A SIMPLE PROOF OF THE UNIFORM
CONVERGENCE OF
FOURIER SERIES USING NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

ABSTRACT. We give a proof of the uniform convergence of Fourier
series, using the methods of nonstandard analysis.

We use the following notation;

Definition 0.1. We let S denote the circle of radius %, which we will
model by the real interval [—1, 1], with the endpoints {—1,1} identified.
We denote by C*(S), the set of all functions g : S — C, which are
infinitely differentiable, in the sense of real manifolds. Equivalently, us-
ing L’Hospital’s Rule, C*°(S) consists of the functions g : (—1,1) — C,
which are infinitely differentiable, and such that g and all its deriva-
tives {g™ :n € N'} extend to continuous functions on S.

For such a function g, we define its mth Fourier coefficient, where
m e Z, by;

g(m) = [sg(x)e ™ de = [1 g(x)e ™ dx

Theorem 0.2. Uniform Convergence of Fourier Series
Let g € C=(S), then;

g(x) = %Zmezg(m)e”xm forallz €S

where the infinite sum is considered as lim,—Su(g), n € N, for
the finite sum S,(g) = > "_"  g(m)e™ ™. Moreover, the convergence
s uniform on S.

Remarks 0.3. The result of Theorem 0.2 generalises immediately, to
obtain, if g € C*([a,b]), (with L = b—a > 0 and the obvious extension
of the above definition), that;
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9(x) =3,z G(m)e*™ T (uniform convergence)
where, for m € Z;

g(m) = £ [ g(x)e > " da

This is achieved by a simple change of variables. Observe that this
result also demonstrates that the functions {e,(z) = ™" : m € Z}
form an orthonormal "basis” of C*([a,b]) C L*([a,b]), with respect to
the (normalised by 1) inner product on L*([a,b]). The more general
result that they form an orthonormal basis of L*([a,b] follows from
the fact that C*>([a,b]) is dense in L*([a,b]). Proofs of these results
(without using nonstandard analysis) can be found in [7] and [3].

In order to prove Theorem 0.2, we follow the strategy of [5].
Definition 0.4. Let n € *N \ N, then we define;

S,={re*R:-1<7<1}

As in Definition 0.5 of [5], €, is the x-finite algebra consisting of in-
ternal unions of intervals of the form [%, %), for —n<i<mn,ie€*N.
A, is the counting measure on €, given by )\n([%,%)) = % Then
(S, €,y \y) is a hyperfinite measure space with \,(S,) = 2. We denote
by (S, L(€,), L(\,)), the associated Loeb space. The existence of such
a space and the extension of °X to o(&,) is shown in [4]. After produc-

ing the extension, we are then passing to the completion.

We let ([0,1],B, 1) denote the completion of the restriction of the
Borel field on R to [0,1], with respect to Lebesque measure u. We
let (S,B, ) denote the obvious corresponding measure space on S, so
the identification map G : [—1,1] — S is continuous, measurable and
measure pPreserving.

Lemma 0.5. The standard part mapping;

st (S, L(€,), L(A)) = ([-1,1], B, )

is measurable and measure preserving. In particular, if g € C*°(S),
then (G o st)*(g) is integrable with respect to L(\,) and;
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J5,(G o sty (g)dL(N,) = [, G*(g)dp = [5 gdp

Proof. Using the proof of Theorem 0.7 in [5], or Theorem 14 of [1], and
the remark in Definition 0.4. U

We recall Definition 0.8, Theorem 0.9, Definition 0.10, Theorem 0.11
and Lemma 0.12 from [5].

Definition 0.6. Let n € N, let &, G, be as in Definition 0.8
of [5], and g € LY(G,.), with respect to the probability measure pc.
Let \g be the rescaled measure, given by A\g = 2ug. For m € N,
with —n < m < n — 1, we define the m’th discrete Fourier coefficient
g(m) € C by;

g(m) = fGM g(z)exp(—mizm)dAg (x € G,,)
We then have;
Theorem 0.7. Inversion Theorem for G, ,

Let {Gpn, Ac,9,G(m)} be as in Definition 0.6, then;

g(x) = % Z—ngmgn—l g(m)exp(mizm)

Proof. By Lemma 0.12 of [5], the characters on G,,,, are given by;

min?

