclusion. We then consider the
variety V' C U x A™ defined by Spec(W). Letting u € U de-
note the point in U lying over y € Y, the residue of the coefficients of
the f; at u corresponds to the residue in the local ring R, which tells
us exactly that the point (u,a) lies in V. By the Jacobian condition,
we have that the projection 7 : V' — U is etale at the point (u,a), and
hence on some open neighborhood of (u, a), using Nakayama’s Lemma
applied to Qyy. Therefore, replacing V' by the open subset U C V
gives an etale cover of U and therefore of Y, lying over y. Now clearly
the coordinate functions x4, ...z, restricted to U’ lie in OZ/)Y and lift
the root @ to a root in Oy

O

We define the Henselisation of a local ring R to be the smallest
Henselian ring R’ O R, with R’ C Frac(R)*. We have in fact, see [5],
that;

Theorem 5.5. Given an algebraic variety Y, O;\,y 1s the Henselisation

Of Oyy

Definition 5.6. Given smooth projective curves C, Cy and a finite
morphism f : C; — Csy, the algebraic multiplicity of f at a is ord,(f*h)
where h is a local uniformiser for Cy at f(a).

Remarks 5.7. This is independent of the choice of h, as the quo-
tient of 2 uniformisers h/h' is a unit in Oyg). Given finite mor-
phisms f : C3 — Cy and g : Cy — C, if orde ;a)(C5/C2) = m and
ordy(a),gf(a)(C2/C1) = n, then taking a local uniformiser h at gf(a), we
have that g*h = hlu locally at f(a) for a unit u and uniformiser hy
in Opq). Similarily f*g*h = hy™u" for a unit u' and uniformiserhy in
Og. This shows that ord, g0y (Cs/C1) = mn, so the branching number
15 also multiplicative for smooth projective curves.

Definition 5.8. Given smooth projective varieties X1, Xo and a finite
morphism f : X, — Xo, the algebraic multiplicity multzlfg(a) (X1/Xs) of
fatae Xy islength(Oqx, [ f*mya)) where my is the mazimal ideal

of the local ring Oy(q).

Remarks 5.9. Note that this is finite, by the fact that finite morphisms
have finite fibres and the ring Oqx,/f M@y is a localisation of the
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fibre F1(f(a)) = RGU)) @ry L = R(LU))fmyq) where U is
an affine subset of Xy containing f(a).

We now have the following, which generalises the result for curves;

Theorem 5.10. Algebraic multiplicity is multiplicative;

Given finite morphisms f : X3 — X5 and g : Xo — X between
smooth projective varieties, for a € X3 we have that

multop(a)(Xz/ Xo)mult fayg o) (X2/X1) = multagpay(Xs/X1).

Proof. The proof is an exercise in algebra, which we give for want of
a convenient reference. First, the morphisms f and g are flat. This
requires the following lemma, given as an exercise in [1], and the fact
that smooth varieties are regular and Cohen-Macauley;

Lemma 5.11. Let f : X — Y be a morphism of varieties over L.
Assume that Y is reqular, X is Cohen-Macauley and that every fibre
of f has dimension equal to dim(X) — dim(Y'). Then f is flat.

Now we have a tower of local rings (R,m) C (S,n) C (T,0) with
algebraically closed residue field L. Each extension is free by the flat-
ness result and finiteness. For a finite free extension (R, m) C (S,n) of
local rings, we also have the easily checked result that;

(S : R] = dimpyr)S®rFr(R) = dimpS®p/mrR/mR = dimp(S/mS)(*).

For an extension (R, m) C (5, n) of local rings, we have that length(S/mS) =
dimg(S/mS), hence, by (*), the theorem reduces to checking that
[T : R| = [T : S][S : R] which is standard, see [12].

l

6. EQUIVALENCE OF THE NNOTIONS

This section is devoted to the main proofs of the paper. We show
that, for morphisms between smooth projective varieties, the notions
of etaleness and a Zariski unramified map essentially coincide (x). We
then show that, in the case of smooth algebraic curves (smooth pro-
jective varieties of dimension 1), algebraic multiplicity essentially co-
incides with Zariski multiplicity. Finally, we give a local version of (x)
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for, possibly singular, algebraic curves. For the rest of the paper, we
will often abbreviate smooth algebraic curves to just algebraic curves,
as is done in [1], reserving the terminology singular algebraic curves to
denote irreducible projective varieties of dimension 1.

