AN INVERSION THEOREM FOR LAPLACE
TRANSFORMS

TRISTRAM DE PIRO

ABSTRACT. Using standard methods, we prove an inversion for-
mula for the Laplace transformation.

Definition 0.1. We let res : C(R) — C(Rso) denote the restriction
mapping giwen by res(f) = floo) and S(R) the Schwartz class. We
let S(R~o) denote the images of S(R) under res, and So(Rso) = {f €
S(R=o) : fexr € S(R)}, where ferr : R — C is defined by ferr(z) = 0,
if © < 0, and fe(x) = f(x) otherwise. For g € S(R), we define
(9) () = g(—x), for x € R. We define the real Laplace transforma-
tion L : S(R=o) — C(R) by;

= I3 f(t)exp(—itz)dt (x > 0)
and the inverse real Laplace transformation by;
L~ =5 |37 g(x)exp(izt)dz (t > 0)

Observe that if f € So(R=o), then {L(f),L=(f)} € S(Rso), so we
can define {L*(f), L=*(f), (LoL™)(f),(L~oL)(f)} C C(Rso). We de-
fine U Rso) = {f € S(R=0) : f(t)exp(st) € S(Ro), for all s € R},
V(Rso0) = {f € S(Rso) : L(f)exp(sx) € S(Rwo), for all s € R},
Z/[(C>0) = {f : C>0 — R,f“o’m) c U(R>0)} and V(C>0) = {f : C>0 —
R, flio,s) € V(Rs0)}. For f € U(Cso), we abbreviate f|jo) by fo, and
define the complex Laplace transformation Le : U(Cso) — C(Cso) by;

Le(f)(2) = [y~ fo(t)exp(—itz)dt (z = (z +iy),z = 0)
and the inverse complex Laplace transformation by;
L:(g = 5= |~ go(x)exp(izu)dr (u=t+is,t > 0)
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Observe that, if f € V(Csq) then Le(f) € U(Cso), and we can define
2

{LE(f), Le (), (Le o L )(f), (Le © Le)(f)} € C(Cso).

For{f,h} C 8(Rsq), we define the convolution (f*h) € S(Rsq), by;

(f = h)(t) = [ fear(t = W)hear(w)dw, (t=0), (')
Lemma 0.2. For f € So(R~o);

f=1L7(L(f)) = 2w L(L=(]))]

Proof. By the Fourier Inversion Theorem, see [1], we have, for ¢t € Ry,
that;

= Jro (feat (@) exp(ixt)dx
= L1°_(femt)(@)explizt)de + [7°(fourV(x)exp(izt)da]
= 51— Jo (featV(—u)ezp(—iut)du] + L~ ((fext))(t) (u = —2z)
= —L7((feat) ") (=) + L7 (L(f))(t) (%)
We have, for 2 € Ry, that;
((fear))™ (@) = (fear)(—2)
= J57 f(t)exp(—i(—x)t)dt
= I3 f(t)exp(izt)dt = 2m L= (f) ()
Hence, using () and (xx);
f(t) ==L~ Q2rL™(f))(=t) + L~ (L(f)(?)
= —=2n L= (L™(f))(=t) + L™ (L(f))(t)
= =2 L(L™ () () + L™ (L())(?)
= [L7(L(f)) = 2w L(L~(/))I(®)

1 As, we have, for {fewt, hext} C S(R), that the standard convolution (fes: *
he:ct)|72<0 =0 and (femt * hemt) € S(R) HGHCG, (fea:t * hemt) = (.f * h)emt~
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Lemma 0.3. For {f,g} C U(Cs¢), we have that;
Le(f)(2) = L((fo)y)(2), (z =z +1iy)
Le (9)(u) = L™ ((90)s)(t), (u=1t+1is)

where (fo)y(t) = fo(t)exp(ty) and (go)s(z) = go(z)exp(zs).
Proof. By Definition 0.1, we have that;

Le(f)(2) = [3° fo(t)eap(—it(z + iy))dt, (= = x + iy)
=[5 (fo(t)exp(ty))exp(—itz)dt

= L((fo)y)(2)

A similar calculation holds for L (g).

Lemma 0.4. For {f,g} C U(Cs), we have;
[Le(f)]o = L(fo)

[Le (9))o = L (90)
Proof. Using Definition 0.1, we have;

[Le(Nlo(x) = Le(f)(@) = 5~ folt)exp(—i(z)t)dt = L(fo)(x)

and similarly for [L; (g)]o-

Lemma 0.5. For {f, g} C V(Cs), we have;
Le (Le(f))(u) = L™ (L(fo)(x)exp(ws))(t), (u =t +is)
Le(Le (9))(2) = L™ (L(go) ()exp(ay))(t), (2 = 2 +iy)

Proof. Using Lemmas 0.3 and 0.4, we have;

Le (Le(f)(w) (u =t +is)
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= L7 (([Le(Nlo)s)(2)

= L7((L(f0))s)(t) = L™ ((L(fo)(x)exp(zs))(?)
Le(Le (9))(2) (2 = 2 +1y)

= L(([L¢ (9)]o)y)(2)

— L((L™ (90)),) (&) = L(L~ (g0) (ep(ty))(x)

Lemma 0.6. For {f,h} C S(R~o), we have;

L(f *h) = L(f)L(h)

Proof. We have, for x € R+, using footnote 1, the standard convolu-
tion theorem for Fourier transforms, and Definition 0.1, that;

L(f % h)(x) = [;°(f * h)(t)exp(—itz)dt
= [o(f * h)eas(t)exp(—itz)dt
= [ (Fext * hew) (t)exp(—ita)dt
=(feat * Geat)(€) = Foat (2 gewr(x) = [L(f)L(R))(x)

O

Lemma 0.7. For s <0, there exists a unique solution hy € S(Rq) to
the equation L(hs) = exp(zs), given by;

hs(t) = 32520 (=2m)"(LL7)" L™ (exp(ws))(t)

Proof. By Lemma 0.2;
We have (1 + 2(LL™))(hy) = (L~ L)(hs) = L~ (exp(xs))
hs(t) = (14 2m(LL7)) (L™ (exp(xs)))(t)

= 2nmo(=2m)" (LL7)" L™ (exp(ws)) ()
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Lemma 0.8. For [ € §y(C~q), we have that;
(Lg Le = 2mLe L )(f)(u) = (f * hs)(t), (u =t +is)

where hg is given by Lemma 0.7.

Proof. By Lemma 0.2, Lemma 0.6, Lemma 0.7, and Lemma 0.3, for
s € R+g, and hg as in Lemma 0.7, we have;

(f % he) = (L~L = 2x(LL7)(f * h.)
= L™ (L(f)L(Rs)) = 27 L(L™ (f)L(h,))
= L~ (L(f)eap(sa)) — 2 L(L~(f)eap(sz))

= (Lo Le)(f)(t + is) — 2m(Lé Le ) (f)(t + is)
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