NONSTANDARD ANALYSIS AND PHYSICS
TRISTRAM DE PIRO

ABSTRACT. We make some observations on the the Navier-Stokes
Equations, Laws of Thermodynamics and Electrodynamics, and
Schrodinger’s Equation, in relation to infinitesimal differentials and
the nonstandard approach to Fourier Analysis.

1. NAVIER STOKES EQUATIONS

Definition 1.1. Let V C R? be a bounded open volume, in coordi-
nates (x,y,z), with smooth boundary S = 0V. We let p(x,y,z,t),
p(z,y,2,t), andv(z,y, z,t), @, with components {v;(x,y, z,t), a;(x,y, 2, t) :
1 < i < 3}, denote the density, pressure, velocity and acceleration
of a fluid enclosed in the volume V. We letm : S — S3(R), with
components {n; : 1 < i < 3}, denote the unit normal to the sur-
face S, (*). We let F(x,y,2,t) denote the body force, with components
{F(z,y,2,t) : 1 < i < 3}, and let o(x,y, z,t) the stress tensor, with
components {o;;(z,y,z,t) : 1 < 4,57 < 3} on V. We assume that
{p,p,7,F,c} extend to smooth functions on S = V.

Remarks 1.2. The classical Navier Stokes Equation states that;
pBe = pF +'(0)
where, for a vector field v on V;
Dy =2 1 35.v(v)

and;

IFixing a smooth map W : (B3 S%) — (V,S), we obtain an open chart
P(r,0,¢) = A(rsin(0)cos(d), rsin(f)sin(p),rcos(0)), 0 < r < 1,0 < 0 < 7, —7 <
Is]

1 1

¢ < m. The normal @ = % extends to a smooth field 7’ on (V' \ O), given
T(& % &) o o
by laifi"’l, where 7 # 0. It is easy to see that 1’ extends to a smooth field on

Ty
- 50 X 99
V, by setting 7'(0) = O. We let {n} : 1 <1i < 3} denote the components of 7’
1
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v (0) = (grad(vy), ..., grad(v;), ..., grad(v,))

Qv O Oun
or. ' Dz om
— | ou vy Jun
= oz, ' Oow; ' o
v ov; Ovn
Bzn C Bmn t One
5.(@1,...,@i,...,wn) - (E.wl,...,@.wi,...,@.wn)

and, for a smooth matriz;
01

g = o;

On

onV. /(o) = (div(ay),...,div(5;),...,div(c,)

= (C)o1 Ol -5 251 Ty -+ D1 Ong)

Writing this in tensor notation, we obtain, for 1 <i <3, (summing
over j), that;

dv; dv; 2uy 0%v; 3 82, 2vj \ _
p( ot +Uj6xj _E) - (K_ ?ﬂ)aazl;zs] +8_£ _'U'(W_._ ng;:]) =0
where { K, u} are constants that vary with temperature and density.
One of the practical problems, here, seems to be in computing the body
force vector and stress tensor. The purpose of this note is to provide a
new equation which depends only on {p,p,v}.

Lemma 1.3. With hypotheses as in Definition 0.1, we have the follow-
ing physically realistic equation version of the Navier-Stokes Equation;

ov; 8”;' L 0v;

onj -1 _
ot oz, ot =0

ot

PG+ 5evs) = p

Proof. We use the equations;
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(@) p= |5t = |2

(it). G = pa, & = pa

which implies that dF e p‘zl, % :p%
dFy _ @ |dFy| _ dFp _ @ (dFg| _ , @
(W = S =r5 & =5l E=rF)

Then the total boundary force;
Fp = fdeB = fs dc%ds fspadS fs % )dS

and internal force;

Fr= [, dFy = [, GV = [, padS = [, (pig)dV

The equation of motion for the fluid, compare [6], is then given, for
a moving volume, using Reynolds Transport Theorem, for 1 < i < 3,
by;

dt fv pvi)dV = fv 8(@1 + v (pviv)]dV

= [ Mrligg 4 [, Wqy

= Js(pZ)dS + [, (piz)dV

We let;

pay (ﬁ/)t

N = | pa;(7')

pan (')
and M = %, so that, using the fact 7| = 1, M(n)|s = p%, (%).
We have, using (%), the Divergence Theorem, and the assumption that

a(0) # O, that;

Js(pi)ds
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= [¢(M;.7m)dS
= [¢M;.dS
- fv(V « M;)dV

Again, using the divergence theorem, see [1], we obtain;

JAZGE 47 (poi®) = 7 (M) = }dv

vy
= [, Lvi+ p % 40 7 (D) + p(U . )i — 7 & (M) — TEdV =

Writing this in non-component form, and, using the mass equation,
and the definition of the material derivative, we obtain;
ov

Joo(5 + v (p0) + p(5 + (@ 7)0) = V(M. My) = praedV

|at|

o7
—fp Ml,...Mn)—p%dV:()
4 A
oz

p(BY) = V(M. M) = piiy =

where §(M1, M) = (Ve (M), 7 (M)

This gives, for 1 <4 < 3, (summing over j), that;

A, On A;

61]7, 'U'L J
+ o UJ) Pt 5z, i

(5 e’

O

Remarks 1.4. In the analogous electrodynamic situation, we have that
p = fepq, where p, is the charge density, f. = %, and m., q. are
the electron masses and electron charges respectively. We have that
v = i, and p = ||p,E + (J x B)||, where {J, E, B} are the volume
current densities, electric and magnetic fields, see [4]. Using Mazwell’s
equations, we can eliminate the terms {pq, J}.

2. ELECTRODYNAMICS

Definition 2.1. Mazwell’s FEquations
Mazwell’s equations are given by;
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(i). v«E£ =L (Gauss’s Law)
(ii). 7« B =0 (Gauss’s Law for Magnetism)
(iii). (v x E) = —% (Faraday’s Law of Induction)

(iv). (v x B) = uo(J + 60%) (Ampere’s Law with Mazwell’s Cor-
rection)

where {E, B, J} C C®(R? x Rs0,C?) denote the electric, magnetic
fields, and volume current, p € C*(R3 x Rxq,C) is the charge density,
and {ey, o} denote the permittivity and permeability of free space, (*).
In regions where there is no charge and current, we obtain Mazwell’s
equations in free space;

(i). v.E=0

(ii). 7. B=0

(i) (v x E) =~

(). v X E) = uoeo%

Definition 2.2. We define smoothly decaying solutions functions S(R?, Rso,C) =
{f €C®(R3*x R0, R) : (Vt € Rxo)f; € S(R?,C)}, and, similarly, for
smoothly decaying vector fields. We define smoothly decaying solutions
of Mazwell’s equations to be smoothly decaying {E, B, J} and p , which
satisfy (i) — (iv), (i) — (iv)" on R3® x Rso.