Theorem 6.1. Let hypotheses be as in Theorem 3.3, with the additional
assumptions that charL = 0 and F 1s smooth. Then F is a Zarisk:
unramified cover of D iff F' is an etale cover of D.

Let pr be the projection map of F' onto D, then pr is a projective
morphism. By Zariski’s Main Theorem, pr factors as a composition
F —,., F" —,., D with pry having connected fibres, pri,Op = Opand
pry a finite morphism. The formal inverse pr; ' from F’ to F is a mor-
phism corresponding to the identification of pri,Or and Op, hence pr;
is in fact an isomorphism. We may therefore assume that pr is a finite
morphism.

Now suppose that pr is etale, then, pr is flat, see [6] for how this
follows from Definition 5.1. As D is irreducible,

dimyy) (f«(OF) ®o, k(y))

is independent of y € D. As pr is etale, pr, : T, p — T}r(5),p is an
isomorphism, hence, by a simple calculation;

dimyy)(f+(OF) ®o, k(y)) = |F(y)| for y € D.

This shows that |F(y)| is independent of y € D. By Lemma 4.4, this
shows that pr is a Zariski unramified cover.

Conversely, suppose that pr is Zariski unramified. We first show
that for generic a € D, |F(a)| = deg(pr) = deglk(F) : k(D)]. As
char(k(F')) = 0, the extension is seperable so we can find a primitive
element g € k(F) such that k(F) = k(D)(g). Clearly the minimum
polynomial p of g over k(D) has degree n = deg[k(F) : k(D)]. Let
hi,...hn,—1 € k(D) be the coefficients of p, then R(D)(hy...h,—1) de-
termines the function ring of a Zariski open subset U of D. Clearly
R(U)[g| is an integral extension of R(U) and corresponds to the pro-
jection restricted to U’ = pr~Y(U) N g # 0. By dimension theory,
the zero set Z(g) C D cannot intersect with a generic fibre of the
original map pr : ' — D. Now we consider the discriminant D(p)
of the polynomial p as a regular function on U and we have that for
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generic a € U that D(p)(a) # 0. This implies that for generic a € U
lpr=Y(@)| = n = deglk(F) : k(D)]. Now we are in a position to ap-
ply Theorem 5, p145, of [11] which requires that D should be smooth,
namely that pr, : T, p — Tp),p is an isomorphism for z € F. As
both F' and D were assumed to be nonsingular, this is sufficient to
show that pr is etale by Theorem 5.2.

Remarks 6.2. When char(L) = p, the analogy fails. If we consider
the Frobenius map Fr : P* — P, then Graph(Fr) C P' x P! is a
finite cover of P, which is smooth. The projection map pr onto the
second coordinate is unramified in the sense of Zariski structures as pr
is a bijection. However pr fails to be etale in the sense of algebraic
geometry as pry : Ty Graph(rr) — Tpr(z),pr @5 zero everywhere. However
the following theorem shows that this is the only bad example and high-
lights one advantage of the Zariski method, namely that it is insensitive
only to Frobenius.

Theorem 6.3. Let hypotheses be as in Theorem 3.3, with the additional
assumptions that char(L) = p # 0 and F is smooth. Then, if F
is an etale cover of D, F is a Zariski unramified cover. Conversely,
of F'is a Zariski unramified cover, then pr factors as a composition
F —,., F' —,, D in Proj with pri a purely inseperable connected
cover and pry an etale cover.

Proof. As in the previous theorem, we may assume that pr is a finite
morphism. Suppose first that ' — D is a finite morphism with F' and
D affine. We first find a field L such that k(F')/L is a purely inseper-
able extension and L/k(D) is seperable. Let R’ be the integral closure
of R(D) in L and R" the integral closure of R(D) in k(F'). As R(F) is
integral over R(D) we have that R(F) C R”, but F' was assumed to be
smooth so R(F) is integrally closed in k(F') and therefore R” = R(F).
As the extensions k(D) C L C k(F) are finite algebraic, by [12], both
R(F) and R’ are finite R and R(D) modules respectively. Therefore,
corresponding to the ring inclusions