Yy(x) = exp(T=xy) = exp(minzy) (*)

for 2,y € Gnn. Using Definition 0.10 of [5], and the fact that

pa(x) = %, for x € G,,,,, we have;

9W) = 32 Xuea,,, 9(w)exp(=minwy) (xx)

By Theorem 0.11 of [5], (), (+*) and the fact that Ag(z) = X, for
x € Gpp;

9(@) = 3 yecn. 901y (2)

= 2 yecn., I(w)exp(minzy)
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=3 ZyEGn,n(% > wean., 9(w)exp(—minwy))exp(rinzy)
=35> ncmen_i(s > wea, , J(w)exp(—miwm))exp(rizm) (y = )
= 33 emen G(m)exp(mizm)

O

Definition 0.8. We adopt similar notation to Definition 0.15 of [5].
(Sy, €, Ay) are as in Definition 0.4. We define;

Zy={me*N:—-n<m<n—1}

D, will denote the *-finite algebra on ?n, consisting of internal sub-
sets, with counting measure §,, defined by §,(m) = 1. We let €, denote
the *-finite algebra on S_UXZ, consisting of internal unions of the form
[%, %) xm, —n < i,m < n—1, and let €, be the counting measure

Ay X Oy

We let *exp(mizt), *exp(—mizt) : *S x *Z — *C be the transfers of
the functions exp(mizt), exp(—mizt) : S x Z — C, and use the same
notation to denote the restrictions of the transfers to S, x Z,,.

We let exp,(mixt), exp,(—mizt) : S, x Z, — *C denote their €,-
measurable counterparts, defined by,

expy(mizt) = *exp(m'%t), (z,t) €S, x Z,

and, similarly, for exp,(—mizt). Given f : S, — *C, which is €,-
measurable, we define the nonstandard m’th Fourier coefficient of f,
form e Z,, by;

fo(m) = f@ f(x)exp,(—mizm)dA,
50 fn : Z, — *C is ©,-measurable. (¥)

Given g : [-1,1] — C, we let *g : *[—1,1] — *C denote its transfer
and its restriction to S,. We let g, denote its €,-measurable counter-
part, as above, and let g, be as in (x).

Forn € N, we let S, = [-1,1). We let €, consist of all finite
unions of intervals of the form [, &) for —n < i <n—1. A\,q 08

n’ n
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defined on €, , by setting A, ([%, =51)) = L. We let;

n’ n

Z,={me~N:—n<m<n-1}

{5t On st €n sty €TDn st (ML), €XPy st (—ixt) } are all defined as above,
restricting to [—1,1) and Z. If g : [-1,1] — C, we similarly define,
{Gn.st, nst}, (st is suggestive notation for standard). Observe that A\, o
is just the restriction of Lebesgue measure p to &, &, and transfers to
A

{expy st(mizt), expy si(—mixt), gn st, Gnst} are all standard functions,
which transfer to {exp,(mwizt), exp,(—mixt), gn, Jn}-

We now obtain;

Lemma 0.9. Inversion Theorem for gn

Let {S,, Z,, f, fn} be as in Definition 0.8, then;

F(@) = § X ez, Ja(m)exp,(nizm) (z € Sy)

Proof. As f(x) and exp,(mizm) are both €, -measurable, the two sides
of the equation are unchanged if we replace x by @ Now the result
follows, by transfer, from Theorem 0.7, the definition of the internal

integral fgn on S,, see Definition 1.3 of [5], and the definition of a

hyperfinite sum Zmeén on Z,, see Definition 2.19 of [6]. Again, the
reader should consider footnote 5 of [5]. O

We now specialise the result of Lemma 0.9 to (S,, L(€,), L(\,))
and (Z,, L(D,),L(5,)). As in [5], the problem is to obtain the S-
integrability conditions.