Lemma 2.3. The smoothly decaying solutions of Mazxwell’s equations
in free space, are given by;

E(@,t)
= [rcrs J. 5 G(k, m)e k- ® g5 (7) dk+ Jicrs fS@ H(E, 7)) "=+ 00 IS (7)dk
(*)

mthe convention that C*(R?* x R>,C) = {f € C(R?® x Rx(,() :

fIrR3xR-y € C(R?*XR50,C),3g € C(R*XR>0,C), glrsxro0s = (fIR3xR-0)" 1 €
Z>0}, and, similarly, for C*°(R? x Rx,C?)
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where k = |k|, w(k) = clk| = \/mT and for {G,H} C S(M) and
= (SR DN F) B = {72 (1 -F).F =0}, M = () < R
m—k).k=0,n—Fk =1} and S(M) = {f € C(M fsdeE
S(R? R>0,C?)}

B(z,t)

ﬁﬂd‘ﬁ@m“mﬂk%%ﬂﬁ

Proof. 1t is easily checked that the solutions in (x) satisfy (i)' — (iv)',
Conversely, let {E, B} be smooth solutions of (i)’ — (iv)’. We have,
using (4)’, (#i1)’, (iv)’, that;

(V x E) = =22 "and, hence;

VX (v x E)=—(vx %)

—(V)?E = —2(v x B) = —pioco 5%
(V)'E = 5% (= 7s)

If E; € Sirar)(R*) solve the wave equation, (v7)*E; = % 6t2 , where

Swrer)(RY) ={f € C®(R*): f, € S(R?)}, for t € R, then;

E;(z, f’/zs eF

by the Inversion theorem. Hence;

(V)Ei = —(55)* Jus [FPEs(R, t)e™"dk
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82E . 82E 'Lk‘x
ot? 271- R3 8t2 dk
(V)2E: — 528 = (L) [u(—[k[PE; — 55 (%, t)e™dk = 0

T ~ 20 . . .
k|?E; + 2% = 0, using the Inversion formula again.

Ei(k,t) = Ay (k)e Mt 4 B;(k)e'Met | as Ei(k,t) € Sirs m)(RY)

E( ng —z|k|ct> ik. xdk+ fR3 ) Z|k|0t) ZEEdE)
fm SO + [ B (F)ei 50 )
_ t) _ fRB Z(E)ez( dk+f7a3_ (k x+w(k)t)dk:

Using (¢)', we have that;
fR3 Z E cilka—w(k)t) JI + fns (F(E) . E) cikT+w(k)t) J1 — ()

At t =0 and t = 1, we obtain that;

As this holds for all € }_%3, using the Inversion formula, we obtain
that;

Sz(m), B(k) = f H(k,n)dSz(n) and the first

follows )

fsE

part of the result

\./3'
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Using (i77)’, we obtain, by the same argument, that;

B(z,t)
= Jrers fsﬁﬁ(gaﬁ)e iha=w (00 d ST (M) dk+ [ s fSEZ<E,ﬁ)ei(E'E+w(E)t)d§E(ﬁ)dE

(1)
Using (4i7)';

—G(kn) (Mxk) i(ka—w(k —\1 97,
= Jrers [fs wgk) )(|n><k\)e (RN dSe(m))dk
kn) (mxk) i(ka+w(k — 7. I
+ Jreralls, Ii((m) (|niE|) e+ S (m) ] dk + 6(t)
= fEeRii [fsE M(E, n) ei(E'E_w(E)t)dSE(ﬁ)]dE
—H(k,n)

+fEeR3[fSEN(E7 m)e! BTN S ()] dk (+x)
T = _ Gkn) (kxn) RN o=\
Where Mk, ) = w(k) [n—k|’ N(k,m) = w(k)
using ().

Using the fact that k. (k xm) =0, we have that the expression (**)
for B(Z,t), satisfies (ii)’. Finally, we obtain, using (iv)’;
G(k,n n— 7
fEeR3 [fs —ik? ((k)) [n— ]]z‘e (b t)dS ( )]dk

k!
X
5l

(

$
>
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> _H E: n VA X (JJ
+fEeR3[fS; —ik? w((E) )\n Z\e(k T d sy ( )]dk

t Jrers s, HG (R m)e "0 Sy (7)dk

c

+ Jrers fsg =tk [ (k, @) !B+ ®D S (7)) dk = 0

[

E = E, ei(E.E—wt)

where ¢ = ¢ = . Using (i)', we obtain that Fy = Eyn, where

Similarly, we obtain that (7)?B =

ml‘—'

_E
ot?
B = Byelhm=eh) (1)

Using (7ii)', we obtain that;

using (1), so that By = By(k x 7), and 0(t) = 0.
Using (iv)’, we obtain that;
(v xB) - &%

_ ((_Z'kZBO + i_é}EO))ei(E.E—wt)ﬁ

_ ((—ikng + “C_CEQ))ei(E-E—Wt)ﬁ -0
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)

3 Formulate a nonstandard version, for {E, B} C V( )

, (Rxy being the
interval [—7n, 7)) with measure Ar,, defined by )\m]([m mlith)y) =

)

(i)' v.E=0

(ii)". 7. B=0

(i#)". (v x B) = — 2
(iv)". (v x B) = poco(%7)

Suppose {E, B} solve (i) — (iv)". As above, using (i)”, (#ii)"”, (iv)"”, and the
nonstandard version of [1], we obtain that;

where, the operator (7)? is defined, using nonstandard partial derivatives, see
[7]. Generalising Lemma 0.16 of the same paper, we obtain;

E;(Z,t) fRS i(k, t)expay, (ik « x)(d/\?m)(E)

(V)2E; — 723;2 — fR:s 2E — & ;gl)(ﬁ’ t)eig'fd —0

where T, (k) = (2?21 %(eﬂﬁpwn(mﬁkj) - 1)%)z.

By Lemma 0.20 of [8], we can find {f1, fo}, with;

We have that, for finite ¢t € R, ke R3,

fi(k,t) ~ exp, (icT;, (k)t)
°f(k,t) = exp(ic|°k|°t)
folk,t) ~ expy(—icTy, (k)t)

fo(F. >—exp< il R )
Pirn P (s AsCR) 1 (. tyeapy (F - 7) (N3 (F)
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+fR3 i (k) fo (K, t)expn(zk m)(d)\3)(k))
E(z,t) = (Jrs A(K) fr(k, t)expy (ik « ) (dX3) (k)
+ fm k) f2(k, t)exp, (ik . f)(d)%)(%))

Then, if A is S-integrable on R}, then, for T € RS, sois A(k) f1(k, t)exp,(ik . T),

with ®A(k) f1(k, t)exp, (ik . T) = eacp( (°k.°T —¢|° k| t)
In the same way;

= (Jra K(k) f1(k, t)ewpy (ik - ) (dN7) (k)

+ fR'; k) f2(k, t)exp, (ik . E)(d)\f;)@))

50 (@) = (Jrs K k. t)expy (ik . )(dA}) (k)

+fR% L(k)a—mwezpn(ik-f)(dx,%xm (%)

We let k,, = n(expn(ii )— 1 e:cpn(’kz) 1,(33:1)77(%)—1)7 S, = (52(E,,71)0PE7),

where Py = {m: (" — ky) .k, =0}. Then, again by ()", (i1)";

k"? n

L(k) = fsz,, L(k,ﬁ)dSE7
where we adopt the convention that dSp (@) = (@ - E,,)dugzn,
where sy = j% vy, for the internal map j : SE, — 8! given by

jm) = ((n — ky) « M1(ky), (@ — ky) « M2(ky)), where {m1,m2} are chosen so
that det(w, 71 (1), n2 (T )) #0, foruw € *R3 hence, for u € R3}. Hence;

= Uny Js, GO 1R t)eapy (iF - )dSE, (dA5)(F)
+ fRS fs, H(k,7) fo(k, t)exp, (ik . T)dSy (dX})(k))

= (rg Js;, K(k1)fr(F, theapy(ik . T)dSg, (dAg)(R)
+f713 Js L(kM) fa(k, t)ewpy(ik . T)dSg, (dX;)(K))
50 (@ 1) = (Jra Js, K (k) (R, D)expy (ik . T)dSg, (dN7)()

+Jrg Js; L L(k,m %{3 (k, t)efcpn(i?-f)ds?n(d/\%)@)), (82)
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Using (i44)’;