R(D) — R' — R(F)
we have the sequence of finite morphisms
F —,,., Spec(R') —p, D

We first consider the cover F' —,,, Spec(R'). Let g1, ... gn generate
R(F) over R'. As the extension k(F')/L is purely inseperable, we can
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write the minimum polynomials p; of g; in the form r; og?" —r;; = 0
where ;o and 7;; are in R'. As R(F)/R' is finite, we can also find
monic polynomials ¢; with coefficients in R’ satisfied by g;. Choose
polynomials ¢; = s;02™ + $;1Tm,—1 + ... Sim, such that pit; = ¢,.
By equating coefficients, we have that ;g = Si 01 and r;1/rio € R.
Hence, we can take the p; to be monic with coefficients in R’. As the
p; are minimal monic polynomials, we conclude that that R(F') is an
extension of the form R'[gy,...,gm]/(¢"  — M,....g%™ — \p) with
Ai € R'. This is easily checked to be a connected cover of Spec(R’).
In fact if we let 0 = (Fr=™, ..., Fr ") o (A1...\p), where the \; are
considered as regular functions on Spec(R’) and Fr~™ is the formal
inverse Frobenius map, then the cover corresponds to the projection
of Graph(0) C Spec(R') x A™ onto Spec(R’). As F was assumed to
be smooth, Spec(R') is a smooth seperable Zariski unramified cover
of D. Applying the previous theorem, we conclude that Spec(R’) is
an etale cover of D. Now, for the case when F' and D are projective
varieties, let U; be an affine cover of D and R'(U;) the corresponding
normalisations. By uniqueness of integral closure, the R'(U;) patch to
form a cover F’ of D. In fact, by a classical result, see [6], we may
assume that F’ is a smooth projective variety. As etaleness is a local
condition for smooth varieties, the cover F” is etale. Finally, check that
the local maps pry : F; — R/'(U;) patch on overlaps to give a morphism
pr1 : F'— F’. Clearly, this is an insperable connected cover, in fact
if F” is defined by the homogenous equations < fi,... f, > inside PV,
then F is isomorphic to the closed subvariety of PV x P™ defined by the
extra equations < Y;pniX]]V(Z) — Xi(Xo, ... ,XN)Y[)pni > where 1 <i<m
and j(i) is the degree of the polynomial A; in the affine coordinates
PN(L);.

O

Remarks 6.4. We now show that the notions of Zariski multiplicity
and algebraic multiplicity coincide for smooth algebraic curves when
char(L) =0, as usual with assumptions being as in Theorem 3.3., and
find an analogous result when char(L) = p. Unfortunately, it does not
seem possible to achieve this by counting points in the fibres, as in the
previous theorems, so we need to find a local method. This will be the
subject of the remainder of this section.

Remarks 6.5. We consider the case when F and D are smooth curves.
Given a curve C, defined over a field of characteristic p, with func-

tion field L(C), we let L(C)'/P be the field obtained by extracting p*"
roots of L(C') in some fized algebraic closure. We denote by C, the
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unique (up to isomorphism) curve, having function field L(C)/?. Cor-
responding to the inclusion i : L(C') — L(C)'?, we obtain a morphism
Frob: C, — C, which, by some abuse of the standard terminology, (the
standard terminology is L-linear Frobenius), we will refer to as Frobe-
nius. Although L(C) and L(C)'? are clearly isomorphic as fields, they
may not be isomorphic over L. Hence, C and C, are not necessarily
isomorphic curves. The Frobenius morphism may be explicitly realised
as follows;

Let C' be embedded in P™, for some n, defined by the homogeneous
polynomials {f1,..., fm}. Let C' be the variety defined by {f1,..., fm},
where, for 1 < j < m, T] 15 the homogeneous polynomial obtained by
applying inverse Frobenius to the coefficients. Then, by a straightfor-
ward calculation using Jacobians, C' defines a projective curve. The
morphism Frobenius;

Fr:.pP*— P"
Fr([Xo:...: X)) =[X{:...: XP]

restricts to define a morphism Fr : C' — C. Let Raty, denote the
rational functions of degree k on P™. Then Fr induces a map;

Fr*: Raty, — Raty,

by the formula;

(Fr*F)(Xo,...,X,) = F(X},..., X?)