Theorem 0.10. Let g € C™(S), and let g also denote the pullback
I'(g) € C*([0,1]), then g,, as given in Definition 0.8, is S-integrable

on S,. Moreover, °g, = st*(g), everywhere L(),), and;

’ fgjgnd)‘n = fsT,St*(g)dL(/\n) = [59du
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Proof. The proof is essentially contained in Theorem 0.17 of [5], but
we give it, here, for the convenience of the reader. As g is continu-
ous on the interval [—1, 1), by Darboux’s Theorem, see [2], there exists
M € N, such that for all n > M;

|1 gdi = [ gnsidna] < € (%)

Transferring the result (x), see [5] (Theorem 0.17), and using Lemma
0.5, we obtain;

Sz gndd = [ 9dn =[5 st (9)dL(Ay) (%)

As g is continuous on [—1, 1], by [5] (Theorem 1.6), we have g, (x) =
*g(@) ~ g(°x), for all x € S,. Hence, °g, = st*(g) on S, (* * x).
We have that g, is €,-measurable, and by (sx), (%), °g, is integrable

L(\,) and;

? Js; 9ndAn = [ gndL(Ay) ()

Using Remarks 3.21 of [6], it follows that g, is S-integrable, and,
clearly, the rest of the Theorem follows from (xx), (x * %), (T).
O

We now show a corresponding result for g,. We require the following,
observe that the definitions are slightly adjusted from Definition 0.18
of [5].

Definition 0.11. Ifn € N, and gn s is €, s-measurable, we define the
discrete derivative g, o, by;

g;,ﬂ(%) - n(Qn,st(j%l) - gn,st(%)) (—TL S] <n-— 1)

g;,st<nT_1) = O

[nz]

In,st(®) = 00, (57) (€ Sp)

and the shift g=", by;

n,st

g'rsz},lst(%) = gn,st(%) (—TL S] <n-— ]_)

gz}fst(nT_l) = 0
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[nz]

gfzf,lst(x> - gz},lst(T) (fL’ S STL)

So both are €, s-measurable.

Lemma 0.12. Discrete Calculus Lemmas

Let {gn st Pnst} be & g-measurable and let {g,, o, b, o, gn’fst, h;hst
as in Definition 0.11. Then;

} be
fs gn std>‘n st = Gn, st( 1) gn,st<_1)
(”) (gn,sthn,st)/ = g;z sths ,st + dn, Sthn st

ZZZ fg gnst nstd>\nst _fg gnst ngtd)\nst+ghnst( ) ghnst( )

Proof. Just use Lemma 0.19 of [5], with n replacing n? in the proof.
U

Definition 0.13. For n € N, we let ¢, : N — C be defined by
¢n(m) = nlexp(==2) — 1), and let 1, : N — C be defined by 1, (m) =
n(exp(™2)—1). Then, restricting to Z,, {¢n, n} are D, y-measurable
on Zy. If gn st 15 €, se-measurable, for —m < m <n —1, we let;
Cn(m) - gn st( )e$pn st( ﬂ-ZnT_lm) - gn,st(_1)6xpn,st(_7ri(_1)m)
Dy(m) = =2 gn s (—1)expy s (112 )exp, o (—mi(—1)m).
Cr(m) = —gp o (=1)expp s (—mi(=1)m)
‘D;’L(m) = _%g;L,st(_1)6xpn,st(Tri%)expnﬁt(_ﬂ-i(_1)m)‘
Ep(m) = én(m) Dy, (m) — C.(m)
Fu(m) = ¢n(m)on(m) Dy (m) = (m)Cp(m) + ¢n(m) D, (m) = C,(m)

considered as D, s-measurable functions.

Lemma 0.14. Discrete Fourier transform

Let g, s be €, o-measurable. Then, for m # 0;
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~ A’n st(Mm)+En(m 7’7L st(m)+Fn(m
gn,st<m) _ g ’tsz,n)(m) (m) — g ,t’i)%()m) (m)

Proof. Again, use Lemma 0.21 of [5], with the simple adjustment of
replacing n? by n in the proof. O

Lemma 0.15. If g € C*([—1,1]), with g(—1) = g(1) = 0, then the

functions gA”mst(m) and F,(m) are uniformly bounded, independently of
n, forn > 1.