= i Jrery Js; [G(RM)fi(k, teapy(i(k . T)) x ky]dSy, (M) (dX3)(R)
i frery Js,, T (R7) fo(Fs t)eapy (iR - 7)) x Tyl (7) (dX3) (F)
= Jrery Js,, 1GGM)( = Foy) x Fy) fu(F, tyepy (i(F - ) dS(m)dR
+ Jrers fS?iH(kﬁ)((ﬁ — ky) X ky) f2(k, t)expy (i(k . T))dSp(R)dk
|> Fr(k, t)eapy (i(k « T))dSy(7)dk

e

(k. t)expy ik . T)dSp(m)|dk (41)

—G(k,n k) 4 & —\1 I
= frenslfs, ~og D R0, ()] dk

+ Jreralls, i g BP0 dsp(m)dk + 8(1)

= frerslfs, FI(k, m) =00 a5 (m)

+ fEeRS [fs? N(E, ﬁ)ei(E.E+w(E)t)dSE(ﬁ)]dE (%)

Determine general solution to nonstandard version;

"

(iy". v E=t

(@)". 7B =0

= 9B
(iid)". (v x B) = -2

(i0)". (7 % B) = no(T” + %)

for a surface charge p" and current z, extended, as in remark 2.9, that is given
{p',J'} as in remark 2.9, we let {p”,J”} be the measurable counterparts of the
transfers {(p")*, (J")*}.

Then, by ()", (iii)", (iv)"";

(VxE)=-2

v x (v x E) =—v x(98)
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grad(div(E)) — ?(E) = _HO%:O%)
grad(2) — 2(B) = —po % — eopo 5
V2(E) — L ZE = grad(Z) + po 2", (4144)
and, by ()", (iii)", (iv)";
(V x B) = po(J" + 60%)

7 % (7 % B) = jo(7 X T7) — poeo 5
— V2 (B) = po(v x J") — 5 5E2
V2(B) - HTE = —uo( x T7), (t1th)

Let 6 = —po(s7 x J”), and let € be defined by;

[

—/ I n
€ |(Rmz\{—ﬂn7—ﬂn+%ﬂrn—%})3 =0

— _ R .
€l R\ g\ ==+ = -z 1ys = Blamyo\ @\ on—nt L - 1))
and,let B =B —¢, ¢ = —(V2(@) - 12 S ), then, we obtain, from (#£#4);

!

V2(B) - L&E —5 4

Then, using Lemma 0.21 of [7],(%);

Tl = (Te(R)?BL— (i 4 6)
. Compute (§; + &), with respect to &;(f) = 7o 0i(@)expry (—iT « T)(da, )2 (@)
and use footnote 6, Lemma 0.20 , from [8]. Assume B is in Schwartz class

(nonstandard analogue) to get €; ~ 0, in fact < 2—212172((;]2?&7;2,” + cz(ﬂ?;]‘i"g)z,n ),
n n

for m € Z>,. Assume 7' is uniformly bounded in time, and approximate 7 by
/

71, t) = T (7(F),t)F(Z), where F(Z) = expm(_ﬁ%w), and 7 : (Rap)® = *8,
for simple surfaces meeting each ray from O in a unique point. Then .J, is in the
Schwartz class (ns analogue), check so are ns derivatives, then go 1 corresponding
to —c28; ., is finite, not infinitesimal, goo corresponding to —c?¢; is infinitesimal,
go = Goa + go2. In footnote 6, can invert 2%90,2 terms, without changing
Schwartz condition, and Z T go,1 terms are finite, for time step ¢t € R4y, and in ns
Schwartz class. Check that i mversmn then gives ns Schwartz solution. Obtain usual
wave equation solution+" (* i:1 —2Q}_ ((cTry(k))? )5 6i~(k,s — 1)), obtain a
double integral of wave packets over time and space. Verlfy What happens as v — 0
or °y=0. ...
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Lemma 2.4. Using the notation above, the smoothly decaying real so-
lutions of Mazwell’s equations in free space, are given by;

E(T,t)
= Jrers Js. Re(G)(k, W)cos(k . T — ckt)dSg(m)dk

= Jrers Js Im(G) (k. m)sin(k . T — ckt))dSg(m)dk
+ Jrers Js, Re(H) (k. m)cos(k .

— frers Js Im(H)(F,m)sin(k . T + ckt)dSy(m)dk

T + ckt)dSg(m)dk

B(z,t)

= frerslfs, Re(M) (k. M)cos(k . T — ckt)dSy(m)|dk
— JrerolJs Tm(M) (R, 7)sin(k . & — ckt)dSp(m)|dk
+ frers quz Re(N)(k,n)cos(k « T + ckt)dSz(n)|dk

— frerol s Im(N) (R )sin(F « T + ckt)dSg(m)]dk
()

Proof. The proof follows by taking real and imaginary parts from the
previous lemma.

U

Lemma 2.5. For the real smooth solutions of Marwell’s equations in
free space, given, for fixed ko by;

E(z,1)
= f:r f(@)ng:Eocos(Eg . T — ckot)db

— [ g(0)ng, Fosin(Fo « T — chot)df
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+ f:r h(G)TLg:EQCOS(EO . T + ckot)df

~

— [T r(0)ng, kosin(ko « T + chot)do

~

where ng, ko = Mz, (0, cos(8), sin(0)), for a real special orthogonal
matriz with My, (1,0,0) = ko, {f,g9} € C¥(S",R),

and;

B(7, )

=0 f(O)ng +A§, kocos(ko « T — ckot)d
—L " g(0)ng + %, Fosin(Fo « T — chot)df
+: /7 h(e)nefg,gocos(%o . T + ckot)do
— )% 7‘(9)”9—% ,kosin(ko « T + ckot)df

Then for t € Rsq, the Poynting vector P = E x B = 0 almost ev-
erywhere iff E =B =0

P’I"OOf. Lettlng E = El — EQ —|—E3 — E4 and E = El — EQ +E3 — §4,
with the ordering above we have that;

ExB= Z” (=1)"E; x B,
We have;
El XEl(f,t)

=(["_fo V1ig, kocos(ko T — ckot)df) x LT f(o nglg,Eocos(Eo.f—
Cl{?(]t)de

= % f:r f:r F(0)f(p)cos? (ko « T — ckot)(rig, ko X ng T 7)dode

— L™ 7 F(0)f(@)cos*(Ro - T — chot)(1ig, Fo x Rodfd
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Suppose that E, x By =0 then, for fixed t, € R, as there exists 7
with cos®(kq « Tg — ckotg) # 0, that;

7 5 F(0) f(¢)dbdd = 0
so that;
J7 f(6)do =
As f € C>(SY), writing;
F(0) = 300 mcos(mb) + 3, bsin(mb)
we have that ag = 0, so;
F(0) = 3, ar amcos(mb) + 3,2, bsin(mo)
Then;
= [ F(O)rig, Rocos(Fo « T — chot)do
— [ F(O)(M;, (0, cos(6), sin(6)))cos (ko - T — chot)df
— cos(Fo - T — chot) Mg, (|7 £(6)(0, cos(6), sin(6)))db), (1)
We have that;
™ F(6)cos(
= [T (S ot @mcos(mb) + 3, - busin(mb))cos(0)do
= 3ot @ [T (cos(B)cos(mB)do
+ 3 ot bncos(6)sin(m8)d6
= ay [ (cos?
= ray

and;
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J7_f(0)sin(0

= [7 (3 st amecos(mb) + 37, <y bsin(mb))sin(6)d6

= st tm [ sin(8)cos(mb)db

+ 2 ms1 bmsin(0)sin(mo)do

=by [ (sin®(0)df

= 7b;

It follows that;

E,(7,t)

= cos(ky.T — ckot) Mz, (0, way, wby), (T1)

Similarly;

By (7,t)