For a homogeneous polynomial f; defining C, we have that,
Fre(f;) = (f,)"

Hence, Fr* restricts to define an L-linear map;

Fr*: L(C) — L(C")

One can also define a map;

Fr: LXo, ..., X, — LIX2, ..., X/

°
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by the formula,

(Fr"F)(Xo, ..., X,) = F(X)?,.... X)/")

For a homogeneous polynomial f_j defining C', we have that;
Frot(f;) = (f;)"

Hence, Fr=1* restricts to define an L-linear isomorphism;
Frt L(C") — L(C)Y7 (1)

We have that Fr='* o Fr* = Id, restricted to Rat,, hence;
Fr=%o Fr*: L(C) — L(C") — L(C)'? (1)

is the inclusion map. Using the fact that C, and C' are nonsingular
projective curves, by () we obtain an isomorphism 6 : C, — C". By

(1), we have that;
Frof = Frob:C, —C

Hence, without loss of generality, we can identify the morphisms F'r
and the more abstractly defined morphism Frob.

Theorem 6.6. Let hypotheses be as in Theorem 3.3, with the additional
assumption that char(L) = 0 and F', D are smooth curves. Then the
notions of Zariski multiplicity and algebraic multiplicity coincide.

Proof. As D has a non-constant meromorphic function, we can write
D as a finite cover of P*(L). As we have checked both algebraic mul-
tiplicity and Zariski multiplicity are multiplicative over composition, a
straightforward calculation shows that we need only check the notions
agree for the branched finite cover 7 : F — P(L). (1)

Now consider this cover restricted to A!, let  be the canonical co-
ordinate with ord,(7*(z)) = m, so we have that 7*x = h™u , for u a
unit in O, and h a uniformiser at a. (2)

As u is a unit and char(L) = 0, the equation z™ = w splits in the
residue field of O”. By Hensel’s Lemma and Theorem 5.5, it is solv-
able in 0. By the definition of @2, we can find an etale morphism

7 (U,b) — (F,a) containing such a solution in the local ring O,. We
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may assume that U is irreducible and moreover, as 7 is etale, that U
is smooth. (3)

Now we can embed U in a projective smooth curve F’ and, as F’ is

smooth, extend the morphism 7 to a projective morphism from F’ to
F. (4)

We claim that (ba) € graph(m) C F'x F is unramified in the sense of
Zariski structures. For this we need the following fact whose algebraic
proof relies on the fact that etale morphisms are flat, see [4];

Fact 6.7. Any etale morphism can be locally presented in the form

vV —2— Spec((A[T]/£(T))a)

! E

v = Spec(A)

where f(T) is a monic polynomial in A[T], f'(T) is invertible in
(A[T]/f(T))a and g, h are isomorphisms. (5)

Using Lemma 4.6 and the fact that the open set V' is smooth, we
may safely replace graph(m) by graph(n’) C F” x F where F" is the
projective closure of Spec((A[T]/f(T)), F is the projective closure of
Spec(A) and graph(n’) is the projective closure of graph(n’) and show
that (g(b)a) is Zariski unramified. Note that over the open subset
U = Spec(A) C F, graph(n’) = Spec((A[T]/f(T') as this is closed in
U x F". For ease of notation, we replace (g(b)a) by (ba). (6)

Suppose that f has degree n. Let o;...0, be the elementary sym-
metric functions in n variables 17, ...T,,. Consider the equations

O'l(Tl, e ,Tn) = a1

on(Th, ..., Ty) = a, (%)

where aq, ... a, are the coefficients of f with appropriate sign. These
cut out a closed subscheme C' C Spec(A[T}...Tn]). Suppose (ba) €
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graph(m') = Spec(A[T)/f(T)) is ramified in the sense of Zariski struc-
tures, then I can find (a'b1bs) € Vi with (a'by),(a’be) € Spec(A(T)/ f(T))
and by, by distinct. Then complete (b1bs) to an n-tuple (b1bec] ... ¢, _5)
corresponding to the roots of f over a’. The tuple (a’bibec] ..., _5)
satisfies C, hence so does the specialisation (abbcy .. .c,—2). Then the
tuple (bbc; .. .cn_o) satisfies (x) with the coefficients evaluated at a.
However such a solution is unique up to permutation and corresponds
to the roots of f over a. This shows that f has a double root at (ab)
and therefore f'(T)|s = 0. As (ab) lies inside Spec(A[T]/f(T))a, this
contradicts the fact that f’ is invertible in A[T]/f(T))q4. (7)