Proof. The proof is similar to Lemma 0.22 of [5], with some minor
modifications. Observing that;

Dy(m) =0, (9(=1) = 0)

1Dy (m)] < 2lgn«l(—1)

|¢n(m)| < 2n, [¢n(m)] < 2n

|Ca(m)] < [gn,stl(%57), (9(=1) = 0)

Ct(m)| < |ghal(=1)

we obtain;

| Fo(m)] < 2n]gn,st ("7F) + 3195l (—1)

= 20| gn st (57) + 3nlgn.st|(151), (9(—1) = 0)

Now assuming that ¢ is real valued, otherwise take real and imag-

inary parts, we can apply the mean value theorem, and using the as-
sumptions on g, we have that;

—NGn,st("57) = g'(n)s cn € (5, 1)
ngn,st(%n> =g'(dn), d € (-1, an>
|En(m)| < 2[g'(ca)| + 3]g'(dy)] < 5D

where D = ||9/||C(3).
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We now follow through the rest of the proof of Lemma 0.22 in [5],
replacing n? by n, to obtain;

|gA”n,st(m>| S M + 2B

where M = ||g"||11(s), and B = [|¢'||c(s)-
O

Lemma 0.16. If g € C>([—1,1]), there exists a constant H € R such
that, for alln > 1, and —n<m<n-—1,m=#0, withne N, me Z;

|Gn,st(m)] < 25
) m

Moreover, if € > 0 is standard, there exists a constant N(e) € N~o,
such that for all n > N(e€), for all L, L' € N with N(e) < |L| < |L'| <
n, LL' > 0;

I |G sl (m)d, (m) < €

Proof. As in Lemma 0.23 of [5], we have;
[n(m)? = 4m? (—n <m <n—1) (x)

The function h = g — ¢, where ¢ = g(0) = g(1), satisfies the hypothe-
ses of Lemma 0.15. Let W be the constant bound obtained there.
Then, using Lemma 0.14, (x), we obtain, for m # 0;

~

st (m)] < gtz (%)

4m?

~

Now observe that g, o = hy, st +Cp ¢ and, using, for example, Lemma
0.7, that ¢, s(m) = 0, for m # 0, (x*x). Then, combining (sx), (%),
we obtain the first result with H = %. Now;

S |l st (m) 5, ()
< ST |Gln.st(m)dd, (m)
< Ji szddn(m)

—1
= ZZ:L %
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< [0 Hda
=[Hp = - <e

t

We can now show the analogous result to Theorem 0.10. We require
some further notation;

Definition 0.17. If g € C*°([—1, 1)), with Fourier coefficients g(m),
form e Z, as given in 0.1, then we consider g : Z — C, as a measur-
able function on (Z,9,0), where ® is the o-algebra of subsets of Z,
and 6 is the counting measure, given by 6(m) =1, form € Z. We let
Z17% denote the extended integers Z U {400, —o0}. We let Go be the
extension of g to ZT7°°, obtained by setting Joo(+00) = Joo(—00) = 0,
0

Theorem 0.18. Let g € C™([—1,1]), then g,, as given in Definition
0.8, is S-integrable on Z,. Moreover °9, = 5t"(Je0), everywhere L(6,),
and,

’ fzgndén = f?n st*(goc)dL(dy) = [; §do
see Definition 0.17 and footnote 1 for relevant terminology.