= %f; f(@)ng T %,Eocos(%o . T — ckot)db

=11 f(0 (0, cos(0+ 2), sin(6 + )))cos(ko « T — ckot)df

= Lcos(ko . T — ckot) Mg, (/™ f(6)(0,cos(0 + %), sin(6) + F))db, (1)
= Lcos(ko . T — ckot) My, (/7 f(6)(0, —sin(6), cos(6)))dd

= %COS(EO - T — ckot) Mz, (0, —7by, 7ay )

(t171)

As this holds for arbitrary tg € R, we have;

B, x By(%,1)

= cos(koT—chot) My, (0, way, wby ) x Lcos (ko —ckot) My, (0, —7by, Tay )

= cos?(ko + T — ckot) M, ((0, way, wby) x (0, —mby, may))
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= cos*(ko « T — ckot) My, (72(a? + b}),0,0)
sothat a; =b; =0, and £, = B; =0

O

Lemma 2.6. Mazwell’s Equations in free space with a constant Po-
tential

Let Ey be the static electric field generated by a single proton situated
at the origin O € R, with potential Vy. Then E + Eq is a solution to
Mazwell’s equations in free space, for this situation, iff E is a solution
to Mazwell’s equations in vacuum.

Proof. We have that the electric field Ey : R* — R? is given by;

Eo(F) = %f

4dmeo|T

A simple calculation gives that ¥/ . Ey=0,and v x Ey =0, and as
Ey is time invariant, that % = 0. Maxwell’s equations, in the absence
of current and charge, then become;

(ili). Vx (E+E)=vxE=-92

( o) _ Moﬁan

(iv). VXB Ho€o

as required. O

Lemma 2.7. Alfven’s Theorem

The magnetic flux through a loop P, moving with a perfectly con-
ducting fluid, for example, a gas of free electrons, is constant in time.

Proof. By a loop P, moving with a fluid, we mean that there ex-
ists a map ¢ : D' x [0,1] — R3 with v € C®(D' x [0,1]), (in
the sense that ¢ € C’OO(D”’” x (0,1)) N C(D1 x [0,1])), and, for all
t € [O, 1], and 0 € 8D1, 80|(9t # 0, and 8t|($0 to) = m(w(ﬂco,to),to)'
We let P, = Im(Ylopixqy), Q = Im(¢|D1X{t}) and, for h > 0,
Ripen = Im(Q|opixjeesn) and Frppn = Im(YP|piypiqn). By Ohm’s
Law, we have that J = o(E + ¥ x B), hence, as ¢ = oo, and J is
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finite, £ = —(7 x B). By Faraday’s Law, Maxwell’s Equation (iii),
98 = —(V x E)=v x (% B). Fix h > 0, and let ® : R — R denote
the magnetic flux through the loop P; at time t. Then,;

O(t+h)—P(t) = th+ B(t + h).dSen — [, B(t)-dS;

and, by the divergence theorem, using the fact that 0F; 4, = Q4 U
Q; U Rt 14h, and Maxwell’s equation (ii);

Jo.., Bt +h).dSpn = [o, B(0).dS; + [, Bt +h).dSsen
= f]:t,t+h div(B)dvol; 45 = 0

We have, for ty € [t,t + h], b € Sl, that dSiiinl(00.t0) = g—ﬁ|(907t0) X

oY _ = .
B (Bost0) = 96 B0rto) X Ul(w(6o,10).0)> aNG;

(B(t + h).dSsi1)] (460,10 10)
= (Bt + 1)l (00.t0),10) (55 | 000 X Tl w00.10).10)))
—( X Bt + 1)l @0.t0).20)- 55 1 (60.10)
Jry o B+ h).dSysin
— [T 2@ X B A R))| (00,10 10)- 22 (90,10 A0 B
Hence;

| _ g D(t+h)—d(t)
E|t =limpso——F——

h
= limy_o( f o —(E(”hg’g(t)) .dS,
_l,l/mh_>0 th 4h
— B 9
= fgt dSt (U X B(t))(w(eo,to),to)-a—?|(90,t0)d90

= th %dst — fpt (@ X E(t))dzt
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Hence, by Stokes’ Theorem;
B, = [, (2 — v x (0 x B(t).dS, =0

as required.
O

Lemma 2.8. The charge density and volume current {p, J} in a so-
lution to Maxwell’s Equations, satisfy the continuity equation for fluids;

% 1 div(J) =0

and, therefore, so do the fluid densities and currents {f,p, f,J}.
Proof. We have, by (i), (iv);

p=c(vV.E)

5 _
5? = GO(V-%—?)

= e0(V + (5o (V X B = 1))

= o (V+ (V x B) — poJ)

=—v.J =—div(J)
U

Remarks 2.9. [t is a straightforward exercise to show that for a steady
surface current J, with B determined by the Biot-Savart Law, (i1) and
(iv) of Definition 2.1 hold, that is 7« B = 0 and (7 X B) = uoJ’,
where J'|s = J, and 7’733\5 = 0. Similarly, for a static surface charge
p, with B determined by Coulomb’s Law, (i) and (iii) of Definition 2.1
hold, that is <7 « E = %, (v x E) =0. Hence, one can use Mazwell’s
equations to determine {E, B} in R®, for a static surface charge and
steady surface current {J,p}, from {J' p'}. It seems reasonable to
generalise this result to electrodynamics for a time-dependent surface
charge and current.

3. SCHRODINGER'S EQUATION

Definition 3.1. We define a wave packet, centred at O € R? to be

a smooth superposition of plane waves, with vector k, and angular

Py 2 2.2 2 .
frequency w = %, energy £ = hw = - = % = "5~ wvelocity
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—k and momentum p = mv = hk, see nota-

v=%Y=V\ 1= %E =
=27 h’ and h' denotes Planck’s constant;

tion in 2.1, where h

RS

_ — T EE, —
fR3 i(k.T )dk — fR3 f(k,)el(k’:c i t)dk’

where f € C*(R3). Writing this as a superposition of plane waves,
with momentum p;
qu(i t) _ (%)3 fRB f(%me%(muf E(30)) g

= ()" Js F(GP)APTFG0ap

Remarks 3.2. Observe that when w = \/;%’ a plane wave V(Z,t) =

' RT=w) ith vector k, determines a solution U (Z, t)n to Mazwell’s
equations in free space. We then have that v = £ = ¢, light speed,

k
2 . . . .
w = ck, and m = % = %, if the wave is associated to a particle.

We have that p = hk, so the association to a solution of Mazwell’s
equation, places no restriction on p, but alters m. However, for the
definition of the energy term E of the wave packet, mass is assumed to
be constant.