In (2) we may therefore assume that 7z = h™ for h a local uni-
formiser at a. Now we have the sequence of ring inclusions given by

Llz] = L[z,y]/(y" —x) = R
x = mrr,y— h

where R is the coordinate ring of F' in some affine neighborhood of
a. It follows that we can factor our original map such that F' is etale
near a over the projective closure of y” —x = 0. (8)

Again, repeating the argument from (4) to (7), we just need to check
that the projective closure of y™ — x has multiplicity m at 0 considered
as a cover of P!(k). This is trival, let ¢ € V) be generic over

M then as we are working in characteristic 0 we can find distinct
€1, ... €y in M, solving y™ = e. By specialisation, each ¢; € V. (9) O

Remarks 6.8. Given the hypotheses of Theorem 6.6, with the modifi-
cation that char(L) = p # 0, we define a point (ab) € F to be wildly
ramified ifmult‘(ig)(F/D) is divisible by p. Theorem 6.6 holds excluding
wildly ramified points. In order to see this, we first replace the argu-
ment (1), by showing that, for any given point a € D, we can find a
finite morphism f from D to P'(L), such that f is etale in an open
neighborhood of a;

As a is a non-singular, we can find a uniformising element t in
the local ring O, p of D. Considering t as an element of the func-
tion field L(D), we obtain an embedding L(t) C L(D), which, as D
is non-singular, determines a unique morphism f from D to P'(L).
Restricting the morphism to AY(L) and letting x be the canonical coor-
dinate, we have that f*(x) = t, hence ord,(f*(x)) = 1. This shows that
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f is etale in an open neighborhood of a by Theorem 5.2 and Remarks

5.9. ()

As etale morphisms have multiplicity coprime to p, it is sufficient to
check the result for a branched cover 7 : F — PY(L). If a € D is not
wildly ramified for this cover, then we can follow through arguments (2)
and (3) of Theorem 6.6. The argument from (4) to (8) is the same and
we obtain the result of (9) again using the fact that m there is coprime
to p. This proves the result.

Theorem 6.6 also holds with the modification that char(L) = p # 0
and the cover pr : F' — D 1is seperable. However, the proof requires
more sophisticated methods, which we consider in [9]. We can, how-
ever, handle a special case by an elementary counting argument. First
observe that we can replace the argument (1) by observing that there
exists a seperable morphism f from D to P'(L). This either follows
from the argument (1) above or using the classical result that the func-
tion field L(C) admits a seperating transcendence basis over L, (see
p27 of [1]). Hence, it is sufficient to check the result for a finite seper-
able cover w: F — PY(L). By a classical result, (see Proposition 2.2,
p300, of [1]), there exist finitely many ramification points, in particu-
larly finitely many wild ramification points {ay,...,a,}, for the cover
. By the previous proof, we need only check the result of Theorem 6.6
for these finitely many points.

Special Case. a s a wild ramification point for the cover with the
property that that there exist mo other wild ramaification points in the

fibre 71 (m(a)).

As both F and P'(L) are non-singular, the finite morphism 7 is flat,
by Lemma 5.11. By a result in [6], (Corollary of Proposition 2, p218),
we have that,

> yen—1(a) multy9(F/P") is independent of x € P'(L), and equals
the cardinality of a generic fibre.

By Lemma 4.3, a corresponding result also holds for Zariski multi-
plicities. Hence, by the result of the previous proof in this remark, the
claim follows.



ZARISKI STRUCTURES AND ALGEBRAIC CURVES 29

Unfortunately, one can have;

a 1s a wild ramification point for the cover with the property that
there exist other wild ramification points {ai,...,a,}, distinct from a,
in the fibre 7 1(n(a)).

It seems difficult to find any way of reducing this scenario to the
special case. However, one can still use a local method, which is done

in [9].

Theorem 6.9. Let hypotheses be as in Theorem 6.6, with the modifi-
cation that char(L) = p # 0. If e denotes the Zariski multiplicity and
d the algebraic multiplicity at a € F', then d = ep™ and 7w factors as
F —y F' —, D with h = Frob™ and g having algebraic multiplicity e
at h(a).