Proof. By Lemma 0.16;

N |~
R E (Vnpsne)) (YL, Nioyso,N (@ <|LLiN|<n)) 1 |Gn,st|don,s < €

L' As in Lemma 0.6 of [5], it is easy to show there exists a unique o-algebra @’
on Zt7°° which separates the points +o0o and —oo, and such that D'|z = D.
Moreover, there is a unique extension of § to a complete measure ¢’ on ®’, with
§'(+00) = ¢’(—0) = 0o. Asin Theorem 0.7 of [5], it is straightforward to show that;

st (Z,,L(D,),L(6,) = (Z2T7°,9',§)

is measurable and measure preserving. In particular, if § is integrable § (iff
5t*(§oo) is integrable L(d,)), we have;

f?,, St*(goo)dL(‘sn) = fz+foo Joodd’ = fz gdo

10
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Hence, the corresponding statement is true in *R. In particular, if n
is infinite, and {L, N'} are infinite, of the same sign, belonging to Z,,
we have that;

N .
fL |Gn|dd, < €

As € was arbitrary we conclude that;

I |Gyldd, =0 (x)

for all infinite {L, N}, of the same sign, in R,. Now, using Defini-
tion 0.8 and the fact that |exp, (—mizm)| < 1, by transfer, we have, for
me Z,;

an(m)| < fi- |gq)d, = C

where C' is finite, as, by Theorem 0.10, g, is S-integrable. It follows
that for n € N, the functions g, x[_nn are finite, in the sense of Defi-
nition 1.7 of [5]. Now, proceeding as in Theorem 0.17 of [5], replacing
ﬁn by ?n, we obtain that g, is S-integrable.

If m € Z,, the function r,,(z) = g,(z)exp,(—mixm) is S-integrable,
by Corollary 5 of [1], as |ry,| < |gy|, and g, is S-integrable, by Theorem
0.10. Then, if m € Z, is finite, as in Theorem 0.24 of [5], just replacing
R, by S,, and using Definition 0.8, Theorem 1.9 of [5], Theorem 0.10,
continuity of exp, see Theorem 1.6 of [5], and Lemma 0.5;

“gn(m) = g(m) = st*(goo)(m) (+)

Now, using the first part of Lemma 0.16, we obtain, by transfer,
that for infinite m € Z,, g,(m) ~ 0. By Definition 0.17, we have
st*(goo)(m) = 0, (% * ). Combining (*x), (x * %) gives °g, = st*(Jo0),
everywhere L(6,). The rest of the theorem follows from footnote 1. [

Finally, we have;

Theorem 0.19. For g € C*(S), there is a non standard proof of the
uniform convergence of its Fourier series, Theorem 0.2.

Proof. By Lemma 0.9, and using the definition of the internal integral
) 2, to replace the hyperfinite sum X,z , we have that;

11
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() = 3 [z, Gn(m)expy(mizm)do,(m) (+)

forz € S,. Asin Theorem 0.18, the function s,(m) = g, (m)exp,(rizm)
is S-integrable, because, by the same theorem, g, is S-integrable. We
now argue as before, and use the result that °g, = st*(j), everywhere
L(6,) (*). Note that, as g, is S-integrable, using Theorem 3.24 of [6]
and (s*), st*(§s) is integrable L(d,) and, therefore, by footnote 1 g is
integrable 0, (% * %). We have, if x € [-1, 1), taking standard parts in

(%);
9(x) =°gy(x) = 3 J3, °gn(m)°exp,(mizm)dL(s,)(m)
=3 mfinite St (Goc) (M)expy (wi®zm)dL(4,)(m)

= % m finite St*(JooTPriz) (M)dL(0,)(m)

- %fz g(m)exp(mizm)dd(m)
LSz dm)eap(rizm) (1), ©)

The sum in (f) can be taken as lim, ,S,(g), for
Sn(g) = >0 g(m)exp(mizm), (1) because, for n € N, g, .(m) =
(GexPrizX[-nn)) (M), converges everywhere 6 to (gexpriz)(m), so (f1)
follows from (x * %) and the DCT. In order to obtain uniform con-
vergence in x, we use the fact, from Theorem 0.18, that, for m € Z,
g(m) = °g,(m) and, the first part of Lemma 0.16, which gives, by trans-
fer, that |g,(m)| < 25, for m € Z,. Combining these results gives

that [g(m)| < JL. for m # 0, so [gu(x)| = [g(m)exp(mizm)] < L.

m # 0, uniformly in € [—1,1], (111). Applying Weierstrass M -test,

see [2], and the estimate (111), gives the required uniform convergence

of the sums S,,(¢9) = > _ . Gm.
U
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