Lemma 3.3. Schrodinger’s equation

Using the notation above, we have, if ¥ ¢(T,t) defines a wave packet,
then;

O 2
ih=5t = —3:(V¥)

Proof. We have, differentiating under the integral sign, and, using the
fact that, for any p € R3, F(p)er PT-F'®1 ¢ O=(R? x R);

8\I/f o h(px E'(P)t)
L —

= fRS E'(p)F(p )eh(pm E'®1 gp
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= s o [P F (Rt 0700

V(¥ fRdv (p)e P E/@)t))di_?
= — % [rs [P F(@)er @ E @D dp

o
= 12mzh f

as required. O
Definition 3.4. For F € C>®(T(R?)), we define a free space wave
packet Wy € C™(R*);

\I[free,F(fa t) = f(f/7ﬁ)€T(R3) F(f/,]_?) h(p (@—z")—-E'( de’ldp

For F € C*((0,7) x (=, m) X R?), we define a restricted space wave
packet U, p € C°°(( , ) X (—=m,m) X R);
F(@, p)e%(ﬁ(f—f’)—E'(ﬁ)t) dz'dp

1 _
\Ijres F<x7 t) - f(f/,ﬁ)e(o,ﬂ‘)X(fﬂ',ﬂ‘)XRQ

Ul oLt = f(f - @) [r2 <yé)26%(lﬁ|005’1(?-?’)COS(/\@@’@)—E’(ﬁ)t)de]—)
res, ’ y'.p !

r2yl

where dLeb = ®*dS, ® : (0,7) x (—m,m) — S*(r);

®:(0,0) = (Y1,42,y3) = (rcos()cos(), rsin(f)cos(¢), rsin(¢)):

0<9<7r —rT<¢<m

F' = (Fo®™1Y), and, for two great circle trajectories {71,7%}:10,1] —
S2(r) with 11(0) = 72(0) =7, (1) =7, and %4(0) & =P, (°);

A great circle trajectory 71, through {7, 7, } € S2(r) is defined by;
{((ARyA™")7) : 0 <% < 27}
where

cos(v) —sin(y)) 0
Ry = | sin(y) cos(¢) 0

0 0 1

and A = BC~!
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Gl

)H(w)( )

(5 _ ()
cos(\(@, ¥, D)) = I gy — 10O 02 O)

We define a spherical wave packet to be a function W, ... » € Coesphere ([0, ] x
[—m, 7] x R), (°), such that Wl .. plom)x(—rmxr @S a restricted wave
packet, (corresponding to a sphere S*(r ), of radius r = ;ﬂ)

For G € C®°((—m,m) x (—=m,m) x R?), we also define a restricted
wave pa'Cketz \Ilges,G € Coo((_ﬂ-vﬂ-) X (_7T77T> X R);

\Ilres (T, t) = f(f/,ﬁ)G(*mTr)X(fw,ﬂ-)x’R2 G(f/,ﬁ)e%(T)-(E—zf)—E/(ﬁ)t)df/d]—?
(toral coordinates;

(Y1, Y2, y3) = (cos(0)(R+ 2Scos(p)), sin(0)(R+ 2Scos(¢)), Ssin(¢)),
—r<f0<7m, —7n<¢p<mw

We define a toroidal wave packet to be a function V7, . o € C°M([—7, ] x

[—m, 7] x R), (7)

Yo
B! = %2 Yy
("o < 1)
1 (o '251) 0
O = 0 /1 _ (yg,,gl)g 0
0 0 0

A great circle trajectory 7o, through 7, € S?(r), with tangent ~4(0) parallel to
(Yo+Pg)
[Yo+Dol’

Do, is defined similarly, substituting r
SWe define;

for 7, in the above definition.

Coo,sphere([o’ﬂ.] % [_»n-,ﬂ'] XR) = {f c C([Oﬂr] X [—ﬂ',ﬂ'] XR) f|(0 )X (—m,m)xR €

Ce([0,7] x [=m, 7] X R), floajxfr}xr = flomx{=myxr, f(0,6,) = f(m,7m —
¢at)?f(07_¢7t) = f(71'7(b—71'7t>70 S (b S 7T7t € R}

"We define;

cootorus(—g wr] x [-mn] x R) = {f € O(-mn x [-m7] X
R) : f|(77r7‘n')><(77r,7r)><72 € OOO([_W77T] X [—7'(',71'] X R7f|[77r777]><{7r} =

li—rmx =t fli=myx[=mm] = Flimyx[=ma]}
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such that W7, . cl(—xm)x(—mm xR 05 a restricted wave packet.
Lemma 3.5. A free space wave packet V. p satisfies Schrodinger’s

equation on R* and a restricted wave packet VU,.s p satisfies Schrodinger’s
equation on (0,1)? x R.

Proof. Immediate from the above Definition 3.4, and following the
proof of Lemma 3.3.

t

Lemma 3.6. If U defines a solution to Schrodinger’s equation, in
R3 or R, with complex conjugate U*, then, taking p = |V|?, and
J = Re[\I/*%grad(\I’)], we again obtain the continuity equation, see
Lemma 2.8;

% 1 div(J) =0

Proof. We have that;

SIS

O? _ o(W¥) _ oY Ut
= o =V TV

= L(U(HD)* — U (H))

_(h/)2

2m

where H denotes the rescaled Laplacian operator
that;

V. We have

T = (0 2 grad(D)] + [0 2 grad(W)])*)

m

= ([ gz grad(V)] — (U5 grad(¥7)])

div(T) = S div(V*grad(V)) — 5 div(Ugrad(¥))
= S (grad(V*) . grad(¥) + U* (7 (¥)))

— S (grad(W*) . grad(W) + U (7 (¥*)))

= g (UH(V(¥)) — U (7(¥9)))

= F(U(HY) — V(HD))
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as required.
O

Remarks 3.7. This supports the idea of interpreting |V?| as charge
density, or, after renormalisation, the probability of finding an electron
n a particular position. It seems reasonable to assign a probability of%
to a moving cat occupying the left or right hand side of a box. However,
the analogy with a cat being alive or dead seems rather strange in this
interpretation, as, clearly, a cat cannot switch between live and dead
states. Some theoreticians interpret this probability in the sense of
Liebniz, that is of possible or parallel worlds, however, in the author’s
opinion this 1s an unnecessary complication, and violates Ockham’s
razor, if one accepts one world with different possible positions on it.
Similarly, one can interpret Re[@*%gmd(\ﬂ)] as volume or surface
current.

Remarks 3.8. For surface solutions to Schrodinger’s equation, one
can use the result of 3.6 to obtain a time-dependent surface charge
and current, {p,J}. The generalisation of the continuity equation to

surfaces seems reasonable. Then, using Remark 2.9, we can determine
the ambient fields {E, B}.

Definition 3.9. Fory € S(R,R>0), we define the position to momen-
tum operator by;

We define the position and momentum operators {X, P} by;

X(¢) = z¢, P(¢) = p¢

and the transferred operators { X', P'} by;

X'(¢) = (G(X(G7H(9)))), P'(¢) = (GH(P(G(¥))))

Remarks 3.10. By the inversion theorem, we have that (F?)()(x,t) =
2" (x,t), where Y (x,t) = (—x,t) and, by a simple change of vari-
ables, that (]:(@/)))% = W(F(¢n)), where Yp(z,t) = Wz, t) and
qﬁﬁ(x,t) = ¢(37,t) . It follows that;
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!

(G)() = o (FW)) s, = ol (F(n)) = \/ Ko (Flun))

It follows that the momentum to position operator is given by (G)~(p) =
(G)(¢"), (x). Differentiating under the integral sign, we have that;

aG() _ —ixp
5 = 9(=)

and, using (*);

0G—1 oG (o" —ix¢" —1/1%
g (¢)_Q(¢):g( ¢):g1(p_¢)

Ox T o= h' h'

Hence;

X(6) = (G(X(G(0) = (0G(9)) = 29T e
P() = (G (PGW) = (67 (G () = X5 — ez

4. THERMODYNAMIC EQUATIONS

Let W = (W, Wy) € C*(R?,R?), W(T,p), 1 <i < 2 considered as
functions of temperature T and pressure p. The second law of thermo-
dynamics is equivalent to the fact that, for any smooth closed curve ~;

=0

where dQ = §2dT + $2dp (i)

() 45 - &35 =0
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iff 32 =0, (T #0), Q(T, p)
Q= f(T).