Proof. By Theorem 6.3, we can factor 7 into a purely inseperable mor-
phism h : F' — F’ and a seperable morphism ¢g : F — D with F’ a
smooth projective curve. We then have a corresponding sequence of
field extensions L(D) C L(F') C L(F), with L(F') a purely inseperable
extension of L(F"). As L(F') is a purely inseperable field extension of
L(F"), it has degree p” for some n > 1. Hence, L(F) = L(F')"/?" and
we may, without loss of generality, assume that h = Frob", see also
Proposition 2.5 (p302) of [1]. By Remarks 6.8, the notions of Zariski
multiplicity and algebraic multiplicity coincide for the morphism g.
By Remarks 6.5, the Frobenius morphism F'rob may be identified with
Fr, without effecting Zariski or algebraic multiplicities. Clearly, F'r is
a bijection on points, hence it is Zariski unramified. Fr has algebraic
multiplicity p everywhere, as, for any point z € F’, we can choose a
local uniformiser ¢ at x such that Fr*(t) = t*. It follows that h has
algebraic multiplicity p"” everywhere and is Zariski unramified. The
result now follows immediately from Lemma 4.5 and Remarks 5.7.

O

We now give local versions of Theorem 6.1 in the case of algebraic
curves, where we allow F' to be a singular algebraic curve, over a field
L with char(L) = 0 and find an analogous version of Theorem 6.3, in
the case when char(L) = p.

Theorem 6.10. Let hypotheses be as in Theorem 3.3, with the addi-
tional assumption that char(L) = 0 and D is a curve. Let pr be the
projection map of F' onto D. Then, if (ab) € F' is non-singular;
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Mult(F/D) = mult™¥(F/D)

that is Zariski multiplicity and algebraic multiplicity coincide. In
particular, the cover (F/D) is Zariski unramified at (ab) iff there exists
an open U C F, containing (ab), such that pr: U — D is etale.

Proof. For the first part of the theorem, we follow the proof of Theo-
rem 6.6, the difference between the hypotheses there is that we do not
assume that F' is non-singular. Using the fact that D is smooth and
the result of Theorem 6.6, we may, without loss of generality, assume
that D = P'(L). Now, one can follow through the proof of Theo-
rem 6.6, using the fact that (ab) is non-singular, in order to obtain
the result. One should make the modification that Zariski multiplicity
is well defined for any finite cover F — F at (abc) lying over (ab).
This follows from an easy extension of Theorem 3.3, to show that a
nonsingular open subvariety of an irreducible projective variety of di-
mension 1 is presmooth (see [13]). For the second part of the theorem,
suppose that there exists an open U C F', containing (ab), such that
pr: U — D is etale. As (ab) is non-singular, we may assume that U
defines a non-singular open subvariety of F. Following the argument of
Theorem 6.6, from the end of (4) to the end of (7), we obtain that the
cover (F/D) is Zariski unramified at (ab). For the converse, assume
that the cover is Zariski unramified at (ab). By Theorem 5.2, Remarks
5.3 and the fact that (ab) is non-singular, it is sufficient to prove that
d(pr) = (Map) /m%ab))* — (mg/m?)* is an isomorphism. Equivalently,
we need to show that the algebraic multiplicity mult?ég)(F /D) of pr at

(ab) € F equals 1. This follows from the first part of the theorem.
U

Theorem 6.11. Let hypotheses be as in Theorem 3.3, with the addi-
tional assumption that char(L) = p, D is a curve and the projection
map pr of F' onto D is seperable. Then, if (ab) € F is non-singular;

Multy(F/D) = mult’y (F/D)

that s Zariski multiplicity and algebraic multiplicity coincide. In
particular, the cover (F/D) is Zariski unramified at (ab) iff there exists
an open U C F, containing (ab), such that pr : U — D 1is etale.

Proof. The proof is similar to the previous theorem. By Remarks 6.8,
we can assume that D = P!'(L). Using the fact that (ab) is non-
singular, one can either follow through the proof of Theorem 6.6, if
(ab) is not wildly ramified for the cover, or one can use the method in
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9], if (ab) is wildly ramified for the cover. For the second part of the
theorem, one can use the same reasoning as in Theorem 6.10.

O
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