Similarly, (i) g_‘Q/ =0,

O

(T, V)

By the first law of thermodynamics, dQQ = dU + pdv, we have;
dQ = 57 + pFrldT + [5 + p(F0)]dp (i)

dQ = [ + p2X1dT + [24 + pldV (v)

dQ =[5 + pGo)dp + 55 + pldV (vi)

Hence, from (i), (iv), (p,T);

G tp(5) =0

from (ii), (v), (V,T);

d

L +p=0

from (iu1), (vi), (p, V)

9 19U ar _ 9 19U V19T
avlay + ]ap = ap[ap +p8p]8V
giving;

92U T __ 9*U oT

oV2 op — 0Op? OV

We now make some observations on the probability distribution func-
tion ¢ of molecular speeds in R®. It is reasonable to assume that;

(7). The probability distributions of each velocity component v;,
1 <1 < 3, are identical and independent.



28 TRISTRAM DE PIRO

(74). The joint distribution g depends only on |7].

(iii) g € C=(R")

see [5]. Interpreting (i7) in terms of probabilities, this suggests that
for two given velocities {o',7%}, with || = [2?|, and an error h the
probabilities P ; and P 3 of finding a particle in the ranges [vl,v] +
hy] X [v3, 03+ ho] X [v3, v+ ha] or [V}, v} +hy] X [V3, V3 + ho| X [v3, V2 + hs]
should be equal. This is obviously equivalent to the fact that for er-
rors h, E/, the probabilities Pﬁlﬁﬁr and Pﬁzﬁﬁr of finding a particle in
the ranges [v] + hy,vf + h)] X [v3 + ho, vy + hb] X [v) + hs, v} + Rf]
or [} + hy,vi + h] X [3 + b, v3 + ho] X [V 4 hs, v3 + hf] should be
equal. By Lemma 4.4, in footnote 8, this implies that the distribution
function g is O(3)-invariant, hence, using the assumption (i), we have
that;

g(v1,v2,v3) = G([9]) = f(v1)f(v2) f(v3), (*)

where G € OOO(RZ()), (8)
From (%), we can now derive the expressions for {f, g}. We have to
exclude the case that g and G are constant. Suppose for contradiction

8 We require the following lemma;
Lemma 4.1. Let U C R™ be open, and f € C®((U),R), then, ifp e U;

f(p) = limﬁ—)ﬁ hl...l..hn f[pl—,pl—i-hl]X..Ax[pn,,pn+hn] f(f>d§

This is easily proved by induction on n. The case n =1 follows from the FTC.
Suppose true for n = k. Let;

hit1 (@1, k) = ‘f‘[l)k+1apk+1+hk+l] f@r,... wp, 8)ds

Then limp, , , —0Ghr (Z1,- - %) = f(@1,. .., Tk, Dry1), using the fact that, for

(w1,...,2) € pri(U), fa,..20)(8) € C"X’(prwkﬂ((Uﬂpr‘l((aﬁl,...,xk)))),R).
Then;

R S o
lzmhﬁo hie.hpiq f[P17P1+h1]><--<><[pk+17pk+1+hk+1] f(z)dz

. 1 .
= llmﬁ—@m[ﬁp1,p1+il1]><...><[pk,pk+hk](llmthrlﬂogth (561, . ,.’L‘k))d(xl N xk)]
— 715 1
- llmﬁﬁa hie..uhy [Jipl’P1+h1]X~~><[mnpk+hk](f(zl’ s Ty ) )d(@ )]

= f(pla s 7pk7pk+1)
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by the induction hypothesis applied to f,, . (x1,...,2x) = f(x1,..., Tk, Prt1),
with fp,,., € C>=(pr1 k(pr—*(pr+1) NU),R).

Definition 4.2. Given a tuple h = (hy,...,hy), andp = (p1,...,pn) € R™, we let;

Iﬁ,ﬁ = [p1,p1 + h1] X ... [DnyDn + ha)

Given a rotation r € O(n, R), and the translation tr_gz, with tr_z(p) = 0, we let
r5 = (tryorotr_z), Io5= rp(Ip 7)

Lemma 4.3. Let f € C®°(R™,R), then, if p € R™, and r € O(n, R);

f(p) =limy_5 Boieohin fI“FI f(@)dz
Proof. It is a simple exercise to show that, |det(Jac(ry))| = |det(Jac(ry))| =
|det(Jac(r))| = 1, (x),then;

T

= J, (o N@E

O

Lemma 4.4. Let f € C®(R",R), with the property that, for all {p,h} C R",
r € O(n,R");

I

iﬁ

fI §)7 (*)

r(P),h
Then f is O(n)-invariant.

Proof. We have that, for p € R™, r € O(n), then, using Lemmas 4.1, the
assumption (x), the observation (x) in 4.3, and, the result of 4.3;

f(p) = limﬁ—ﬁﬁ fj,ﬁ f(f)d(j)

= limy_5p h flr(p) = d(7)
= limh—)Oh ..... Fin f] for )(T)d(T)
= ((for)(p)

This shows that f is O(n)-invariant, as required.
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that G = L with L € R~g. Then as ¢ is O(3) invariant, and g(vy, ve, v3)
is a probability distribution, g must be supported on a sphere, centred

at 0, with radius R = ng, contradicting the fact that G is differen-
tiable.

We have that;

89 _ dG 07l _ dG v :
v d[o] 9u  d[o] Jo| (1<i<3

and, using (), (x * %), we obtain;

if(v2)f(v3)j_gl = %f(Ul)f(’U;g)% = %f<v1)f(v2)dd_1]);
Dividing by H1§j§3 f(v;), f(v;) #0, 1 <i<3, we obtain;

1 df 1 df 1 daf

vif(v1) dvi — vaf(va) dvy — vsf(vs) dus

Hence, as f # 0, letting U = {z : f(z) # 0},
we obtain that;

L = Cuif(v), (1<i<3)onU\{v; =0}

This gives;
2

flv) = Ae7 on R

Using the assumption (iii), we have [, f(v;) = 1. Hence, we have
that, C' < 0. Letting b = —C



NONSTANDARD ANALYSIS AND PHYSICS 31

F(o) = (L) 7, as 1= A(Z) (1), (%), (1<i<3)
3 —bjw|2

We now derive the probability distribution A, for the absolute veloc-
ity w.

We have, for {ay,as} C R, that, if v; > aq, v > ao;

T > aiff vy > (a® — (V2 +02)2)2 or v3 < —(a2 — (V2 + v2)?)z, for
a > (v +v3)>

Hence, as the probability distribution f is symmetric, given {vy, v9},;

P([0> a) = 2P(vs > (o — (v} + 03)2)2), if @ > ((v] + v3)?)>

=0, if a < (v} + v3)?)2

It follows that the conditional cumulative distribution function H (|v]|vy, vs),
for molecular speed, is given by;

H([]|vy, v2)

= 2F(([o]? = (o} +3)%)2), if [0] > (v} + 03)?)2

N

=0, if [o] < ((vf +v3)*)

927 Letting;
—bx

D:fRe 2 dx

—b(a?+y?)

we have that D? = [, e dxdy

= |, e%r2 rdrdf
R2\{0}

2 L’“zoo
:Tb[e =15
21
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where F' is the cumulative distribution function associated to f. As
f is smooth, we can differentiate the above expression, to get the con-
ditional distribution function A(|7||vy, v2);

h([vllv1, v2)
= 2f(([B]* = (v} + ©3)2)2), if [B] > ((v} +13)?)2
=0, if 9] < ((v} +03)?)2
By Bayes Theorem, (1), and footnote 7?7 we have that;
h([]) = [ B(T]|v1, v2) f(v1) f (v2)dvrdvy
_ 1

= f((vfﬂg)zﬁgﬂ 2f(([9]* = (vf +v3)*)2) f(v1) f(v2)dvrdus

(*%)

Letting N denote the number of molecules in the system, we have

that the energy £ = & < |5]?> >, where < [0]> >= E(V2+ V74 V) =
E(VH)+E(V#)+ E(V#), and {Vi, Vi, V3} are the random variables gov-

erning the distribution of the velocity components, (). Hence, using
the expression (1) and footnote 10;

2
= 2o () ie ™5

2

_ 1
B =232 <[5 >= Bavar(K) = Y [ ofe™ = n i
3Nm

2b
Substituting b = 2 into (), we obtain;

) —3Nmo?
flo) = (g)ie™ "
(@) = (eg)te 5

10 To see this is a probability distribution, observe that, integrating by parts;

2 2
2 =bz _ 1 —bx _ 127 2«
Jrate 2 do = [Le™2 dr = ¥ = 3

so [ h([7]) =1

1 Observe that, as {V1, Va, V3} are independent, < [7]2 = E((Vy + Vo + V3)?) =
Var(Vl + V2 + Vg)
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5. APPENDIX: INFINITESIMAL DIFFERENTIALS
Definition 5.1. We let;
CoR") ={f:R* > R: 24 € C(R"), for all I € (Z50)"}

91..9'n

1] i
Oxy .0z,

where, for a multi-index I = (iy, ..., 1i,), we let % =
We define;

C®(R*"R™)={F:R"—=R": F; € C*(R"),1 <j<n}.
For1 <1 <n, we let;

OF __ (8F1 OF; OF, )t

9z, — \@zlrc Pl fal

We fiz a non-zero infinitesimal € € (u(0) N*R), {e1, and let n = 1,

Forn € Z51", and1 <1 < n, we letg = (¢)"¢;, where {eq,...,e,...,e,}
15 the standard basis for R".

For F € C®(R",R™), we let *F : (*R)" — (*R)™ denote the
transfer of F'. Then, for F € C*(R",R™), we let d(*F) : (*R)" —
((R)™™ N pu(0), dF = (R)* = (("R)™ N p(0)) be defined by;

A F)(h, ) = Y0 (55 ) @y ap@

dF = d(*F)|»

We let J = ([0,1]), *J = *([0,1]), v be the counting measure on *J,
defined by v((2', 2’ + %)) = % and define;

J“(*J)n d(*F> =" ZO§31§771_1,---70§81§771—1 ..... Ogsnfﬂn—ld(*F>(fy_i’ ey %, e s—")
f(J)n dF = O(f(*J)n d*F)

For F € C*(R",R™), we define grad(F) € C*(R", R"™), by;
grad(F);; = 271?

for1<i<m,1<j5<n.
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For F € C(R™,R™), we let §(*F) : (*R)™ — (*R)™ N u(0)),
OF : (R)™ — (("R)™ N u(0)) be defined by;

SCF) (- xh) = 0 (G e ()
5F = §(*F)|zn

Observe that 6(*F) = ¢! "(d(*F) .p) and 6(F) = ¢ (dF .p), where
p=(1,...,1).

For F € C®(R™,R), we let grad(*F) = e 'd(*F), and grad(F) =
grad(*F)|zn

Given H € C*(R",R"), we define the infinitesimal vector field of
order €,associated to H, to be *H, = € H, and, of order €, to be

*Heo = e2*H, and, of order €, to be *Hn = e"*H

For a smooth contour v in R?, enclosing a simple open surface S,
with intrinsic parametrisation T : [0,a] — R?, where, a = length(7y) ,
and transfer *v in *R?, *r : *[0,a] — *R?, we define, for a vector field
H e C>®(R",R");

Joo HH (A7) = "Dy Hel i () ma(9) < C D) () (),
)

2For later use, we fix linearly independent infinitesimals, (over R),

{e1,...,en} C "R, and let ve be the counting measure on *R", defined by
ve((gh, 5) X o (G, 52)) = i) = €@ ew e For F € (R, R™),

we let Fr: (Re)™ — ((*R)™) be the v measurable counterpart of F. Then we can
also define 6(*F)(zf,...,z)) = Z?Zl(%)g|(mi _____ )€1 Similarly, for a vector field

’ n n

W e C*®(R™,R"), we define;

n

13For a smooth contour v, and smooth vector field H, with associated infinites-
imal increment H., ., of order (€1, €2), we can also define, (see also footnote 2);

Jo 0CH) = [ Hey oo = " 3 (00m (2], 17 () 0,1 Her e

J,(H) =°([.. 6("H))
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Joy grad(*F)  =(dr) = *Ycpcpa-19rad("F) « ((r)(5), “(rp) (5))
We define;
curl(*H.) = e(\y x *H.)
Given a simple open surface S C R?, and V € C*®(S, R?), we define;

f*s(*V)d(*S> - *Z(S/,t/)E*ZQ,(%’,%)G(*S)*Vez‘(07 07 1)

Lemma 5.2. Integration by Increments
For F € C*(R,R), we have;

JydF = [,(5)dx

For F € C*(R* R), we have;
fﬂ dF = fﬂ grad(F)dz,dz,
For F € C*(R",R), we have;

f(J)n dF = f(J)n grad(F)(dzy ...dx; ... dzx,)

Proof. We have, by Definition 5.1, the fact that (—x) is S-integrable

with respect to v, (as v(J) is finite, *(4£ ) is measurable dv, and *(“%)

is continuous), results of [?] or [?], and sp*(dz) = L(v), sp*(4£) =
dF

°(*(%)), (as ¢ is continuous), where sp : *.J — .J is the specialisation

map, that;

deF:O(f(*J) >_ [ 20<s<17 1 ( x)( )]

= Jeony "C (2 ))dL(v)
= fl](cclg_F)d-r
fJ? dF = 0<f(*J)2 d*F) = O(* Zogslgnfl,ogsﬁnﬂd(*p)(

We have that;

3|
3|8
N—
N—
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d(*F) (3, 2) = (55 (3%, 2)e+ (55, (2, 2)e

o mn O
= [ (50 CF, 2)er + " (55,) (3, 2 e
Hence;

fJ2 dF' = 0(62[* 20§s1§n—1,0§52§ﬂ—1*(3_ﬂi)(8_1’ S_2)€_1+ *(3_52)(3_7 8_2)6_2])
n’-n n’°n
For 0 < s; <n—1, let;
H(5) = (), Hao(3))" = € g1 (52) G )8+ (55) (5 5)2)

If 27 ~ 27, and 0 < s, < n — 1, we have that (am)(x/l’si) ~

*(25)(:1:’1’,%) and, similarly, *(§7) (21, 32) ~ *(§5) (2], 2), as {51, 55, } €
C(J?). In particular, for any § € R+, i € {1,2}, we have that;

|Hi(«)) — H(z7)|

< ( Dogmen (@6 ) =" (Go)at, )le
<( 20352§n—15€)

< ne(d) =6

Hence, as 6 > 0 was arbitrary, H;(z}) ~ H;(z7), for 1 <i < 2. It
follows that;

(°Hi(3})) = (°H;(°(%)). For 21 € R, we have that;

CH(@1)) = (¢ Doapayr” (2N, 2)er +#(2£)(2, 2)e3)
fJ So (21, T9)dwy, 2E s E (21, 20))dxs)t

= (h(1), ha(21))" = h(21)

so, for o € *J, we have that °H (z) = h(°z}), ().

Then;

fﬂ dF = °(" Zogmgnfl(EH(%))
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= [, h(z1)dz,
= fJ(fJ(g_oi(xl’ T3), g—ai(:cl, 12))dzs)dry
= fﬂ grad(F)dzydzy
O
Remarks 5.3. Observe that if F € C®(R? R), then, for {a,b} C R?;
F(b) — F(a) = f7 grad(F).dr
for any smooth path v, parameterised by 7. This follows from the fact

that, for any smooth closed contour €, enclosing a simple open surface
S, we have, by Stokes Theorem, that;

$ grad(F).dr = [, curl(grad(F)).dS = 0
as curl(grad(F)) = -2 (2£) — 2 (8L —

and, without loss of generality, assuming a; < by, and ay < by, where
a = (al, CLQ), b= (bl, bg), then;

F(b1,by) — F(b1,a2) = flﬁgmd(F).dE = ObQ_@ g—i(bl, as +t)dt

F(by,as) — F(ay,a9) = fla,z grad(F).dry = Obral g—fl(al +t,as)dt

where {F1,T2} are intrinsic parametrisations of {lzz, 1.3}

and ¢ = (b, as).

We now reformulate a nonstandard version of this result.

Lemma 5.4. Let F € C*°(R? R), then for {a,b} C R?;
F(b) — F(a) = O(fw grad(*F) .*(dr))
for any smooth simple path vy, parameterised by T

Proof. Again, wlog, assume that a; < b; and ay < by, € = (b, az).
Then, if dy = by — ay = length(lag), di = by —a; = length(lzz)
with intrinsic parameterisation, r1(t) = (by,a2 + t)), 7 (t) = (0,1),
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ro(t) = (a1 + t,az), i (t), ry(t) = (1,0)

I, = (f*lz,z grad(*F) .*(dr))

= Dozt <lna-an) 1978 F) gy 2 ey « (D) (r)(5))

= *Zogt/g[n(b2—a2)]—1€((*g_mpl)(blv as + %) (* or )(bh a + - )) - (0,1)

= *Zogtfg[n(bz—@)] 1€(” a$2)(blaa2+ 2

(L) =2 (Jy? " 55 (by, as + t)dt)

= F(b) — F(c)

Similarly, if;

I, = (f*l, grad(*F) . *(dr))

*(I2) = F(c) — F(a)

We now claim that if ¥ C R? is any smooth closed contour, then;

f**x “H.*(dF) ~ [.qcurl(*Hc).d(*S)

(14 U
 UWe assume that 7 is analytic, (). Let A = {t € R : r4(t) = 0}, then, it A
is infinite, it follows, by analyticity, that 5|1 = 0, contradicting the simplicity

assumption. Similarly, B = {t € R : r{(t) = 0} is finite, and there exists finitely
many points {(a1,b1),...(ar,bs)}, {(a},b)),...(al, b))}, defining the vertical and

97 S
horizontal tangents of y, respectively. Let {lu/,. T/} {ly, - v, b, with v/ <'r,
s <s,a) <. al., by <...<b.,, denote the Vertical and horizontal tangents
lines respectively By compactness of v, each (y N la;) consists of finitely many
points V; = {(a},cj) : 1 < j < (i)}, 1 <i <7/, and, similarly, we obtain finite

sets H; = {(d},b}) : 1 < i < h(j)}, 1 < j < &, consisting of the intersections

17 J
(vnN lb/) for 1 < 5 < s'. Let Sy be a connected component of SN W, T, for
some 1 < ig < 7' — 1, where War ar = {(z1,22) € R? : @), < x1 < af 1}

Then, 6(Sp) N (la;0 U la§o+1)’ consists either of (i), 2 points {p1,p2}, p1 € la?o’

P2 € ly (1), 2 closed intervals {I;,I>}, Iy C ly , I C ly ., (iii), a point
ig+1 io ig+1

and an interval {p;, Ic}, (iv), an interval and a point {I1,p2}, (11). In order to

see this, suppose that §(Sp) N (laio) is either finite, with at least 3 points, or non

empty after removing a closed interval Iy, (), then there exist at least 3 points

{Pr1,p12,p13} CO(S) N (lay ) € 0(S0) N (lay ), With p1y < p12 < p13. Suppose,
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Lemma 5.5. For any smooth vector field W ;
fv (W) = fy W.dr.

Lemma 5.6. Let W € C°(R? R?), then;

[, 50W) =0, (+)

for any smooth closed path ~, Zﬁ an = %—VI‘?, (k)

Proof. Suppose (xx) holds, then we have that curl(W,)=0, hence, by
the infinitesimal version of Stokes Theorem;

f*v §(*W,) =~ 0, and, therefore, fvé(W) = 0.

WlOg, that F(tl) = pl,i; Wlth ]. S Z S 3, and F(ti +k7,) = pg’i, Wlth {pg’l,ng,pz’g} C
5(So)N (la;0+1), (as if such k; did not exist, we would obtain I;, with | (¢; +1;) = 0,
and a; < 7i(t; +1;) < a;OH), and p21 < pao < po2 3. By simplicity of the contour
7, we can assume that ps ;1 < p22 < p23. Choosing p 3 € (So N B(p1,3,¢€)), Py €
(So N B(p2,1,¢€1)), for sufficiently small ¢, it is clear that any path 7' C Sy crosses
T|[ts,ta+ks), contradicting connectedness of Sy. Suppose that §(Sg) N (lago) consists
of exactly one closed interval I; and (5(50) N (l“§o+1) consists of exactly 2 points
{p2,1,p2,2}, (¥x). Consider Z = {s € [0,aj, —a; ] : Somla;0+t is not path connected},
and let so = u(s)(s € Z), 0 < s9. Then, we can find (aj + so) lying on the contour
(M d(So)), and we can find to, with aj, < 7(to) < aj 4, such that 7(ty) € 5(So).
We have that 7 (to) # 0, hence there exists an open interval (so —€,s0 +¢€) C Z,
contradicting the choice of ty. Suppose that both §(Sp) N (lago) and 6(Sp) N (la;()“)
consists of exactly 2 points {p2;1,p2,2}, {P1,1,P1,2} (* * *). By the same argument
as in ( ), we can assume that 6(Sp) N (Is) has exactly 2 connected components for
s € [a} ,a; 4], then, the assumption (1) holds for each s € (a; ,a; ,,), which we
excluded. Hence, we are left with the 4 cases outlined above. In each of these cases,
using the argument to exclude (1), we can assume that 6(Sp) N (I5) has exactly
1 connected components for each s € [a; ,a;, io+1)s then, it follows easily, using the
arguments above, the assumption that Wy, ’a§0+1 contains no vertical or horizontal

tangents, and simplicity of the contour, that in case (i), 6(Sp)) consists of the
smooth closed curve consisting of 2 curve seqments 7|, ¢,], T|t,,¢,], With 71 (t;) = 0,
for 1 <4 < 3, and, wlog, 7(t1) = T(t3) = p2, and So = Int(6(Sp)) (this, of course,
implies that Im(7|, +,)) = ; in case (ii), 6(So) consists of the piecewise smooth
closed curve contour consisting of 4 curve segments I, 5 Ulgy .05 UT[t, 10 U T[ty,04]5
with, wlog, 7(t;) = ¢;, for 1 < i < 4, and Sy = Int(6(Sp)); in case (iii), §(Sp)
consists of the piecewise smooth closed curve contour consisting of 3 curve segments
lgs,qa U Tty t0] U Tleg .05, With, wlog, 7(t1) = g2, T(t2) = p1 and 7(t3) = g4, and
So = Int(4(Sp)). Case (iv) is similar.)
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Conversely, suppose that (x) holds, then we have, for any surface S,
bounded by a smooth contour ~y, that;

J. g curl(We) ~ 0. We clearly have that;

°(Jogcurl(Wo))d(*S) = [4curl(W)dS =0

This obviously implies that %‘;V; = %—Z‘?.
O
Lemma 5.7. Chain Rule Let F} € C*°(R",R™), [, € C*(R™,R?),
then;
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